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The Raman spectrum of graphitic amorphous carbon (g-C) is modeled with simple classical methods,
using rings as medium-range structural units. g-C provides a simple [nearly two dimensional (2D} with a
single type of atom and one dominant bond type] prototypic example of a large class of continuous ran-

dom network (CRN) solids where ring or cluster vibrations cannot be decoupled from the network in
which they are embedded. We determined the in-plane vibrational modes of n =4, 5, 6, 7, and 8-

membered symmetric, planar carbon rings using bond-stretching and bond-angle bending force con-
stants; an additional force constant couples each ring node to the surrounding network. Our results sup-
port current models of g-C as small rafts of nearly 2D CRN's comprised of =20% n =5, 60% n =6, and
20% n =7 rings, with very few n =4 and 8 rings. Extensions of the embedded-ring approach to more
complex polyatomic and 3D CRN systems and to other probes of vibrational dynamics are discussed.

INTRODUCTION

A fundamental question in condensed-rnatter physics is
how to progress from our theoretical understanding of
crystalline systems with long-range translational order to
amorphous systems which lack such ordering. Vibration-
al dynamics are intimately related to structure and have
been used extensively as an indirect probe of the structure
of amorphous materials. ' In an amorphous solid, constit-
uent atoms vibrate about well-defined equilibrium posi-
tions, as atoms do in crystals. However, the lack of
translational symmetry of the atoms' positions means
that Bloch's theorem and the resulting description in
terms of phonons used for crystals are not applicable in
solving the dynamical equations. A basic understanding
of the structure of amorphous materials and their vibra-
tional dynamics at the microscopic level is only now be-
ginning to emerge, ' based on the short- and rnedium-
range order present in both crystalline and amorphous
solids.

Most theoretical studies of the vibrational dynamics of
amorphous materials take one of two approaches (1)
analytical analysis of small structural units (e.g.,
tetrahedrally or octahedrally coordinated clusters of
atoms) using greatly simplified central-force potential
models; ' or (2) numerical methods to calculate vibra-
tional densities of states (VDOS) of large scale cluster
models containing many 100's or 1000's of atoms. ' In
essence, these methods approach the problem from two
limits, by extending short-range atoinic (chemical) order
or by studying large scale structural models. An inter-
mediate approach developed by Galeener emphasized
medium-sized structural elements in the analysis of amor-
phous solid dynamics. These studies were limited to the
analysis of specific vibrational modes in special systems

(e.g., rings in SiOi (Ref. 6) and Bz02-based7 glasses),
which allow ring motion to be entirely decoupled from
the surrounding network. Although nearly complete
ring-mode decoupling will occur only for a few materials
of certain compositions and structures, the use of ring vi-
brational modes presents a fruitful approach for analyti-
cally determining the vibrational characteristics of amor-
phous materials.

In this paper, we employ a method based on the vibra-
tional dynamics of medium-range structural units (planar
rings) which need not be isolated from the surrounding
network. A simple method is introduced to couple the
rings to the continuous random network (CRN). The
modified mode frequencies and the ring statistics are then
used to predict theoretical spectra for comparison with
real vibrational spectra of materials. We study the vibra-
tional dynamics of two-dimensional (2D) disordered ma-
terials by modeling a prototypic, monatomic example of a
2D CRN, graphitic amorphous carbon (g-C). g-C pro-
vides an excellent system for the initial study of our mod-
eling approach as it has been investigated extensively, is

approximately 2D in nature, and is not amenable to sim-
ple calculations for isolated ring structures since it has
only one type of atom and bond (neglecting interlayer m

bonds) present. There are two principle goals in this
work: (1) to test the validity of our method (the
embedded-ring approach) for CRN materials; and (2) to
investigate the vibrational dynamics and structural mod-
els proposed for g-C.

Raman spectroscopy is an appropriate dynamical
probe as it is extremely sensitive to both medium- and
short-range structural order in g-C. Rarnan spectra of
large single-crystal graphite [Fig. 1(a)] exhibits a single
high-frequency line (E2g mode) at 1581 cm '. A break-
down of Raman selection rules allows the A &z mode near
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1360 cm ' to become Raman active in nanocrystalline
graphite [Fig. 1(b)].' Tunistra and Koenig showed the
3 &s to -Ez-s intensity ratio ID/IG was inversely related to
the intraplanar coherence length L,, of nanocrystalline
graphite. ' The n =6 A, (abbreviated A, ) and similar
A &-type modes are Raman active for isolated rings (see
Table I), so the appearance of A,s in nanocrystalline
graphite is not unexpected. The broad, asymmetric Ra-
man spectrum of g-C [Fig. 1(d)] is of a commercially
available evaporated a-C sample which has been well
characterized" and has a Raman spectrum very similar
to other published g-C spectra. '

TABLE I. Frequencies determined with the embedded-ring
approach valence-force model.

In-plane modes and frequencies (cm

A &g(1570)~ Big(1350), Bgg(1143). Eiu(709~&584)
A i'(1".".".). E&'(706~ 1536)~ E2'(1100.1529)
A lg( 1360) B& ( 1455) B2u ( 1387)
E] (678 1441 )& E2g ( 1010 156'Q)

Aq (1303), E) (653, 1371), E2(945, 1531), E3 (1312,1550)
A gg( 1263) B]g( 1496) B2g( 1476) E& (626 1317)
E2g(896, 1471), E3„(1220,1572)

'Raman-active modes of isolated symmetric rings in bold.

THEORY
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The embedded-ring approach (ERA) is a generalized,
analytical method based upon a common structural unit
present in covalent 2D materials —the planar ring. ' The

ERA approach builds upon Galeener's results by ex-
panding upon the use of rings as structural units for vi-
brational modes and considering the more general case of
ring modes coupled to a 2D CRN. The vibrational
modes of symmetric, planar n-membered rings coupled to
an embedding medium and the distribution of ring sizes
are used to predict vibrational spectra of CRN materials.
These rings are intermediate-sized structural units with
8 —18 bonds (more bonds than in a trivalently or
tetrahedrally bonded cluster, but many less than in a
nanocrystallite or a large cluster of randomly ordered
atoms) which reflects the medium-range order present in
such materials. The concept combines the methodologies
of local dynamics (analytical approaches), the use of
mathematical techniques to account for the inhuence of
an embrasive disordered network, and numerical
methods (since the vibrational modes of the material are
directly computed from the ring statistics of a representa-
tive raft model or network cluster).

Vibrational frequencies and modes of oscillations for
isolated symmetric, planar rings with n =4, 5, 6, 7, 8
members were calculated using classical methods of small
oscillations' for a valence-force model with both a
bond-stretching force constant f„and a bond-angle bend-
ing force constant fo. These results were modified by
embedding the isolated rings in an effective medium; each
atom in the ring was coupled to the surrounding medium
through a harmonic coupling force constant f, which
modeled the effect of the embrasive CRN on the ring's vi-
brational modes (see Fig. 2). Such a coupling scheme is
comparable to the use of the cluster-Bethe-lattice method

800 i800 i600 2000
Wave number (cm ')

FIG. 1. First-order Raman spectra of (a) graphite, (b) nano-
crystalline graphite with L, =6 nm, (d) evaporated graphitic
amorphous carbon (g-C) (), and (e) g-C annealed at 825 K for
=40 min (~). (c) Fits to g-C Raman spectra as described in
Table II. (d) Best fit (Fit 5, Table II) to g-C data with Raman-
active A &- and E&-type n =5, 6, and 7 modes. (e) Best fit (Fit 7,
Table II) to annealed g-C data with Raman active A &- and E2-
type n =5, 6, and 7 modes. Contributions from each component
Gaussian peak are also shown [dashed curves in (d) aud (e)].
Ring statistics are shown in the insets.

FIG. 2. Structural model for the embedded-ring approach
for a 2D amorphous material with (a) monatomic composition
and (b) polyatomic ( A2B3) composition with a triangular clus-
ter on each ring node. The bond-angle bending force constant
fo, bond-stretching force constant f„, and coupling force con-
stant f, are indicated schematically iu (a).
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for atoms on cluster surfaces. " Recently, Galeener
et ah. extended their work on decoupled rings to ring
structures in 30 CRN's which were coupled to the sur-
rounding network using a Bethe-lattice method. '

Our problem was formulated, in a standard manner
used for molecular dynamics, as a secular equation for
each vibrational species V —co T=O, where V and T are
the potential and kinetic energy matrices, respectively. '

The secular equation yielded a 4n X4n secular deter-
minant in terms of the 4n generalized coordinates for an
n-membered ring. This was factored into smaller secular
determinants (2 X 2 or 4 X 4 depending on the vibrational
species) for each vibrational species by transforming to a
set of symmetry coordinates using methods developed by
Wilson and co-workers. ' The factored determinants
were solved, the roots of the resulting polynomial equa-
tions obtained, and the eigenfrequencies and eigenvectors
for each mode of the embedded rings then determined.
Details of the methods we used are given elsewhere. ' '

The force constants applicable to g-C were determined
uniquely by satisfying three constraints based on physical
intuition. The secular equations for the Raman-active

and E2 modes were constrained to match the ex-
perimental frequencies (1360 and 1581 cm ', respective-
ly) of nanocrystalline graphite with a bond length
t =1.42 A. In addition, f, was set equal to 2f„. Physi-
cally, we expect f, ~2f„. In the E2g, A&~, and similar
modes, each network atom moves with equal and oppo-
site displacement of the embedded ring atom to which it
is coupled (see Fig. 3). The nodes midway between each
atom pair, which are present for such motions, can be
viewed as a rigid wall coupled to the embedded ring with
f, =f„and half the ring bond length, or equivalently
with unit bond length and f, =2f„. For other ring
motions f, &2f„. The three constraints then yielded
folt =52 N/m, $„=436 N/m, and f, =872 N/m for
g-C with I; =1.46 A. These are comparable to values re-
ported in the literature for nearest-neighbor force con-
stants for graphite and sp -bonded g-C of
25& fo/t +267 N/m (Refs. 5 and 18) and 313+f„+459

S, 10, 18

Table I shows frequencies calculated from the ERA for
all fundamental in-plane modes of the five sizes of rings
(this excludes low-frequency rigid translation and rota-
tion A 2-type modes). Figure 3 illustrates the displace-
ment eigenvector diagrams for the A, -type symmetric
breathing modes and E2-type modes with elongation
along an in-plane symmetry axis which are considered in
detail below; these six modes are all the n =5, 6, and 7
modes which are Raman active for ful/y decoupled sym-
metric rings.

In principle, there are a large number of adjustable pa-
rameters which can be used in fitting the Raman spec-
trum. However, the frequency, amplitude, and peak
shape of each mode for each size ring are, in fact, re-
stricted by the ERA method and other physical argu-
ments. For example, the number of adjustable parame-
ters is the same for two Gaussian fits used by Tunistra
and Koenig' (two peak positions, two widths and two
amplitudes) and the better ERA-based Fits 5 and 7 (ring
statistics, ratio of A, - and E2-type band proportionality

)

n=5A mode n=5 E2 mode

n=6 A mode
1g
lk

n=6 E2 mode2g

I

n=7 A mode n=7 E2 mode

FIG. 3. In-plane A, - and E2-type modes of oscillation of em-
bedded rings for the Raman-active modes of isolated 5-, 6-, and
7-membered rings.

constants, band peak widths, and overall intensity), as de-
tailed below. The frequencies used in the fits below are
determined uniquely from the ERA calculations after
ascertaining the appropriate three force constants. Each
mode is modeled as a Gaussian peak profile, in a manner
similar to that used in analyzing a-Si02 spectra. ' The
width of the peaks is due primarily to the distribution
bond angles for asymmetric rings of various sizes and to
the sampling of non-zone-center phonons. (We note the
potential to model the shape of the broadening function
based on a bond-angle distribution directly from ERA
calculations. '

) The amplitude of each model depends on
its Raman matrix element in a complicated manner. In
addition, modes whose Raman matrix elements are zero
may have finite intensities due to breakdown of selection
rules (e.g. , the A, mode discussed above). However, for
amorphous, disordered, and liquid materials, the
frequency-weighted reduced Raman intensities are ap-
proximately constant for modes within a band (e.g., the
A, - or E2-type modes), and are approximately propor-
tional to the VDOS and hence (in our model) the ring
statistics. ' ' In this approximation, the measured inten-
sity for a given Raman peak is proportional to
I~„cb I [n(co)+ I ]/coI, where Io is the incident radiation
intensity, N„are the ring statistics for n-membered rings,
cb is a proportionality constant for band type b, the term
in curly brackets is the reduced Raman weighting, and
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n(co)=[exp(Ace/k~T) 1—]
' is the Bose occupation fac-

tor.

RESULTS AND DISCUSSION

A series of fits were performed to determine the rela-
tive amplitudes and widths associated with the n-
membered ring Raman modes. ' The fitting parameters
considered were which modes to include, the overall in-
tensity of the spectra, the ratio c„/cE of proportionality
constants for A &-type to E2-type modes, the ring statis-
tics (with the normalization constraint XX„=1), and
peak widths o.

b for each mode type. The modes con-
sidered were, in order, the A, - and E2-type Raman-
active modes of isolated rings (bold, Table I) for n =6,
then n =5 and 7, and finally n =4 and 8; the B-, E, -, and
E3 Raman-inactive ring modes; and the single Raman-
active mode in diamond. The fits used two to six adjust-
able parameters (bold in Table II). A single Gaussian
with variable position, width, and amplitude [Fit 1; Table
II and Fig. 1(c)] provided a bench mark to compare with
subsequent fits based on calculated Raman peak posi-
tions.

Fit 3, which includes the Raman-active 3
&

and E2
modes, provides a reasonable fit. This essentially dupli-
cates the result of Dillon, Woollam, and Katkanant who
also measured an A ig-to-E2g width ratio o D lcr G of 1.64
for ion-beam and rf-discharge deposited diamondlike
amorphous carbon, although their individual widths were
15% larger. ' Including the + E2 modes (Fit 4) further
improves the fit; complete ring statistics could not be ob-
tained from this fit since the Ez and E2. modes are
nearly degenerate. The "best Pt" [Fit 5; Fig. 1(d)] is ob-
tained when all six Raman-active modes are included
with ring statistics of 21, 59, and 21 %%uo for n =5, 6, and 7,
respectively. Addition of neither n =4 and 8 Raman-
active modes nor Raman-inactive modes significantly im-
proved Fit 5, although it is impossible to preclude small
contributions where these peaks overlapped the peaks
used in Fit 5. Inclusion of the single Raman-active peak
in diamond at 1332 cm also did not improve Fit 5, sug-
gesting that sp bonding is not common in g-C. Howev-
er, the diamond sp Raman cross section is -50 times
smaller than the sp cross section which prohibits detec-
tion of small amounts of sp bonding. '

Peak widths for our g-C fits ranged from 186 to 34S

cm ' full width at half maximum (FWHM). These
widths are significantly broader than widths found in Ra-
man spectra of water- and fluorine-bearing silica glasses
(50—120 cm ' FWHM) this is expected since g-C rings
are less isolated from the surrounding network and the
2D nature of the g-C CRN requires a larger bond-angle
distribution (estimated as 117'+6 for g-C in Ref. 5) than
the 3D silica CRN. We consistently found the width of
the A, -type peaks to be 1.67+0.07 times that for the
Ez-type peaks. This may result from enhanced sensitivity
of 3, Kekule-type modes to a bond-angle distribution.
The ratio of proportionahty constants c„/cE remained
near unity, as would be expected for bands of modes with
similar motion in the same region of the spectrum.

Our results are consistent with previous studies of g-C
which suggest that g-C has a nearly 2D CRN structure,
formed from 1S to 20 A diameter nearly planar rafts
comprised of n = 5, 6, 7 membered rings (with X„=21, 59,
and 21 %%uo, respectively), with very few 4- and 8-

membered rings, and with little or no sp bonding. Our
predicted Raman spectra incorporating Gaussian profile
peaks for the Raman-active A &-type and E2-type modes
for n =5, 6, and 7 provided an excellent fit to the mea-
sured Raman spectrum of g-C. Also, note that we found
F5=%7. Nearly equal numbers of 5- and 7-membered
rings are required to minimize puckering (minimal net
curvature) of the CRN rafts, ' since solid-angle deficits
created by positive curvature (n =5 rings) can be offset
by angular excess created by negative curvature (n =7
rings). ' The allowed distribution of 5- and 7-membered
rings is severely limited by small puckering observed on
amorphous carbon surfaces. Galli et al. estimate
& 1 A warping locally of the small CRN rafts in g-C.

The Raman spectrum of a thermally annealed g-C sam-
ple was also fit to determine the sensitivity of the ERA to
structural changes in g-C in terms of ring statistics. Fig™
ure 2(e) shows the analysis of a sample annealed in Uaccu
at 825+5 K for =40 min. The same sequence of fits were
performed for the annealed sample as were described
above for the g-C sample. Fit 6 used only two Gaussians
to fit the data, similar to Fit 3 for g-C and the results of
Dillon, Woollam, and Katkanant' for annealed dia-
mondlike amorphous carbon and Wada, Gaczi, and So-
lin for annealed g-C. Fit 6 found a peak intensity ratio
ID/IG=8. 1 which corresponds to L, =5 A using the
Tunistra-Koenig relation', such an intraplanar coherence

TABLE II ~ Fits to Raman spectrum of graphitic amorphous carbon. Variable fitting parameters highlighted in bold.

Fit

1

2
3
4
5
6b

7b

Modes
included

single Gaussian ~0=1496 cm
6E
6 6A, g, E2g
6 6 5+7A lg, E2g, E2

A &g(co=1362 cm '), E2g(co=1581 cm ')
5 6 7 6 15+72 l, A lg, 2 l, E2g, E2

Ring statistics
%%uo n = [4,5, 6, 7, 8,9]

100%
100% n =6
100% n =6
58% n =6, 42% n=5+7
[0,21,59, 21,0]
100% n =6
[0,12,73, 15,0]

CA /CE

1.00
1.04
1.12

9.46

0 A~OE
(cm ')

o.= 147
o.E =143
137,84
150,86
146,85
179,42
176,38

2 a
Xred

1.57
3.48
0.67
0.37
0.36
0.08b

007

'Refer to Ref. 21 for explanation of reduced chi-squared g„d.
"g-C sample annealed at 825 K for =40 min.
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length is well below the range for which this relation has
been confirmed by comparison to diffraction measure-
ments of the coherence lengthio, 22, zs and is probably not
meaningful. The peak width o. z was twice that observed
by Dillon, Woollam, and Katkanant, while o.E was ap-
proximately the same. Fits using only two peaks (Gauss-
ian, Lorentzian or asymmetric peaks) were not entirely
satisfactory, indicating that the standard Tunistra and
Koenig analysis, which works well for larger coherence
lengths, is insuf5cient in this case.

Analysis based on ERA results [Fit 7 shown in Fig.
2(e), similar to Fit 5] provides a substantially better fit
which predicts 12% n =5, 73% n =6, and 15% n =7
rings, respectively. The initial ERA results for annealed
g-C are encouraging (though not definitive) since the frac-
tion of 6-membered rings increases as g-C is annealed, at
the expense of n =5 and n =7 rings, and still maintains

A more complete modeling study of annealed
g-C is warranted to systematically investigate trends in
the ring statistics.

Our results for g-C and annealed g-C suggest that the
ERA has significant potential as a simple method to mod-
el the vibrational dynamics of CRN amorphous materials
using rings as a medium-range structural unit, particular-
ly in situations that do not allow the rings to be complete-
ly decoupled from their surroundings. To test the ERA
more thoroughly, we have begun calculations using the
ERA to predict the infrared absorption spectrum (which
obeys diff'erent selection rules than the Raman spectrum)

and the inelastic neutron-scattering spectra (which ap-
proximates the VDOS) of g-C. Considering the three
techniques together, using a consistent structural model
(ring statistics), will provide a much more stringent test
of the ERA and should further clarify our understanding
of the dynamics and structure of g-C.

Other amorphous materials with planar ring structure
(e.g., layered materials such as boron nitride, the laminar
metal halides, metal dicalcogenides, and certain Si02-
and Bz03-based glasses), and in particular 2D CRN ma-
terials of covalent inorganic glasses with binary composi-
tion (e.g. , As2Se3, As2S3, As&03, Ge02, and Pz03) can
also be studied using this technique. The ERA can also
be extended to covalent 3D CRN materials by examining
the dynamics of 3D ring structures and polyhedra-
forming atomic clusters modified by embedding them in
an embrasive network. Such an "embedded polyhedron
approach" would have wide application, but more
research on the ERA is required before extending the
technique to 3D amorphous solids.
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