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Theory of a type of quantum amplification: Phase-sensitive amplification by frequency upconversion
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It is shown that the spectroscopic bridge, a recently proposed method to achieve high-e%ciency mi-

crowave oscillators and phase-sensitive detectors, may be used in a spin multiplet of certain paramagnet-
ic ions to obtain a type of microwave quantum amplification: phase-sensitive amplification by frequency
upconversion. This operation of a solid-state maser without population inversion is based on a principle
similar to that used for achieving amplification in a transistor (triode). The major differences between
this amplification and the parametric amplification, or the usual double-resonance maser action, are dis-
cussed.

The definition of a linear amplification includes both
frequency-converting amplification and phase-sensitive
amplification. ' In usual single- or multiple-resonance ex-
periments, a high signal-to-noise ratio arises from
phase-sensitive detection with respect to the microwave
or radio-frequency field, and with respect to an applied
Zeeman modulation field. However, the modulation fre-
quency and the relaxation rates must not be comparable,
so this frequency is much lower than that of the detected
signal.

Low noise amplification is provided in the maser de-
vices and parametric amplifiers, which are both (except
for the degenerate paramp) phase-insensitive amplifiers. '

Unfortunately, in the usual case of double-resonance
maser action, the better amplification is achieved at very
low temperatures. To maintain such low temperatures
entails, on one hand, considerable expense and inconveni-
ence, and, on the other hand, a weak emitting field.
When this field is strong, the nonlinear and saturating
effects become important. These limitations, together
with very rapid developments in the area of parametric
amplifiers, have resulted in a virtual cessation of develop-
ment in the solid-state maser field.

Unlike the usual maser action, in the case of triple res-
onance, when the spectroscopic bridge conditions are
fulfilled, high-efficiency microwave generations or phase-
sensitive detections have recently been predicted. Al-
though all three microwave fields are strong, important
linear or nonsaturating effects occur, while the heat ab-
sorbed by the lattice per unit time is minimum.

The purpose of the present work is to show that within
the spectroscopic-bridge (SB) method, the operation of a
solid-state maser without inversion based on a principle
similar to that used in a transistor (triode) is a type of mi-
crowave quantum amplification that combines the above
amplification methods, and at the same time is a phase-
sensitive amplification.

Consider a nondegenerate multilevel spin system in a
dilute paramagnetic solid, with unequally spaced energy
levels and whose simple transitions are well separated:

~co,', —co„', ~»(T'j) ', iver,

where co;'J =(E; E )/fi, E; being th—e ei.genvalues of the

spin Hamiltonian, and (Tg) ' is the linewidth of a
homogeneously broadening simple transition. Let us
consider three levels n, o., m among the levels mentioned
above: E„&E &E, and three quasimonochromatic
fields at resonance, whose frequencies are correlated:
co„=co„+co,where co; =co';.+5'; and where this
correlation condition is fulfilled as long as

5co,"« ( Tg ) (2)

In this case, we should place our sample into a dc mag-
netic field and a cavity capable of supporting these three
orthogonal fields.

Let us suppose that all these fields are strong enough so
that

& p,', &
—

& p„', & «(p, &»( Tg ) '( T,"') ',
where p;1 are matrix elements (written in the interaction
representation and expressed in fi unit) of the Hamiltoni-
an, which represents the interactions of the multilevel
spin system with the fields mentioned above. In this case,
the heat absorbed by the lattice per unit time:
PL = —(P„m+P„+P ) is minimum and independent
on the field intensities. On the contrary, the powers P;
absorbed or emitted by the sample depend strongly on
these intensities. Let it be some small intensity changes,
d(p;1 ) «(p;J ). As a consequence of the remark men-
tioned above, dP„+dP„+dP —=0. The correspond-
ing power changes are dP;1=2(E; E)XdQ, , wh—ere X"
is the total number of spins, while the parameters Q; are
defined in Ref. 5. As the three frequencies are correlated,
d Q," have the following property:

—dQ„-=dQ„=—dQ -=dQ=5Q „+5Q„+5Q
(4)

where
—[(p po )( TmnTno + TmnTam + Tno Tom

+2TmnTmn+2TomTom )2 nm 2 mcT

+(p' —p' )2T~ T"

+(p'. p„)2T;"T."„]r—'d&p„'. ), -

0163-1829/95/51(24)/18007(4)/$06. 00 51 1995 The American Physical Society



18 008 BRIEF REPORTS 51

dP„dp dP„
=—2%X dQ .

This important property could be used for a high-
efficiency phase-sensitive amplification by frequency up-
conversion. For instance, let us consider

(T2 ) ~no ~nm room

and the following spectroscopic-bridge conditions:

o2 ) ( o2 )

( o2 ) (po2 ) ( Tno )
—

1( Term )
—1+p2

(7a)

(7b)

(7c)

When the conditions (3) and (7) are fulfilled, the linear
effects prevail and P„(0,P„)0, and P )0 (see Fig.
1). In other words, the microwave power P„ is ab-
sorbed, while the powers P„and P are emitted by the
sample. We must emphasize that here P; are radiation
powers absorbed or emitted by the paramagnetic sample,
since we have used only the solutions of the matter equa-
tion. If we find the powers absorbed or emitted by the
device, we should also take into account the field equa-
tions by considering the characteristics of the cavity.
Thus, the quality factors corresponding to the emitted
fields and p in Eqs. (7) will be chosen so that the maser
device will be at threshold for the emitted field of fre-
quency co (when a such emission is strong enough to
balance all the losses of radiation), and above threshold
for the emitted field of frequency co„. In this case, the
bridge device is balanced for the "idler" field of frequency
co and, at the same time, is a low-noise radiation
source of frequency cu„corresponding to a maser action
with inversion, while p defines the operation point of the
device (see Fig. 1). The emitted field of frequency co„
could be a reference field for a phase-sensitive detection
of small signals of lower frequency co„, while the radia-
tion of frequency co„wi11 be the pump. Let it be a small
signal of lower frequency co'„=co'„+dao', and let us sup-
pose that this field and the reference field of frequency

I =LT "T" +T "T™+T"T™
2 2 2 2 2 2

+2TmnTmn+ 2Tom Tam
2 nm 2 mo

+2Tno Tncr +4( Tno Tom TcrmTno.

X[(T2") '+(T2 ) '+(T2 ) 'j .

5Q „and 5Q are obtained by circular permutations of
mn, ncr, and crm. p;'=N /N and N is the thermal equi-
librium population of the level E;. T~'= T"., =K, .—K .

and T'~& T~'&0. The spin-lattice relaxation times K;".
are obtained by inverting the 8'matrix corresponding to
the spin-lattice relaxation rates w,

As a consequence of the property (4), as long as the
conditions (3) are fulfilled, the power change dP; corre-
sponding to any small changes of the three-field intensi-
ties is proportional to the frequency co;-, while dP„has
always opposite sign in comparison with dP„and dP
(see Fig. 1):

=co'„+de corresponding to the emitted power P„
are entirely coherent. That means the spectral density
and the relative phase factor f is the same for every

=co'„. In this case d (p„) in Eq. (4) is

d & p„' ) =
&p„' &

—(p„" & —=2f (p„'.dp„. &,

where p„' corresponds to the reference field, while dp„
corresponds to the small detected signal. In this case, the
bridge device becomes unbalanced and for a suitable sign
of the phase factor, a power dP corresponding to the
observing field will be emitted by a maser action without
population inversion.

Let dP;. be the power changes as a consequence of the
phase-sensitive detection of small signals of lower fre-
quency co„. Taking Eqs. (5) and (6) into account,
IdP..I «IdP

I IdP„ I
so that dP„—= dP —. Con-

sequently, the emitted power corresponding to the ob-
serving field will be absorbed from the pump.

The amplification method described here seems to be
similar to that used in a lower sideband up-converter
paramp, where co„should be the signal frequency, ~
the idler frequency, and co„ the pump frequency. '4, 6

However, there are essential di6'erences between these
methods. Thus, although the two methods entail a pump
source, in the parametric amplification only one strong
field (the pump) is involved; while in our case, three
strong fields should be necessary. Two of them, the refer-
ence field and idler field, being emitted by maser actions
with inversion and without inversion, respectively. In ad-
dition, this method corresponds to a phase-sensitive
linear amplification. That is why the SB method, which
combines the maser action and the parametric
amplification, is rather similar to that used in a transistor
(triode), where the level n is the emitter (the cathode), lev-
el o is the common base (the control grid), and level m is
the collector (the anode) (see Fig. 1).

.16

FIG. 1. Power characteristics (in arbitrary units) of the
"quantum transistor, " where 52=((p„' ) —(p„' ))/(p„' ), and
where the operating point of the amplifier is {p /(p„) ) -=0.04.
P„,P, and P„correspond to the pump, idler, and reference
fields, while dp„and dP correspond to the signal and observ-
ing fields.
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The added noise by the quantum amplification is essen-
tial for the performance of linear amplifiers. As the three
fields (pump, reference, and idler) are all strong, they are
assumed to be excited in large amplitude coherent states,
so that they can be regarded as classical; they remain
unaffected by their coupling to the signal and to the ob-
serving field. That is, the noise added by the present
method could be treated in a similar way to that de-
scribed by Caves for linear amplifiers. '

It is interesting to note the optimum conditions that
must be fulfilled to obtain a maximum amplification.
Thus, the choice of the dilute paramagnetic crystal is
very important. (Tg) ' in our treatment represents the
homogeneous broadening mechanisms of a simple line;
consequently, the inhornogeneous broadening mecha-
nisms have to be negligible. As a consequence of the
dominant isotropic character of the electron-
paramagnetic-resonance spectra, the atoms and ions with
ns' unpaired electrons, and molecule ions with o. un-
paired electrons and large hyperfine interactions, stabi-
lized in suitable host lattices with a low concentration of
isotopes with nonzero nuclear spin, could be in our case,
ideal spin systems. Unlike the double-resonance maser
action where, in the linear case, the amplification is in-
dependent on the spin-lattice relaxation times T, and
linear dependent on T2, in the present case, the
amplification is linear dependent on ( T, )

' and on ( T2 ):
dP -(T2/T, )T~X, (9)

where for a multilevel spin system b;~
+ 1 are temperature

independent, T2 represents the usual spin-spin relaxation
mechanisms, and is temperature independent and linear
dependent on the spin concentration C (Ref. 9),

(T2) '=aC . (11)

Because b;~ are all comparable, we can consider in Eq.
(10) for simplicity b; —= 1. In this case [see Eq. (9)], since
X-C: dP -x(1+x), where x=(T'2/T, ). As the
function x(1+x) exhibits a maximum for x =1, the
amplification has a maximum when the spin-spin and
spin-lattice relaxation rates are comparable. For the spin
systems mentioned above, the inhomogeneous broadening
contribution to the linewidth is usually (T2 ) -0.1 G.
As (T2) ' have to be much larger than (Tf ) ', and a in
Eq. (11) is for S electron atoms and ions or molecular rad-
icals of about ( 3—8 ) X 10 ' cm /s, concentrations of
about (10' —10' ) cm should be suitable. Consequent-
ly, for an optimum amplification, Ti must have an op-
timum value, which is expected to be of about
(10 —10 ) s. In this case, the Raman spin-lattice re-
laxation mechanisms are dominant and strongly tempera-
ture dependent. ' ' " That is why an optimum

where we have considered in Eq. (4) that Tg are all com-
parable with T2 [see Eq. (10)], while T~"=a,"T, are all.
comparable with T, and have the same temperature
dependence (because a;1 are temperature independent).
In addition, for a multilevel spin system T'() Tg. ' On
the other hand,

(10)

amplification will be achieved at an optimum tempera-
ture, which for S-electron ions with large spin-orbit in-
teractions in the excited states (Pb +, Hg+, Tl +) (Refs.
11—13) is expected to be about 80—100 K, while for H
(Ref. 9) or molecular ions with o unpaired electrons, '

even more elevated than 100 K.
The spin-spin relaxation rate ( T'2 )

' (and consequently
the optimum spin-lattice relaxation rates} increases with
increasing spin concentration. That is, the higher spin
concentrations, i.e., the higher optimum temperatures
and pump power levels, and the larger bandwidths [see
Eq. (2)].

Let us compare the power gain of this amplification
with the usual maser action. Thus, in the case of double-
resonance maser action with inversion, the lower the
temperature, the better the amplification. Consider, for
example, that the pumping frequency is ~„and the
emitted power dP„' corresponds to a small signal of fre-
quency co„mentioned above. In this case, the relative
efficiency of the arnplification proposed here as compared
to that of the usual maser action is

s"=dP /dP„'

—= ( / „)(T /T, )(&p„' dp„&/&dp„' &)»1,
(12)

where TL is the low temperature at which operates a usu-
al maser, T, is the optimum temperature corresponding
to the maximum power gain of the SB arnplification
method, and where the ratios (TL/T, ~) and (co„ /co )

could be considered comparable.
The major differences between the SB amplification

method and the usual maser action or parametric
amplification are (a) unlike the two methods, which are
both phase-insensitive and have comparable power gain,
the SB method is phase sensitive, has a predicted power
gain much larger, and is based on a maser action without
inversion. As has been shown, ' the phase noise added by
a phase-sensitive amplification can be reduced to such an
extent that, in the limit of large amplification, it can be
much less than the phase noise of a coherent state. (b) In
contrast to the usual maser action for which the ambient
temperature is very low, in our case the amplification ex-
hibits a maximum at an optimum temperature which is
relatively high. By a suitable choice of the spin concen-
tration (which in the case of S electron atoms and ions or
molecular radicals can be easily modified by irradiation
or thermal annealing), this optimum temperature could
be easily changed. Consequently, from this point, the SB
method is similar to the parametric amplification. (c) At
this optimum temperature, the spin-lattice relaxation
times are very short —about (10 —10 ) s. Thus, al-
though we have used steady-state solutions, for changing
rates of the detected signal amplitudes or of the phase
factor up to (10 —10 ) s ', these solutions could remain
valid (the quasistationary case). In addition, by a suitable
phase switching, short low-noise pulses in the microwave
or the far-infrared region could be obtained. (d) The
bandwidth is not expected to be as narrow as in the maser
case. The higher the spin concentration, the larger the
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bandwidth will be. (e) The pump power level is expected
to be much higher than in the usual maser action, and
even higher than that used in a paramp. However, the
stronger the pump field, the better the amplification [see
Eq. (12)]. (f) Unfortunately, as in the usual maser case,
and unlike the paramp case, the pump frequency and the
magnetic field is fixed by the operating frequencies and

the crystal used. In addition, as in the paramp case and
unlike the maser case, the gain sensitivity depends strong-
ly on the pump-field intensity. However, by using in
parallel a similar bridge, so that this bridge maintains
balance with respect to the idler field, the pump-field in-
tensity as well as the dc magnetic field could be well sta-
bilized.
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