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Possible bistability of the persistent current of two interacting electrons
in a quantum ring
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We calculate the energy band structure and the persistent current of two interacting electrons in
a quantum ring in the presence of a magnetic flux for a strongly correlated situation: a rotating
Wigner molecule with internal vibrations. We discuss a possible bistability and hysteresis in the
persistent current in dependence on the magnetic flux.

Three very interesting experiments measuring per-
sistent currents in normal-metal’»? and semiconductor
rings® threaded by a magnetic lux ® have been per-
formed recently. These studies indicate that in the diffu-
sive regime’'? the magnitudes of the persistent currents
are much larger than those predicted for simple mod-
els of noninteracting electrons,* ® while in the ballistic
regime® this simple theory seems to agree with experi-
ment. This led to two important issues: (i) the role of
the choice of the statistical ensemble to calculate average
values? 10 and (ii) the role of the electron-electron inter-
action (EEI) in the presence of impurities.!1720,23,:24 The
disorder-averaged persistent current has been found!® to
be vanishingly small when the grand-canonical ensem-
ble is invoked, while it is of finite magnitude within the
framework of the canonical ensemble.®¢™® At the mo-
ment, the role of the EEI in disordered systems is still
unclear and is an open subject for research. Much work
has been done to explore persistent currents in the dif-
fusive regime,” 211720 but comparatively little is known
about the ballistic regime.*2'727 The ballistic regime of
nanostructures is important because it allows the study-
ing of quantum systems, which are classically chaotic.?®
Further, in recent papers?%27 it was shown that in the
ballistic regime a rigorous quantum-mechanical theory of
persistent currents can be developed, with the result that
the coupling between the different channels contributing
to the persistent current causes the occurrence of higher
harmonics of the flux quantum ®, = h/e in the persistent
current.?® On the basis of this theory it was shown?3,24:28
for the case of few interacting electrons that this electron
system, quantum confined in a narrow-width ring, forms
a rotating Wigner crystal with relative angular motions
of the electrons in the form of the harmonic oscillations
and radial motions depending on the shape of the con-
fining potential.

The aim of the present paper is to investigate the elec-
tronic ground state of a two-electron quantum ring (QR)
(ideal or clean ring) of finite width in the presence of a
magnetic flux ® threading the opening of the ring, i.e.,
for an Aharonov-Bohm (AB) geometry.

We consider two electrons (¢ = 1,2) with the effec-
tive conduction-band-edge mass m. in the plane z = 0,
confined in a QR by the potential Vo (x;) in the z-y
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plane. This potential is taken as zero in the region
R—-W/2 < r; < R+W/2 and infinite otherwise. Assum-
ing an AB geometry with magnetic field B = (0,0, B)
and vector potential A(x) = ;B X x and introducing
polar coordinates in the z-y plane x; = (7;, ;), the rel-
ative angular coordinate v = ¢; — @2, and the angular
coordinate © = (1 + 2)/2 describing the motion of the
two-electron system as a whole, the Hamiltonian reads
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where €y is the permittivity in vacuum and e, is the
static dielectric constant of the host semiconductor. For
a narrow-width ring, i.e., if W <« R, the radial motion
is much faster than the angular motions. Hence the ra-
dial motion is adiabatically decoupled from the angular
motions with the result?3

Y(ry,re;7,0) = Z Bk .k, (T1,m2) ¥ K, K, (7, ©)
P,K1,K;

()

for the orbital part of the two-electron wave function.
The radial part Ef g, (r2,71) is a symmetrized (K; =
K,,P =0 and K; # K>, P = 2) or an antisymmetrized
(K1 # Ka,P = 1) product of the corresponding single-
particle wave functions x k, (r;), which have eigenenergies
€k, = R*n?K2/(2m.W?), with quantum number K; =
1,2,... and P describes the symmetry according to par-
ticle permutation. Because the single-particle wave func-
tions are orthonormalized, the set {Eﬁh i, (r2,71)} forms
a closure set of orthonormalized functions. The single-
valuedness boundary conditions ¥p k, Kk, (p1,p2 + 27) =
¢P,K1,K2 (Wl + ZW’(PZ) = '¢'P,K1,K2 (<P1 + 27, p2 + 27r) =
VP K, K (P1,p2) mean, in terms of the new variables
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v and O, Yp Kk, Kk, (7 + 27,0 + ) = Yp K, K,(7,© +
2w) = vYpk, k,(7,9). Removing the magnetic flux
from the Hamiltonian by a gauge transformation, these
conditions change to the twisted boundary conditions
"/)P,Kl,Kz (7 + 2m, O + 77) = exp[i2W¢/¢)0]¢P,K1,Kz (77 @)
and ¥p k, K, (7, © + 27) = exp[idn®/Po)Yp k. .k, (7, O).

Now we substitute Eq. (2) into the Schrédinger equa-
tion HY = EV with the transformed Hamiltonian of
Eq. (1), multiply both parts by E‘ﬁl,Kz (r1,72), and inte-
grate over 71,r2. As long as the above-stated criterion
of the adiabatic approximation is satisfied, the excited
states of the radial motion [the nearest ones to the ground
state are those with P = 1 and 2,K; = 1,K; = 2, and
the energy 5A%n%/(2m.W?2)] lie high above the ground
state, which has the energy A%n%/(m.W?). As a conse-
quence, we can restrict the consideration to the ground
state of the radial motion (P’ = P = 0,K; = K; =
1,K5 = K, = 1). Hence the variables v and © become

separated:
1o
4 002
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+2&; — E}¢O‘,1,1('Ya 0) =0, (3)

where () denotes the average with the radial wave func-
tions

(> = /d’rl Tl/dTZ T2 5(1)71(7'1,7'2) ..-E?’l(rl,rz). (4)

Thus the relative angular motion is separated from the
angular motion of the two-electron system as a whole.
Therefore the angular wave function can be represented
in the form

Yo,1,1(7,©) = EZ‘I)?(’Y) Qv+ (9), (5)

p 3=0
where the wave function of the relative angular motion
is a solution of the equation

R 92 e?
v 9 . _grap lgP
{ R2m, O~2 4meoe, R/2(1 — cosy) 7 } 7 ™

=0. (6)

Here p describes the possible symmetry types of <I>§-’ ()
and T stands for {P = 0,K; = 1,K; = 1,p,j}. In

Eq. (6), we have used
1N
2/ " R?

and

o2
4meoes/T? + 72 — 2r17T2 COS Y
2

e
= 4dmepes R4/2(1 — cos ) '
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In view of the 27 periodicity of the mean Coulomb po-
tential as a function of 7, the wave function of the rela-
tive angular motion has the form ®%(vy) = exp(ipy)u}(v),
where uf(y 4 27) = u(v) and —3 <p < i. If the typi-
cal Coulomb interaction energy between the two electrons
Ecou = €2/(8meoe, R) is much larger than the oscillation
energy £9°¢ = £ 72? — EGoul, the relative angular motion
can be considered in the tight-binding approximation

oo

> exp(ip10)¢i (v — 7e); (7)
Q=—0c0

¥ (v) =

where ¢;(v — vg) is the wave function of a single well
with minimum at yo = (2Q + 1)7, Q@ = 0,+1,£2,....
This wave function is the eigenfunction of

B2 d? meQ%r? osc
(B + 10— s =0
=0, (8)

where Q2 = e?/(16megesmeR3). In Eq. (8), we have
expanded the mean Coulomb potential in a power series
of (v — v@), taking into account the harmonic approxi-
mation, valid if AQ < e2/(87weges R). Because tunneling
between the wells is neglected, the energy becomes inde-
pendent of p: 5;'a“p = £5*. In the following, the wave
functions ¢;(y — v¢) are harmonic-oscillator eigenfunc-
tions with eigenenergies £7°¢ = Q7+ %), 3=0,1,2,....
Now it becomes obvious that the adiabatic approxima-
tion used above is valid if AQ < A27w2/(m.W?). It is
noticeable that the adiabatic approximation, as well as
the harmonic approximation, is valid for typical semicon-
ductor rings used in experiments.

The solution of the Schrodinger equation for the free
rotation of the two-electron system as a whole

J42
(457 +4) @@ =0, 9)
characterized by a rotational momentum
Vy = Vy (E)
4m.R? e?

1/2
BYLLY  PESP
{ h2 [E 26 8mepes R 7

is

Quy (@) =

1
exp(ivy ©). 10
= exp(ivr) (10)
The curves vy (E) define the channels?®27 for the angu-
lar motion of the two-electron system as a whole. On
the other hand, using the wave function of Eq. (5) in the
Schrodinger equation (3) with a fixed rotational momen-
tum, we obtain the eigenenergies of two electrons in a
narrow-width ring as a function of vy:
2 2.2
e hév.
gosc X .
tE T 4m.R?2

_ _ 11
Exy,., =26+ P (11)

According to the Pauli principle, the total two-electron
wave function (including spin) must be antisymmetric
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under particle permutation and hence, the orbital part
fulfills ¥(rz,ry, —v,©) = n¥(r1, 72,7, ©). For total spin
S = 0 it follows n = 1, the para state (or singlet state),
where the spin function |S,Ms) is an antisymmetric
eigenfunction of the total spin projection operator with
eigenvalue S, = AiMg, Mg = 0. For S = 1 it follows that
n = —1, the ortho state (or triplet state), accompanied
by three symmetric spin functions, which are eigenfunc-
tions of the total spin projection operator with quantum
numbers Mg = —1,0, and +1. This imposes selection
rules for the possible values of the rotational momentum
vy:2% for S = 0 (the para state),

VT=2m+2§lifj=2k
0

®
oru'r=2m—+—1+23——ifj=2k+1
0

and for S =1 (the ortho state),

o
vr=2m+ 1425 if j =2k

d
orl/-r=2m+27§—if i=2k+1, (12)
0

where m = 0,%1,+2...,and £ =0,1,2,.... The energy
bands of two interacting electrons in a narrow-width QR
are plotted in Fig. 1. It is seen that for /%, = 0 and 0.5
the energy bands of a certain symmetry become degener-
ate. In the case of a mesoscopic ring with impurities this
degeneracy becomes lifted and gaps between the energy
bands open.?® Further, for a QR the bands of para and
ortho states become degenerate at ®/®, = 0.25. This
degeneracy still remains for non-magnetic impurities and
is lifted by the scattering of the electrons on magnetic
impurities or due to the spin-orbit coupling.

Hence, from the energy bands determined by Eq. (11),
the lowest energy band of the para state in the region
—%— < ;I?O— < % is

2,2 2 2 2
EPora(,2) = R e J19] I3 (@) ’

m.W?2 + 8mepes R + 2 meR? N
(13)

which gives the persistent (azimuthal single-band) cur-
rent, defined by I\"**) = —8Ey,,., /8®, in the form

2R2 @

Iﬁara(q)’ 2) = ——*QomeRz —(i);

(14)

n the other hand, the lowest energy band in the region
3 < q% < % of the ortho state is

min{Ey ., (®,2)} = W2 + Fy—— +

In correspondence to this minimal energy, the persistent current suffers discontinuities at q;% ==

h27? e? @
2
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FIG. 1. Energy bands Er .. (®,2) given by Eq. (10) of
the lowest para (S = 0, thin solid lines) and ortho (S = 1,
heavy solid lines) states for a two-electron quantum ring with
R = 480 nm and W = 20 nm. The bands are denoted by
(m,S,j). For the calculation the parameters of GaAs are
used: €; = 12.87 and m. = 0.06624m,, with mo the bare
electron mass.

h2n? e? RQ
Eortho(Q’z) — + + =
meW?2 ' 8meoes R 2
2
r? 3 1 1 ®
+ m B2 ($;+5) for —§<q,—0<0
2
K2 ® 1 & 1
m.R? (E_E) for 0< 3, <3
(15)
and the persistent current reads
242 3 1 1 3
Iortho((b 2) - meR2® \ & + 2 for 2 < XY <0
4 ’ ~—-2—2h2 2 _1) for 0<2 <!
meRZ®, \ B0 2 3, > 2°
(16)

As follows from Eq. (12), at & = 0, the para state should
have a wave function of the angular motion of the two-
electron system as a whole, which is symmetric with re-
spect to a rotation ® — © + 7, Q. (0 + 7) = Q. (0);
the lowest energy of such states belongs to vy = 0. At
the same time, the ortho state should have a wave func-
tion of the angular motion of the two-electron system as
a whole, which is antisymmetric with respect to this ro-
tation © - © +m, Q.. (O + ) = —Q,.(0), and hence
the lowest energy of such states belongs to vy = £+1 and
is higher than that of the lowest energy of para states.
Therefore, the ground state at ® = 0 is a para state.

The minimal energy in —% < q,% < % belongs to dif-
ferent states:

K2 ® 1\2 1 -3 1
i PN |
meR"‘(E) fOI' -2 S E;(; S Y (17)
& 1 1 $ 1
mezl(sg —3)? for  3< g <3
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(& ] for —f< k<1
I4(®,2) = —%—i{'&—ﬁi% for —3<&<i
“Fom.m (3 1) for <G <3

(18)

The persistent currents of a two-electron QR are plot-
ted in Fig. 2(a) for the case where the system is in
the lowest para state (thin solid line) and in the low-
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FIG. 2. Persistent currents I4(®, 2) of a two-electron quan-
tum ring (parameters are the same as in Fig. 1) (a) carried
by the lowest para (thin solid lines) and ortho (heavy solid
lines) states calculated from Egs. (13) and (15), (b) carried
by the minimal-energy band, and (c) possible bistability and
hysteresis.
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est ortho state (heavy solid line) and in Fig. 2(b) for
the case where the minimal energy of Eq. (16) is real-
ized. Whereas the first case [Fig. 2(a)] demands total
spin conservation of the two-electron system, the second
picture [Fig. 2(b)], however, can be realized only under
a fast relazation between the states S = 0 and S = 1
due to spin-flip processes that change the symmetry of
the state. If such a relaxation is slow, which is a very re-
alistic case, then the para state (or the ortho state) can
still exist beyond the above limits of &, where they are
the lowest states, becoming metastable states, and hence
the persistent currents carried by these states can be ob-
served. If, nevertheless, the symmetry breaking spin-flip
occurs, we just obtain a hysteresis of the persistent cur-
rent, schematically represented in Fig. 2(c).

The question that now arises is, What process is re-
sponsible for a spin flip from S =0 (or 1) to S =1 (or
0) with a change of the symmetry of the two-electron
state in a QR? The probability per unit time that a
quantum system changes its state from |¢) with the en-
ergy &; to |f) with the energy &5 is given in first order
by Wiy = 2T"'|(f|Him]'i)|2(5(6'f — &;), where Hiy is a
perturbation. Let us consider as a perturbation at first
magnetic impurities. In this case we have to add to the
Hamiltonian the interaction

2

Ns
Himp = Y Y Va(ris 0i) (19)

s=11:=1

with the impurity potential
Vi(ri, i) = —Jo8(xi — x,)S; - SI™P, (20)

where J, is the exchange integral, S; = ga',- is the spin
operator of the ith electron, o; = (04, 0yi, 0,;) stands for
the Pauli spin vector operator with o,; the Pauli matri-
ces, and SimP = gaa is the spin operator of the magnetic
impurity. It is well known that such an interaction results
in the Kondo effect of the resistivity of metals. Consider-
ing for simplicity only one impurity (Ng = 1), a definite
state of the two-electron system plus one impurity is de-
scribed by the product ¥(x1,x2)|1:ms,2:ms; :Minp) of
the orbital part [¥(x1,x2) = (x1,x2|¥)] and the spin
part. The ket |1:m,1,2:m,2; I: Minp) acting in the spin
state space means: electron 1 in the spin state |m,,) with
a spin quantum number mg, = :i:%, electron 2 in the
spin state |m,2) with spin quantum number m,; = :{:%,
i.e., Mg = mg + ms, and the magnetic impurity in
the spin state |Mimp). According to the symmetry of
the two-electron system, we have (i) for the para state
(=0, Ms =0)

—[1:—3,2:3;1: Mimp)] (21)

with a symmetric orbital part Ppara(x2,%x1) =
Wpara(X1,X2) and (ii) for the ortho state (§ =1, Ms =
~1,0,+1)
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with an antisymmetric orbital part ¥ortho(X2,%1) =
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32 % I Ame) (22)

3,2: 35T Miy)

- ‘Ilortho (X]_ ) x2) .

Then it follows for the ortho state under the action of Hjyp that

mep\Ilortho(xl,X2)l1 —;— 2: % I: __%)
h 2
sl e

[T:=3))d(x2 —

%) ® |I‘%>)6(x1 - xs)‘portho(xs, Xz)

x,)¥ mho(xl,xa)} (23)

The first term in each set of parentheses leads to a spin-flip process. These two terms can be rearranged as

i Wortho (51, %2)|1: 2,22 3, T~ Y spinenip = —, ( ) ((1i=1,2:) +1:5,2: 1) @ |1+ )
[6(x1 - xa)‘llortho(xsv X2) + 5()(2 - xs)\portho(xla xs)]
H(L-3,2: )~ 1 d 2 ) @ 1)
[5(X1 - Xs)‘I’ortho(xs, X2) — 6(x2 — X4) Wortho(X1,%5)]}. (24)

The first term in the curly brackets is a result of a spin flip, but does not change the symmetry of the orbital wave
function of the two-electron system. Multiplying Eq. (24) from the left with the conjugate wave function (21) of the

para state, we find the matrix element

(f = P|Himp|i = O)

= %/dlefdzmz[(l: 12

-3+ (1:-2 2:—;—]]@(I:%I\I!;am(xl,XZ)HimpH:%,2:%,I:—%)\Portho(xl,xg)

h2
= 2—ﬁJs / dzml / d2$2@;ara(x1ax2)[6(x1 - xs)lportho(xsaxz) - 6(x2 - xs)q’ortho(xl,xs)]

h2
= %Js/d2w\Il;am(xs,x)\Il0,tho(x,,x).

As long as (f = P|Himp|t = O) # 0 is valid, we come to
the conclusion that the spin flip process of a Kondo-like
effect can result in a possible bistability of the persis-
tent current. It is important to note that a homoge-
neous distribution of magnetic impurities would not re-
sult in a spin flip with symmetry change because of the
orthogonality of the wave functions Wgrtho(x1,x%2) and
lIlpara(xl,XZ)-

A second possible mechanism is the spin-orbit cou-
pling, described by the Hamiltonian

ﬁz
= ; 4m(2]c2 [0‘1 X VV(XI)] * Pi, (26)
where mg is the bare electron mass, p; is the momen-
tum operator of the ith electron, and V(x;) is the total
potential (crystal potential and confining potential). It
is well known that in GaAs the spin-orbit coupling re-

(25)

[
sults in a lifting of the degeneracy of the valence bands.
Further, the spin-orbit coupling results in the inelastic
light scattering on GaAs in the possibility to create spin-
polarized states. Hence (f = P|H,,|i = O) # 0 results
and the spin-orbit coupling is the mechanism responsi-
ble for a possible bistability in the persistent current of
a two-electron ring.

In conclusion, for a two-electron ring synthesized from
a GaAs-Gaj;_ Al As heterostructure, we expect a bista-
bility and a hysteresis in the persistent current as plotted
in Fig. 2(c). This effect should be observable in semi-
conductor rings because for quantum dots it is possible
to tune the number of electrons up to the limit of single-
electron charging.?®
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