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Collective transport in two-dimensional magnetic bubble arrays
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We report detailed observations of transport in two-dimensional magnetic bubble arrays subject to random
substrate pinning. Temperature is simulated via agitation with an ac magnetic field. The velocity-force re-

sponses follow power laws U~F with n=3. The bubble velocities under an applied force deviate from a
simple Gaussian distribution, and the How pattern shows nontrivial spatial correlations. The measured velocity-
velocity correlation function decays exponentially, and the correlation length g„ increases with the applied
force F.

Collective transport has attracted much theoretical and ex-
perimental attention. Interesting and important spatiotempo-
ral phenomena arise in a wide variety of different contexts
due to the competition between internal ordering forces and
external disorder. ' The motion of elastic media subject to
weak random pinning is of particular importance in fields
ranging from mechanical friction ' and earthquakes, to
charge-density-wave depinning and flux flow in type-II
superconductors. Due to the breadth of the range of appli-
cations, new results can have importance in quite different
areas. A recent theory of particular relevance to the present
work describes the motion of an elastic two-dimensional
membrane subject to weak random-point pinning, as well as
charge-density-wave transport. Because extended systems
can show a wide range of complex behavior, detailed theo-
retical assumptions concerning the spatiotemporal nature of
transport are necessary to make progress. Often these as-
sumptions are not directly tested in experiments because spa-
tially and temporally resolved observations of collective mo-
tion are often difficult to carry out.

In this paper we report detailed spatiotemporal observa-
tions of collective transport in two-dimensional magnetic
bubble arrays. Using computer-video techniques we visual-
ize the motion of individual bubbles in an array subject to
random pinning and study the spatiotemporal mechanism for
depinning and motion. Thermal motion is simulated by an
adjustable ac magnetic field which agitates individual
bubbles. A series of measurements was made in the nonlinear
regime of low bubble velocities to study how depinning oc-
curs at finite temperatures. The observed average velocity
versus force responses follow power laws U ~F with
o, =3. Thresholded spatial images of bubble velocity distri-
butions demonstrate how the array moves in response to the
applied force. The velocity-velocity correlation function de-
cays exponentially and the velocity-velocity correlation
length increases with applied force.

For a two-dimensional array subject to a random pinning
potential, a depinning threshold only exists at zero
temperature; at finite temperatures the array velocity is pre-
dicted to be nonzero for any applied force. The spatially
averaged velocity U of an extended system given by collec-
tive flux creep theory is activated:

—U(F)/AT

below a critical temperature T, . Above T, the velocity-force
response is predicted to be linear. The energy barrier U(F) in
Eq. (1) is associated with the nature of the collective motion.
In the three-dimensional case ' U(F)~F "which leads to

—F /Fa strongly nonlinear response of the form U~e ("0 F) . For
the experiments below, the relevant case is a defect-free two-
dimensional elastic medium under weak random-point pin-
ning: here the balance between elastic energy and pinning
gives an energy barrier of the form U(F)~ In(F/Fo) that
leads to power-law velocity-force responses '

U (XFA

The instantaneous velocity-velocity correlation function is
predicted to decay exponentially with separation at zero
temperature:

~ exp( —
~
r; —r, ~/(„),

where r; is the position of site i and U is the spatial average
velocity, assumed to be in the x direction. The correlation
length gv characterizes the size of regions that move coher-
ently.

Our experiments are conducted on arrays of magnetic
bubbles, which are cylindrical domains of reversed perpen-
dicular magnetization in a thin uniaxial ferrimagnetic garnet
film. Bubble arrays can be regarded as two-dimensional elas-
tic media composed of discrete objects pinned by weak point
disorder. A well-annealed bubble array in good quality garnet
material forms a two-dimensional triangular array with few
dislocations. Bubbles interact via a repulsive dipole-dipole
potential. Microscopic substrate roughness and random-alloy
fluctuations produce a random potential on length scales
much shorter than the bubble radius, which can be consid-
ered weak random-point disorder. The effect of temperature
is simulated in our experiments by a superimposed ac mag-
netic field. The breathing motion of bubbles in response to
the ac field interacts with substrate roughness to produce
random Brownian motion and an effective temperature. '
The magnetic energy density of a perfect bubble lattice has
been calculated by Cape and Lehman, assuming the shape
of a bubble is exactly cylindrical, and can be used to com-
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pute the bubble-bubble forces and the Lame coefficients p,
and k. Interestingly, magnetic bubbles possess an effective
inertial mass due to domain-wall motion, which is quite
small (m —10 g) for most materials.

The sample used in these experiments is a rare-earth iron
garnet film of size 6X25 mm with chemical composition
(Bi, o9Tmo o7Gdo 9sYo 9o) (Fe39iGao76Yo soTmoo2) Oi2 g~~w~
on a nonmagnetic garnet substrate. The film has a thickness
7.8 p, m, and saturation magnetization 4aM, =190 G. An
array of magnetic bubbles is produced by briefly inserting
the sample into a strong (2.5 kG) in-plane magnetic field,
followed by annealing in an ac magnetic field to reduce the
number of structural defects. A perpendicular dc magnetic
field Hd, is applied to control the bubble concentration; for
the data below, Hd, =75 Oe, the bubble concentration is 2996
mm, and the bubble diameter is 6 p, m. The resulting
bubble array is well ordered: the dislocation concentration is
low, the array has long-range orientational order, and the
measured translational correlation length is relatively long,
8a —15a, where a is the average bubble spacing. The Lame
coefficients for these parameters are calculated to be X =30
erg/cm, ~=10 erg/cm . The effect of temperature is simu-
lated by a superimposed perpendicular ac magnetic field with
adjustable peak-to-peak amplitude H„and frequency 40 Hz;
the ac field produces a periodic change in bubble radius
which interacts with substrate roughness to produce random
motion. " In order to study transport, a uniform in-plane
force on each bubble is generated by an in-plane gradient in
the perpendicular magnetic field, produced using a pair of
gradient coils. The apparatus is placed on a mechanically
isolated optical table to minimize vibration.

The motion of individual bubbles in the array is visual-
ized via the Faraday rotation of polarized light in a precision
optical microscope, recorded onto video tape, and analyzed
with computer-video techniques on a Silicon Graphics work-
station. Each image below contains about 2700 bubbles and
covers part of a single crystallite of the polycrystalline
bubble array. Image analysis is used to locate the bubble
centers with accuracy =—0.2 p, m. The velocity of each bubble
is determined from its displacement over subsequent video
frames, and the array velocity U is computed by averaging
over all the bubbles in the field of view. Collective transport
data are recorded by applying an in-plane force and observ-
ing the resulting motion, then removing the force and allow-
ing the array to relax. The duration of the measurement is
limited by compression of the bubble array in the entire
sample, which builds up in time in the direction opposing the
applied force. For array displacements up to 3a used in this
experiment, no changes in the characteristics of bubble mo-
tion are observed: the translational and orientational order
both remain unchanged. This distance is a factor —100
longer than the length scale of the random pinning (-0.4
p, m) determined by the diffusion of isolated bubbles. "

Figures 1(a) and 1(b) are linear and log-log plots of the
measured array velocity U versus applied force F for four
values of the ac magnetic field H„. In absence of an ac field,
the array is pinned within the available range of applied
force. As shown, the velocity-force response is nonlinear, but
does not display a threshold for array motion, in agreement
with current theory for two dimensions. The solid curves in
Fig. 1(a) are fits to U =cF, with c the fitting parameter. We
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FIG. 1. (a) Velocity-force response of the magnetic bubble array
for ac magnetic-field values H„=10.1 Oe (open circles), 13.6 Oe
(black triangles), 17.2 Oe (open squares), aud 20.7 Oe (black
circles). The solid lines are power-law fits with u=cF; c is the
fitting parameter. (b) Log-log plot of U/c vs F; the solid line is
v/c=F .

can look at the scaling behavior in Fig. 1(b), where all the
points fall onto the same line U/c =F on a log-log plot over
three decades in velocity. Power-law velocity force charac-
teristics are predicted for defect-free elastic media, and also
for certain cases in two dimensions due to the interaction of
dislocations. Elastic media theory is more appropriate to our
experiments because the measured dislocation concentration
of the bubble array is very small, -4 over the field of view,
and because we observe that the few dislocations present are
fixed in the array. The effective temperature of isolated
bubbles can be measured via the Einstein relation because
they diffuse freely in ac fields comparable to those in the
present experiment and the drift velocity is proportional to
the applied force. In an array, bubble diffusion is restricted
and the situation is more complex. We characterize effective
thermal fluctuations in bubble motion produced by H„via
measurements of the standard deviation o. of the bubble dis-
placement over 24 min in the absence of applied force. For
Fig. 1 we find similar values o./a =0.039~ 0.004 for the four
ac fields: as H„ increases the array moves more freely, but
the effective temperature represented by o./a does not in-
crease appreciably.

Spatial images of the moving array and corresponding
velocity distributions are shown in Figs. 2(a)—2(c) for three
increasing values of applied force. The bubble velocities are
obtained from the displacements by dividing by the measure-
ment interval At=2 min, chosen long enough to minimize
random fIuctuations, yet short enough so that the displace-
ment is smaller than the bubble separation a. Shown on the
right-hand side of Fig. 2 are histograms of the bubble veloc-
ity distribution. In absence of a gradient force, the distribu-
tion is approximately Gaussian, associated with thermal fluc-
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FIG. 4. Velocity-velocity correlation length $, vs force F at
H =10.1 Oe. The inset shows the velocity-velocity correlationac —7function vs bubble separation at forces 2.79X10 dyn (black
dots), 1.86X10 dyn (open squares), 1.24X10 7 dyn (black tri-

angles), 0.93X 10 dyn (open circles), and 0.46X 10 7 dyn (black
squares).

PEG. 2. Distributions of moving bubble clusters and histograms
of bubble velocity for 0„=10.1 Oe and (a) F=0.93X10 7 dyn,

(b) F=1.86X10 dyn, and (c) F=2.79X10 dyn. The black
dots represent bubbles with velocities above the cutoffs indicated by
the arrows on the corresponding histograms. Image sizes are all
1027X768 ~m2.
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2FIG. 3. Sequence of moving bubble images (1027X768 p, m )
for H =10.1 Oe and F=1.24x10 dyn. The cutoff velocity isac

0.0075 p, m/sec. Each image is averaged over 6 min.

tuations generated by the ac field. With an applied force, the
velocity distribution deviates from a simple Gaussian as
shown, developing nonthermal tails and bimodal structure.
The corresponding spatial motion of the array is shown on
the left-hand side in Fig. 2, by plotting as black dots bubbles
with velocity above a cutoff indicated by the arrow in the
histogram to the right. For Figs. 2(a) and 2(b) the cutoff
velocity is chosen to be two standard deviations to the main
peak, and for Fig. 2(c) the cutoff is chosen in the valley
between the two maxima of the bimodal distribution. As
shown, the array moves via the correlated displacement of
groups of adjacent bubbles; the size of the displaced region
increases with applied force. Much of the random bubble

motion produced by ac agitation is suppressed by threshold-
ing. In Fig. 2(a) the small high velocity tail in the distribution
corresponds to one small cluster of bubbles as shown. In Fig.
2(b) the force is larger, and the high velocity tail is bigger
corresponding to three clusters. In Fig. 2(c) the distribution is
bimodal: the higher velocity peak corresponds to a single
spatially correlated part of the moving array as shown. From
the images and histograms of the bubble velocities, it is clear
that the motion is a collective phenomenon produced by cor-
related bubble displacements that are nonuniform across the
array at a given time. The array motion is not simply a con-
sequence of the random motion of individual bubbles, be-
cause the velocity distribution becomes distinctly non-
Gaussian.

To understand how spatia11y nonuniform motion over the
short times in Fig. 2 produces a uniform Aow over longer
times, we recorded a sequence of time-resolved images of
the bubble flow, shown in Figs. 3(a)—3(d). The force was
applied for a total of 24 min corresponding to a total dis-
placement of the array by 4.6 p, m; each image represents the
motion over 6 min. The measured velocity distributions cor-
responding to Figs. 3(a)—3(d) each possess a high velocity
tail. As before the images were thresholded with cutoff ve-
locity 0.075 p, m/sec. Averaged over 24 min, the motion is
very uniform, and the measured velocity distribution is a
good fit to a Gaussian displaced by the array velocity, with-
out a high velocity tail. Over shorter time scales, the motion
is spatially nonuniform, as illustrated by the sequence in
Figs. 3(a)—3(d). Quickly moving clusters of bubbles in Fig.
3(a) exert stress on neighboring slowly moving parts of the
array. The quickly moving part of the array changes in loca-
tion and shape from frame to frame in Figs. 3(a)—3(d) as the
stress created by nonuniform motion is passed through the
array, producing more uniform motion over longer time
scales. Image analysis indicates that no creation or annihila-
tion of dislocations occurs in Figs. 3(a)—3(d), or in other
typical data for these conditions, and that the few disloca-
tions present simply move with the array so that elastic me-
dium theory is applicable. This type of motion is analogous
in many ways to sliding charge-density waves. As for
charge-density waves, the velocity for wave propagation of
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deformations is much faster than array motion. Hofelt' ob-
tained the velocity of propagation for deformation of a trian-

gular magnetic bubble lattice vz= g(X+2p, )/p, where p is
the effective mass density due to domain-wall motion. For
our bubble array v~=3 X 10 cm/sec, much greater than the
average array velocity.

Figure 4 shows the measured velocity-velocity correlation
length („ versus applied force F; the correlation length (,
characterizes the size of the correlated moving regions. The
values of („were determined from the measured velocity-
velocity correlation function C(r;J) from Eq. (3), which is
plotted versus bubble separation in the inset of Fig. 4 for five
representative values of force listed in the figure caption. As
shown, C(r;&) decays exponentially; the drop at large sepa-
rations is due to finite image size. The velocity for Fig. 4 is
averaged over 2 min to reduce the influence of thermal mo-

tion. For a small applied force F, when the array velocity is
small, the correlation length („ is of the order of the lattice
spacing a, and is associated with random bubble agitation by
the ac field. As shown, the velocity-velocity correlation
length (, increases monotonically with applied force. Theo-
ries of collective transport predict a range of possible be-
haviors for g„versus force, including a divergence at the
depinning threshold for zero temperature. The present ex-
periments do not observe a peak in („,but it is possible that
the range of applied forces is below a zero-temperature de-
pinning threshold.
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