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Transport in channels and films with rough surfaces
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We present a simple and versatile description of transport of almost ballistic particles near rough
boundaries with an emphasis on thin films and narrow channels. The main effects are associated
with chaotization of motion as a result of repeated scattering from random walls. We show that
the problem contains an additional mesoscopic length scale which is expressed explicitly via the
amplitude and correlation radius (or the correlation function) of surface inhomogeneities, and the
ratio of the particle wavelength to the correlation radius. The calculations are performed with
the help of a canonical coordinate transformation which reduces a transport problem with rough
random walls to a completely equivalent problem with ideal Hat walls, but with some random bulk
distortions. This problem is treated on the basis of a kinetic equation with a perturbative collision
integral. In addition to the application of the Boltzmann transport equation for (quasi) particles
with an arbitrary degree of degeneracy of the distribution function, we also include the results for a
single-particle diffusion on the basis of the Focker-Plank equation. We calculate different transport
coeKcients for (quasi) particles with an arbitrary spectrum e(p) with a bulk of calculations for
particles with quadratic, p /2m, and linear, cp, spectra. The calculations are made in classic
and WKB regimes as well as in the case of quantized motion across the film. All the transport
coefBcients are expressed via the first two angular harmonics of the correlation function of surface
inhomogeneities which play the role of an effective transport cross section. The results include
the effects of bulk impurities and changes in potential relief near the walls. We also calculate the
quantum interference corrections to conductivity and localization and mesoscopic effects associated
with refelections from random surfact„ inhomogeneities, and the density of states in low-dimensional
films. The mesoscopic properties are especially simple in the case of strong quantization of motion
across the d-dimensional films when the problem becomes effectively equivalent to localization of
d —1-dimensional motion in weak random potential. We discuss possible future applications of our
method such as for porous media, boundary slip, etc.

I. INTRODUCTION

The effects of boundary scattering on transport pro-
cesses is important for physics of films, waves, and par-
ticles propagation in restricted geometry, including the
porous media, properties of multilayer systems, quan-
tum wires, etc. These effects become very convoluted
if the boundaries are rough with complicated or random
inhomogeneities of different scales. In general, the effect
of boundary roughness on boundary scattering should
lead to chaotization of motion near the boundaries and
to some additional diffusion along the walls. It is quite
obvious that this transport effect should be described by
the correlation function of surface inhomogeneities, but
it is not clear how to get such a description in a consis-
tent though simple way. This is the main goal of this
paper. Below, we will develop a simple and uniform for-
malism which can be easily applied to a broad variety of
transport problems in very different systems.

The description of transport near rough walls is hin-
dered by two problems. The first one is very important
for solid or liquid films, and is less important for gaseous
or vacuum systems. In solid or liquid systems, the energy
spectrum, including the potential relief and solid-state
energy bands, change significantly near the walls. This

effect exists even in the case of perfect Hat walls. The
effects of this type dominate the boundary scattering in
many metals or semiconductors, especially in the pres-
ence of surface energy levels and/or strong boundary ad-
sorption, when the particle energy experiences dramatic
changes near the surface.

The second group of effects is associated directly with
the surface roughness, i.e. , with the randomness in the
exact position and the direction of the boundary which
leads to the randomness in phases and directions of re-
fIected particles. In many problems of wave propagation,
gas dynamics, electrons in simple metals, etc. , the energy
changes near the surface play the secondary role with re-
spect to the efFects of surface roughness.

These two parts of the scattering problem can often be
studied separately, one after another. We will start from
the effects of surface roughness, and will address some
aspects of energy distortion at the surface closer to the
end of this paper.

The scattering from rough walls contributes to the
chaotization of motion only as a result of repeated col-
lisions with the walls. The particles can return to the
wall either as a result of bulk scattering, or after colli-
sions with another wall. As we will see below, the re-
sults for these too cases are different from each other.

0163-1829/95/51(23)/17116(15)/$06. 00 51 17 116 1995 The American Physical Society



51 TRANSPORT IN CHANNELS AND FILMS WITH ROUGH SURFACES 17 117

In this paper, we will consider mostly the case of re-
stricted geometry, i.e., narrow channels and thin Blms,
or almost ballistic particles in more bulk systems. We
will also point out the necessary changes associated with
bulk scattering.

The usual approach to boundary problems is to apply
some "exact" boundary condition to an already known
bulk problem. Then the scattering by rough walls is
described either with the help of an over-complicated
boundary condition (see, e.g. , Refs. 1—7), which leads to a
practically unsolvable integrodifferential transport prob-
lem, or by an over-simplified phenomenological bound-
ary condition, which balances partially specular and
partially difFuse refl.ection. The standard perturbative
methods ' are also not very useful, especially for elec-
tron problems.

A different approach is to substitute the surface
roughness by some phenomenological bulk potential (or,
what is very similar, by a set of scattering centers )
near the surface, and to e~press the transport charac-
teristics near the surface via the parameters of this po-
tential. This approach can reproduce certain impor-
tant features of transport processes, including quadratic
dependence of conductivity on Blm thickness, long-
range correlations, and spin exchange processes in
multilayers, ' by expressing transport parameters via
the correlation function of this phenomenological poten-
tial. However, though it was clear ' that the efFective
potential is related to the shape of the surface, the ex-
plicit form of this relation and, therefore, the form of the
effective potential remained unknown and could not be
easily reconstructed either theoretically or from experi-
ment. Therefore, following Ref. 9, the calculations were
restricted to the simplest model forms of such a poten-
tial or its correlation function. Meanwhile, the consistent
comparison with experimental data requires the theory
which relates the transport parameters to the shape of
the surface rather than to some effective potential. This
is especially important since modern experimental meth-
ods allow one to reconstruct the shape of the surface with
a very high accuracy (see, e.g. , Ref. 14).

Below we develop a very simple, versatile, and consis-
tent method which allows to express explicitly all trans-
port and mesoscopic parameters directly via the main
characteristics of the surface, namely, via the correlation
function of surface inhomogeneities. The underlying idea
of our approach is to shift the diKculties from the bound-
ary condition to the bulk equations of motions: often it
is much easier to solve a complicated bulk problem with
simple boundary cond. itions than a simpler bulk problem
with complicated boundary conditions. However, in con-
trast to Ref. 9, we will not introduce any phenomenolog-
ical bulk potentials. Instead, we will perform a canonical
coordinate transformation (similar to the Migdal trans-
formation in nuclear physics) in order to make the bound-
aries Bat, and will look at the consequences of this trans-
formation for transport and mesoscopic effects. Such a
transformation is always possible for walls without cavi-
ties when the boundaries are described by single-valued
functions.

Similar coordinate transformations were used

earlier for the study of diffraction patterns in the
case of reHection of acoustic and/or electromagnetic
waves from a rough interface. Our formalism is differ-
ent, and is aimed at various transport processes along
rough boundaries, including electron and phonon (pho-
ton) transport in thin films, rather than at wave patterns
near the interface.

Our canonical transformation is nonlinear, and leads
to a considerable complication of the bulk Hamiltonian,
which acquires some additional random nonlinear terms.
These terms in the bulk Hamiltonian contain all the in-
formation on initial boundary roughness. We can treat
this Hamiltonian as any bulk Hamiltonian with random
terms. If the amplitude of the boundary roughness is not
very large, these corrections to the bulk Hamiltonian can
be easily treated perturbatively. It is well known how to
include perturbative corrections into the left- and right-
hand sides of the transport equation. The corrections
to the left (dynamic) side of the transport equation are
equivalent to some additional external Beld and are most
important for the calculation of line shifts or quantized
energy levels for the motion across the films. The correc-
tions to the right-hand side (collision operator) describe
the changes in the transport parameters.

Below we will concentrate mostly on the perturbative
corrections to the collision operator. These perturba-
tive terms in the collision integral can easily be trans-
lated. into very transparent expressions for transport co-
efIicients. The formalism is very simple even for rather
convoluted situations.

As a result, we will be able to express all transport
characteristics explicitly through the shape of the (rough)
surface, i.e., the correlation function of surface inhomo-
geneities. Our method is applicable for inhomogeneous
surfaces with the correlations of all scales, &om the b

type up to macroscopic ones, such as in porous media.
Note that since we start from the exact shape of the

boundary, the corresponding distortion of the bulk Hamil-
tonian is expressed via the shape of the surface and is
very different than the effective potential used in Refs.
9, 11—13. We will see that the effective distortion is not
localized near the surface, but is spread across the film.
Even the operator form of this distortion is much more
complicated than it was assumed before, and does not re-
duce to a simple potential function. What is even more
important, the effective form of this distortion depends
on relaxation processes in the bulk. Some general prelim-
inary results were recently published in Ref. 19 (see also
the application to transverse dynamics in spin-polarized
quantum gases ).

Within this paper we will neglect, except for the last
section, all bulk relaxation processes. Then the random
boundary scattering becomes the main source of the for-
mation of the mean free path along the walls. The ab-
sence of the bulk relaxation is the main constraint on the
results that makes our method applicable mostly to thin
films. In the end, we will show how this restriction can
be lifted in the case of toeak bulk scattering. We will also
neglect all multichannel scattering effects which may be
important for solid films with ideal periodic crystalline
surfaces.
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II. COORDINATE TRANSFORMATION

Let us outline the method in more detail. In prin-
ciple, we can describe the transport in a semi-infinite
system with one boundary, as well as a film with two
boundaries. We will start from a film of the average
thickness L with the boundaries x = L/2 —(i(y, z) and
x = L/2—+ (2(y, z). IWe can also consider a 2D film
with a rough linear boundary; then one has to disregard.
the variable z. For most of the problems in this paper,
the difference between 2D and 3D films is irrelevant. ] The
boundary inhomogeneities are much smaller than the fi.lm
thickness, (i, (z (( L, and random so that the averages

{(i)= {(z) = 0. The results should be expressed via the
binary correlation function of surface inhomogeneities.
We will defi.ne the correlation functions in a somewhat
simpler way than in Ref. 3:

&'i (Isi —s2l) = (& (si)G(s2))

(,i, (q) = d s 'e'i~"(;g (s),

parametrization should operate with three independent
(and, possibly) difFerent heights Zii, 822, Ei2 and correla-
tion radii Rii, R22, Ri2 for the correlation functions (ii,

Though in many experimental situations the
existence of extra length scales with a possible hierarchy
among them may be very important, such a generaliza-
tion is very straightforward, and, as we will see below,
will not change the bulk of calculations, except for mak-

ing the equations much more cumbersome.
The coordinate transformation

L (& —
z X2(y z) —&i(y z)1)

L —[&i(y z) + (2(y z)j

makes the both boundaries flat, X = L/2 and X
L/2 —For .simplicity, we consider the impenetrable re-

flecting walls so that the boundary condition on the walls
is 4 = 0. Then, in new coordinates, the boundary condi-
tions become trivial, @(L/2) = @( I/2) —= 0.

The canonical coordinate transformation (6) should
be accompanied by the conjugate transformation of mo-
menta,

((s) = I exp ( s /2R ), —

( (q) = 27rI. R exp ( qR /2h2)— (2)

and its limit for very small correlation radius A, i.e., the
b-type correlation,

((s) = I R h (s) /s, ((q) = 27rI R

If we are dealing with a 2D film with linear boundaries,
Eqs. (2), (3) obtain the form

((y) = t' exp ( y /2R ), —

((q) = v 27rl Rexp ( qR /2h )—

where si 2 (y, z) are coordinates along the boundaries,
and q is the conjugate momentum along the wall. In
homogeneous systems, the correlation function depends
only on the distance between the points sq and s2 and not
on coordinates themselves. In most of the cases, the inho-
mogeneities from difFerent boundaries are not correlated
with each other, and qi2 ——q2q ——0. However, this is not
always the case, and we will keep the ofF-diagonal correla-
tion function qi2 ——q2i . Since we neglect the bulk relax-
ation, most of the results below depend only on the func-
tion ( (s) = (i (s) + (2 (s) and the corresponding correla-
tion function j(~si —s2~) = {((si)((s2))= (ii+(22+2(iz

As examples, we will consider systems with a Gaussian
correlation function of the surface inhomogeneities of an
average height 8,

and the same for p, ((i 2& and („' are the y derivatives
of the functions (i 2 and ( = (i + (2). If the thickness
of the film L is large in comparison with the amplitude
of surface inhomogeneities, (/L (( 1, and the walls are
relatively smooth, (i z„,(i 2, (( 1, Eqs. (6), (7) can be
expanded in (/L:

&~ = &w+ P*
l

-(4y —&i,)+(1, , ~((i„+(2y) l

The bulk Hamiltonian H should be expressed through
the new variables. In homogeneous films, the bulk Hamil-

tonian depends only on momenta, H = Hp (p). Then, in
new variables, the Hamiltonian acquires a small "pertur-
bation" V:

H=Hp(p) =Hp(P)+V,

L 2 L L

V = OHp/BP, V~ = OHp/BQ,

(' = 0(/Os, Q = (P„,P, ) .

( (y) = v'2vrE Rh (y), ((q) = v 2~/ R,

respectively.
Note, that in Eqs. (2), (3) we used the simplest Gaus-

sian parametrization for the correlation function (
(ii + (22 + 2t,'i2, with only two characteristic parame-
ters E and. B. In principle, a more consistent Gaussian

In general, the "perturbation" contains not only the
terms (9), but also some additional terms V' with (2 —(i
(see below). However, we will demonstrate later that
these terms will disappear from the collision operator
and, therefore, from the transport equation if use neglect
bulk dissipation.

As a result, the problem of transport in a system with
rough walls reduces to a completely equivalent prob-
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lem of transport in a system with ideal specular walls,
4(L/2) = 4( L—/2) = 0, but with a perturbed bulk
Hainiltonian (9) . Thus the problem is shifted from the
boundary condition to the bulk equations of motion. In
many situations, the problem of motion of particles with
random bulk Hamiltonian can be treated very easily.

III. QUANTUM AND CLASSICAL EFFECTS
IN TRANSPORT IN FILMS

WITH ROUGH BOUNDARIES

For example, if the initial Hamiltonian has the simplest
quadratic form H = p /2m, then the same Hamiltonian
in new variables obtains the "perturbation" V (9), which,
after expansion in (/L, obtains the form

P~H= +V,
2m

t'
V = P + XP —"Py

mL 2m ( I

+XP —P + H.c. (10)

Since (() = 0, the "perturbation" V is also random,

(V) = 0.
Note, that the exact Hamiltonian contains, according

to Eqs. (6), (7), not only the "perturbation" V (10), but
also the additional terms V' with (i —(z,

V' =
I

2m'* I. " * L
"P.+P* " "P.

I (»)

Without bulk relaxation, when the wave functions are
simple plane waves, these terms, as we will see later,
will disappear &om the transport equation. Therefore,
we will work with the truncated "perturbation" V (10)
&om the very beginning so as not to make the equations
unnecessarily cumbersome. As we see, the perturbation
operator (10), (11) has a rather complicated and very
specific form, which is different from the effective poten-
tial model.

In thin films, the motion across the Glm is quantized
with P = 7rhj /L. If the thickness is very small, the
distance between states with different j can be so large
that the transitions between these states can be efFec-

tively suppressed. Then the motion of particles along
the 61m becomes equivalent to the 2D motion of parti-
cles in states j in some random potentials V~ ~. In this
case, the momentum across the film P = 7rhj /L is much
larger than the momentum along the film Q = (P„,P, ),
and one can get the potentials V~~~ by simply neglecting
the terms with P„, P, in Eq. (10),

We want to emphasize that one can use the efFective po-
tentials V~ l (y, z) (12) only if one neglects the transitions
between the levels with different j. This can be done if
the distance between levels is larger then the kinetic en-

ergy of motion along the film, 7rh/L » Q.
If the momentum across the film is large, P

xhj /L » Q, but the distance between levels is not large
and the transitions between them are allowed, one cannot
simply ignore the terms with Q in Eq. (10). The pres-
ence of the operator X = i,hB/OP in these terms will
lead to the appearance of the terms with hJ, (P —P')
in the matrix elements. This, in turn, will result in the
following integrand in the collision operator:

b~ (P —P') b (e —e') = —8 (P —P') b (e —e')

+2b (P —P') h (c —e')
0

*~ (Q')

The second term in the right-hand side (rhs) of Eq. (13)
makes the contribution of the terms with Q in V (10)
to the collision integral not small in comparison with the
first term in V, even if P » Q. The detailed calculation
in the next section shows that, under these conditions,
the effective 2D potential Vg for the motion along the
film with P = vrhj /I » Q difFers by the coefficient—
from the potential (12):

V,ir (P, y, z) P-2&(~ z)
2 mI

This difference is explained by the role of transitions be-
tween the levels described by the terms with b' (P —P')
(see also comments in Sec. VII).

If the levels are widely separated and we can neglect
the transitions between them, we can use the poten-
tials (12). This allows one to apply directly all available
vast information on 2D motion in random potentials to
a much less transparent problem of motion in ultrathin
films with rough boundaries. Since the potential (12)
is, in contrast to the "perturbation" (10), a "standard"
random potential, the calculations in the ultraquantum
limit are more straightforward than for classical or semi-
classical problems of thicker films. In the same spirit,
the ultraquantum limit for 2D films, i.e. , very narrow
strips of 2D films restricted by rough linear boundaries,
becomes equivalent to the 1D motion in the 1D random
potentials,

2

V~ l (y) = ~' '"'~ '(") .gLy mL

Therefore, the ultraquantum limit effectively lowers
the dimensionality of the problem and simplifies the form
of the random potential. These simplification will be
used for the standard transport calculations in Sec. VII,
and for the calculation of quantum interference and lo-
calization corrections to transport and in the discussion
of the mesoscopic effects in transport in films with rough
boundaries in Sec. VIII.

In classical mechanics, one can use a difFerent ap-
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proach. Here, one can think of a particle with a bulk
Hamiltonian (10) as a particle with a random coordinate-
dependent anisotropic effective mass,

the linearized transport equation,

c),n+ v 0 n+F ct~n = L, u(n),

(m.p j
1

(meg j

(»
L j Em,gj

mL

A(„'
mI '

(the rest of the components do not change). This analogy
can lead to considerable simplifications in the numerical
analysis of transport in fj.lms with rough boundaries.

IV. CLASSICAL AND SEMICLASSICAL
TRANSPORT OF PARTICLES

WITH C}UADRATIC ENERGY SPECTRUM
P~/2M IN NOT VERY THIN FILMS

In this section, we will consider not very thin films
when the quantization of motion across the film is not
very important. This is also an appropriate limit for a
description of semi-infinite systems with a single bound-
ary. In this classical or WKB limit, the wave functions
are continuous,

P (r) = (1/v V) exp (r'g . e/h. + e'P JC/fi),

~c(u- w')
4~L&m2

x 2P b (P —P') + OP b' (P —P')

02 b" (P —P.'),

(17)

where

where Q = P& is the component of momentum perpen-
dicular to the walls, and V is the total volume.

The square of the matrix element of the perturbation
(10) (averaged over () is determined by the correlation
function (1),

where n is the distribution function, F is the external
force. If the only important scattering mechanism is the
particle scattering by the statistically rough surface, then
the effective collision integral in the rhs of the transport
equation (19) is determined by transition probabilities,
Eq. (18) as

d3p'
L, u

—— W (P, P') [n(l —n') —n'(1 —n)]
(2vrh. )'

(20)

If we would work not only with the perturbation V
(10), but include the neglected terms V' (ll) as well,
then we would have to include into the transition proba-
bility the squares of the matrix elements ~V&& &,&,

~

and
(VV'+ V'V)&& &,~, averaged over the surface rough-

ness. However, since the perturbation V' (ll) does not
contain the factor X, these averaged squares of the ma-
trix elements, in contrast to the averaged matrix ele-
ments ( ~Vg~ g ~

~ ) (17), will contain not the factors
0 (P, P') b' (P —P') with the derivatives of the b func-
tions, but the factor (Q2 —Q' ) b (P —P'). As a result
of the integration (20) over d P' with the additional fac-
tor b (e —e') from Eq. (18), these matrix elements will
vanish from the collision integral thus justifying our ini-
tial reduction of the "perturbation" to the form (10). We
want to emphasize again, that the disappearance of the
terms (11) can be justified only if we can use pure plane
waves as unperturbed wave functions, so that the addi-
tional integrand in the collision integral has a definite
b-type structure (Q —Q' ) b (P —P') b (e —e'). Oth-
erwise, the terms (11) should be retained. These terms
are important if we use different unperturbed wave func-
tions as in the cases of noticeable bulk dissipation or large
distortion of energy near the walls (see Secs. IX—XI).

Now we can turn to the explicit calculation of surface
contribution to transport. We will start from mobility, or
what is the same, electric conductivity. The conductivity
involves the linearized transport equations (19), (20):

( = ()g + (22+ 2(g2, 0 (P, P')
= (+ —+ ) (P*++ P.+ ) . eEB v= W (P, P') no(1 —no) [v —v'] d P',

Then, the probability of transitions between states with
different momenta is

t9Apn=no(c)+ v. (21)

W(P, P) = —( Vqp qp ) 8(e —e)
(,
" (9 —9') (,)4' L 2m2

x 2P b (P —P') + AP b' (P —P')

This equation is the same as a standard equation for a
conductivity problem with a scattering of electrons by
bulk impurities. Therefore, we can immediately write
a result at an arbitrary degree of quantum degeneracy
of the electron system and arbitrary form of scattering
probability W (P, P'):

02 b" (P —P') (18)
4 2 2 (9no (2m&) / de d sin 80. = ——e L
7l Oc p —

y cos 6 0,'+ 4tan 0

The transport of particles in the film is described by (22)
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where 0 is the angle between the momentum P and the
plane of the wall,

~ = (no —n~) / (Co —Ci),
rj(P, 0, $) = ((Pcos0, $) [1 —cosP] (23)

and |.';, g; denote the Fourier harmonics of the functions
(, g over the angle P in the plane of the walls. As one can
see, the zeroth Fourier harmonic of the correlation func-
tion of surface inhomogeneities, ((P) [1 —cos P], plays
the role of the transport cross section for particles. If
the correlation function (1) has a Gaussian form (2),

1

0.9
0.8
0 7

I

0.6
0.5
0.4
0.3
Os2

0.1
0

0.5 1.5
2

((q —q') = 27rI R exp( —2q R sin (P/2) /h ), (24)

then

FIG. 2. Generalized
iR (-,', 4, —z'), Eq. (25) .

hyper geometric function

qo —(, =4~ S R,S',
l

—,2, —u
3

E2 )
(7

rlo —qg
——10vr I. R pe

l

—,4, —u
E2

5 &+i (-,', 4, —u') qR
2 pe (2, 2, —u') '

h,

where qFz is the generalized hypergeometric function,

zR (a, b;z) = )
p A;

(a)& ——a (a + 1) (a + 2) . (a + A: —1)

(o —(g ——47r E R, rIo —gq
——10~ E R, a (u) = 5/2.

4~1/2+2L2g3~ z —1/2 dz d sin 0
m2T2 (o —(g cos2 0 o. + 4 tan 0

'

( = ( ((2mTz)' cos0, $) (26)

and degenerate electron systems,

In most of the calculations below we will assume that
the correlations have a more general Gaussian form

(2), (24), (25).
One can easily get the conductivity in the limiting

cases of high temperature,

with the asymptotic behavior,

t'3 i f'7
y&yl —,2, 0l = gPgl —,4, 0l =1,

4g2L2 1 1 d sin 0
0 4 )

harp~ (o —(q cos20o, +4tan 0

( = ((p~cos0, $) (27)

1

(2 ) vrus(7,) 6
gag

l
~4~ u(2' ' ) ~u'

The functions qEq (2, 2, —u ) and qPq (2, 4, —u ) are
plotted in Figs. 1 and 2.

For short-range correlations with a b-type correlation
function form (3), ( (q —q') = 2m' R, the argument u
in the above hypergeometric functions is zero, and

32 ~2L2/2~
71 (4~T) RX/2

exp —z z /cos 0 dz
fgy (z) = z

,E, (-„2,—z ) cos 0

d0

n (z) + 4 tan4 0 ' (28)

where N is the bulk density of particles in the film. In
the case of Gaussian correlations (2), (24), Eqs. (26), (27)
reduce to

0.9

0.8

0.7

~- F 6

0.5

0.4

0.3

and

o= z fp. (z), z=~2
1 1

fF (z) =-
zs gag (3/2, 2, —z2 cos2 0)

1 dsino
X 4 )cos2 0 o. (z cos 0) + 4 tan4 0

(29)

0.2

0.1
0.5 1.5

Z2

Plots of the functions (28), (29) are given in Figs. 3 and
4.

FIG. 1. Generalized
pe (~, 2, —z ), Eq. (25) .

hyper geometric function
Comparison of Eqs. (28), (29) with the standard ex-

pression for the conductivity, o = e2XC/p, gives the fol-
lowing expressions for the efFective surface-induced mean
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FIG. 3. Mobility of Boltzmann particles xf~ (x), Eq. (28) .
FIG. 5. Mean free path of Boltzmann particles fn (x),

Eq. (30).

free path 2 along the film in high temperature,

16 L2B
f~(z), z =

7t (4mT) RX/2

and degenerate

12~2 L R
(31)

L2Rl: - f (R/A)

It is not surprising that the most effective chaotization of
motion with the lowest mean free path takes place when
this ratio is of the order of 1.

The long-wave limit R/A ~ 0 corresponds to quantum
re8ection of particles. In this limit both functions f~ and
f~ go to infinity, meaning that 8 —+ oo. This is a simple
transport consequence of the fact that for quantum re-
Hection of long-wave particles, the reHection is effectively
specular. In the opposite limiting case, R/A ~ oo, the
mean free paths also increase meaning that with widen-
ing of inhomogeneities the reHection again becomes closer

systems. Plots of functions f& (z) and fz (z) for the
mean free paths (30), (31) are given in Figs. 5 and 6.

The argument x of the functions f (z) above is the
ratio of the de Broglie wavelength A to the correlation
radius of the surface inhomogeneities B . In general, by
the order of magnitude, the wall-induced mean free path
1S

to specular.
The diffusion problem is very similar to the conduc-

tivity problem. Of course, only the diagonal components
of the tensor of diffusion coeKcient along the boundary,
D» and D, are finite, while all the rest are equal to
zero. These diffusion coefBcients are proportional to the
conductivity,

vt. 2h3Cr

2m' f96
(32)

1 L2hs (mTR2 &

~Vr m T ( )
and (29),

L2hsfy (py R/5)
yy zz ~~2+2 2IF

(34)

All other transport coeKcients are calculated in the
same way. What we calculated above is, in essence, the
mean free path 8 along the surface imposed by scat ter-
ing of particles by surface inhomogeneities. Note, that
the mean free path and the transport coeKcients are
quadratic in the film thickness. This conclusion agrees
with experimental data. '

with the high- and low-temperature limiting cases similar
to Eqs. (28),

2.6
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~2fF (~)1.6
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FIG. 4. Mobility of degenerate fermions x f& (x), Eq. (29) .
FIG. 6. Mean free path of degenerate fermions fI- (x),

Eq. (31).
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V. SINGLE-PARTICLE DIFFUSION
BETWEEN ROUGH WALLS

In the previous section, we discussed the diffusion
properties of a gas of particles contained. between rough
walls. A somewhat different problem is a problem of
the (Brownian) motion of a single particle contained be-
tween two reflecting rough walls (a classical "bouncing
ball, " or a "billiard model, " see, e.g. , Ref. 23 and refer-
ences within). Here again, the chaotization of motion is
ensured by the randomness in reflection angles as a re-
sult of randomness in the wall profile. This problem is
exactly equivalent to the problem of motion of particle in
random bulk Hamiltonian (10) and with specular walls.
The coordinate transformation (6) can simplify both the
numerical and analytical analysis of the problem by re-
ducing a complicated boundary problem to a more trans-
parent bulk problem of the motion in the random field

(1o)
Of course, the Hamiltonian (10) has some distinct fea-

tures (first of all, the specific momentum dependence

of the random "perturbation" V) that make it different
&om the random Hamiltonians used in "typical" bulk
diffusion problems. One cannot rule out the possibility
that these particular features are responsible for some
small deviations, of asymptotic motion of a bouncing ball
&om a standard diffusion behavior, which were observed
in computations. However, it is still not clear whether
such deviations reflect the physics of the process, or are
the features of the computational models involved. [The
computational analysis of the motion of the bouncing ball
on the basis of the transformation (6) might, in princi-
ple, give an independent insight into this problem. ] We
will not go into a discussion of this problem here, and
will simply assume that the motion of the bouncing ball
has a diffusive character. What is more, we will post-
pone the study of all quantum and classical interference
effects, ' localization anomalies, etc. , until Sec. VIII,
and will restrict ourselves in this section to the study of
classical diffusion exclusively.

The appropriate transport equation for a single-
particle difFusion is the Focker-Plank equation,

Bg7l, = Bp[CrA + Bp D 'A]

rather than the Boltzmann equation (19). Here, the ten-
sor of diffusion coefficients in momentum space is equal
to

(36)

while the vector G is

G = R'P, P' d

and we can still use Eq. (18) for the transition probability
W(P, P').

The single-particle difFusion coefBcient in momentum
r

space D&"~ (36), (18) depends on the energy of particles
e (which is an integral of motion), and the average com-
ponent of the momentum perpendicular to the walls, P .

This coeKcient can easily be calculated. However, we

are interested not in D&"~, but in the diffusion coeKcients
D&&

——D in real space. The coefBcients are determined
by the characteristic diffusion time, which, in turn, is de-

r
r

termined. by D~"~ as the time in which the components
of momentum along the walls change &om q to —q:

2vrhsI e —P2/2m

Co
—Ci ~ (2me —P2) /4+ P4

It is not at all surprising that Eq. (37) is similar to the
integrand in Eqs. (22), (32). In the case of Gaussian
correlations, the single-particle diffusion coeKcient is

hs 1
Dyy

——D, = 2~8'B', Ei (3/2, 2, —u')
e —P2/2m

n (2me —P2) /4+ P4
2B2

(2me —P') .

Some numerical simulations imply that the asymptotic
motion of a bouncing ball and a particle in a random 2D
potential have nondiffusion anomalies. At present, it is
not clear whether these observations reflect some general
physics laws, or are some properties of computational
algorithms. However, our method. indicates that if these
asymptotic anomalies are real, such anomalies for 2D dif-
fusion in random potential and for a bouncing ball model
should be strongly related. to each other.

VI. TRANSPORT OF PARTICLES
WITH AN ARBITRARY' ENERGY SPECTRUM

e (P). APPLICATIONS TO PHONONS
AND PHOTONS, ~ = CP

w(~, v) ='('-')~(, —,)4a12

x 2V P b(P —P') + OV P 8' (P —P')

O~ 8" (P —P'),
8

0 (P, P') = (P V —P'V' ) . (Q —Q') .

(39)

For the sake of simplicity, let us consider the spec-

The above results can be easily mod. ified so as to de-
scribe the diffusion of particles with arbitrary energy
spectra e (p) . Some of the applications of these results
deal with solid-state quasiparticles. Below we will per-
form the calculations in the semiclassical approximation,
which will ignore both the interband transitions and the
change of crystal symmetry at the surface responsible for
the multichannel reflection.

The unperturbed wave functions for particles with an
arbitrary spectrum e (p) are still plane waves, and the
transition probability W (P, P ) for the "perturbation"
(10) is similar to (18):
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tra which are isotropic in the plane parallel to the walls,
e (p) = e (q, p ), i.e. , do not depend on the direction of
the vector q. Then the collision integral is practically
the same as in Eq. (20), while the left-hand side (lhs) of
the transport equation differs &om Eq. (18) only by the
form of the velocity v = Be/Bp. As a result, the diffusion
coe%cient for particles with arbitrary spectrum obtains
the form Eq. (32),

- —1

QdQdP
f96 Bc

V2Q dQ dP
V~Q (gp —rjg) + 4QV P (qp —qz) /V~

(40)

Dyy ——D, = 16vrL h,

where V~ = Be/BQ and V are the components of ve-
locity. In the case of Gaussian correlations of surface
inhomogeneities, this equation reduces to

4125 t9np

Bnp 1
X

Be pe (3/2, 2, —2Q2R2/h2)

V QdQdP
nV~Qs + 4QV2P2/Vq

(41)

8H = c(m/2)' Hp
'

V,

As an example, let us describe classical difFusion of
"relativistic" particles with linear spectrum e = cp, such
as photons or phonons. In this case, the perturbation (9)
has the form

transparent though the derivation is rather straightfor-
ward.

VII. DIFFUSION OF PARTICLES
WITH DISCRETE QUANTIZED STATES
FOR THE MOTION ACROSS THE FILM

In many cases, including very thin films, it is impos-
sible to neglect quantization of motion across the film.
In our geometry, this does not change the dependence
of the wave functions on spatial coordinates along the
film which remains exp (iq r), and the quantization af-
fects only the dependence on coordinate x across the film.
The wave functions in new variables are

4i (r) = g2/Vexp(iq s) sin(7rjX/L) (45)

(~) (u) (~)
m a'i' + m a'i' + e q.'i' '

~2 (j2 + ~ 2)

( I)'+~'
t! (q —q') (Q„' —Q, )

, ( 1 1
2 ij+j'+j j'(1 8"'-))

(46)

The transition to classical and WEB cases of Sec. IV
with wave functions (12) corresponds to large wave num-
bers j when the last factor should be substituted by
exp (i P 2C) /~2 .

The matrix elements of the perturbation (10) with the
wave functions (45) are rather cumbersome,

p' SHE p
cm

I

(P'+ P'+ P') ~
(42)

where Hp ——p /2m, and the operator V is given by
Eq. (10). The matrix elements of this perturbation are

and the collision integral (20) becomes a matrix in the
quantum numbers j:

with Vz~~ (16) . Then the scattering probability difFers
from Eq. (18) only by the factor c m /P, and the single-
particle difFusion coeKcient is very similar to Eqs. (37)
and (38),

3c2 /c —P
E (gp —(y) n (p2/c2 P2) /4 + P4

or, in the Gaussian case (25),

Dyy =D h3c I2 1
7reI R gE, (3/2 2 —u )

2/ 2 P2

n (e /c2 —P2) + 4P4

h2 qc2

(44)

In principle, one can also calculate the difFusion coefE-
cient for anisotropic bulk spectra e (p). In this case, the
transport equation becomes a cumbersome matrix equa-
tion in angular harmonics, and the results are much less

—ni(Q)]8 (ei 'g' —e,g)

(' —~„)i'i" (q„q~)2)(j' —j")' (47)

where rig = [Q + (mjh/L)2]/2m.
In principle, surface inhomogeneities lead to three ef-

fects, namely, to the change of quantized energy levels
~~g, interstate transitions j ~ j with difFusion between
energy levels, and difFusion of particles on the same level.
In this paper, we ignore the first efFect completely and do
not consider the corrections to the dynamic, lhs, of the
transport equation. (The efFect of shape-induced changes
in eigenstates on transport is discussed in some detail in
Ref. 25 for inhomogeneous quantum wires of nonrandom
shapes. Our approach to transport in channels of com-
plex shapes can be used as a basis for an alternative nu-
merical algorithm applicable for wires of random as well
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as nonrandom shapes. ) The second and the third efFects
are intermixed and are described by the matrix trans-
port equation with the interstate transitions ensured by
the off-diagonal elements (1 —b'~~i) of the collision inte-
gral (47) .

If the distance between energy levels is large (thin
films) and we are interested only in diffusion on the lowest
levels, the ofF-diagonal elements of the collision integral
(47) are small, and the coupling between the states with
diferent j is negligible. Then the main eKect of surface
roughness is the diffusion of particles without interlevel
transitions. This process is described by the transport
equation,

(i) (~)Ox+ —~yy—

and

"I.'h
32mvrzE~Rz qm. hj)

c)no Q'dQ
a. ,z, (-', 2, -2Q~az)'hz)

(51)

e L h ( L
32mmI. 'Q qmhj)

Q'dQ .

In the Boltzmann and degenerate limits, Eq. (51) reduces
to [cf. Eqs. (28), (29)j

B,n (e, , q) + B,n (—e~, q) + Fc)~n (e, , q) = L, (n~),m
(i) (2)&*'* =~y'y =

4 ~,~, I h. )l *f& (*)

with only diagonal elements b~~ in the collision integral
(47). Then the collision integral (47) obtains exactly the
same form as when we would use for the perturbation V,
the form (12 ) and

2 (mT)')"
z exp( —z z )dz

fa (*) * P(s2, )
(52)

(m jhow
' ((y, z)

L) mL

from the very beginning. If the interlevel transitions are
allowed and the ofF-diagonal terms cannot be neglected,
the collision integral (47) provides the discrete version of
the collision integral in Sec. IV. The oK-diagonal terms
serve as analogs of the terms with b' (P —P'), and, if
the interlevel transitions are possible, will lead to an im-
portant renormalization of the effective potential for 2D
motion along the film even if P )) Q.

The potentials (10) are just simple random 2D poten-
tials without any surface-induced peculiarities of the gen-
eral expression (10) . If we assume that the 2D motion in
random potential is difFusive (there are some numerical
indications that this is not always the case; however, this
issue is still controversial), then the problem becomes
"trivial, " or, at least, standard.

The diagonal elements in the collision integral (47) cor-
responding to the bulk perturbation (12) have a very
simple form,

h'
4i"ii = „. ~, ~ ~ I

fd'&'&(& —~')

~ [.(~') -n.-(&)l~(Q" —Q') . (49)

"L'h'N(') ( I, &'1 f(i)(.hj)l —. ~ (*)
1/2~= 4~m(~)a'

~(~) ~(i )
yy

f (2) (~)

D(2) D(2) (2)
vr'h'

2me2 (2me) de,
OE

while the efFective mean free path

—(i) (~)g(')
e~~(i) '

(L) (, )

,~. l

—.
)

' (*)

(54)

respectively (N( ) is the 2D density of particles on the
level j). Functions f& & (52), (53) are plotted in Figs. 7
and 8. The expressions for the corresponding diffusion
coefFicients are similar to (32),

The transport equation (48) with the collision integral
(49) is a standard 2D transport problem not difFerent
&om any other problem with weak impurity scattering.
This problem can be easily solved in the same way as
Eq. (19) and (20) in Sec. IV. The final expression for
the conductivity 0(~) for the single-level motion trivially
depends on the level number j, and is equal to

L h t' L l c) o Q dQ
8m q~hj) c)e (o —(i
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In the cases of Gaussian and 8 correlations (2) and (3),
this expression reduces to FIG. 7. Function f& (x), Eq. (52) .
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(55)

where w and vy are the momentum and energy relaxation
times, A is the de Broglie wavelength of particles, and the
tensor of diffusion coefficients D, A, is calculated in previ-
ous sections. The calculations are especially simple in
the usual limit 7@ —+ oo. Fortunately, this limit corre-
sponds to our initial assumption that the bulk relaxation
processes (scattering on impurities, particle-particle col-
lisions, etc.) are negligible. In this limit,

FIG. 8. Function f~' (z), Eq. (53) .

where Q is the average (thermal) momentum along the
—(~) .

film for the motion on the level j.
Of course, the 2D motion in weak random potential

(12) results in localization of particles along the film with
large localization radius (see Sec. VIII).

8~252

m2Dy2y

with D„„given by Eqs. (30) —(34).

B. 3D films with strong quantization
of motion across the film

(56)

VIII. INTERFERENCE CORRECTIONS
TO CONDUCTIVITY, LOCALIZATION,

AND MESOSCOPIC EFFECTS

As it was mentioned before, the collisions with rough
walls limit the mean free path along the film. Another
effect of randomness of the wall scattering is the ap-
pearance of quantum interference effects similar to those
caused by scattering by usual random bulk imperfec-
tions (impurities). ' These interference effects mani-
fest themselves in, for example, quantum corrections to
conductivity and different mesoscopic effects. Though it
is already known that random boundary scattering leads
to different interference and localization eKects (see, e.g. ,
Refs. 9 and 24 and references therein), our approach al-
lows us to recover known results and additional ones in
a very simple and straightforward. way. The reason is
that practically the only information, necessary for cal-
culation of such quantum and interference corrections, is
the mean free path and diffusion coefficient. Thus, we
will be able to get simple expressions relating the meso-
scopic length scales to the parameters of the correlation
function of surface inhomogeneities. As we will see, the
interference corrections strongly depend on whether the
motion of particles across the film is classical (thick films)
or quantized with large separation between levels (very
thin films).

The situation becomes different if the motion of par-
ticles across the films is distinctly quantized with large
separation between the energy levels. This situation oc-
curs for very thin films with P = vrj h/I If the t.hickness
I is so small that P~ )) P„, and the distance between
levels is so large that the transitions between them are
effectively suppressed, then the motion of particles on
each level becomes effectively a 2D motion in a 2D ran-
dom potential (12)

(see also Sec. VII). This random potential is not dif-
ferent from any other random potentials studied in the
localization theory, and we can use directly a wide vari-
ety of standard results ' " practically without any mod-
ifications or additional calculations. Of course, the only
important parameter is the mean free path along the film
calculated in Secs. IV and VII. For example, the local-
ization length Z. for particles in very thin film with rough
walls is exponentially large and is given by a standard ex-
pression for the 2D motion in a weak random potential:

X~'~ - ~~'~. p

where A is the de Broglie wavelength of particles, and
the effective mean &ee path of particles on the quantized
level j, Z~~~, is expressed via parameters of the correlation
function of surface inhomogeneities as (54), (30), (31),

A. Interference corrections
to conductivity in thick 3D Alms g(i )

~

y(i) (~)
I.'R' (,~hj )

The simplest case is the classical motion of particles
in relatively thick 3D films with 2D rough walls. The
coordinate transformation makes these films equivalent
to the films with fl.at walls and random bulk imperfec-
tions (10) . The quantum corrections to conductivity of
3D films with random bulk imperfections are given by a
standard expression,

C. 2D films with strong quantization
of motion across the film

The above result describes the effectively 2D character
of motion of particles in very thin 3D films. The situation
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in 2D films (narrow strips of 2D films restricted by ran-
dom linear boundaries) is different. Here, in the case of
highly quantized motion across the strip, the motion on
each level becomes effectively 1D in the random potential
(15),

(vrghb ( (y)
qL) mL

(58)

Under these conditions, the correlation function for the
"perturbation" (15) is

(59)

and we can neglect the off-diagonal matrix elements of
the perturbation responsible for the transitions between
the states with different quantum numbers j . [Note, that
the correlation function in Ref. 19 difFers from Eq. (59)
by a trivial coeKcient. ) Then we can use the well-
known result for the particle density of states in the
b-correlated potential (59):

2vr (j / R/16) dz ( zs
exp

/

———zf /,L', +z ( 24 ) '

EmL ( 16L
(60)

This result describes the localization of the particle in a
narrow 2D film with rough boundaries.

IX. EFFECT OF ENERGY DISTORTION
NEAR THE BOUNDARIES ON TRANSPORT

In this section, we will consider how the changes in
potential energy near the surface can affect the transport
in Alms with rough boundaries. Let us suppose, that the
particle potential near the walls is somehow distorted,
and that this distortion bU depends only on the distance
from the wall,

SU (x, y, z) = U [x —L/2 + (i (y, z)]
+U [x+ L/2 —(2 (y, z)] (61)

After the coordinate transformation, this potential can
be split into regular,

(as above, we assume that the film is so narrow that the
quantized momentum across the film, P = 27' h/L, is
much larger than the momentum along the film, P„, and
that the transitions between levels are suppressed).

The localization implications of the 1D motion in the
weak random potential (15) are obvious. What is more,
we can give an explicit expression for the density of states
assuming the b correlation of boundary inhomogeneities,
Eq. (5),

U„s (X) = U (X —L/2) + U (X + L/2),

and random,

U;, (X, Y, Z) = BU (X —L/2) (i (Y, Z)

OU (X+ L/2)
BX

(64)

Depending on the energy distortion, the random distor-
tion correction (63) can dominate over or be much smaller
than the contribution of the "bare" perturbation (10) .

The presence of the regular part (62), U„s (X), some-
what complicates the situation. This term should be
treated differently depending on whether the situation is
classical (and WKB) or quantum. In a classical case, the
potential U„s (X) modifies to the force term in the lhs
of the transport equation (19) . This changes the equilib-
rium distribution function, which obtains the coordinate
dependence, no P /2m+ U„s (X) . Since we are inter-
ested in mobility and diffusion in the directions y, z along
the film, the main effect of this change is that the mo-
mentum integrations in Eqs. (22), (28), (29) should be
supplemented by the spatial integration over dX/L (of
course, one should also substitute ( by (,ff so that to
include the effect of U;,). Note, that above we always
neglected all the corrections to the lhs of the transport
equation from the perturbation (10), including, for exam-
ple, the averaged second order perturbation correction to
the Hamiltonian.

A more important change is the distortion of the wave
functions used for calculation of the matrix elements. As
was explained in Sec. IV, the change in the wave func-
tions should automatically invoke the use of extra terms

(11) in the perturbation V. One of the most important re-
sults will be that correlation function of the surface inho-
mogeneities will enter the result not as & = &gg+&22+2&&p )

but as a more complicated combination of the correlation
functions q;g (in particular, there should be a relative de-
crease in the role cross correlations qq2, with an increase
in potential distortions near the walls).

In the quantum case with discrete energy states for
motion across the Glm, the main change occurs in the
calculation of the matrix elements of the perturbation.
Now the matrix elements of the perturbation V g should

parts.
The role of these two contributions to the potential

is different. The random part (63), U;„should be con-
sidered in the same way as and simultaneously with the
perturbation V (10). Together these two random func-
tions form an effective perturbation V,g ——V+ U;„which
should be used everywhere instead of V. In the calcula-
tions of Sec. IV, this amounts only to a trivial change
in collision integral (20) . If one neglects the effect of the
regular part (10), the effect of substitution of V by V ff
on transport reduces to the change in the Fourier compo-
nents of the correlation function g in the denominators of
the integrands for the transport coeKcients in Sec. IV:
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be calculated not with the help of the wave functions (12)
or (45), but the functions

(r) = g2/V exp (zq s) @~, (o5)

where 4z are the eigenfunctions for the 1D motion of
particle between the walls A = +L/2 in the potential
U„s (4) (62) with the eigenvalues ez. Simultaneously,
one should include into the perturbation all the terms
(11) . After the matrix elements are recalculated, the so-
lution of the transport equation is similar to that in Sec.
VII.

X. EFFECT OF BULK IMPURITIES

We can also take into account the effect of scattering
of particles by impurities, and the interference between
boundary and impurity scattering. This is especially sim-
ple when the impurity scattering is weak and can be de-
scribed by the collision integral in the Born approxima-
tion.

Scattering by impurities is described by the addition of
the random particle-impurity interaction potential U (r)
to the bulk Hamiltonian. Without scattering by sur-
face inhomogeneities, this potential would lead to the
following collision integral in the transport equation [cf.
Eq. (21)]:

Up& np 1 np v v d p' (oo)

with the averaging over (uniform) distribution of impu-
rities. After usual transformations, this collision integral
will lead to the standard expressions for the bulk relax-
ation time 7; and the mean free path 8, .

If we want to take into account both impurity and
boundary scattering simultaneously, then the effective
scattering potential after the coordinate transformation
will obtain the form

V,~ = U (R) + hU (R) + V, (o7)

where V is given by Eq. (10), and hU is the small change
in U as a result of transformation r -+ R, hU = U (r)—
U(R) .

The matrix element of this perturbation is linear in
these three terms, while its square will contain, after av-
eraging ever surface inhomogeneities and distribution of
bulk impurities, only the terms

V ff, —— U/I + Vp/ + bU//

+ (hUgg Vg g + bU/ gV/~ ) . (68)

After the substitution into the equations for scattering
probability and collision integral, the first term will re-
produce the usual cellisien &equency with impurities
1/7; , the second ter. m will give the surface-induced col-
1ision integral &em Sec. IV, while the last three terms
will describe the interference between bulk and surface
scattering and will be linear in both impurity concen-
tration and surface correlator g/L. If the impurity con-

centration is small, these interference terms can be ne-
glected, and the transport parameters will obey a sim-
ple Matthiessen's rule for independent bulk and surface-
induced collisions,

(og)

where 8
I&

is the surface-induced mean free path along
the wall calculated in Sec. IV. Otherwise, the interference
terms will complicate the picture.

The situation will be even more complicated for large
concentration of impurities or beyond the Born approxi-
mation for impurity scattering. What is more important
than the presence of the interference terms is that the
wave functions for calculation of matrix elements should
include the effects of impurity scattering. In this case,
unperturbed wave functions are the attenuating plane
waves, and we should include the extra terms (ll) back
into the perturbation V. It is obvious that the presence of
strong bulk attenuation should result in the disappear-
ance of the off-diagonal correlator qq2 &om the expres-
sions for the transport coeKcients.

XI. SUMMARY

In summary, we solved several different quantum and
classical transport problems in Alms and channels with
rough walls. We calculated the mobility (including the
quantum interference corrections) and diffusion coeffi-
cients in 6lms and channels, single-particle diffusion co-
efficient (a classical bouncing or billiard ball problem)
in films with and without quantization of motion across
the field. The results include corrections caused by the
energy distortion near the walls, and are generalized to
the case of particles with arbitrary energy spectrum. All
of these transport coefBcients are expressed explicitly
via the correlation function of surface inhomogeneities.
We demonstrated how the presence of surface inhomo-
geneities leads to a formation of a length scale, and,
therefore, affects the mesoscopic effects. One of the main
advantages is that our method is very straightforward,
simple, and versatile.

The results allow to express the mean free path along
the film, restricted by repeated reHections &om the ran-
dom walls, via the parameters of the correlation func-
tion of the surface inhomogeneities. This mean free
path has the scales 8 ~ I ~Rg 2f (&/A) and
L E R f (B/A) in the cases without and with quan-
tization of motion across the channel or 61m. The func-
tions f go to infinity in the both limits of vanishingly
short and in6nitely large de Broglie wavelengths A, and
has a minimum when the correlation radius of surface in-
homogeneities B A. This means that the chaotization
of motion by reBections &om random walls can dominate
over the bulk relaxation only in a Gnite range of particle
wavelengths.

Thus, the main deficiency of the results obtained so far
is that we mostly neglected bulk relaxation and collisions,
and restricted ourselves to the almost ballistic regime. As
a result, the mean &ee path along the walls was restricted
only by scattering by surface inhomogeneities. Another
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interesting consequence of this assumption is that the
transport coefBcients contain not only the correlation of
inhomogeneities from the same wall, but also the cor-
relation of inhomogeneities from the opposite walls. Of
course, this correlation function should gradually disap-
pear from the expressions for transport coefBcients with
an increase in bulk relaxation. This should be associated
with an reappearance of additional terms (11) in the ef-
fective Hamiltonian, as a result of distortion of the bulk
wave functions by relaxation processes.

Another —and more important anticipated effect
of bulk relaxation is that the film thickness L should
gradually disappear from the transport coefFicients be-
ing substituted by the bulk mean free path Zb„jk. In
this case, the particles return to the wall and the wall
scattering is repeated not because of reflection from the
opposite wall, but as a result of bulk collisions. In the
future, we plan to generalize our approach by including
the effects of strong bulk relaxation; this will also give us
a more realistic basis for the study of semi-infinite space
with only one rough boundary.

The above results can be used for the description of
transport in porous media. However, the direct applica-
tion of our results is possible only for systems with very
high porosity when there are practically no cavities and
the width of the channels is much larger than the curva-
ture of the walls. In this case, the correlation radius B of
surface inhomogeneities in the above equations has the
meaning of the curvature of the pores, and the height E

is the average amplitude of the wall "oscillations. "
Our method can also be applied to the study of bound-

ary slip near rough walls. Usually, the slip effects in
gases are scaled with the bulk mean free path. How-
ever, there are some experimental indications that the
slip effects can contain another parameter of length.
This additional length scale may be related to character-
istics of surface inhomogeneities. Our method will allow
one to relate this new contribution to the boundary slip
to the correlation function of surface inhomogeneities,

namely, to the length scale (E B) . Our preliminary
1/3

results show that this calculation will also require the
simultaneous analysis of the effects of surface roughness
and bulk relaxation.

Another option for continuation of this work is the
modification of the boundary condition 4 = 0 on the
walls. Such a boundary condition means an infinite bar-
rier for particles (waves) at the boundary. This can be
changed to a finite barrier. The results will describe the
diffusion in layered media and the transmission and re-
flection coefBcients for layers with rough walls.

The results of this paper can give an alternative algo-
rithm for numerical study of the bouncing ball problem
(a billiard model, Sec. V). There are some numerical in-
dications that the asymptotic motion of such a bouncing
particle along the rough wall deviates from the standard
diffusion behavior / oc Dt . At present, it is not com-
pletely clear whether this deviation is an intrinsic prop-
erty of the problem, or a result of insuKcient accuracy
in treating the boundary problem. Our method can sim-
plify the computations by reducing the computational
problem of scattering by a random wall to an equivalent,
but much more transparent computationally, bulk prob-
lem in the potentials (10), (12) or with an efFective mass
(16). If the deviation from a difFusive asymptotic will
persist, this will mean that either the Hamiltonian (10)
has some very special properties which are different &om
other random potentials, or that the diffusion chaotiza-
tion of motion in a random bulk potential is even more
nontrivial than is usually assumed.
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