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We solve the problem of the scattering of an electromagnetic plane wave from a planar array
of equispaced cylindrical scatterers with strong resonances. We apply this theory to calculate the
reHectivity of an array of quantum wires using the electromagnetic properties of the single wire as
the only input. We find electromagnetic interference between the wires, whose efFects are additional
shifts and broadenings of the isolated wire resonances. A detailed analysis of some commonly used
experimental configurations is also presented, with evidence of interference eKects. Resonance shifts
and broadenings are also interpreted as properties of the mixed modes of the quantized electromag-
netic fields and the full grating excitations, i.e. , grating polaritons. Stationary modes of the grating
polaritons are also found, which have the peculiar property of being guidedlike modes sustained by
electronic excitations confined along one propagation direction.

I. INTRODUCTION

Semiconductor structures where the electronic exci-
tations are confined in two directions and propagating
as one-dimensional modes are today produced with the
use of advanced nanofabrication techniques. Thus many
properties of one-dimensional excitations can now be
experimentally investigated. In particular, the optical
properties also give information on their interaction with
light. However, these wire structures are usually pro-
duced in an array configuration, which we call a quantum
grating (QG): ' although the existence of thick poten-
tial barriers for the electronic excitations between the
wires ensures that they remain one dimensional, we ex-
pect the optical response of the system to be inBuenced
by the mutual interwire electromagnetic interference. It
is therefore necessary to calculate the optical response of
the full grating structure. In this way we may establish a
relationship between the optical properties of the grating
and the electronic properties of the single wires.

D'Andrea and Del Sole calculated the optical response
(reflectivity and absorption) of these grating structures.
They considered wires with a rectangular section, where
the exciton confinement is incomplete in the larger di-
mension. This rectangular shape is typical of wires ob-
tained &om etched quantum-well structures. 4'2 In this
calculation, the eKects of grating electromagnetic inter-
ference, although implicitly included, are not evident
since the starting point is the full grating as the opti-
cally active material.

In this paper we study the electromagnetic properties
of the QG using the optical properties of a single wire
as the basic building block. The optical response of the

full grating is then obtained by considering the waves
multiply scattered &om the single wires. This approach
naturally allows us to isolate the efFects of the interfer-
ence between the wires and to recover the true energies
of the electronic excitations from the reHectivity spectra
of the full grating. The results of our theory and those of
D'Andrea and Del Sole are not directly comparable since
we consider a simple model of a cylindrical wire in place
of the more elaborate model of the asymmetrical wire
with rectangular section. Our theory disregards these
aspects of real wires, but rather focuses on the changes
of the optical properties in passing &om the single wire
to the grating configuration. It is, however, fair to no-
tice that improvements in lithographic technology today
allow full one-dimensional confinement to be achieved, '

which shows the practical relevance of our approach. In
principle, it would also be possible to consider cases of
lower symmetry for the wire arrangements, but analytic
results would not obtain in general.

In this work we also examine the connection between
the calculated optical response and the quantized elec-
tromagnetic modes of the full grating structure. These
two approaches turn out to be complementary for the un-
derstanding of the physical aspects of the optical proper-
ties of the grating structures, as pointed out by Citrin
for the multi-quantum-well (MQW) case. In the first
approach a superposition of scattered partial waves of
isolated structures is considered and the eKects of mul-
tiple scattering on the global grating response is put
into evidence. Strong wire interference is expected when
the interwire spacing is smaller than the wavelength of
light. In the second approach the transition towards the
two-dimensional behavior of the excitation due to inter-
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wire interference naturally comes out &om the study of
the imaginary part of the exciton propagator (polari-
ton radiative broadening), which shows a typical two-
dimensional behavior when the electromagnetic coupling
between the wires becomes strong. Finally, the polari-
ton approach predicts most naturally the existence of
stationary modes, which are waveguidelike but sustained
by electronic excitations that are in fact localized along
one of the propagation directions. This type of polari-
ton therefore shows some analogies to Frenkel exciton
polaritons of organic quantum wells (QW's), along one
propagation direction (see, for example, the superradiant
properties of these materials reviewed by Agranovich in
Ref. 6).

The article is subdivided as follows. In Sec. II we
brieQy introduce the electromagnetic modes associated
with a cylindrical wire and the scattering coeKcients for
the optically active ones. In Sec. III we formulate a the-
ory of the response of the grating to an incoming electro-
magnetic plane wave. Analytic formulas for the re8ectiv-
ity at any angle of incidence and polarization are given
and the efFect of wire interference is thoroughly analyzed
in specific experimental configurations. Numerical ex-
amples in the previous configurations, with parameters
chosen close to those of real GaAs structures, are pre-
sented in Sec. IV. They give evidence for measurable
interference eKects, which consist of shifts of the reQec-
tivity peak positions and changes in oscillator strengths
with the incidence angle and/or polarization. In Sec. V
we propose a qualitative model for the elementary exci-
tations of the QG and give their interpretation in terms
of two-dimensional Wannier-Frenkel polaritons of the full
grating. Surface modes appear as a natural extension of
those that are instead involved in the refl.ectivity. The
existence of surface grating modes at the exciton energy
for wires spaced less than the wavelength of light is also
remarked. A discussion and conclusions are finally given
in Sec. VI.

II. QUANTU'M WIRE
ELECTKOMAG NETIC MODES

In this section we briefly describe how the close-to-
resonance optical properties of a cylindrical wire can be
represented. A &ee electromagnetic field in the barrier re-
gion, i.e. , outside the wire, can be described as a suitable
superposition of incoming and outgoing waves of cylin-
drical symmetry, E;„, ; and E „t i, respectively, cen-
tered on the wire axis:

& = 5 &inc, m, iKinc, m, i + &out, m, iEout, m, i ~

These modes of the barrier of cylindrical symmetry are
labeled by a translational quantum number kll~ an
imuthal integer m, and a polarization index i. The modes
having m g 0 are not fully transverse, but two hybrid
modes HE and EH are found. In a cylindrical coordi-
nate system having directions x,p, (t), x being along the
wire axis, the electric field components are

Ep + iEp = —„"H +i(kp),

Ep —iEp = q+q H i(kp),
E. = ~H (kp);

~iA;

Ep ———~q(H +i(kp),
Ep ———i',
E = H (kp)

for the HE and the EH modes, respectively. Here H
is a Hankel function of order m of the first (second)
kind, s for the incoming (outgoing) wave, and k02 = ~2/v2,

Icp Qll Q+ Qp +
frill

and U js the ve] ocjty of light
in the medium. For m = 0, it is possible to take a suit-
able combination of the modes (2) to obtain TE and TM
modes, respectively,

Ep ——0, E = 0, Ey = Hi(kp);
ikll

Hi(kp), E = Ho(kp).Ey ——0, Ep ———

The incoming and the outgoing waves introduced in Eq.
(1) are not independent since the scatterer converts in-
coming waves into outgoing waves. This means that the
properties of the scatterer define the ratios between e;„,
and e „t in Eq. (1), i.e. , a scattering coefficient n:

&out, m, i
~m, i =

~1IlC mii

We notice that in the scattering, the wave numbers kll
and m are conserved due to the symmetry of the problem.
Thus the high symmetry of the system allows a simple de-
scription of the scattering properties of the modes. Useful
guidelines for the comprehension of systems of lower sym-
metry are, however, obtained. The scattering coeKcients
of cylindrical wires containing one-dimensional excitons
have been calculated in Ref. 9. They were obtained by
solving Maxwell equations with the microscopically cal-
culated nonlocal exciton susceptibility:

x(p p') = q). " ",, f-(p)f-(p')IF-(o)l
ex

where f,„(p) is the exciton confinexnent function, given
by the product of the electron and the hole confinement
wave functions, F,„(z) is its envelope wave function, hu, „
is its energy, and p, „ is the dipole matrix element be-
tween the valence and the conduction bands. The polar-
ization reads

~(c) = f ~s'x(1 s')E(~')

Notice that it is evidently confined inside the wire by the
first f,„(p) factor in y(p, p') [Eq. (5)j and it is propor-
tional to the integral of the electric field with the exci-
ton confinexnent function through the other f,„(p') The.
susceptibility Eq. (5) is calculated within a two-band
eAective mass model for the semiconductor band edge.
For the lowest energy exciton, which is the only one in-
cluded in the susceptibility, the envelope function has full
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azimuthal symmetry. Only cylindrical waves that have
at least an azimuthally constant electric Geld component
produce a polarization of the wire and a scattering of
the incoming wave. These modes, which we call active,
are either L modes with TM character, which develop
a polarization along the wire axis, or wire (W) modes
with m = +1 and HE character, which instead have a
polarization orthogonal to the wire axis. Because of the
cylindrical symmetry, these latter two modes are degen-
erate. This degeneracy is removed in real samples by the
anisotropy of the confining potential, so that in a QG
structure we may expect two modes of difFerent energy,
one with polarization into the grating plane, the other
orthogonal to it.

When the fourfold degeneracy of the valence band of
III-V semiconductors at the I' point is considered, the ex-
citon wave function f,„(p) and the dipole matrix element
gs become multicomponent. In order to build the for-
mer functions, the electron and the hole subbands for the
confined cylindrical geometry Grst have to be calculated
in the full multiband effective mass theory. These sub-
band wave functions have been derived exactly by Sercel
and Vahala in a basis of cylindrical coordinates. They
are labeled by an azimuthal quantum number E and the
lowest (doubly degenerate) electron and hole subbands
have I", = +I/2. Four excitons of difFerent azimuthal
symmetry are thus found and they are degenerate pro-
vided the exchange splittings are neglected. They all
contribute with the same energy hu to the susceptibil-
ity Eq. (5), which in the multiband case also contains
a summation on the diferent band contributions. The
active modes of the electromagnetic Geld are those that
produce a nonvanishing polarization integral. In partic-
ular, the azimuthal integration has to be nonvanishing.
This shows that all six m = 0 and +1 modes given in
Eqs. (2) and (3) are optically active, while all the others
are optically inactive.

However, other approximate selection rules produced
by the radial integration in the polarization integral hold.
In fact, the exciton envelope function is confined in a re-
gion of the size of the wire radius B. An electric field
component that is proportional to a Bessel function of or-
der n produces a radial integral proportional to (R/A)
where A is the wavelength of light. Since A )& B, not all of
the six modes considered before are in practice optically
active, but only those that have an n = 0 component. In
particular, for m, =0 only the TM mode is active and it
turns out to have polarization along x. For m = +1 only
one of the two HE and EH modes is practically active and.
has polarization in the plane perpendicular to the wire
axis. The first mode again is an I mode and the other
two modes are again degenerate R' modes. The same ac-
tive modes as in the simpler two-band model are therefore
found. . We conclude that when the correct multiband ap-
proach to the exciton and therefore to the susceptibility
of the cylindrical wire is used, the results of Ref. 9 are
not modified on a qualitative level. Only the ratio be-
tween the oscillator strengths of the L and the W modes
may become difFerent &om the one assumed. This ratio
is in fact fixed by the symmetry of the electron and the
hole subbands considered, in analogy to what happens in

the case of the QW for the ratio of the in-plane and the
ofF-plane oscillator strengths.

The resonant-type response of the exciton in the sus-
ceptibility produces a Breit-Wigner resonance in the scat-
tering coeKcients of the optically active modes. Optically
inactive modes instead have a trivial scattering coeK-
cient, which can be taken to be unity.

The two TV modes are associated with the same scat-
tering coefBcient

Cd —(d~ + 'Ll ~ —'Lp
A~ =

(d —&~ —LI ~ —Xp

An analogous Breit-Wigner expression holds for nI. . Here
ww and (wL, ) are the resonance frequencies of the W and
the L mode, respectively, and I'~ and I'L, their related
radiative broadening. A phenomenological broadening p
has also been added to take into account the homoge-
neous broadening of the resonances. We give here sim-
plified expressions for the L-R' splitting and the broad-
enings and refer to Ref. 9 for a complete derivation:

1.6 x 106
cow —h)1, , I o(R),R(A)'

ko2+ k
I'w —- , " I'o(R),

2 p

where I'o(R) is proportional to the oscillator strength of
the one-dimensional wire exciton only, B being the wire
radius

Here e is the index of re&action of the barrier material.

III. SOLUTION OF THE CLOBAL
SCATTERING PROBLEM

A. Formulation of the problem for the general case

We have explained how the full description of the elec-
tromagnetic properties of the quantum-well wire (QWW)
is given by the scattering coefBcients introduced in the
preceding section. We now consider an incoming plane
wave on the grating, whose propagation direction can be
defined using two difFerent incidence angles, as shown in
the geometry of the ideal experiment in Fig. 1. In order
to understand how the incoming plane wave is scattered
by the grating, it is convenient to introduce the concept
of scattered wave. Quite generally, for any scattering
experiment, we may define the scattered waves as the
difFerence of the outgoing waves with and. without the
scatterer. Therefore, a scattered wave exists only in the
case that the scattering coefBcient associated with it is
nontrivial. For an isolated wire, the scattered Geld is
given by

E...„(r) = ) (n —I) e;„. E.„, (r),
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composition of the incoming plane wave into incoming
components of cylindrical symmetry.

The quantities e,.„, are found by solving Eq. (13).
This system of equation is easily solved with respect to
the index n by using the translational symmetry of the
problem

(n) (n —i}
lIlci YA XXlc i YA

Equation (13) then reduces to

(14)

I

I

I

I

I

I

I

I

I

) mm' ( m' ) Y ram' inc rn' = inc rn
fn' n+0

FIG. 1. Example of geometrical configuration of light
difFraction experiment for a QG. On the top, a section or-
thogonal to the wire (black circles) axes is shown. The con-
ventional choice of axes are indicated. The incident and the
reQected directions are indicated by solid arrows. Higher or-
ders of grating diKraction are indicated as dashed arrows. The
incidence angle in this direction is also indicated. On the bot-
tom, a section parallel to the wire axis (black rectangles) is
shown. The relationship between the incidence angle and the
components of the incident wave vector ko = (k, ky t k ) is
given by sin(P) = k, /k, sin(n) = k /gko —k, and kI~ = k

We further observe that only for a few m' we have an ac-
tive mode, i.er r a ~ g 1. For these active modes, Eq. (13)
reduces to a finite system of linear equations, which can
be easily solved. The scattered field in Eq. (12) can thus
Anally be calculated.

Let us now consider the problem of extracting the var-
ious orders of grating diKraction &om the total scattered
6eld. This field has the same translational property of
the incoining wave coefficients [Eq. (14)] since both orig-
inate &om the translational symmetry of the problem

Escatt (x + nzD) e Escatt (x) ~

This translational property suggests the following Fourier
representation of the scattered Beld:

where the outgoing type fields were introduced in the
preceding section. When we consider the full grating, the
scattered electric Beld is built up from the superposition
of the scattered Belds of each wire

—I {')
E„att(x) = e'"I ) ci;,(kII, kp)e

l

+ (k k )
iki'&y i(k, + ~& l)z (17)

(12)
where l is an integer,

where E„«(r) is the scattered field of the nth wire. In
order to calculate the scattered Belds of the single wires,
using Eq. (11), we need to know the coefficients t;„,
that are used in it. New let us consider a given Bxed wire
n. As we remarked at the beginning of Sec. II, any field
around it may be divided into incoming and outgoing
components. Therefore, also the incoming plane wave
and all the scattered fields of the other wires produce
incoming waves on it. We may therefore write

(n} source in&0 gn —n' (n'}8anc, m rnc, m + g mm' scatt, m'

y

and we have to take Im(ky) ) 0 when y ) 0 and Im
(k„) & 0 when y & 0. It is now clear that the Fourier
components of the expansion given in Eq. (17) represent
the various orders of grating difFraction. These Fourier
components may be easily calculated. In particular, for
the reflectivity of order zero we have

D
a ('&yo —ik z

Cp, oute " dZ e Escatt(yp Z)D 0

where e,", „,= (n —l)e,.„", , and Pp ——k,D is the(n') (n')

phase difFerence of the incoming plane wave between ad-
I

jacent wires spaced by D. The quantity 8, is a pro-
jection coefficient that gives the incoming wave (of type
m) on wire n produced by the scattered wave (of type
m') generated at wire n'; its expression is given in the
Appendix. The coefBcients e';„,""' give instead the de-

=) (n —1)—

+OO

Other orders of difFraction are similarly found.
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B. Solutions for the general case

e';„. —) Z;, (n, —1)e',.„.= e,'. ","'",
2

(19)

We analytically solve all the equations given in the pre-
ceding steps in order to provide analytic formulas for the
reflectivity of the quantum grating for a generic experi-
mental configuration, i.e., for generic angles of incidence
and polarizations. The system of equations (15) for the
active modes is rewritten by introducing the Z;~ func-
tions:

ik y (~ ] )( w — ) [(k2
—i2P k2 )kD kk

~ +~
y 2 0

—(k e' —k+)e, '] —2(nL, —1)' cos(P)e;„

( ) [(k2
—22/3 + k2 )

1

kD kk + inc
y 0

(25)

where i, j = TV i, I, Wi labels the three optically active
modes of the wires. The Z functions are deGned from the
8 projection coeKcients calculated in the Appendix and
are given by

~Wl Wl —~W 1 W 1
—~LL —~0 &

k2
~~lw, = ~w, w, —

k2 ~2~
+

ikpk))
~W, L = —~LW, ——~W, L-

+

+(k e' ~ + k+)e,.„,'] —2(nl. —1) ' sin(P)e, „,

(26)

Both the reflectivity modulus and the polarizations can
be calculated &om the above Geld components for any
angle of incidence and polarization of the incoming plane
wave. The same procedure, i.e. , the extraction of Fourier
components &om the scattered field, could be used for
the other orders of grating difFraction.

where (20) IV. CKATINC DEFI ECTIVITY
FGB, SPECIFIC CASES

Z (k„kD) =-) "".D "II (~n~kD).
n+0

The incoming source Geld components appearing in Eq.
(19) are the following functions of the unitary polariza-
tion vector e'.

Wl Soill'Ce
inc k2 2k z+ay +

2kk z iy

k —jP W l, source
lIlC

2/Cp
(22)

'k,L,source '"
)) p

—zp qp ~

1IlC (&z+iy& &z —iy& j + ~x
+

where p is the incidence angle in the y-z plane, sin(p) =
k /k. These function are sixnply calculated by decom-
posing a plane wave of polarization 8 and wave vector jk.

into the cylindrical waves introduced in Sec. II.
Given the k and the c vectors, Gxed by the experimen-

tal configuration, the incoming components for the active
modes are calculated using Eq. (19) and the scattered
field is calculated using Eq. (11). Finally, we integrate
the various components of the cylindrical Gelds as in Eq.
(18). This can be easily done using a few identities for
the integration of the Hankel functions, obtained in the
Appendix. Here we write the result for the three Carte-
sian components of the reflected field:

0!L—1 2

kyD 1 —(nL, —1)EO(k, )
' (27)

where we have discarded superflous phase factors. We
recall that k„= k —k, . It is clear that interference efFects
between the wires are contained in the denominator of
Eq. (27). If we now substitute nl, from Eq. (7) into (27)
we obtain

We consider two specific reflectivity experiments that
are commonly carried out on the grating structures. In
the first type of experiment, the plane of incidence is
orthogonal to the wire axis, case 0, and the angle of
incidence is varied within this conGguration. The polar-
ization may be either orthogonal to the plane of incidence
(case Os) or parallel to it (case Op). In the second type
of experiment, the plane of incidence is perpendicular to
the grating, but parallel to the wire axis (case P). Also
in this case we may have orthogonal (Ps) or parallel (Pp)
polarizations of the incident plane wave. In the 0 con-
figuration we have k))

——0, but, at an angle of incidence,
k g 0. In the P configuration we have k, = 0 and
usually k~~ g 0.

Let us show explicitly the reflectivity of the 0s conGg-
uration. In this case the electric Geld is along the wire
axis and therefore only the I mode is excited. From Eqs.
(24)—(26), using a polarization vector s, = (1,0, 0), we
obtain the result that the reflected wave is also 8 polar-
ized, in agreement with the symmetry of the problem.
The reflectivity is

k

(
—'p N; *8 ~-

)kyD ikp

4il L
k„D ~ —~1, —il'I, [1+2EO(k, )] —ip (28)

+(nL, —1)e,„, We can see that ]ra, ~z has the simple shape of a reso-
nance. However, the resonant &equency is shifted from



F. TASSONE AND F. BASSANI

the L mode eigenfrequency wL, due to the the imaginary
part of Zo. This is clearly an efFect of the electromagnetic
interference between the wires. The real part of Eo in the
denominator increases instead the radiative broadening
of the resonance I'L, . This broadening is also divided by
k„D in the numerator. Both eÃects amount to a change
of the oscillator strength of the resonance. If we calculate
the strength of the reHectivity peak by integrating ~rcpt,

~

over the frequency, we obtain

10 5

16I'~
(kwD)'(I'r [1+»e(~p) j + ~)

Now 27I /(k„D) is the number of wires seen by the incom-
ing plane wave inside a wavelength. This means that the
wires inside this length emit almost coherently, so that
their emission becomes coherently added in the reflec-
tivity. The Zo correction in the denominator is instead
a multiple interference eKect. It is interesting to notice
that, as we go to grazing incidence, k„M 0, but also
Re(Zp) (k„D), so that a true two-dimensional limit
is recovered, where the radiative broadening and there-
fore the strength of the resonance increases as (k„D)
In other words, the system responds as if the material ex-
citation were bidimensional, although the electronic ex-
citations are one dimensional.

We report in Fig. 2 both the real and the imaginary
parts of Zo as functions of k, for an interwire spacing
corresponding to kD = 0.25. We may read kom this fig-
ure the shift of the peak of the reBectivity as a function
of the incidence angle by scaling the imaginary part of
Zp with I 0. Since typical values of I'0 for GaAs wires

2(n~ —1) /

kDu
sin (p)

( 1—(n~ —1)(Zp —Z2)

cos (p)
1—(nvI —l)(Zp+ Z2))

' (30)

where all the symbols have been previously introduced.
At an angle of incidence, the degeneracy of the two TV
modes is removed, i.e. , two diferent resonant energies
are found. The symmetry lowering of the system in this
refiectivity configuration is of course produced by the in-
terference between the wires. As in the Os case, these
are additional shifts and additional broadenings of the
resonance peaks, which also produce a variation of their
relative heights and strengths. In real samples, we must
recall that the degeneracy of the W modes is already re-
moved at the level of the exciton energies because of the
wire asymmetry. For rectangular wire sections, we may
expect two types of excitons having z and y directed op-
tical dipols. The z directed dipole is therefore excited at
normal incidence (P = 0 and k, = 0), while the other
is excited at grazing incidence. In this realistic case, the
shifts produced by the interference between the wires mix
with those produced by the wire asymmetry. It is, how-
ever, useful to deduce the shift of the reHectivity peak
between normal and grazing incidence produced by wire
interference only. From Eq. (30) we see that it can be
analytically written as

amount to a few tens of peV, small shifts of the order of
tenths of meV are expected for reasonable wire separa-
tions.

In the Op case, the electric field is orthogonal to the
wire axis and the two W modes are excited. In this case,
always using Eqs. (24)—(26), with a polarization vector
e„= (0, k, /kp, —k„/kp) for the incident plane wave, we
obtain

a~o = 2 lm(Z, )r„ (31)

I
~ I II

I

'I
I

I

I I
I

I
II
I

Z,/lO
r

\

1

I

Z2

I I I I

0 0.5 1 1.5
P (rad)

] 0 I I I I I I I I I I

0 0.5 1 1.5
P (rad)

FIG. 2. Real (solid) and imaginary (dashed) parts of Zp
at kII = 0, as functions of p. The Z, were introduced in Eq.
(21).

where Im(Z2) can be evaluated at normal incidence, since
its value is fairly independent of the incidence angle in a
broad range.

We report in Fig. 3 a set of two typical reQectivity
curves obtained for the Os and the Op cases at almost
normal and almost grazing incidence, respectively. Pa-
rameters were chosen close to those of a real GaAs-type
quantum wire. A splitting of 1 meV between the L and
the W mode was assumed and also I'0 ——10 peV and
p = 1.6 meV. For the separation of the wires we used
kD = 0.25, corresponding to a wire separation of about
200 nm, a typical value for currently grown structures,
with wires separated by air. We notice that &om Eq.
(31) a shift of 0.6 meV is expected, as indeed visible in
the refjectivity spectra of Fig. 3. Recently, even closer
packed structures have been realized, with interwire spac-
ings as small as 32 nm for a GaAs buried QWW (see
Gershoni et aL in Ref. 1). In this case we have kD 0.1
considering the wavelength of light in the material and
therefore even larger energy shifts.

In the P case, both in 8 polarization and p polarization,
the TV modes remain degenerate because of the specular
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symmetry with respect to the plane of incidence. In the
Ps case, the mode I is not excited, while in the Pp case
both TV and I modes are. We give the full formulas for
the reQectivity in these cases, neglecting superHous phase
factors:

(nw —1)

+ 1 —(am —1) (En + —", Fm)k+

k02

pp 2 ( I )&w + 2 2 (nw I)&L
+

We notice that in p polarization, the R' and the I
modes become separated if

~g(nw-l)(nL, -I) « 1,

or equivalently if

I'p
I
~, (IcD) I/

In this case the L and the R' resonances contributing
to the p reHectivity are well separated, and the Pp re-
Qectivity curve is given by two independent resonances
corresponding to the L and R' modes:

+4(nw —1)(nl, —1) II Z
0

where we have used

k2k2
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l
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However, shifts and broadenings caused by the interfer-
ence between the wires also appear as in the other cases.
These shifts and broadenings are again related to the
imaginary and the real parts of the Zo and the Z2 func-
tions, as seen in detail for the case Os. In the opposite
case of relevant mixing between the L and the W modes )

i.e., when the approximation (34) does not apply, a gain
of strength of one peak at the expenses of the other would
be found, with additional shifts of their positions.

We plot ZO, Zq, Z2 in Fig. 4 as functions of kD at
k = 0. We notice the divergence of these functions when
kD ~ 0, similar to the one found at grazing incidence
in the 0 case. This is related to the recovery of the
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FIG. 3. Two typical reBectivity curves in the 0 configu-
ration (see the text) at two differen incidence angles; the first
is at almost normal incidence, the second at almost grazing
~ ~ 1incidence. The parameters used in the calculation are given
in the text. The center of mass dispersion of the exciton was
not included in the calculation for clarity.
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FIG. 4. Real (on the left) and imaginary (on the right)
parts of the Zo, Zi, and Z2 coefBcients introduced in Eq.
(21), as functions of kD, at k = 0.
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two-dimensional limit at grazing incidence as discussed
in the Os case. We may notice &om this figure that
k~Zi~ slowly diverges at small k and roughly as D at
small D, so that we may expect relevant L-W mixing for
some closely packed gratings close to grazing incidence.
However, in real GaAs samples, with oscillator strengths
of the order of magnitude given in the example before,
these conditions are not practically accessible for any wire
spacing and/or incidence angle. The possibility of ob-
serving such efFects in other materials that have larger
oscillator strengths but smaller TV-L splittings remains
to be investigated. A comparison should also be made
with the MQW calculations of Andreanii and Citrin. In
the MQW case, an analogous I Zinixin-g in p polarized
modes is expected because of the reduction of the sym-
metry when passing from the single to the MQW case.
Citrin has shown that this L-Z mixing is negligible in
most of the radiative region where k~~ & ko. A crossover
region where the mixing is not negligible certainly exists,
as shown by Andreani in his polariton dispersion curves
for p polarization. An L-Z polariton crossover is in fact
found across the photon dispersion at k~~ g O. The actual
experimental accessibility of this small dispersion region
where the mixing efFects could be observed remains to be
clarified. In our QG case we have practically excluded
any accessibility to such regions of the dispersion.

We show in Fig. 5 two typical reBectivity curves at two

diR'erent angles of incid. ence for both 8 and p polarization,
for the same QG structure used in the 0 case. A com-
parison of the shifts of the peak associated with the W
modes in p and s polarizations at grazing incidence [Eqs.
(32) and (35), respectively], shows that their difFerence
is given by

2k2
A(u,„= Im(Z2) I'II. (36)

k+2

Despite the divergence of the imaginary part of E~ at
small kD, this separation remains finite and is also rather
Hat in this region of small separations. It amounts to 0.6
meV in the case shown and could be observed as a shift
of the reQectivity peak at grazing incidence when the po-
larization is appropriate. Such an experiment would be
analogous to the one carried out on quantum wells to
detect the depolarization shifts of the Z mode. How-
ever, we must recall that a real sample shows strong
anisotropies of the TV exciton energies. These excitons
are characterized by z or y polarizations as explained
before and are thus preferentially excited in s and p po-
larization, respectively, at grazing incidence. As in the
Op case, the interference shifts become entangled with
those originated from the splitting of the wire modes.

Some interesting conclusions may, however, be made
even for real structures. Though the interference shifts
may not be practically resolved in the re8ectivity spec-
tra of actual samples, they may contribute to enlarge
their "inhomogeneous" broadening by a sizable amount.
Moreover, they also contribute to changing the radiative
lifetimes. Similar conclusions have in fact been proposed
for the MQW structures by Wang and Birmanis and by
Citrin for d.ouble-well structures. It remains to be ob-
served that inhomogeneities in the energies of difFerent
wires presumably wash out the interference efFects pre-
viously found, at least when their magnitude becomes
larger than the typical interference energies calculated
here. Some detailed analysis is therefore needed to un-
derstand the influence of these inhomogeneities. This
analysis may be carried out within the same approach
presented here, although it is well understood that Eq.
(13) should be solved numerically due to the lack of trans-
lational symmetry of such a nonhomogeneous case.

V. THE CR,ATINC PQI AHITGN

2
Pp

0
—2 0 2

cu —~L (meV), ko = 0.8 ko

FIG. 5. Two typical reQectivity curves in the P configura-
tion (see the text) at two difFerent incidence angles; the first
is at almost normal incidence, the second at almost grazing
incidence. The parameters used in the calculation are given
in the text. The center of mass dispersion of the exciton was
not included in the calculation for clarity.

We now wish to consider the problem of the optical re-
sponse of the grating structure from a di6'erent viewpoint,
that of an array of one-dimensional excitons in a grating
configuration, coupled to the electromagnetic field so as
to build the electromagnetic modes of the grating struc-
ture. In optical experiments, it is these polariton modes
of the whole structure that are excited. . It is therefore in-
teresting to study the connections of this approach with
the previous one in the optical response that starts &om
the response of the single wire. This type of comparison
is similar to the one carried out in detail by Citrin for
the MQW case. 5 There a "material approach, " in which
the interacting propagators for the full MQW structure
are calculated (and therefore the dispersion properties of
the full-structure modes), is compared to an "optical ap-
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proach, " which uses the transfer matrix of the isolated
wells to calculate the re6ectivity and transmission of the
MQW structure. It is shown that equivalent results are
in fact obtained for radiative shifts and broadenings, but
the material approach is more suitable for the calcula-
tion of spontaneous emission lifetimes, while the optical
approach is more suited for the calculation of the optical
response.

Citrin, in Ref. 17, considered the retarded electromag-
netic coupling between grating excitons in the &amework
of this material approach. He simplified his model by ne-
glecting the vectorial nature of the electromagnetic Geld
and studied only the dispersion effects of the additional
radiative shifts produced by the coupling. In this sec-
tion we adopt the same model, but study instead only
the efFects on the radiative broadening. %e do not dis-
cuss changes in &equency shifts since we know that they
are rather dominated by the instantaneous response of
the grating system (exchange efFects), as already found
also in the MQW systems by Wang and Birman. x These
latter effects are clearly not contained in the Inaterial ap-
proach, which includes only the interaction with trans-
verse electromagnetic fields. We know that these instan-
taneous effects are instead automatically included in the
optical approach, also in the QG problem, and thus re-
fer to Sec. IV for the complete results on the &equency
shifts.

In our simplified model, the exciton destruction and
creation operators are labeled by two indices only, a
translational quantum number k = k(( and a wire in-
dex n, while the photon operators have the full trans-
lational quantum number k. The Hamiltonian of the
system, neglecting the A term, which gives a negligible
contribution near the exciton resonance, is

number in the z direction, using a reduced Brillouin zone
classification (i.e. , ~k,

~

( vr/D)

inkxD g
1

k, k k,n
n

and an analogous one for bt. Here K = L, /D is the
number of wires along z. It may be verified that the new
operators indeed are bosons with normalized commuta-
tion relations if the bk. also are. The Hamiltonian Q
in this representation becomes

h~k bkt k bk k + $ hc~k ~a~t aX,

k, k,

+~). &x, (a „+ax )(b„„—b k. , k. ),
~ 4 1

(4o)

where the index m comes &oxn the folding in the first
Brillouin zone, k = (k, k„, k, ), k, ,

= k, + m2vr/D,
and

27rh
~~k Aced~(0)

»k„+»k, e

213

From this Hamiltonian we may obtain the radiative width
of the excitons using the Fermi golden rule

I'k k = —) iCx, i b(hcik
i

—h(uk ), (42)
JJ

which after performing the summation on A:„as an inte-
gral becomes

'R = ) h~k bt „bk. „+) hc~k~a~tax,

k,n

+ i) C„x,(at „+ax, )(beak „—bk „).
n, k

Here huk is the exciton energy, independent of n, and
the interaction matrix element C is simply expressed in
terms of the exciton and. photon wave functions and the
interaction p. A as

27r

»»»Dk» dp f (p )e»keg+ Lk»s'
2D

where f,„ is the product of the confxnexnent functions
of the electrons and the holes, while E,„ is the envelope
function. The momentum is conserved along the wire
axis a in the interaction.

Excitons described in Eq. (37) have different character
depending on the direction: they are Wannier excitons
with respect to the wire axis, but in the z direction they
are similar to molecular excitons without any possibility
of hopping. They are also two dimensional, confined in
the y direction. We may adopt a translational quantum

2m(uk2 P,
2 E2„(0)I k k,
' '"

0(k —k, ).
hc2D k2 —k2

where 8 is the Heaviside function and k = ~k2 /c2 —k .
The result of Eq. (43) is physically clear. Let us con-

sider all the wire excitons in phase, i.e., k = 0. Then,
if the grating is sufIiciently closely packed, that is, when
D ( 2vrc/u, the system behaves as if it were bidimen-
sional and the exciton decays along two possible direc-
tions only, k& ——+k, as in the QW case. x 2 The ra-
diative broadexnng also scales as I/k„D, as previously
found for the refIectivity. ~ This result is of course ex-
pected &om elementary considerations on the scattering
cross section of the wires, which is of the order of the
wavelength of the light at the resonance, and on the den-
sity of the wires in the array configuration, which goes as
I/D. The numerical value of the broadexung also corre-
sponds to the two-dimensional broadening of a QW hav-
ing ~E,„gw(0)~2 = ~E,„(0)~~/D. This also means that
in the limit of close-packed wires the short lifetimes of
two-dimensional excitons could be recovered.

In the opposite case of loose-packed gratings, photon
modes with m g 0 are also emitted in the decay of the
exciton. We notice that even if more decay channels are
present in this case, the lifetimes are longer than in the
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previous close-packed case, because of the 1/D factor in
Eq. (43). However, in this case an interesting resonant
behavior is found in the radiative broadenings: diver-
gences are found in I' when the spacing of the wires cor-
responds to an integer number of wavelengths along z.
These divergences correspond to those also found in the
imaginary parts of the Z;(k ) as shown in Fig. 4.

Finally, we notice that a vanishing radiative broaden-
ing is obtained in the case of close-packed. gratings when
k ) (do/c; these modes are therefore similar to the QW
surface polaritons already found. However, they lack
any center of mass dispersion along z, so that their dis-
persion is completely given by electromagnetic eKects.
Part of this dispersion is found &om the real part of the
grating-exciton self-energy. This is the most important
contribution in the region of polariton dispersion that
is close to the photon dispersion. Another part, as we
have remarked before, originates &om nonretarded inter-
actions. The peculiar effect to notice about these surface
modes is that they are guided modes with an eKcient cou-
pling of electromagnetic energy along a direction, with-
out mobility of the electronic excitation along the same
direction. This property may lead to interesting applica-
tions.

VI. CONCLUSIONS

We solve the problem of the scattering of an electro-
magnetic wave &om a planar array of equispaced cylin-
drical scatterers with strong resonances and calculate the
re6ectivity of an array of quantum wires. We find that
the eKects of the electromagnetic interference between
the wires generate additional shifts and broadenings of
the isolated wire resonances. In order to quantitatively
determine the magnitude of these effects, we analyze in
detail some commonly used experimental configurations,
when the incidence plane is parallel or perpedicular to
the wire axis. Shifts in the meV range are expected in
GaAs based structures, depending on the interwire dis-
tance. These shifts may be evidenced by changing the
incidence angle in the case of a plane of incidence or-
thogonal to the wires or changing the polarization in the
case of a plane of incidence perpendicular to the wires.
Even at normal incidence, we argue that the shift for
polarization along the wire may not be safely neglected
in a closely packed grating, as the GaAs based gratings
couM be with an interwire separation of less than 200
nm. Resonance shifts and broadenings can also be qual-
itatively interpreted as properties of the mixed modes
of the quantized electromagnetic fields and the full grat-
ing excitations, i.e., as grating polaritons. Surface modes
typical of this array con6guration couM lead to inter-
esting applications. These modes have confined electro-
magnetic energy in one direction, propagate in another,
but are sustained by con6ned one-dimensional electronic
excitations.

We hope to have given reasonable arguments to show
that a mutual electromagnetic interference between the
wires consitutes an interesting phenomenon that has to
be taken into account in many real QG structures and
could be also used to advantageously tune the electro-

magnetic properties (radiative lifetiines, exciton energy
shifts, etc.) of nanostructures.
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APPENDIX.

We calculate the projection coeKcients 8, the source
coeKcients e,'-„,"'",and the integrals of the Hankel func-
tions over a line in the plane, all defined and used in the
text. The key point is to observe that a solution of the
scalar wave equation (V'2+ k2)g = 0 in a region R of the
plane can be expressed as a superposition of solutions
of diferent kind in the same region, for example, plane
waves or cylindrical waves with diferent centers of the
coordinate system. The same is also true for the vector
equation in the plane. In order to calculate 8, we use this
property to express an outgoing cylindrical wave &om a
center P' as a series of incoming and outgoing cylindrical
waves centered in another point P,
H' (kp')e' ~ = ) c J (kp)e'

c J (kR)

1
dPe ' ~Z' [kp'(R, P)]e' ~ ~ '~l; (A2)2' 0

this integration may be analytically carried out by us-
ing the limit of small B and the Taylor expansions for
the Bessel functions. Carrying out the same calculation
for a vector 6eld, whose solutions were already given in
Eq. (2), we find that the coefficients c are connected
c~~ = cl~ ~

I

and finally

8;; = h;; Hi i(kD). (A3)

When we regard a p/ane wave as a superposition of
cylindrical waves, starting &om the well-known result for
the scalar field8

e'"" = ) J (kp)e' (A4)

where y = psinP, we obtain the projections coefFicients
for a generic plane wave reported in Eqs. (22) and (23).
The integration formulas for the Hankel functions are
instead obtained. by regarding a cylindrical nave as a su-
perpositon of plane waves (in a region R excluding the
origin, e.g. , a half plane)

p ( distance between(P and P') = D (A].).
The coefBcients c ~ may be calculated by a simple in-
tegration around any circumference of radius B C D,
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H (kp)e* dk, ) c (k, )e*"*'e'"""' limit yo —+ 0, and the other coeKcients considering the
vectorial expansion, so that one Anally obtains

and p = Qypz + z2, e'& = (z + iyp)/p, k„= Qkz —kz,
yp & 0, and Im(k„) ) 0. The coefFicients cp (k, ) may be
calculated from an identity given in Ref. 8, taking the

~ ~2~aA:„yoik—sg (k )
imP —imP

ky

with P already introduced before.
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