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Following the time-dependent perturbation technique for the density matrix, the phenomenon of
stimulated Brillouin scattering (SBS) has been analytically studied in weakly noncentrosymmetric (NCS)
crystals like InSb immersed in a moderately strong magnetostatic field. The twofold role of the magne-
tostatic field B in terms of the sharpening of the density of states and Landau-level splitting have been
examined quantum mechanically. The extremely large value of the spectroscopic splitting factor
(g. —g,) and the very low electron and hole effective masses play the key roles in the significant enhance-
ment in Brillouin susceptibility yp, even when B is reasonably low. The origin of the NCS effect has
been assumed to be in the parity indefiniteness of the energy states in the crystals exhibiting lack of in-
version symmetry. We have considered near-resonant band-to-band electron transition in the direct-gap
crystals to reduce to a simple one-dimensional problem in the presence of the magnetostatic field. Nu-
merical estimates have been made for the InSb crystal at 77 K, duly irradiated by a pulsed 5.3 um CO
laser. The SBS threshold is found to be well below the crystal damage threshold and yj is found to be
appreciably large. The results support strongly the candidacy of InSb for establishing itself as a promis-
ing crystal for strong SBS and optical-phase conjugation while immersed in a moderate magnetostatic
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field.

I. INTRODUCTION

Interaction of an intense light beam, the so-called
pump wave, with an active medium results in large opti-
cal amplification of the scattered wave at Stokes-shifted
frequency. Such phase-coherent interactions are named
stimulated scattering (SS) processes. Stimulated Raman
and stimulated Brillouin scattering (SRS and SBS) in
solids are the two nonlinear optical processes extensively
investigated theoretically, as well as experimentally, since
the advent of high power lasers. Among many techno-
logical applications of these SS processes, currently
optical-phase conjugation (OPC) is the most sought after.
Development of the concept of real-time holography by
Gerritsen! and Stepanov, Ivakin, and Rubanov? on one
hand, while wave-front reversal based upon stimulated
Brillouin scattering® on the other, provided much im-
petus to the field of OPC. OPC via SBS is preferred over
other competitive processes, since it requires a single
pump wave along with a less stringent phase-matching
condition, apart from its purity and high conversion
efficiency.*

The stimulation for the study of SBS stems from the
possibility of achieving coherent high power radiation,
free from both angular and spatial distortions. It is well
established that the origin of SBS lies in the third-order
nonlinear optical susceptibility y'*’ of the medium, also
known as the Brillouin susceptibility yg. SBS occurs due
to parametric coupling between the pump and the acous-
tic phonon mode duly generated by the same pump in the
presence of a finite electrostriction in the crystalline solid
medium.> For its onset SBS, like any other SS process,
requires a threshold pump intensity, which is found to
vary inversely with the Brillouin susceptibility yg.
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In semiconductors, the application of an external mag-
netostatic field modifies the band structure and leads to
formation of Landau levels and sharpening of the density
of states. To the authors’ knowledge, so far no systemat-
ic attempt has been made to investigate the dependence
of xg on an applied magnetostatic field in a weakly non-
centrosymmetric (NCS) crystal. Investigation of the role
of an applied magnetostatic field in enhancing Yy appears
to be of considerable significance, when one treats the
parametric process under a near-band-gap resonant laser
excitation of a direct-gap material, like InSb, belonging to
the III-V crystal class. Application of a large magneto-
static field has twofold implications on the nonlinear opti-
cal processes:

(1) Modification of electron energy levels due to spin
degeneracy and formation of discrete Landau states. In
narrow direct-gap semiconductors like InSb and InAs,
the ratio of the electron and hole effective masses is very
small (1072), hence Landau splitting becomes quite
significant. %7

(2) Sharpening of the density of states’ ° leading to an
enhancement in the optical susceptibility of the medium.

Thus an analytical study of the third-order nonlinear
optical susceptibility of narrow direct-gap III-V semicon-
ductors subjected to large magnetostatic fields is of fun-
damental significance. The present paper is devoted to
such an analytical investigation, where the third-order
nonlinearity gives rise to SBS in the crystalline medium.

In Sec. II we have obtained an expression for the Bril-
louin susceptibility ypg, both in the absence and presence
of the magnetic field, along with the threshold condition
for the onset of SBS. The results are discussed in Sec.
III, supported by numerical analysis. Important con-
clusions have been drawn in Sec. IV.
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II. BASIC FORMULATION
OF BRILLOUIN SUSCEPTIBILITY xp

Here we address ourselves to the formulation of the
Brillouin susceptibility xg for the Stokes’ component of a
scattered single-mode electromagnetic pump wave in the
presence of an applied magnetostatic field B.

The generalized acoustic-phonon (AP) mode can be
represented in a one-dimensional configuration following
Sen and Sen'® as

Qu(x,t)  Ca 3%u(x,t) . du(x,t) _ (F)
a2 d ax? 2r ot 4 - (1)
Here

u(x,t)=uexpli(k,x —w,t)]; (2)

u denotes the relative displacement of the nuclear posi-
tions within the crystal lattice. C, and d represent the
linear elastic modulus and homogeneous mass density of
the crystal, respectively. I' is the phenomenological
damping parameter. (F) is the generalized force per
unit volume experienced by the nuclei due to the pump
wave. It is defined as'®

(F)=N(f)
=N OVE+(fOVE2+{(fONVE+ -+ ]. 3)

Here N is the number of elementary cells per unit volume
of the crystal, assuming each cell contains one electron in
the absence of magnetic field.!! We take N =q;” with g,
being the crystal-lattice constant.

The validity of the scattering of light by acoustic pho-
nons (AP) is based upon Placzek’s approximation!? that
the pump frequency is too high for the ions to be affected.
With this approximation, one can neglect direct interac-
tion between the pump and the ions. We adopt a semi-
classical approach to the problem, where the electronic
system is treated quantum mechanically while both the
electromagnetic pump and acoustic fields are treated as
classical waves.

The interaction Hamiltonian H,,,
dimensional configuration may be put as

in the one-

H;,,=H,+H, , )
where

H, =—fuexplilk,x —w,t)], (5)
and

H,, =—pE,expli(k,x —w,t)]. (6

In the above equations, H,, and H,, are the interaction
Hamiltonians for the electron-radiation and
electron—acoustic-field interactions, respectively; I is the
dipole moment matrix operator. Both fI and E, are tak-
en parallel to the X axis. We have also assumed that the
undoped III-V semiconductors possess nondegenerate,
isotropic, and parabolic band structures. The direct al-
lowed electronic transitions at the same k value in the
Brillouin zone occur between the topmost valence and
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the lowest conduction bands. The nonlinear optical
effects arising due to the band nonparabolicity can be
minimized by considering electronic transitions in the vi-
cinity of the center of the first Brillouin zone at k =@.

For pump-initiated photoinduced electronic transitions
between the initially completely occupied ground state
lg) to the fully empty excited state |n) in the NCS sys-
tem, we define the two operators I and f as

fgg fgn
fng fnn

.ugg .ugn
Kng Han

and f= , (7)

with all matrix elements being finite due to parity
indefiniteness!® in a NCS crystal. We have adopted a
density-matrix formalism which is one of the most con-
venient semiclassical treatments in the calculation of mi-
croscopic nonlinear optical susceptibilities, particularly
when relaxations of excitations have to be dealt with. !>

The equation of motion for the density matrix p can be
expressed as

p

ot (8)

%9 _ 1 ‘
al lﬁ [(H0+Hmt)’p]+

relax

Here H, and H;,, are unperturbed and interaction Ham-
iltonians of the system, respectively. The second term on
the right-hand side of (8) represents relaxations of excita-
tions. Expanding p as

p=p(0)+p(1)+p(2)+ cee 9)

one obtains equations of motion of the density operator p
of various orders as

d 1

3 P 1= 5 [Hop T, (10a)

B =L Wiy Lrg o 3p'"

ot P 1= i Hop 1+ 5 (Hinop 71+ | =5 relax
(10b)

and

9 =1 @ g ap?

ot P 1= 1 Hop 1t Huop 11 | =5, relax

(10c)

The density-matrix elements of various orders for the ma-
terial system can be had from Eqgs. (10) as

H, (0,)
(1) — ng ' ©p
Prg (@) P — (11a)
P(n?(ws): 2H,,g(cop)[H,,,.,(ca,,)—Hgg(w,,?]
[ 05 — @,y —iT N, —w,, —iT)]
H,,(0,)[H,,(0,)— Hg(w,)] (11b)
[#2(0; —@pg —iT @, — @,y —iT)] ’
and
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P (@,)=—pn(@,)
_ H,,(oy)H,4(w,)
#(w, —iT)
X 1 . - 1 . )
(0;—w,,—iT") (0,~w,,—il)

(11¢)

with o, =(w, —,) and k; =k, —k, for the Stokes’ mode
of the scattered electromagnetic wave. In obtaining Eq.
(11), we have assumed for the sake of mathematical sim-
plicity that the relaxation frequency in Eq. (11) is identi-
cal to one introduced in Eq. (1) for the generalized AP
mode.

The ensemble averages of the generalized force and in-
duced dipole moment of an arbitrary order j are defined
as

(fDY=Tr(xp?) , (12a)
() =Tr(up"?) , (12b)
with j =1,2,3,....
Using Eqgs. (4)-(12), and on mathematical
simplifications, one may find
SanbtngE
(1) E)= gni"ng —v 13
(fOME) w0, (13)
<f(2)><E2) — Ilj'ng|2(f’m —fgg )EPES*
#Q,Q,
+ I-‘ngfgn (/-l';m T Hgg )vapEs* : (14)
700,09,
J
NN ;
(3) — 4 — )2_|_ v
X eodﬁ4D*|QS|2|Qp|2 l.u‘ng‘ fnn fgg wig+r2

X | g 12 f g Hon — Bgg )*

where

D*=[—w?+kW?}—2iTw,] .

1t IE,
(p“)>=—;gﬂ—i , (15)
P
and
2 —
()= tng | *(frn =S o 4" E,
7#Q.Q,
+ :U‘ngfgn (l'l‘nn _:u’gg )vapu * 6
#Q,0,Q, ’ (16)
with
.Qp,s’,, =), " Opg —il .

The second-order force component duly generated by
the pump represented by Eq. (14) has two components:
the first term represents the contribution of the cen-
trosymmetry (CS), while the second term represents the
additional contribution arising due to the noncentrosym-
metry (NCS) property of the system. It may be remem-
bered that the matrix elements pu,,,, Hegs fgn, and f,, are
finite only in NCS crystals.!?

One defines the third-order-induced polarization as

P‘3’=60X(3’|Ep|2ES=N<u(2)>|Ep|2Es , (17

where N is the number of transition electron-hole pairs
per unit volume of the crystal. One can find the third-
order optical susceptibility of the crystal at the Stokes-
shifted frequency from the above formulations given by

_ 2|,u‘ng |3fgn (I'l'nn —”gg )(fnn —fgg )(0”
(@2 +T2)172

(18)

In Eq. (18), we define v, =(C,/d)!/? as the acoustic velocity in the crystal. The third-order optical susceptibility
represented by Eq. (18) has its origin in the electrostriction, and, hence, one may more appropriately call it the Brillouin

susceptibility. Accordingly, we can safely take v, <<w, and o, ~®,, such that o, ~o;

simplifies in absence of magnetic field B to the form

NN

~®,, >>0,,[. Thus Eq. (18)

I,u’ng lngZn (/-l'rm T Hgg )2‘03 _ 2|:u'ng lsfgn (I“nn “Hgg )(fnn _fgg )a)v

XE%)=O): 4 Iy’ng ‘4(fnn _fgg )2+

€d#*D*(w, —w,,)

Equation (19) reveals that the Brillouin susceptibility
comprises three components, among which the first term
remains finite irrespective of the symmetry properties of
the crystal. In other words, the Brillouin susceptibility in
a centrosymmetric crystal is represented by the first com-

2
w0, p

(19)

f

ponent. The remaining two parts have their origins in
the NCS properties of the active medium.

Next, we explore critically the role of an applied mag-
netostatic field B on x'*, keeping in view its twofold con-
tribution in terms of Landau-level formation and shar-
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pening of the density of states.
The Landau-level formation modifies the conduction-
and valence-band energies as follows:®

E,=E +#k"?/2m +(n'+ Lo, +g.B,,M;B (20)
and
E,=E, +#k*/2m,—(n + Yo, +g,B,M;B ; 1)

suffixes ¢ and v denote conduction and valence bands, re-
spectively. E_, and E,, are the energies at the center of
the lowest conduction band and highest valence (heavy-
hole) band. m,,, g, and ., (=|eB/m,]|) are the
effective masses, g factors, and cyclotron frequencies of
electrons in conduction band and holes in valence band,
respectively. M; (=+1) is the spin degeneracy quantum
number, while 8,, (=eh /2m,) is a Bohr magneton. Ap-
plication of the magnetostatic field B splits the three-
dimensional band into a series of one-dimensional sub-
bands. For direct allowed transitions in a magnetic field,
the selection rules make n=n' and k=k’. Hence for
finite B, the transition energy defined as #w;z=E,—E,
can be obtained as

2k2
2m

fiwog =ty + +(n+ Q. +(g.—8,)B,M;B (22)

,
for a direct allowed transition at state |k ).

If the applied magnetic field is sufficiently large, one
may choose n =0 Landau subbands. The contribution of
the spin degeneracy factor (g, —g,)B,,M;B is consider-
ably large in direct narrow-gap semiconductors like InSb
due to the large value of (g.—g,) (= —44 for the InSb
crystal). Q. (=, +o,) is the cyclotron frequency of
the electron-hole pair. In the present analysis, we have
J
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restricted ourselves only to the limit of high magnetic
field. Consequently, we select n =n'=0 such that the
transition frequency w;p is given by

#ik?
g =W+ —— (23)
kB gB 2mr
with
Q
wg,,=wg+—§”—+(gc—g,, B M;B /# . (24)

Here, w,p is the renormalized band-gap frequency of the
crystal in the presence of the magnetic field. The impli-
cation of sharpening of the density of states in the Lan-
dau subbands may be analyzed as follows.

The number of electron states within a Landau sub-
band with a given quantum number 7 in the range k to
k +dk is [eBV /2m*#]dk, with dk = /L, and L being the
interaction length. We have incorporated a factor of 2
for the two spin states of the electrons.

On incorporating the sharpening of the density of
states, the induced third-order polarization in the medi-
um in the presence of magnetostatic field may be defined
as

eB +
Plieoy =5 o [ (u® ek (25)
remembering that the transition dipole density W in the
absence of magnetic field can be given by 1/v¥,. For
thickly populated electron states, one can replace the
summation by a k integral.’

One can obtain the third-order optical susceptibility of
the crystal at the Stokes-shifted frequency, making use of
Egs. (19), (23), and (25) as

NeB I.u'n szzn(.u'nn —H )2603
(3) —__ iveb 4 _ 2 gl Jg 88
XB#0— 27T260dﬁ5D* |,u‘ng| (fnn fgg) + P
_ 2|.u’ng Iafgn (ll'nn _,u‘gg )(fnn _fgg )wv f + o dk (26)
(Op — o0 (wp_a)kB )4
The renormalized interband transition frequency may be defined as
op=mfla*+k?/2m, , (27a)
with a?=2m,w,p/#%. Also, we take
(@, —wyg)=—H#[k*+g21/2m, , (27b)
where g2=2m,[wg3——wp 1/#%. Equations (26) and (27) yield
172
X(3) — S5Ne 2mr B
B2 3ome dD*# | # (wgp—w,)"?
Bng 12 2 P — g 2002 2 g | Fron (Bopn = Hgg ) o — g )
4 _ 2 ng gn‘\Mnn f°94 v ng gn'\*nn 28 nn g8 v
X | |png |* fon = feg P+ o2 . (28)
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Equation (28) represents the Brillouin susceptibility of the
NCS crystal in the presence of a large magnetostatic field.
The same equation can be employed to estimate the ex-
clusive contribution of the NCS property to the third-
order susceptibility in a CS system as

(3)

X’(‘ff =1—2s+s?, (29)
Xcs
where
o= Sen Bonn Mg | | @0 ’ (30)
Son—Seg Hng @p

s being a measure of the NCS contribution. It is obvious
from Egs. (29) and (30) that x\3ls is always less than y.
Thus one may infer that the NCS property of the crystal
brings down x'¥. This can be related to the well-known
phenomenon of the retardation effect in a NCS crystal.

A. SBS threshold

In order to examine the occurrence of SBS with a finite
gain mechanism in the active medium, we consider the
electromagnetic wave equations for the pump E, as well
as the backscattered Stokes’ mode E, under the slowly
varying envelope approximation (SVEA) given by

oE,

S bt k 2)a;lE I’E, 31
and

3E, _ o?

o BT k —2xs|E,|’E, , (32)

respectively. In the above equations, we have included
the effect of the intensity-dependent background absorp-
tion coefficient a; at frequency o, ~w;=w (say), since
0, <<w, and o,=0,—o,. Following the standard ap-
proach as discussed by Bose, Aghamkar, and Sen, 14 the

Brillouin mode can be represented by

k 2a;x
e I

2a,(L —x)
e
2a;

E (x)=E/(L)exp|a;(L —x)+ {1— }

(33)

where k =[w’X|E, 12/2ke?].
The onset of SBS corresponds to the fact that E (x) is
equal to E(L), L being the crystal thickness. For

E,(x)=E; (L) one obtains
af(L —x)+ K- (1= =0 | (34)
2a;

From (34) it is evident that the gain constant depends on
the intensity-dependent absorption coefficient a; and pa-
rameter k for a semiconductor wave guide a few um in
thickness, irradiated by slightly off-resonant lasers, we
may assume 2a;x <1 and 2a,;(L —x)<1. On mathemat-
ical simplification, we obtain
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Equation (35) enables one to calculate the threshold value
of the excitation intensity I, required for the onset of
SBS given by
_ Mo€C 3ka
=
o o?|xgl

where we have used the relation I, =1/2[ny€exc|E,|*], n
being the crystal background refractive index at the
pump frequency w.

(36)

B. SBS gain characteristics

The SBS gain behavior of the NCS crystal in the pres-
ence of a large magnetostatic field is analyzed for excita-
tion intensity I, well above I,;. The Brillouin gain con-
stant is given by

ng_—z_;_T(XBi)LEOlz ’ 37
where xpg; is the imaginary part of ¥®, E o is the electric-
field amplitude above threshold.

From Egs. (19) and (28), it may be noted that g is an
imaginary quantity given by xp; = — |xgl| for dispersion-
less acoustic-wave propagation with w, =k,v,.'® Conse-
quently, the characteristic behavior of the Brillouin gain
can be studied analytically in the crystal as a function of
various system parameters such as B and I,. As is evi-
dent from Eq. (37), the SBS gain characteristics can be
studied simply by considering the nature of the depen-
dence of |xg| on the system parameters, assuming that
the estimates are made for excitation intensities well
above the SBS threshold.

III. RESULTS AND DISCUSSION

The theoretical formulations as presented in Sec. II
are analyzed numerically in this section to study the na-
ture of dependence of the threshold intensity and the
Brillouin susceptibility |yg| on the applied magnetostatic
field B. The semiconductor bulk crystal used for this
purpose is InSb, which is a narrow direct-gap semicon-
ductor with nearly cubic zinc-blende structure. The
stimulation for the selection of InSb for the SBS analysis
stems from the extensive technological applications it has
already found for itself in modern optoelectronics. This
crystal has demonstrated giant optical nonlinearities
when irradiated by near-resonant lasers with photon en-
ergies in the vicinity of the crystal band-gap energy. In
order to achieve large SBS gain, we have considered the
irradiation of InSb by 5.3-um pulsed CO lasers with pulse
durations in the nanosecond regime such that the possi-
bility of optical damage of InSb crystal can be avoided.

The relevant material parameters of InSb are as fol-
lows. The lattice temperature is taken to be 77 K.
E,=0.23 eV, €=15.8, ny=3.975, k=105 m_l
d=5.8x10° K gm~3, r=10° s, w=3. 55><1o14 -

a=10* m™!, y,=4X10° ms7!, M,=1, lattlce
constant a;=6. 48>< 1071 m, B, =9.274X 10—24, and
(g.—g,)=—44."7 We have studied the variation of |xp/,
with applied magnetostatic field B in Fig. 1, for an InSb
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.
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b=t 4 ‘/“ “'\ FIG. 1. Variation of the Brillouin suscepti-
x 10" A s \‘\_\_ bility yp with the magnetostatic field B in InSb
= /;‘ "x,\\ crystal at 5.3-um pump wavelength.
)? ) ~\\\K~\~
~—
—
107% ; . . .
0.25 1.0 3.0 5.0
B (tesla)

crystal. Since the role of the NCS property is almost
negligible in this crystal, we have considered only the
centrosymmetric component of |yg| in Eq. (28) for this
analysis. Quite interestingly, this figure exhibits the criti-
cal nature of the dependence of the Brillouin susceptibili-
tyon B. For B~1.0to 1.4 T, |ygl is quite large with the
peak value of |yg|~7.5X107!! Systeme International
(SI) units being available in the resonant region at a
moderate magnetic field of 1.0 T. On increasing B fur-
ther, |xp| saturates to a value around 2.75X 107! SI
units for B > 5 T in the InSb-CO system.

The knowledge of |)(B| enables one to calculate the
threshold value of the excitation intensity I, required
for the onset of gain behavior of the backscattered
Stokes’ component of the Brillouin mode. The variation
of I, with applied magnetic field B is depicted in Fig. 2,
where we have used Eq. (36) with absorption coefficient
a=10* m™! at ©=3.55X10" s7!. One observes the
threshold intensity I,,;,~720 KW cm~2 at 0.25 T. The
corresponding electric field turns out to be 11.7X10°
Vm~!, which is well below the optical damage threshold
for the InSb crystal, as discussed earlier. On increasing
B, I, falls very sharply and attains the minimum value
of 100 Wem™2 for B=1.0 T. For B>1.0 T, L, in-
creases and finally saturates to a value ~7.0 MW cm ™2
at B>5 T. The characteristic B dependence of I,,;, may

be ascribed to the resonance established between the e-h
pair cyclotron-energy-incorporated crystal band gap and
the pump photon energy in addition to the sharpening of
the density of states. The Landau-level splitting with a
very large spectroscopic splitting factor of |g, —g,| ~44
plays a decisive role in the giant enhancement of |yg|
even at a low magnetic field, viz., B =1T.

The results reveal that the InSb-CO system subjected
to a moderate magnetostatic field could be a promising
combination for the study of optical phase conjugation by
SBS. This investigation has already been undertaken,
and will be the subject matter of a future publication.

IV. CONCLUSIONS

The present paper deals with an analytical investiga-
tion of SBS in a weakly NCS crystal like InSb immersed
in a magnetostatic field. The following important con-
clusions can be drawn on the basis of the above study.

(1) We have followed a semiclassical approach in which
the third-order optical susceptibility is formulated by the
density-matrix method, while the threshold for the onset
of SBS and the Brillouin gain mechanism have been ana-
lyzed following the classical electromagnetic approach.
The induced third-order polarization is assumed to be
due solely to electrostriction.

10° e
o~ ", T
'E '._\"
=
< ) FIG. 2. Dependence of the threshold excita-
= 103 "\\ / tion intensity for SBS on the applied magneto-
© | £ static field B in InSb crystal at 5.3-um radia-
o ", tion wavelength.
< »‘ !
HE "l, ‘.‘l‘
\ ;
| A
10 5 .
0.25 1.0 3.0 5.0

B8 (tesla)
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(2) The effect of the application of magnetic field on the
third-order optical susceptibility of a narrow-gap semi-
conductor is analyzed quantum mechanically by incor-
porating the Landau-level splitting of the energy states
and the sharpening of the density of states.

(3) The resonance peak shifts to the frequency
W =0, +Q./2+(g.—8,)B,,M;B /% in the presence of
the magnetostatic field B. A significant rise in |yg| can
be observed even at moderate magnetic fields in the range
of 1-2 T. The corresponding threshold intensity falls to
a very low value 100 W cm ™2 in the sharp resonant tran-
sition regime w, ~w,g. The value of I,,;, is well below the

»
optical damage threshold of an InSb bulk crystal under

nanosecond pulse excitation regime.

(4) It has been shown that NCS properties effectively
reduce the third-order optical susceptibility, and hence
the SBS process becomes partially weakened.
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