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Susceptibility and Knight-shift anomalies in cuprate superconductors
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The unconventional temperature variation of the static susceptibility y( T) that has been discovered in
various copper oxide superconductors is explained in terms of a model density of states that has a step
shape at an energy threshold Eo along with a logarithmic Van Hove singularity at the same Eo. Calcula-
tions of g{T) and the Knight shift above the superconducting transition temperature T, yield good fits to
the YBCO, BSCCO, and LSCO data by adjusting only the Fermi energy p in correspondence to the oxy-
gen or Sr content, respectively. When p is right on or slightly below the Van Hove singularity, an up-
turn in y occurs as the temperature T is lowered. By contrast, when p is slightly above the threshold en-
ergy Eo, a downturn in y is achieved as T is lowered. A correlation of these phenomena with experi-
mental data provides insight into the proximity of the Van Hove singularity to p in several cuprate su-
perconductors. The YBCO and TBCO cuprates with the higher T, values exhibit a nearly constant sus-
ceptibility that suggests a Fermi energy well removed from the Van Hove singularity. The sensitivity of
T, as well as the susceptibility to chemical changes may provide tests of electronic mechanisms of elec-
tron pairing as well as the BCS theory.

I. BACKGROUND

Most ordinary metals exhibit the standard Pauli spin
susceptibility y(T) which is relatively independent of
temperature T. The derivation of this result assumes a
density of states whose energy variation is smooth on a
scale comparable to T.

Magnetic measurements' on copper oxide alloys
have revealed surprising temperature variations of y in
the metallic phases. These phenomena may have a bear-
ing on the mechanism responsible for very high-
superconducting transition temperatures T, in certain
compositions of these materials. Some of the cuprate al-
loys ' exhibit a nearly T-independent susceptibility above
T„and the magnitude of y corresponds to a conventional
metallic density of states. However, an anomalous de-
crease in g as T is lowered toward the superconducting
transition has been observed' in numerous cuprates at
selected oxygen compositions. This unexplained behavior
provides the primary motivation for the present work.

Friedel has conjectured that a "pseudogap" structure
in the density of states may be relevant to the susceptibili-
ty downturn at low T, but so far there has been no
theoretical basis or development that is available for a
quantitative analysis of the cuprate data. Furthermore,
examples of an upturn in the susceptibility at low T have
also been discovered ' in certain compositions of cu-
prates that display metallic transport properties, and
such cases present yet another theoretical challenge.

The goal of the present study is to explain a wide range
of anomalous susceptibility variations seen in cuprates in
terms of a simple model of the electronic density of
states. Our model contains a step shape at an energy
threshold Eo along with a logarithmic Van Hove singu-

larity at the same Eo. Such a model is reminiscent of the
density of states produced by two-dimensional tight-
binding energy bands if there is a narrow energy band
whose maximum is very close to the Fermi energy. We
shall demonstrate surprisingly good fits to the YBCO,
LSCO, and BSCCO cuprate data using a model parame-
ter set and adjusting only the chemical potential p within
a given cuprate family. The model should be relevant to
other phenomena that are sensitive to the density of
states, such as the heat capacity. On the other hand,
transport properties and other features dominated by the
shape of the Fermi surface are beyond the scope of the
present work.

Band-structure calculations reveal narrow bands in cu-
prates that lie close to the Fermi energy as discussed in
the review by Pickett. ' In the YBCO case, the band cal-
culations of Mazin et al. " show a narrow band crossing
that is particularly reminiscent of our model. Further-
more, the step structure in the density of states is sup-
ported by recent photoemission spectroscopy data on cu-
prates. ' ' The Fermi energy is found to be extremely
close to a Van Hove singular peak in the density of states
in the Bi2201 cuprate, ' and our work would predict an
upturn in y( T) at low T in that case. Recent photoemis-
sion data' on YBazCu408 provides Van Hove structural
information, and the occurrence of a flat energy band
near the Fermi energy seems to have been verified in
T12Ba2Cu06 as well. ' In the event that the Fermi energy
intersects two bands, with one being almost filled, the sus-
ceptibility may also provide clues to electronic pairing
mechanisms that require exciton or acoustic plasmon
modes.

Although we defer the study of the susceptibility in the
superconducting state to a later date, our present analysis
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insulating cuprates, the computed y is hard to reconcile
with the experiments on metallic cuprates that are con-
sidered in our work. However, an alternate explanation
of the susceptibility anomalies may be that the effective
coupling J could be significantly reduced by doping.
Thus it would be worthwhile to examine the rich experi-
mental data in quantitative detail by these approaches as
well.

Insulating cupr ates are outside the scope of our
analysis. Their antiferromagnetic order yields a charac-
teristic shape in y( T) below the Neel temperature that is
quite different from the features found in the metallic cu-
prates discussed in the present work.

A remarkable correlation of measured T, values with
the metallic resistivity exponent n determined from its
low-temperature behavior T is shown in Fig. 1 for vari-
ous superconductors. The resistivity is linear in T for all
of the optimally doped copper oxide compounds which
have the highest transition temperatures. The power-law
exponent in the cuprates changes as a function of doping
(see, for example, Takagi et al. ). Nested Fermi-surface
segments are predicted to yield a linear T resistivity, '

while rounded corners should give the traditional T
behavior from electron collisions. Doping cuprates
should generate a crossover from the linear T to a T
behavior, and this has been found for T12Ba2Cu06+&.
By contrast, the conventional T behavior due to phonon
scattering is well known in Pb and Nb. It is interesting
that the T variation reminiscent of Fermi-liquid
electron-electron scattering occurs in Ce-doped cuprates
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FIG. 1. The transition temperature of various superconduc-
tors is plotted vs the low-temperature power-law exponent n of
the normal-state resistivity p = T". Conventional metals such as
Pb and Nb which are BCS superconductors have a T depen-
dence, while the Ce-doped cuprates show a Fermi-liquid T
behavior. All of the higher T, superconductors display a linear
temperature variation of the resistivity.

of the normal state reveals insight into the proximity of
the Fermi energy to the Van Hove singularity. This has
been cited by several groups as a possible key to high-T,
superconductivity, as discussed below.

An empirical connection between superconductivity
and anomalous susceptibility variations in A-15 com-
pounds was noticed more than 30 years ago. ' Alloys
such as V3Si and Nb3Sn with T, = 18 K exhibit a strong
upturn in y(T) at low temperatures, while some other
3-15's with lower T, values show a more conventional
Pauli susceptibility with negligible T variation. On the
other hand, compounds like Nb3Ge and N13A1 display a
standard Pauli behavior despite their high-T, values.
Clogston and Jaccarino' attributed the susceptibility rise
in A-15 compounds to a narrow peak in the density of
states near the Fermi energy, whose width must be com-
parable to room temperature. A possible enhancement of
the superconducting pairing by a quasi-one-dimensional
Van Hove structure in the density of states was originally
proposed by Labbe and Friedel on the basis of a BCS
mechanism of phonon exchange.

Logarithmic Van Hove singularities in the density of
states are expected for a tight-binding band in two dimen-
sions. The planar electronic structure of cuprates may
lead to such sharp singularities, and this possibility may
lead to enhanced phonon-mediated pairing of electrons as
shown by Hirsch and Scalapino ' and Dzyaloshinski.
More recent theories have claimed a link between Van
Hove singularities and the abnormal transport properties
of the cuprates. For example, Lee and Read suggested
that the unusual linear temperature variation of the resis-
tivity that is a trademark of high-T, cuprate supercon-
ductors could be caused by electron-electron scattering
on a square (i.e., perfectly nested) Fermi surface that situ-
ates the chemical potential p precisely at the Van Hove
singularity. Newns et al. and Markiewicz have ar-
gued that similar logarithmic structures in the density of
states provide the connection between the resistivity
anomalies and the high-superconducting transition tem-
peratures of cupr ates. On the other hand, Radtke
et a/. have published calculations that include strong-
coupling effects and have concluded that logarithmic Van
Hove peaks do not yield a significant increase in T, .

We consider a logarithmic singularity in the density of
states in order to shed light on the role of such structure
in the static susceptibility. Comparisons of our calculat-
ed susceptibility to experimental data for the Knight shift
in particular will establish guidelines for the proximity of
the chemical potential to the Van Hove singularity, and
thus provide constructive limits on theoretical proposals.

An interesting possible origin of the Oat quasiparticle
dispersion has been found in Monte Carlo calculations
for the t-J model by Dagotto et a/. The existence of lo-
calized spins in insulating cuprates is described quite well
by a two-dimensional antiferromagnetic Heisenberg mod-
el. Accordingly it is interesting that high- and low-
temperature expansions of the Heisenberg model give rise
to unusual temperature variations of the susceptibility.
Quantum Monte Carlo computations for the t Jmodel-
yield a susceptibility whose temperature variation scale is
set by the exchange coupling J. If J-1500 K, as in the
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and also in various organic metals. Evidently there is a
compelling link between the mechanism responsible for
the linear resistivity and high-T, superconductivity.

A microscopic theory of the linear T variation of the
resistivity has been developed on the basis of nesting of
the Fermi surface in the form of nearly parallel orbit seg-
ments. ' Analytic derivations of the dynamic spin suscep-
tibility g"(Q, ro, T) predict a surprising scaling as a func-
tion of frequency cu divided by temperature T, where Q is
the nesting vector. ' This scaling behavior generates a
linear T variation of the damping caused by electron-
electron collisions, and evidence for the scaling phenome-
na has been seen in neutron-scattering measurements on
YBCO. ' The neutron measurements require large
single-crystal samples and only limited doping regimes
have thus far been successfully tested. Nesting may
occur in a tight-binding band even though the chemical
potential is away from a Van Hove singularity. The real
part of the static susceptibility at q =0 can then be rela-
tively independent of temperature even though the dy-
namic scaling in g"(Q, ro/T) persists. '

A correlation between nesting and possible Van Hove
logarithmic singularities is demonstrated by a two-
dimensional tight-binding energy band. If only nearest
neighbors are considered, the nesting condition is
satisfied only when the Fermi energy is close to half
filling; this case corresponds to p near the Van Hove peak
in the density of states. By contrast, the inclusion of
next-nearest-neighbor terms in the Hamiltonian can gen-
erate a variety of topologies that exhibit nesting even
though p is relatively far from the singularity.

The above theoretical background indicates that the
strange Knight shift and static susceptibility phenomena
found in cuprates are not necessarily related directly to
nesting. Furthermore, as we show below, the peculiar de-

30

crease in g at low temperatures is counter to the trend ex-
pected for a chemical potential situated close to a Van
Hove singularity.

We have constructed the model density of states shown
in Fig. 2 with the goal of explaining the decreasing sus-
ceptibility via a simple physical picture. If we consider
the shape of the derivative of the Fermi function as a
function of energy, shown as the dashed curve in Fig. 2, it
is evident that a narrowing of this function at low tem-
peratures will result in a preferential weighting of the
lower density of states above the threshold Eo. Thus the
susceptibility decrease as T is lowered is associated with
cases where p is slightly above Eo but not too close to
the logarithmic singularity.

We now proceed to calculate the susceptibility for this
model and make quantitative comparisons to experimen-
tal data. The calculation of the susceptibility is described
in Sec. II. We compare our results to experimental mea-
surements of the magnetic susceptibility and the Knight
shift in Secs. III and IV, respectively, and conclude in
Sec. V.

II. SUSCEPTIBILITY

The general form of the spin susceptibility for a system
of electrons with energy dispersion Ek is

f(Eg+q) —f(Eg)
—E' +Ek CO k+q+ k

where f(Et, ) is the Fermi function. In the static, long-
wavelength limit this reduces to

y(T) = —g a

The standard transformation to an energy variable intro-
duces the density of states per spin defined by

N(E)=g 5(E Ei,), —
k

p, -EO

20

and thus leads to the final expression for the susceptibility

W2 E—pg(T) = f N(E) sech ~ dE, (4)
4~ —w) 27
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FIG. 2. Model density of states N(E) used in the analysis is
shown by the solid curve. The thermal broadening of the
dashed curve df /dE (shown here at —T=300 K), where f is
the Fermi function, determines the region of the density of
states that dominates the susceptibility and Knight shift. For
p„&Eo, lowering the temperature narrows the thermal
broadening function and thus yields a decreasing y( T) by virtue
of the model step shape. By contrast, if p„ is right on or slightly
below the logarithmic singularity at Eo an upturn in y at low T
occurs.

N(E) =

EoA+B ln E +Eo,
Eo —E

Eo8 ln E)E0,E—E

(5a)

(5b)

where ~=k~ T is the temperature and 8', + 8'2 is the full
bandwidth.

The conventional Pauli susceptibility of ordinary met-
als refers to a form of N(E ) which is nearly independent
of energy. In that case the integration over energy in Eq.
(4) produces a constant susceptibility whose magnitude is
proportional to the density of states at the Fermi energy
N(p).

We use the model density of states in Fig. 2 defined by
the function
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where A, B are constants. The Van Hove singularity is
located at the energy Ep, which is also the threshold for
the step function. For simplicity we choose Ep=1 eV
throughout this study, and limit the range of the energy
0(E +2Ep. We assume that the energy bandwidth is
greater than 0.5 eV in order to have a cutoff much larger
than the spread of the thermal function. The limits of in-
tegration in Eq. (4) can then be approximated by + ao.

The evaluation of Eq. (4) for the step-function contri-
bution to the density of states in Eq. (5a) gives

t' —py„,p(T) = 1+tanh
2v

This is shown in Fig. 3 at two different temperatures, 30
and 300 K. Note that this contribution to the susceptibil-
ity decreases as the temperature is lowered if the Fermi
energy p is somewhat above the threshold Ep=1 eV.
Conversely, if the Fermi energy is slightly below Ep pgtep
increases as T is lowered, as seen in Fig. 3 for the case
that p is held constant. The chemical potential will
change as a function of temperature to preserve conserva-
tion of quasiparticle number. By itself, the step function
generates an increase in p with temperature, as we con-
sider explicitly below.

The contribution of the Van Hove singularity to the
susceptibility yvH can be expressed as

Xv„——a ln
2v

——f dx ln(x )[sech (x —xo ) +sech (x +xo ) ] .

with x =E/2r and xo=(Eo —p)/2r. The dominant con-
tribution to the temperature dependence of this term is
seen in the limit xp —+0. Physically, this corresponds to
having the Fermi energy exactly at the Van Hove loga-
rithmic singularity (p=Eo). The exact result in this lim-
it is

2Epe ~

yvH( T,xo =0)=8 ln
m7

where @=0.577 is Euler's constant. Hence in this case
the susceptibility increases logarithmically as the temper-
ature T is lowered.

For the general case of Eo&p (or xo&0) we evaluate

vH(r)=a ln
i(Eo —P)—Re% —+

2 2''7

(10)

where 4 is the digarnma function. The final result for the
noninteracting electron susceptibility is then

Xo(» =X.t.,+XvH ~

the integral gvH using contour integration. To do this,
we expand the function sech (x) in Eq. (7) using its
power series expansion

(n+ ,') nx-. —
sech (x ) =2 g„=o [(n+ —,') m +x ]

The resulting susceptibility is

T=30 K

1

0.6 0.7 0.8 0.9 1.0 F 1 1.2 1.3 1.4
chemical potential p, (eV)

FKx. 3. The contribution to the susceptibility y„,~ [Eq. {6)]
from the step in the density of states is shown as a function of
chemical potential p at two temperatures, T=30 and 300 K.
The parameter A =2.5 eV ' is the value used for 6tting the
LSCO value (see Table I). The anomalous decrease in y as T is
lowered occurs when p) Eo = 1 eV. However, a surprising low
T upturn in g„,~ can happen in the narrow region 0.9 &p & 1.0
eV even without the logarithmic singularity in the density of
states.

The principal mystery of a declining y(T) at low tem-
peratures can be traced to the step in the density of
states. As seen from Fig. 3, this behavior will occur only
when the Fermi energy p is slightly above Ep, because
the narrowing of the thermal function with decreasing
temperature (see Fig. 2) reduces the influence of the high
density of states region below Ep. However, if p is
sufBciently close to Ep, this reduced sampling of the step
below Ep is partially offset by the contribution of the log-
arithmic peak. When the Fermi energy p is located ex-
actly at Ep, the density of states peak is responsible for
the logarithmic divergence in yvH [Eq. (8)] as T~O. The
term containing the digamma function [Eq. (10)] is only
weakly temperature dependent, as we confirm by numeri-
cal integration of Eq. (7) as well as the evaluation of the
digarnma function.

The logarithmic peak in the density of states also plays
an important role in stabilizing the temperature variation
of the chemical potential p. This has a weak temperature
dependence owing to the requirement that the total num-
ber of states at a given doping concentration, X~, given
by
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8'~

Nz =I N(E)f(E p T)dE
1

(12)

remains constant. In the analysis presented in the next
section, we use our model susceptibility to fit experimen-
tal data for the LSCO, BSCCO, and YBCO cuprates.
The fits are generated by fixing the constants A and B for
a given cupr ate family, and varying only the zero-
temperature value of the chemical potential pp. We in-
clude in our model calculations the temperature-
dependent chemical potential p( T) determined self-
consistently from the above constraint of Eq. (12). Typi-
cal shifts in p( T ) are of order kz T as expected.

We also test the e6'ect of Coulomb interactions in the
cuprates through a Stoner enhancement factor in the sus-
ceptibility,

- La~ Sr Cu04
J.S.Torranoe et aL Data
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where U is the interaction strength. In our analysis of
the cuprates, we only consider weak interactions, and ex-
amine cases with U~0. 5 eV. This range of U values
avoids the magnetic phase instability whose boundary is
determined by the point where the susceptibility in Eq.
(13) diverges. Hence the experimentally measured values
of the static susceptibility provide constraints on the al-
lowed values of U which are consistently less than the en-
ergy bandwidths in the range 1 —2 eV determined by pho-
toemission data.

III. CUPRITE SUSCEPTIBILITY

0.0
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FIG. 4. Comparison of the calculated model susceptibility to
the experimental data of Torrance et al. (Ref. 3) on LSCO. Fits
to the susceptibility y( T) for four different Sr dopings were pro-
duced by only varying po, the chemical potential at T=O. The
values of po used for each theoretical curve are shown in the
upper right hand corner. All other parameters are held con-
stant at the values shown in Table I.

The principal features of the susceptibility anomalies
considered here were originally found in the LSCO cu-
prate by Johnston et al. and reviewed in comparison to
other cuprates. ' Our analysis of the LSCO data of Tor-
rance et al. is shown in Fig. 4. The theory curves calcu-
lated using Eqs. (6) and (10) are generated by fixing the
constants 2, B, and U at the values given in Table I, and
changing only the zero-temperature starting value pp of
the chemical potential. The upturn in y(T) at low T in-
dicates the infiuence of the logarithmic singularity in the
density of states when pp is very close to the threshold
Ep The calculated dot-dashed curve fits the data trian-
gles corresponding to a Sr content of x =0.25. However,
the data on samples with higher superconducting transi-
tion temperatures in this cuprate family (solid circles and

TABLE I. Parameters used to fit the susceptibility data. In
all cases the Van Hove peak and the threshold in the density of
states are located at Eo=1 eV. We use the conversion factor
0.645 eV X 10 emu/mol to compare our calculated susceptibil-
ity to experiments.

squares) exhibit a surprising downtrend in the susceptibil-
ity at low T. The latter cases are fit by the long-dashed
curve (for x =0.15), and the short-dashed curve (for
x =0.17) which require pp to be further above the thresh-
old Ep than the case of highest Sr doping, x =0.25.

A correlation of the superconducting transition tem-
perature with the model density of states N(x ) follows on
the assumption that the Sr doping in LSCO merely shifts
the Fermi energy in a rigid-band model. Assuming a
linear dependence of the Fermi energy on x, the mea-
sured T, values ' are show'n in comparison to the extra-
polated N(x ) values in Fig. 5. This plot indicates that a
high density of states occurs for some low T, alloys (e.g., -

x =0.25) and some alloys with high values of T, corre-
spond to low regions of N(x ) (as in the case of x =0.15).
It is intriguing that the maximum T, cases cluster away
from the threshold in N(x ) which also pinpoints the log-
arithmic peak. Remarkably, the two lowest T, LSCO
samples appear to be situated the closest to the Van Hove
singularity.

Cuprate 2 (eV '
) B (eV '

) p —E (eV) U (eV) IV. KNIGHT SHIFT

La 1.85Sro. i 5Cu04
La& 75Sro 25Cu04
Bi2SrpCaCu20,
YBa2Cu 307
YBa2Cu306 63

2.5
2.5
3.7
1.28
1.28

0.18
0.18
0.16
0.195
0.195

0.0199
0.0023
0.025

—0.20
0.031

0.32
0.32
0.32
0
0.5

Nuclear magnetic resonance (NMR and NQR) tech-
niques provide a unique microscopic probe of the spin
response at specific atoms and sites in a compound. Ex-
tensive measurements on the YBCO cuprate reveal a
Knight shift J ( T) emanating from the Cu-0 planes that
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FICx. 5. Correlation of the model density of states at the Fer-
mi energy (solid curve) with the superconducting transition tem-
perature T, (left scale) as a function of Sr content x. The model
fits to the susceptibility were combined with a presumed linear
dependence of pp on x to estimate 1V(x) (right scale). The
dashed curve is sketched through the data points (taken from
Refs. 3 and 36) as a guide to the eye.

interaction by charge carriers may lead to a variation in
U with oxygen content in YBCO as well as the other cu-

pr ates.
The YBa2Cu307 Knight shift data of Barrett et al. in

Fig. 6 reveals a standard Pauli susceptibility that is essen-
tially temperature independent down to the supercon-
ducting transition at T, =90 K. This case suggests that
the Fermi energy is relatively far from a Van Hove singu-
larity of the logarithmic or step variety. We demonstrate
a fit to the normal state component of this data by the
solid curve. The principal "pseudogap" anomaly is seen
in the data of Takigawa et al. for the oxygen depleted
sample YBa2Cu306 63 also shown in Fig. 6. Our calculat-
ed dashed curve fits the anomalous decrease in y( T) at
low temperatures quite well with a Fermi energy that is
slightly above the step threshold energy Eo. The loga-
rithmic singularity is not the dominant feature for the
YBCO cases shown here, but is included to retain the
same model for all of the cuprates analyzed here. Also,
the logarithmic peak tends to stabilize the shift in the
chemical potential as a function of T.

Alloul et al. have discovered a systematic evolution
of the Knight shift as a function of oxygen content in
YBCO, which suggests the general trend in the density of
states shown in Fig. 7 if the Fermi energy is linearly relat-
ed to the oxygen content. As oxygen is depleted, the

K(T)=ay(T)+K„b, (14)

exhibits similar temperature variations for the copper
and oxygen sites, which indicates that an itinerant elec-
tron susceptibility is evident in the superconducting
phases of this cuprate.

Careful scrutiny of the hyperfine coupling to the nu-
clear spins indicates that an appropriate representation
for the Knight shift is

1.4—

1.2

1.0—
0
8

0.S—I

0.6—

Theory
U~Q, p, 08eV
U ~0.5eV, p, ~ 1.031 eV

where a is a hyperfine coupling constant, and g( T ) is the
planar spin susceptibility which we investigate here. In
our analysis of the YBCO data, we assume that X„b, the
orbital contribution to the Knight shift, is zero. We
determine the hyperfine coupling +=0.57 by comparing
our computed susceptibility to the YBa2Cu30~ Knight
shift data of Barrett et al. We then use this value to fit
our computed curve to the Cu(2) Knight shift data of
Takigawa et al. on YBa2Cu306 63 Our coupling is qual-
itatively similar to the estimates used by Takigawa et al.
which are influenced by their choice of a finite K„b. The
Stoner enhancement factor in Eq. (13) tends to amplify
the temperature variation of y(T) relative to yo(T). The
values of U employed for the different materials are listed
in Table I. In the case of the constant y( T ) in
YBazCu307, a finite U simply shifts the magnitude of the
susceptibility, which could alternatively be achieved us-
ing a finite K,b. Nevertheless, screening of the Coulomb

0.4—
YBagCugOX expt.

~ z ~ V Barrett
z ~ 6.6S Takigawa

I

100
I

200 300
Temperature (K)

FIG. 6. The susceptibility data obtained from the Knight-
shift measurements on YBa2Cu307 z reported in Refs. 4 and 5
are shown by circles and triangles. The solid curve is calculated
with pp Ep = —0.20 eV which yields the standard Pauli
behavior seen in the 5=0 data. The anomalous decrease in the
5=0.37 susceptibility data at low T is fit by the dashed curve
which corresponds to a Fermi energy slightly above the step
threshold in the model density of states. The parameters for
YBCO are listed in Table I.
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FIG. 7. The model density of states N(x) at the Fermi ener-
gy is plotted as a solid curve using a linear variation of the Fer-
mi energy shift as a function of oxygen content. The measured
YBCO superconducting transition temperature T, decreases
with oxygen content (data squares), whereas the extrapolated
N(x ) drops more dramatically. The dashed curve is a sketch of
the well known trend of T, as a function of doping in this cu-
prate.

FIG. 8. The calculated susceptibility as a function of temper-
ature is shown by the solid curve in comparison to the Bi2212
susceptibility estimated from the Knight shift data of Refs. 6
and 7. The anomalous decrease in y at low T results from a
Fermi energy slightly above the model step threshold. The
model parameters for these cuprates are given in Table I. The
dashed curve is the bare susceptibility with no Stoner enhance-
ment.

present interpretation of their measured susceptibility in-
dicates a shift of p toward the step in N(p). If the loga-
rithmic singularity is indeed present in the region covered
by these metallic compositions of YBCO alloys it should
be possible to measure an upturn in y at low T at a very
specific composition. There is evidence for a susceptibil-
ity upturn in Zn-doped YBCO which has been interpret-
ed previously as a localized magnetic moment contribu-
tion.

The above results are in contrast to the basic feature of
the BCS theory of electron pairing that predicts a super-
conducting transition temperature that increases with the
density of states. For the YBCO sample with T, =60 K,
the low-temperature susceptibility suggests that the den-
sity of states is much lower than in the case of the T, =90
K compound. Similarly the LSCO density of states
correlation with T, shown in Fig. 5 is incompatible with
the BCS weak-coupling formula for the transition tem-
perature.

Finally we examine the Knight-shift data of Kitaoka
and Takigawa on the Bi2212 superconductor which also
displays the anomalous "pseudogap" drop at low T. In
extracting the susceptibility from this data we leave in
place the values of the hyperfine coupling u and E„b em-
ployed by Kitaoka. Remarkably the same model that we
have used above yields a good representation of the sus-
ceptibility as shown in Fig. 8 for a Fermi energy located

above the threshold energy Eo. The solid curve illus-
trates the e6'ect of the Stoner enhancement in amplifying
the temperature variation of y( T ) relative to the dashed
curve for yo( T), plotted using U=0. Thus this high tem-
perature superconductor with T, above 80 K appears to
correspond to a relatively low density of states.

Another case of a conventional Pauli susceptibility that
is nearly constant is found in the thallium-based TBCO
family of superconductors. However, it is very interest-
ing that small changes in oxygen content create dramatic
changes in the T, values ranging from 85 down to 0 K,
even though the corresponding measured susceptibility
values are nearly identical and essentially independent of
temperature.

V. CONCLUSIONS

A correlation of the superconducting transition tem-
peratures of various euprates with the model density of
states is shown in Fig. 9. The T, data points (circles,
squares, and triangles) are plotted at the Fermi energy
values used to fit the susceptibility data for each material.
Although the corresponding magnitude of the density of
states for these cuprates is uncertain, the placement of
the Fermi energy relative to the threshold (i.e., p Eo)-
provides insight into mechanisms that have been pro-
posed for high-temperature superconductivity.
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FIG. 9. Superconducting transition temperatures of several
cuprates are shown at values of the Fermi energy obtained from
our calculated fits to the susceptibility data. The general shape
of the model density of states X(E) is the same for all of the cu-

prates considered here, although the relative heights above and

below the X(E) threshold for a given material are in Table I.
The solid curve is the density-of-states model with parameters
appropriate to LSCO. Both YBa2Cu30, and Tl&Ba~Cu06+z ex-

hibit a constant susceptibility which only requires that the Fer-
mi energy be in a region of constant X(E). For our model, a
Fermi energy po ~ 0.9 eV will produce a constant g( T).

The evidence for a large density of states just below the
Fermi energy is further confirmed by recent photoemis-
sion data' ' on several cuprates. This type of structure
may naturally arise from a reasonably Bat band whose
maximum is very close to the Fermi energy. In the event
that another broader band crosses the Fermi energy
simultaneously, the narrow band may generate excitons
or perhaps acoustic plasmon modes which may enhance
pairing of electrons. The two-dimensional character of
the cuprate electronic structure is particularly beneficial
for reducing the Landau damping of the acoustic
plasmons and therefore enhances their prospects for ex-
isting as well-defined excitations. Photoemission spec-
troscopy reveals the existence of a nearly half-filled band
in addition to a narrower band close to the Fermi band in
YBCO (Ref. 13) and also in BSCCO. '

Conventional weak-coupling formulas for T, within
the BCS theory are clearly not compatible with the densi-
ty of states trends shown in Fig. 9. However, several
theoretical developments ' have emphasized the role
of a logarithmic singularity in the density of states in
enhancing the pairing caused by phonon exchange. Thus
the very narrow region of the singularity shown in Fig. 9
and the correlation with T, values of cuprates may pro-
vide constructive guidelines for quantitative calculations
based on Van Hove singularities.

Our analysis predicts an upturn in the susceptibility as
the temperature is lowered when the Fermi energy is
right on the peak of the Van Hove logarithmic singulari-
ty. Thus the recent evidence for this desired placement
of p from photoemission by King et al. on a slightly
doped Bi2201 cuprate presents a case where a future sus-
ceptibility measurement may test the validity of our
analysis or the existence of the narrow logarithmic struc-
ture.

Another model using an inverse square-root singularity
in the density of states has been investigated by Aristov
and Yashenkin. ' Their model calculation also produces
a temperature-dependent susceptibility which is reminis-
cent of the cuprate data.

Finally we note that the primary "pseudogap" anoma-
ly of a decreasing susceptibility at low temperatures
occurs in our analysis because of the threshold step func-
tion in our density of states model, and does not require
the logarithmic singularity. The few cases in cuprates
where the susceptibility rises at low temperatures are
reminiscent of the A-15 superconductors, where the
anomalous rise may be attributed' to a narrow peak in
N(E), with the logarithmic divergence providing one
such example.

A possible physical origin of the band model that we
have chosen may be traced to band-structure calcula-
tions' such as the YBCO study by Mazin et al. "Anoth-
er more esoteric explanation is the "spin bag" picture
proposed by Kampf and Schrieffer. However, the latter
perturbation theory treatment of -antiferromagnetic spin
Auctuations has not yet produced a specific "pseudogap"
model for direct comparison. The Monte Carlo calcula-
tions suggest another source of band narrowing via
many-body correlations.

Empirical band-structure models ' based on an an-
isotropic two-dimensional tight-binding approximation
will produce the type of density-of-states model that is
used in the present analysis. With the aid of experimen-
tal photoemission data, such band models may aid the in-
vestigation of other anomalous properties of the cuprates
including the role of nesting and/or Van Hove peaks in
spin-mediated mechanisms of superconductivity.
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