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behavior of pure He an pu3 ure He on alkali-From available informat' ion concerning the wetting e u
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dentl . We predict p enomena sucuch as a triple-point-inducedof He and He can be varied independen y. p

centrated He solutions. Experimental methods for testing e pr

I. INTRODUCTION

The h sics of wetting transition s has been trans-
formed with the recent prediction ' and subsequent ex-

of wettin and prewetting tran-perimental observation o we g
H adsorbed on cesium and H2 a sor esitions in e a so

he addition ofIt was soon realized that t e aon ruoiuium.
f H which behaves as a surfactant,a small amount oi e, w ic

of He on Cs, indeed producingcould augment wetting o e on
d b Ke-ttin henomena recently observe y e-reentrant wetting p eno

tola and Hallock. In this work we explore the u rang
He- He mixtures on Cs and otherof concentrations in

al~~li metals.
ec. II with the constructionOur exposition begins in Sec. wi e c

of the bulk phase diagram for He- He mixtures in p3-

sets the stage for our discussion o w g pf wet tin henomena.
o the case of heliumIn Sec. III we turn our attention to

d b d Cs substrates. The resultant phasemixtures adsor e on s
~ ~ ~F 3—7 predict fascinating newdiagrams, shown in igs.

henomena, inclu ing rip e-p1 d t i le- oint dewetting, which has
1 ~et to be observed experimental y.

d ted to the construction of the phaseSection IV is evo e o
ams for helium mixture adsorption on a i-me a

substrates other than cesium. e case o s
h unlike for cesium, t eresidered Grst as an example w»ere, un i

is no region of nonwetting an~ rip -p '
d tri le- oint dewetting is

absent. We note t a e ph t the hase diagram for Na su-
strates may we e reprll b resentative of most strong y in-
in substrates once so i e iing 1 d helium layers are accounte or.

ma be in a class intermediateRubidium and potassium may e in
m with both He an e we-between sodium and cesium, wi

1- 't= 0 as well as He trip e-pointing and prewetting at T = as
dewet ting.

s a ear in Sec. V.F th discussion and conclusions appear inur er
sed and it isental tests of our results are proposed,

ointed out that our prediction t a e
d 3Hewe, , K b t t under bulk concentrated HewetCs, Rb, orKsu s ra esu

could possi y a ow'bl ll Bose condensation of e quasipar-
4 ' 3ticles in supersaturated solutions of He in e.

II. CONSTRUCTION
OF THE BULK PHASE DIAGRAM

-10 -8 -4 b -2
P.3

of bulk He- He mix-FIG. 1. The complete phase di.agram o
-T s ace. The sheet atbcd is the liquid-vapor

d h h t tf i theet with critical line c; e s ee
ic se aration sheet with tricritical line 3e.

ltse shows two edges of the A s eet. oin i
the He surface at w ich h the Andreev states start to become
occupied by He. p,3, p4, and T are in K.

It is illuminating to present t e pe film hase diagram
a ainst the background of the bulk phase diagram. The
comp plete hase iagram o iqu

1. The main features4-T space is shown in ig.
o '

h 1 uid-vapor coexistence or sat-of this diagram are t e iqui
~ ~e SVP sheet atbcd, the isotopicurated vapor pressure S s

The Aphase separation sheet t3ee t and the A line lt3.
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line is the intersection of the superBuid transition sheet
(on the liquid side of the SVP sheet but not shown) and
the SVP sheet. The line t3t is a triple line, ending in the
tricritical point t3. Note that the SVP sheet has a crease
at the triple line. There is, in addition, as discussed in
more detail below, a line of second-order transitions (see
Fig. 2) in the T = 0 plane representing the limit of solu-
bility of He in He.

He has a binding energy in He of E3——2.785 K, for
chemical potentials p,3 ( —E3, He does not dissolve in
He and the condensation curve, as shown in Fig. 2, lies

at p4 ———L4, where the latent heat of He is L4 ——7.16
K. For weak solutions of He in He, the He acts like a
Fermi gas of quasiparticles of mass m3 ——2.272m3,
where m3 is the bare He mass. The number density of

He is then

A. T=O

In order to understand the construction of the bulk
phase diagram, it is simplest to consider the zero-
temperature case first. The corresponding phase diagram
is shown in Fig. 2. P4 + L4 ——— (P3 + E3) i —= —7r3/n4 (3)

,„[2m,*(P + E3)] ~',

which can be integrated with the assumption that the
number density n4 of He remains approximately con-
stant to give

Liquid-gas coexistence: Condensation at 0 K

Here we consider the curve forming the edge of the
liquid-vapor coexistence sheet at 0 K. The slope of this
line is determined by a Clausius-Clapeyron equation

as the equation for the condensation curve for the solu-
tion. [The right-hand side of Eq. (3) defines the osmotic
pressure 7r3.] This curve is denoted as st in Fig. 2. In
practice, we have adjusted the coefficient of (p3 + E3)
slightly to match the data of Radebaugh. The zero-
temperature triple point t is just the intersection of the
curve of Eq. (3) with the line y3 —— L3. —

CLp4

d coca

An

Ln4
'

2. Liquid naiature coexistence at T = 0

where An3 and Ln4 are the discontinuities in the He
and He number densities across the line. Since the vapor
phase has zero density at T = 0, Ans/An4 —— A3/X4,
where X, refers to the concentration of the ith isotope
in the liquid. At 0 K, He is insoluble in He, and so
the condensation line, tb of Fig. 2, for He lies at p3

L3 where the latent heat of He is L3——2.473 K. Since

To find the edge (the line tf of Fig. 2) of the isotopic
separation sheet at 0 K, we use the Clausius-Clapeyron
equation to find

dP4 Ans vg/v3 —X3 = 0.75,
dP3 LA4 X4 (4)

where the specific volumes of the dilute phase and pure
3He are v~ ——28.1 cm /mol (Ref. 16) and vs ——36.818
cm /mol, respectively.

3. Solubility curve

bulk He4

bulk mixture

The limiting point of solubility of He in He varies
with pressure as dE3/dp = —(1 + n3)n4, leading to a
second-order transition line, shown as the dashed line 8g
in Fig. 2, in the T = 0 plane with a slope

dti3/dp4 —— (dE3/dp) (Bp—/Bp4) = 1 + n31

VRCUUM
where o.3 ——0.286 at SVP. This transition occurs only at
T=O, since at nonzero temperatures there is a nonzero
concentration of He at all p3.

-5.0 -4.0 Surface solubility of IIe

FIG. 2. The phase diagram of He- He mixtures at T = 0.
Curve atb is the liquid-vapor coexistence transition; tf is the
isotopic separation transition; Sg is a second-order transition
at vrhich He becomes soluble in He; A: is the same as in Fig.
j.. p3 and p4 are in K.

There exists a bound state2 of the He atom at the
surface of bulk He with a binding energy of E,=2.22
K with respect to E3y the binding energy to the bulk.
Thus below tj3 ———(E, + E3) = —5 K, the surface of
bulk He is bare of He; above, He atoms are bound to
the surface (though insoluble in the bulk for p3 ( E3).
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Like the previous transition, this transition, marked A: in
Figs. 1 and 2, occurs only at 0 K, and is second order.

B. Extension to T & 0

TABLE I. The complete curves of p3(T) and p4(T) at SVP
for both pure isotopes. Data below T = 1.5 K are from
Ref. 15; data for He above T = 2 K are from Ref. 23; other
data are interpolation and extrapolation as described in the
text.

The extension of the phase diagram of Fig. 2 to T )
0 consists of extending the solid lines as sheets which
eventually terminate in critical lines and in adding the A

transition sheet.

Liquid-gas coexistence: Cv itical Line

The liquid-vapor coexistence sheet, which terminates
at T = 0 in the curve astb of Fig. 2 ends in the critical
line dc of Fig. 1. To determine this critical line, we use
the phenomenological interpolation formula of Leung and
Griffiths. In terms of the parameter (, which goes from
0 for pure He to 1 for pure He, the critical line is given
by

ps ——T[bi(+ b2$ + ln(1 —() —ln Cs] + As,

T (K)
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.80
1.00
1.20
1.40
1.60
1.80
2.00
2.20
2.40
2.60
2.80
3.00
3.20
3.32

p3(T) (K)
-2.4730
-2.4867
-2.5229
-2.5754
-2.6400
-2.7142
-2.7964
-2.9810
-3.1888
-3.4170
-3.6644
-3.9565
-4.2574
-4.5734
-4.9014
-5.2382
-5.5807
-5.9257
-6.2701
-6.6107
-6.8119

T (K)
0.00
0.80
1.00
1.20
1.40
1.60
1.80
2.00
2.20
2.40
2.80
3.20
3.60
4.00
4.40
4.80
5.20

p4(&) (K)
-7.1600
-7.1602
-7.1610
-7.1638
-7.1718
-7.1916
-7.2356
-7.3250
-7.4811
-7.6429
-8.0083
-8.4213
-8.8753
-9.3683
-9.8974
-10.4607
-10.9600

p4 —T[bi(+ b2( + ln(() —ln C4] + A4,

with the critical temperature of He T 3——3.3105 K,
the critical temperature of He T,4 ——5.1884 K, bi ——0.25,
b2 ——0.2568, ln C3——1.683, and ln C4——2.931. The constants
A3 and A4 are left arbitrary by Leung and GriKths, but
may be determined if we know the chemical potentials
at the critical points of pure He and He. The chemical
potential at SVP, p4(T), is given from T=2 K to T,4 by
Sychev et aL, who give p4(T,4) = —10.96 K. To our
knowledge, the analogous quantity for He has not been
calculated. We use the calculations of Radebaugh for
pz(T) up to T=1.5 K, and observe that its second deriva-
tive extrapolates nicely to the value d2p, /dT2 = —0.22
K p, v, /k~ at the critical point given by Wallace and
Meyer. (In this formula, p, =861 Torr and v, =24.2
cms/g are the pressure and speci6c volume at T,=3.31
K.24) The spline integration routine of the plotting pack-
age psIpLQT (Ref. 25) then gives pz(T, s) = —6.8 K. In
Table I, we present the complete curves of ps(T) and
p4(T) at SVP for both pure isotopes, where the data
below 1.5 K come from Ref. 15 for both He and He,
and the data for He above 2 K are from Ref. 23. For

He between 1.5 K and. 2 K the data are interpolations
using a fitted function p4(T) = —(14 + 0.001T"' ), with

p4, L4, and T in K. For He above 1.5 K, they are the
result of interpolation and the extrapolation described
above. A good fit to the He data is given by the func-
tion pos(T) = —(Es+0.225T+0.544T2 —0.0675Ts), with

p3 E3, and T in K. Finally, we find A3 ———1.24 K and
A4 ——1.62 K.

2. Triple line

For the triple line tt~ of Fig. 1 we use the data of
Radebaugh for the concentration X3 in the He-rich
phase at phase separation up to T=0.6 K, together
with the values X3——0.67 and T=0.87 K at the tri-
critical point at SVP. The chemical potential p3 can
be determined from X3 and T from the Gibbs func-
tion G = Xsps(T) + X4p4(T) —TS + GE, where
S — kQ (X3 ln Xs +X4 ln X4) is the entropy of mixing,
and G~ represents the deviation from the behavior of an
ideal mixture. If the vapor pressure can be neglected,
then ps ——(G + X48G/OXs). Below 1.2 K, the excess
Gibbs function agrees with the regular solution model,
G@ ——k~WX3X4, if the parameter W is allowed to de-
pend on T.is Then ps ——pos(T) + WX42+ T 1 XnFsor
0.2K& T &0.6 K, Radebaugh's values of W are fitted by
the function W = 1.027+ 0.511T+0.441T, with W and
T in K. At 0.87 K, we can use the value W=1.54 K.

For p4 along the triple line, we use the formula for the
osmotic pressure given by Van de Klundert et al. , 7t3 ——

16.9+640T2 torr (if T is in K) and compute p4(X&, T) =
pe4(T) —mrs/n4.

8. Tricritical line

The isotopic phase separation sheet tfets of Fig. 1 ends
in the tricritical line t3e. del Cueto et al. give values for
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X3 and T at the tricritical point as a function of pressure
p. To determine p3 and p4 from these values, we observe
that A3 and T do not vary greatly along the tricritical
line; then we can use

= (1+~4)~s(&, T)
Bp4
~& ) x., z 72—

= (1+~s)«b»T)(&pal
4 ~&)~„v

where o4 has been measured by Laheurte, o.s(p) by
Watson et al. , and values of the specific volumes of the
pure isotopes v3 and v4 are taken from Wilks. Numer-
ical integration using psIpI, OT yields the tricritical line.

-7.3

-3.6

vacuum

-3.2 -2.8 -2.4

A line

To complete the bulk phase diagram, we observe that
the A line, the curve its of Fig. 1 (A transition at SVP) is
well known in Xs T(Ref. 31) s-pace. To convert from As
and T to p3 and p4, we use the regular solution model
of Sec. IIA2. Above 1.2 K, helium Inixtures deviate
slightly from regular solution behavior. However, a fit of
the regular solution model with W = 1.49 + 0 344(T —.
0.6) —0.379(T—0.6) fits all the data of de Bruyn Ouboter
et a/. within 0.2 K over the range of data 0.9 K( T (1.7
K. The A sheet extends from its termination /t3 on the
liquid-gas coexistence sheet back into the liquid region
of the phase diagram. As this sheet does not interest us
directly here, we do not display its location.

FIG. 3. The phase diagram of He- He mixture films ad-
sorbed on Cs at T = 0. Bulk phase transitions are reproduced
from Fig. 2; WAY is a prewetting (thin-thick) transition in
the film; XD is the isotopic separation transition in the film.
TV is a wetting transition, D a dewetting transition. p3 and
p4 are in K.

dP4 N3

dP3 %4
' (9)

where N3 and N4 are the He and He numbers in the
film. Near W the film is very thick, and all the He
atoms are on the film's surface. The film's thickness z4
is controlled by Lp4 ——p4 —p4 and found by minimizing
the energy

III. CONSTB.UCTION
GF THE FILM PHASE DIACB.AM

FDB. CESIUM SUBSTB.ATES

++4m
(d4f (Z4) —

2 p44p4Z4~
2z4

(1o)

Again, it is instructive to consider the zero-
temperature case first.

where

~~4' ~4m ~44
3 3 3

A. T = 0 Ale phase diagram far Cs substrates

Figure 3 shows the phase diagram of He films on Cs.
The diagram is that of the bulk with the prewetting curve
WXY and the film isotopic separation curve XD added.

is the effective strength of the van der Waals force, C3
is the strength of the van der Waals force between a He
atom and the wall, and C3 is the analogous quantity for
a He atom and a He "substrate. " The minimization
gives

X. T = 0 presetting cue ve

It follows from the appropriate Clausius-Clapeyron
equation that the 0 K condensation line XY for the
pure He film is a vertical line at the chemical potential
p3 ——2.70 K deduced by Pricaupenko and Treiner.
The wetting transition W for the pure He film is at
p3 ———3.4 K, as determined by us earlier. To deter-
mine the shape of the prewetting curve near R we write
Fq. (1), at T = O, as

and, as %4 ——z4p4, Eq. (9) becomes

dp4 ns. (—A@41 i/3

dp, p4 (aC,
where ns, can be taken equal to the coverage (0.7 layers)
at TV. This integrates to
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2n38 A)tl3

I, 3p.(SC'-) / y'

t'&@3'
(5.93) (15)

derived by minimizing the free energy with respect to z3,
whence

/ ~C33") '"
Z3 =

I AP3 )
where A@3 is measured from YV. We in fact use this
result, extrapolated to its intersection with XY to esti-
mate the location of the point X at p3 ———2.7 K and
p4 ———7.2 K.

For the dilute film along the curve aD, the same anal-
ysis yields

df = o'3~ + od3+ o~d + psbc3 /2z, (df)
—z, (df)p3 p3

3d 2

2. Dezoetting tranaition

The isotopic phase separation curve runs from X to
D. To determine the location of the point D, we first
consider the state of the film at the triple point t. We
let the surface tensions of the wall-dilute phase interface,
the dilute phase-pure He interface, the pure He-vapor
interface, and the wall-pure He interface be o d, o d3,
03, and o. 3, respectively. Both the pure He film and
the dilute He film wet Cs at t, and the dilute film is wet-
ted by a surface layer of He. Hence the surface excess
free energies of the dilute film phase and the concen-
trated (pure He at T = 0) film phase are, respectively,
Mgf = 0'~d+ od3+ 03 and 4J y

= 0' 3+ o3
Saam and Treiner have calculated that

where z ~dy~, the thickness of the He layer on top of the
thick dilute film, is given by

In the above, AC3 and LC33d are defined in obvious
analogy to AC3 in Eq. (11). The point D is then deter-
mined by the condition that the concentrated film and
the dilute film have equal surface excess free energy. The
result is

3 (~C3m )
1/3 (~C3d )

1/3
( ~ )

2/3

2o.~d + od3 —o.~3 ——0.013 K/A. ,

which implies that wdf —w, f = +0.013 K/A. ) 0, from
which it follows that the concentrated phase is the stable
phase at the point t. (Note that the result o d + o'd3—
0 3 & 0 implies that a layer of He does not form at
the interface between pure He and cesium, raising the
possibility of forming supersaturated solutions of He in
3He in cesium-coated vessels. ) Since the pure 3He film
is wetting only along the bulk coexistence curve tb, it
is nonwetting along the stretch of curve Dt, , and so the
point D is a triple-point-induced dewetting transition
from a wetting dilute film to a nonwet He film.

We remark that triple-point dewetting is the case when
each of two phases wets the wall individually, but near
the triple point where both phases coexist with the vapor,
a narrow interval of nonwetting behavior is introduced.
This is to be distinguished from the case of triple-point
wetting, where one of the phases wets and the other does
not, and the triple point is the boundary between the two
behaviors.

To determine the location of the point D more pre-
cisely, we need a model of the surface excess free energy
density of the two phases away from the bulk coexistence
curve atb. For the concentrated film along the curve Dt,
our model is

M~f —o3~ + 0~3 + p3AC3 /2z3 z3p3Ap33to 2

where z3 is the thickness of the film, p3 is the He liquid
density, and A@3 ——p3 —pz is the difI'erence in chem-
ical potential from the chemical potential of the bulk-
saturated liquid (line tb). The thickness of the film is

~md + +d3 ~tu3) (21)

whence Aps ———0.034 K. (Here we use AC3" —AC3 .)
Note that this implies that the concentration of He in
the dilute solution at D is only 5.2%,1s dilute solutions
of concentration greater than this, though stable in the
bulk, will not wet cesium at T=0 K.

8. Isotopic separation in the film

We next wish to consider the asymptotic form of the
isotopic separation line XD for the film.

When the chemical potential departs from the bulk-
saturated vapor pressure curve for the dilute solution,
the thickness of the dilute layer of the film varies rapidly,
while the thickness of the He layer on top of the film
varies relatively slowly. Therefore it sufIices to take for
the free energy of the dilute film

iddf = collst + pdAC3 /2zd(df) + zd(df) ALIJd,

where zd~dy~ is the thickness of the dilute layer of the
stratified dilute film, and ud is the bulk Landau free en-

ergy density. Aud is the free energy cost of having a
liquid phase in the region of the phase diagram where
the vapor has lower free energy. The Landau free energy
is the appropriate choice of free energy, since we wish to
extrapolate the free energy of the dilute phase away from
the saturated vapor pressure curve in the p3-p4 plane. At
constant T,

d = Pd(~sddV3 + +4ddP4)

where X,d is the concentration of the ith helium isotope
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in the dilute layer. Close to the saturated vapor curve,
we integrate this equation at constant X3d to find

pd (X3d+@3 + X4d +@4)1 (23)

where A@3 and Lp4 represent the difference in chemical
potentials between the actual state of the film (ps, p4)
and a "reference" bulk liquid state (p3', p4'r) at the same
concentration. To first order, because of the Clausius-
Clapeyron equation governing the saturated vapor curve )

dy4/dp3IT sv.~ ——Xsd/X4d (neglecting the density of
the vapor), the right-hand side of Eq. (23) is actually in-
variant with respect to the choice of the bulk reference
state: It can be any nearby bulk liquid state of any con-
centration at the saturated vapor pressure (the reference
state must be the dilute phase, of course). We may then
drop the requirement that Lp3 and Lp4 correspond to
a path of constant X3d.

For convenience, we define

ters ati = pd(b, C3 ) f /(n, ~dfl
—nsl, fl). Since Ap, ' =

—And/pd and X3ddp3 + X4ddp4 ———d~d/pd, the inte-
gration is trivial, yielding

—aD( —ap')'f' = —a@3,

r' —A@3l
&s

q 1.03 )
+ 1.024@&

B. T & 0 Hlm phase diagram for Cs substrates

a result very similar to Eq. (15), but with an extra minus
sign, and where the Lp's are now measured &om D.

The curve expressed by Eq. (30) does not quite pass
through the point X determined in Sec. IIIA1, and so
we adjust it by adding a term of the next leading order,

IQp, : 4(l)d/pd ~ XsdAp3 + X4db, p4. (24)

Because of the Clausius-Clapeyron equation, Lp' ap-
proximately measures the perpendicular distance from
the saturated vapor pressure curve in the p3-p4 plane.

We can now derive the asymptotic form of XD near
the point t from the Clausius-Clapeyron equation for the
film d,~dP4/ V'3 IT coexistence (N3(df) N3(of i ) /(N4(c f)
N4(df i ), where the N3's and N4's are the total coverages
of He and He in the two film phases, the dilute film and
the concentrated film. We need to find these coverages
to complete the analysis. Once again, the thickness of
the concentrated film is slowly varying near the point D,
and it consists of pure He with a coverage %3(~f) ~

We next find the coverages for the stratified dilute film.
The thickness of the dilute layer can be determined by
minimizing Eq. (22). We therefore have

To determine the T ) 0 film phase diagram, we ex-
tend the lines TVX, XY, and XD as sheets ending in
critical lines. To this we must add the sheet of Kosterlitz-
Thouless transitions in the films. The results are shown
in Fig. 4 which displays the film transitions only, for clar-
ity. For the bulk transitions see Fig. 1. Constant tem-
perature cuts through the combined bulk and film phase
diagrams at T = 0.4, 0.75, 1.0, and 1.5 K are shown in
Fig. 5.

Wetting curve

The wetting curve TVTVp was determined as in Pet-
tersen and Saam, from the wetting condition o4(p3, T)+
o'4 ——o' „where o'4(p3, T) is the surface tension of He

) i/3

zdldf& =
I +~I )

For the dilute film the total coverages are

3(df) ~c(df) + ~3dPdzd(df)

and

%4(df )
—X4dPd Zd(df ) ~

(25)

(26)

2.5

2.0

1.5

1.0

0.5

We can now substitute Eqs. (26) and (27) iiito the
Clausius-Clapeyron equation, and expand to first order
in 1/zd(df) Since the variation of N df and N isc(df ) 3(cf )
negligible on this scale, we can substitute their values at
D. The result is

-10

0.0

dy4/&P3 = Xsd/X4d
Zd(df) X4dPd

(28)

which can be rewritten [using Eq. (25) for z jd(df) i

Xsddps+ X4ddp4 —— ( Ap') f /a~, —— (29)

where we have defined a new combination of parame-

FIG. 4. The phase diagram of He- He mixture films ad-
sorbed on a Cs substrate. The sheet WXYPQWo is the
prewetting sheet with critical line PQ; the sheet XDt t3 3f
is the isotopic separation sheet with tricritical line tqt3f. The
curve WWO is a line of wetting transitions where the prewet-
ting sheet is tangent to the bulk liquid-vapor coexistence
sheet. The curve lft3ft3 represents two edges of the A transi-
tion sheet in the film. (Bulk phase transitions are not shown,
for the sake of clarity. ) ps, p4, and T are in K.
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s. Thisensity between the t ic ank d thin phases vanis e
he bu]k liquid-gas criticalcritical point is g
h f intermediate f1m

sanalo ous tot e u iq
or the bulk, then, orpoint Just as

critical points interpconcentrations we p
t Lacking a detaile].ating between
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bulk value, and so the film triple line probably ends in a
tricritical point analogous to the bulk tricritical point at
a temperature of about 0.6 K. The film tricritical point
then lies well below any likely value of the film critical
line, a situation analogous to that which obtains for the
bulk tricritical point. In this case the point t3y is a tri-
critical end point of a type for which critical exponents
are, to our knowledge, unknown.

dence of ACs by ACs ——Cs —(pg jp4)Cs . We use this
formula to construct the A transition curves in the con-
stant T diagrams of Fig. 5. The A transition sheet must
end at the line of phase separation tricritical points t3f t,
as mentioned above.

g. Discussion of the constant temperature sections

Demetting transition and phase separation sheet

Next, we shall show that the dewetting transition D
persists at T ) 0 and approaches the bulk tricritical
point. Following the result expressed in Eq. (21),

ass+ (od —o. s) = —ps (ACs )'~ —(b,Cs")'~
2

x(—EPs) ~ .

Now as we approach the bulk tricritical point, op3 oc

(Ts —T), while ag —a s oc (Ts —T)~', where the
critical exponent Pq is not known for a tricritical point.
For a critical point, Pq

——0.8; for a tricritical point in mean
Beld theory, Pq

——3/4. 4o Within mean field theory, then,
the dewetting transition approaches the bulk tricritical
Point as (Ts T)P' oc (——APs) ~, where APs is measured
from the triple line.

The film phase separation curve at 0 K runs from the
film triple point X to the dewetting point D. At T ) 0,
the triple point has been traced to the film tricritical
point, and the dewetting point D has been traced to the
bulk tricritical point. Phase separation in the film thus
extends at T ) 0 to a sheet ending in a line of critical
points running from the film tricritical point to the bulk
tricritical point. This is analogous to the line of tricrit-
ical points for the bulk liquid under pressure (densities
higher than at saturated vapor pressure). Interesting 2D
to 3D crossover efFects mould be expected as this line ap-
proaches the bulk tricritical point t3 and its associated
critical film becomes infinite in thickness.

Figure 5 shows a series of constant temperature sec-
tions of the combined bulk and film phase diagrams. The
slice at 0.4 K shows little change from 0 K, except for the
disappearance of the 0 K phase transitions. At 0.75 K,
the section is above the film tricritical end point, but be-
low the bulk tricritical point. The section cuts partly
through the film isotopic separation sheet and partly
through the film A sheet. At 1 K, the section is above
both film and bulk tricritical points, and the' A transition
completely takes the place of phase separation. The sec-
tion at 1.5 K is above the critical point for prewetting in
He; a prewetting critical point appears where the section

cuts the prewetting critical line.

C. Other possibilities for Cs substrates

The recent experiments of Rutledge and Taborek in-
dicate that the critical point for prewetting in pure He
may be at a temperature substantially below 1.26 K. Here
we consider the possibility that He wets Cs without a
prewetting transition even at T = 0.

At T = 0, along the line XY in Fig. 3, the film phase
is pure He, and so if prewetting is absent for pure He,
the entire line XY is absent. The arguments concerning
the wetting transition at the point W and the dewetting
transition at D are unafFected, however. Thus the zero-
temperature phase diagram must be as shown in Fig. 6.
The prewetting transition is the curve TVD separating

S. A tvan8ition and A sheet

Next we examine the A transition in the film. In the
bulk, the A transition is a sheet which intersects the
liquid-gas coexistence sheet at SVP and terminates on
the line of isotopic separation tricritical points. The bulk
A transition lies above the wetting transition in the di-
lute film, and so clearly the A transition in the film must
approach the bulk A transition as the film approaches
infinite thickness. For pure He, it is found empirically
that the lambda transition obeys the law

7 2

-7.4
-3.6

3He film

-3.2 -2.8 -2.4

ACs fTp —T, l '"
~o

with v = 0.52 and Io ——12.3 A.. We extend this empir-
ical formula to mixtures by allowing Tp to depend on
concentration, and estimating the concentration depen-

FEG. 6. The T = 0 phase diagram of He- He mixture
films adsorbed on a Cs substrate under the hypothesis that

He does not have a prewetting transition. Curve TED is a
prewetting transition. p, 3 and p,4 are in K.
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b
I

-2.4
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FIG. 7. The phase diagram of He- He mixture Alms ad-
sorbed on a Cs substrate under the hypothesis that He does
not have a prewetting transition. WDtsQWO is the prewet-
ting sheet with critical line Qts, lyts represents an edge of the
A transition sheet. p3, p4, and T are in K.

the superfluid film from the He film in the phase dia-
gram.

Extending the prewetting curve TVD to T ) 0 as before
produces a prewetting sheet ending in a prewetting crit-
ical line, sketched as Qts in Fig. 7. The edges WWo and
Dt3 of the prewetting sheet are unchanged, the same as
in Fig. 4. The prewetting critical line must approach the
bulk tricritical point t3. For the prewetting transition is
also an isotopic separation transition, and since the film
phases near t3 are very thick, the critical line for isotopic
separation in the film must approach the bulk isotopic
separation tricritical line. A similar argument holds for
the A line lft3 where the A sheet meets the prewetting
sheet.

In Fig. 7, we have shown the A line lft3 and the prewet-
ting critical line Qts approaching ts tangentially to one
another, which seems the most likely possibility. It is
also possible for the two curves to coincide for some dis- .
tance, forming a tricritical line analogous to the isotopic
separation tricritical lines t3yt3 of Fig. 4 or t3e of Fig. 1.

IV. CONSTRUCTION
OF THE FILM PHASE DIAGRAMS

FOR OTHER ALKALI-METAL SUBSTRATES

A. Sodium substrates at 0 K

Sodium is a slightly stronger binding substrate than
cesium. It has been predicted that at 0 K, He wets
sodium with a prewetting transition (compare nonwet-
ting of 4He on Cs), ~ and He wets sodium completely,
with no prewetting transition. Figure 8 shows the T = 0
phase diagram for mixture films on sodium.

To trace the He prewet ting transition into mixed
films, we again compare the free energies of the dilute
and concentrated films at the triple point t, as in Sec.
III A 3.

The liquid-substrate surface tensions to a good approx-

FIG. 8. Sketch of the phase diagram of He- He mixture
films adsorbed on Na at T = 0. The bulk features are repro-
duced from Fig. 2. The curve UDV is a prewetting transition
for the film: Along segment UD it is a prewetting transition
for a He film under a He 61m; along DV it is a prewet ting
transition for a He film under bulk concentrated He. The
region labeled " He film" is bounded on the left by a vertical
line of T = 0 phase transitions (not shown) at ps = —esa,
where the binding energy e3& of He atoms on Na is approx-
imately 5 K. p3 and p4 are in K.

imation are given for i = 3, d by o; = o „+o.;
0.6p;(CsD ) ~, where o „+0;„ is the energy cost of in-
troducing surfaces in the substrate and the liquid, and
the last term is the potential energy of the two media in
contact, in the so-called "simple model" of the substrate
van der Waals potential

4C~3&() = Cg
Z3'

with parameters C3 and D. Then we have

(ddf —&~f + —0.023 K A.

The negative value for this combination of surface ten-
sions implies that the dilute phase is the stable phase of
the film at the point t, and therefore that the point D
lies on the curve tb. In this case D is not a dewetting

~df ~cf —(&dm + &ds + 03m) —(03m + &3u)

= (od„+ o.ds —os„) + 0.6(ps —pd)(CsD )'
(33)

Saam et aL give values Cs ——1070 K A and D=10.4
K for helium adsorbed on sodium, but they argue that
the observed value of the wetting transition temperature
for pure 4He on Cs indicates that this underestimates
the value of D by about 4 K, and so we take D=14.4
K. The surface tension og„cannot be measured, since a
layer of He spontaneously forms at the free dilute liquid
surface. We shall take crd„= 04„, which is certainly an
overestimate.

Using these values, at the triple point, we find
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transition. We note that that this result is equivalent to

~dy ~cy = ~du + Od3 03m (0
which implies that a layer of the phase dilute in He does
form at the interface between He and sodium, which is
confirmed by an unpublished calculation of Saam and
Treiner. (Had we taken D=10 4K. , our result would
have had the opposite sign; this is the case for rubidium
and potassium substrates, which we shall discuss below.
Sodium is therefore a marginal case. )

As one increases p3 along the liquid-gas phase bound-

below D to a wetting film of He with a thin layer of
d'l te phase film interposed between it and the sodium
substrate. The line DV is thus a prewetting (thin-thick)
transition for a He layer forming under the He film. As
one moves along the prewetting line UDV from the va-
por region across the bulk liquid-vapor coexistence line
to the pure liquid He phase, the prewetting transition
of the dilute film becomes a condensation of a He rich
film under bulk He. The presence of such a film is typi-
cal of strong-binding substrates and has been studied, for
example, on chromium substrates by Romagnan et al.
and Nakamura et al. on Ta substrates.

Note that the region in Fig. 8 labeled He film is
bounded on the left by a vertical line of T = 0 phase
transitions (not shown) at ps ———es~, where the binding
energy e3~ of He atoms on Na is approximately 5 K.

The location of the point D is determined by making
a model of the surface free energy excess for the dilute
film for finite thicknesses:

(/~ —
C s) &&s

~df = Owd + Od3 + 03v + 2 pdzd(df) p )

d(df )

where minimizing with respect to zd~dy~ yields

dm 1/3/' —(p —p )AC,
~d(df) I ~ I

The result is that, at D,

2/3(
)
1/s (~~d'W) 1/3

( ~ g) 2/3
2Pd

(0'4m + o ds &sm) )

whence Ap' = —0.042 K, and the He underlayer at point
D is 17 A. thick.

The slope of the curve UDV at D cannot be found
without a knowledge of corrections to the asymptotic van
der Waals form of the potential. The slope in Fig. 8 is a
sketch.

B. Sodium substrates at T ) 0

Several possibilities exist for the phase diagram or
sodium at T ) 0. One possibility, sketched in Fig. 9, is
that as was the case for cesium substrates, the prewetting
transition will extend to higher temperatures as a prewet-
ting sheet ending in a prewetting critical line. The bulk
A transition sheet will extend into the dilute film region
as a Kosterlitz-Thouless transition in the He underlayer.
The A transition will also extend from the bulk tricriti-
cal line as a Kosterlitz-Thouless transition in the dilute
film adsorbed under bulk He. The existence of a normal
film at the wall under bulk He, and the critical point
associated with the thin-thick transition in this layer,
has not to our knowledge been experimentally demon-
strated, though the observations of Romagnan et al.
for the case of a chromium substrate are consistent with
this picture. The observations of Nakamura et al. on a
Ta substrate, which show a continuous formation of a He
film under bulk He, are consistent with an experimen-
tal trajectory passing behind the section BDVP of the
prewetting sheet of Fig. 9, without intersecting it, and
approaching the triple line with decreasing temperature.

2.5
C. Bb and K

.0

-6 0

3 4FIG. 9. Sketch of the phase diagram of He- He mixture
61rns adsorbed on Na. UVPQ is the prewetting sheet for the
dilute 61m; IfI f is the edge of the A transition sheet for the
Glm, where it meets the prewetting sheet. The curve DR
shows the intersection of the prewetting sheet UVPQ with
the bulk liquid-vapor coexistence sheet. p3, p4, and T are in
K.

Rubidium and potassium substrates fall into a class of
behavior intermediate between cesium and so ium. Pri-
caupenko and Treiner predict that He wets both Cs
and K at T = 0 with a prewetting transition, and so we
may presuxne that the same is true for Rb, which falls be-
tween Cs and K in the periodic table. This differs from
the case of Na, which is strongly enough binding that

He wets at T = 0 without a prewetting transition.
On the other hand, He exhibits T = 0 prewetting on

Na, and so it may be expected to show prewetting or
possibly even nonwetting on Rb and K at T == 0. If the
value of the parameter D is corrected by the same 4 K
that we used in Sec. IV A, then the "simple model" pre-
dicts that both Rb and K, unlike Cs, are wetted by He
at 0 K though the case of Rb is marginal. Experiments)

of Nacher et al. indicate He wets Rb to low temper-
atures but V7yatt et al. have presented evidence He)
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-7.3

bulk

superfluid film

terms of variables such as the concentration of the film
(surface excess concentration) and relative saturation,
p/pp where p is the pressure and po is the saturated va-
por pressure. Because po depends on the concentration
of the film or liquid chosen for reference, regions corre-
sponding to di8'erent phases overlap on such a diagram.
In the film part of the phase diagram, at temperatures
suKciently below the critical line, the chemical potentials
can be converted to partial pressures of each isotope, us-
ing the Sackur-Tetrode equation for the ideal gas,

-7.4
-3.6

vacuum

-2.8 -2.4

= (A: T)'~' m,
Pi = B

2 h2

I IG. 10. Sketch of the phase diagram of He- He mixture
films adsorbed on Rb or K at T = 0 showing the same fea-
tures as the Cs phase diagram (Fig. 3) except for the wetting
transition W, which has moved ofI' to minus infinity to be
replaced by prewetting at the point U. p3 and p4 are in K.

does not wet Rb below 309 mK.
To find the location of the point D, we use the "simple

model" with values from Ref. 1 (Cs——754 K A.s, D=9
K adjusted for Rb; Cs ——812 K As, D=10.3 K adjusted
for K) to find the value of the combination of surface
tensions

+0.041 K (Rb)'&- .&= "-+ "-"-= +0026K(K)

Thus, as is the case for Cs, a He film will not wet either
Rb or K walls under bulk concentrated He, and the point
D of Fig. 3 for these cases lies on the curve at, to the left
of the triple point t.

To conclude, the phase diagrams for Rb and K,
sketched in Fig. 10, are similar to that for Cs, except that
in both cases the intersection of the prewetting sheet and
the bulk dilute liquid-vapor coexistence sheet and the line
of contact WTVo are absent. If He is ultimately shown
not to wet Rb at T=0, then Rb will have the same type
of phase diagram as Cs (Fig. 3).

V. DISCUSSION AND CONCLUSIONS

The phase diagram for. He- He mixture films on Cs
substrates has been quantitatively derived &om a mini-
mum of information: the experimentally measured wet-
ting temperature and location of the prewetting critical
point in p4 —T for pure He on Cs, and the theoreti-
cally predicted prewetting chemical potential and prewet-
ting critical temperature for pure He, in addition to the
knowledge of the properties of bulk mixtures. Similar
phase diagrams have been sketched for films adsorbed on
Rb, K, and Na substrates.

It is not practical to display these phase diagrams in

with p, , m, , and p; the partial pressure, isotopic mass,
and chemical potential of the ith isotope (i = 3, 4).

It is diKcult, in any case, to control the film concen-
tration experimentally, except in cases of macroscopically
thick films or very low temperatures: Since the concen-
trations of film and vapor are not equal, an exchange of
isotopes will take place between these two reservoirs as
external parameters such as temperature are changed.
The chemical potentials can be directly controlled by
having the substrate open to a reservoir of liquid or va-
por, su%ciently large so as not to be depleted by the
condensation of the film.

The phase diagram for He- He mixtures on Cs shows
several novel features. Along the curve R'Wo, He acts as
a surfactant, lowering the wetting transition temperature
from the value 1.95 K for pure He to zero at the point
TV. At 0 K, along the curve TVD, He induces wetting
of the mixed film, until at the point D, a pure He film
displaces the mixed film. The solubility of He in He
on Cs substrates is thus lowered to 5.2%. The point D
is an example of triple-point-induced dewetting, which
was predicted some time ago, but has not yet been
conclusively demonstrated. The He-4He/Cs system may
prove particularly amenable to the observation of this
effect. Note also that the location of Wo may be varied
by the use of cesium-plated quartz substrates.

As the temperature is raised, the dewetting transition
approaches the bulk tricritical point t3, as shown in Sec.
IIIB4. The approach is governed by the critical expo-
nent Pi, which governs the difference in surface tensions
04 0 3 . For a tricritical point, Pi is not known even
theoretically. It should be possible to measure Pi in the
He- He/Cs system.

The isotopic separation for the film exhibits a tricritical
point which undergoes crossover from three-dimensional
to two-dimensional behavior along the curve t3t3y of Fig.
4. Crossover exponents would be of interest to measure.

The interface between bulk concentrated He and Cs,
Rb, and K is not wetted by a film of the dilute phase.
Third-sound experiments or capacitative measurements
of dielectric variations would test this prediction. Most
substrates are wetted by a superfluid film under bulk con-
centrated He. This film acts as a nucleus for the isotopic
separation of supersaturated solutions. The absence of
such a film raises the possibility of forming supersatu-
rated solutions of He in He in vessels with Cs-, Rb-,
or K-coated walls. It would be interesting to search for
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Bose condensation of the He in a supersaturated solu-
tion. Bose condensation can only occur if the interaction
between He quasiparticles in solution is repulsive. The
sign of this interaction is not known, though there is a
suggestion that it may be positive. Super8uidity of dis-
solved He may have been observed in aerogel.

The dilute phase does wet the interface between bulk
concentrated He and Na walls, which is the situation for
ordinary substrates. We have speculated that the prewet-
ting transition for this film has a critical point above the
A transition. Although the superBuid transition has
been observed, the thin-thick (prewetting) transition to
a superQuid film in dilute films under He and the ex-
istence of a critical point would be new phenomenona.
Measurements with narrow-gap capacitors, such as those
of Nakamura and co-workers, would be able to demon-
strate the existence of a critical point in the thin-thick

transition.
While great progress has been made in the experimen-

tal verification of theories of wetting in the helium-alkali
systems, the richness of' the system has not yet been ex-
hausted. Mixture Alms provide a system in which the
parameters of the theory may be adjusted continuously
by varying the isotopic concentration. Many new phe-
nomena remain to be discovered and explored.
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