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Multiple wave-vector extensions of the NMR pulsed-field-gradient spin-echo diffusion measurement
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Multiple wave-vector extensions of NMR pulsed-field-gradient diffusion measurements are discussed
in the context of diffractionlike eff'ects of restricted diff'usion. In the case of two independent wave vec-

tors, it is shown that the dependence of the amplitude on the relative angle between the wave vectors
carries information that is absent in the usual single-wave-vector amplitude. It is shown that a two-

wave-vector measurement is sensitive to restricted diffusion even at small wave vectors, in contrast with

the single-wave-vector case. It is proposed that the angular dependence noted above may be used to dis-

tinguish effects of restricted diffusion from those arising from a distribution of diffusion constants.

I. INTRODUCTION

The NMR pulsed-field-gradient spin-echo (PFGSE)
measurement' has been a powerful probe of the diffusive
motion of fluid molecules. In the limit of narrow pulses,
the measurement corresponds to a Fourier transform of
the diffusion propagator of the molecules, at a wave vec-
tor given by the area under the relevant gradient pulse.
When the difFusion is hindered or restricted, the PFGSE
amplitude deviates from Gaussian dependence on the
wave vector. The deviation carries information about the
restricting geometry. In this paper, I analyze some
extensions of the PFGSE sequence, where more than one
wave vector is introduced. In general, such measure-
ments carry more information than can be obtained in
the usual PFGSE experiment. These measurements can
therefore be used to resolve ambiguities in interpreting
the PFGSE amplitude. A similar observation was made
in an earlier proposal by Cory, Garroway, and Miller,
but these authors did not investigate the implications of
mujktiple-wave-vector measurements in detail. Callaghan
and Manx have also introduced a two-wave-vector se-
quence which probes Quid Aow in more detail than is
available from the simple PFGSE measurement. In the
present work, the information content of multiple-wave-
vector measurements is analyzed in the case of restricted
difFusion. It is shown how a two-wave-vector measure-
ment unambiguously distinguishes between multicom-
partment diffusion and diffractionlike behavior arising
from restricted difFusion. Both of these might cause
smooth deviations from Gaussian wave-vector depen-
dence of the PFGSE amplitude.
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are not much more dificult than the single-scattering
case. In general, the idea is to have more than two gra-
dient pulses, with the gradient vectors pointing in general
in difFerent directions. Since we do not want inhomo-
geneous broadening to afFect the diffusion measurement,
there is one constraint, namely, that the vectorial sum of
all the wave vectors associated with the gradient pulses
(with correct signs to account for any 7r pulses) be zero.
Thus, if there are n gradient pulses, there are in general
n —1 independent wave vectors and n —1 independently
variable diffusion times. This could be implemented in a
variety of ways; for the purpose of concreteness, one pos-
sible pulse sequence is illustrated in Fig. 1(a), where gra-
dient pulses of strength g, have been interleaved with a
Carr-Purcell-Meiboom-Gill sequence. Note that the in-
creased number of m pulses is not in general necessary,

II. MULTIPLE-WAVE-VECTOR SEQUENCES

The analogy between the PFGSE measurement and
scattering experiments (e.g., neutron scattering) has been
emphasized in recent works. " However, there is one irn-

portant difFerence between these techniques, namely, that
measurements such as neutron scattering are usually
confined to single-scattering events due to experimental
limitations. In the case of PFG measurements, however,
the measurements corresponding to multiple scattering

FIG. 1. (a) Schematic illustration of a generalized multiple-
wave-vector PFG sequence. The sequence consists of a Carr-
Purcell-Meiboom-Gill sequence interspersed with gradient
pulses. The successive gradient pulses in general have different
gradient directions and are assumed to be of equal duration 5.
(b) A specific two-wave-vector sequence chosen for detailed
analysis. The sequence follows those proposed earlier in similar
contexts (Refs. 7 and 8). The gradient pulses are chosen to have
equal duration 5.
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and multiple gradient pulses could be implemented with
any desired number of m pulses. In the particular exam-
ple of Fig. 1(a), the constraint is satisfied if
g, —g2+g3 — . . +( —1)" 'g„,=O. Note that all the
pulses have been taken to be of equal duration 5, which in
our analysis we will assume to be small. The wave vec-
tors associated with the gradient pulses are k;=y5g;,
where y is the gyromagnetic ratio. Recall that in the
usual case, where there are two gradient pulses with asso-
ciated wave vectors both equal to k, the echo amplitude

I

is given by

M (k g ) ( e ik [r{a)—r(0)] )

The phase of the exponential rejects the phases acquired
by the diffusing spin during the two gradient pulses
separated by a time 6, with a minus sign to account for
the m pulse separating the gradients. Arguing along simi-
lar lines, the echo amplitude in the multiple-wave-vector
case is given by

n —1

M(k„kr, . . . , 6„5r, . . . )=(exp ( —()" 'ik, r(0)+( —()" ikr r(5, ) — . +ik„r
j=1

The expression above is clearly analogous to a multiple-scattering experiment and for n & 2 involves more than one in-
dependent wave vector. We denote the real-space diffusion propagator by G(r, r', b, ). G gives the probability density
that a diffusing particle originally at r will be found at r after a time 5 elapses. Using the Markovian nature of 6, the
amplitude may also be expressed as

i( —1)" Jk rM({kJI,[bz))= f dr&p(r&)e ' '+dr e ' 'G(r, r &, b, &) .
J =2

For free diffusion, the amplitude computed from this
formula is a product of Gaussians corresponding to suc-
cessive diffusion intervals and can be shown to be

j=n —1

Mf„,(Ikj I, Ib, I )=exp Dg q
—b. (4)

where qi =&i q2= &i k2 and in general
q&=QJJ, ( —1)~ 'k . However, this factorization of the
multiple-wave-vector amplitude into a product of single-
wave-vector amplitudes occurs only in the case of free
diffusion; for restricted diffusion, such a factorization
does not hold, and the multiple-wave-vector amplitude
carries information that is not present in the single-
wave-vector amplitude.

III. TWO INDEPENDENT WAVE VECTORS

The simplest case of multiple wave vectors is to have
two independent wave vectors. This is the case in the se-
quences proposed by Cory, Garroway, and Miller and by
Callaghan and Manz. The sequences proposed by these
authors utilize two wave vectors, which are either or-
thogonal or collinear. Here we consider the more general
case where the angle between the wave vectors is arbi-
trary, the emphasis being on the dependence of the mea-
sured echo amplitude on the relative angle between the
wave vectors.

The sequence considered below is illustrated in Fig.
1(b). In principle, two independent wave vectors could be
implemented with three gradient pulses; the middle pulse
has been decomposed into two pieces in keeping with the
sequences proposed earlier. There are two pairs of gra-
dient pulses, of strength g& and g2, where the vectors g&

and g2 are in general noncollinear. All four pulses have
equal duration 5, the first pair being separated by a time

(measured from the centers of the pulses) and the

second pair by 62. A time ~ elapses between the leading
edges of the third and fourth gradient pulses. The two in-
dependent wave vectors associated with the sequence are
k&=y5g, and k2=y5g2. For free diffusion, the phase ac-
quired by a diffusing spin is a linear combination of dis-
placements which themselves have Gaussian distribu-
tions. From such considerations, the echo attenuation
for free diffusion may be shown to be given by

D[k) (a) —S/3)—+k2(a2 —513)]
M2 1) 2) le 2) r r)))

In the above, we have retained the effects of a finite pulse
width 5, which causes the above expression to be some-
what different from Eq. (4). For finite pulse widths, the
expression given in Eq. (3) for the attenuation in terms of
the diffusion propagator no longer applies, but considera-
tions leading to the replacement of 5 by 6—6/3 to ac-
count for a finite pulse width are standard and can be
found in the original treatment of the PFGSE experi-
ment. '

Note that the amplitude for free diffusion depends only
on the magnitudes k& and k2, and not on the angle be-
tween the vectors k, and k2. In general, for restricted
diffusion, the amplitude will depend on this angle. This
angular dependence contains the crucial extra informa-
tion present in the two-wave-vector amplitude.

Let us first consider the case of diffusion in isolated
pores of arbitrary shape. Most of the considerations in
this paper will be restricted to the limiting case of 6-
function sharp gradient pulses. The effects of finite pulse
widths on the amplitude are quite subtle and have been
discussed in a separate paper' for the case of the single-
wave-vector PFGSE amplitude. The effects of finite pulse
width on the multiple-wave-vector amplitude will be of a
similar nature.



15 076 PARTHA P. MITRA 51

ik) [r(0)—r(A)]+ik& [r(2i)+r ) r(h+r )]—
~=(e (6)

Under the limiting conditions assumed in (i), namely, that
))~D, the position vectors r(0), r(b, ), r(b, +r ),

and r(2b, +r ) are independently distributed, each. posi-
tion vector being distributed uniformly in the pore.
Therefore, in case (i), we obtain, for the two-wave-vector
amplitude,

M~(k„k~, b, ~~,~ ~~)= g ~p;(k, )~ ~p;(k~)~

Here p;(k) is the Fourier transform of the density of
spins in the ith pore p;(r), namely,

p, (k)= Je'"'p;(r)dr . (&)

The summation in Eq. (6) runs over all pores in the sys-
tem. Assuming the pores are randomly oriented, the am-
plitude will not depend on the absolute orientation of k;,
but it may depend on the relative angle between k& and
k2. Consider the following ensembles of pores: (a) spher-
ical pores and (b) randomly oriented ellipsoidal pores. In
case (a), P;(k) depends only on the magnitude of the wave
vector k. Thus, for spherical pores, M2 will not depend
on the relative angle between the two wave vectors. In
contrast, in case (b), p;(k) depends on the relative orien-
tation of k to the axes of the ellipsoid. After an average
over isotropically oriented ellipsoids, M2 will still depend
on the relative angle between the two wave vectors, since
the product of p;(k() and p;(kz) is taken before the orien-
tational average is taken. Thus the dependence of the
two-wave-vector amplitude on the relative angle straight-
forwardly distinguishes spherical pores from ellipsoidal
pores in case (i). However, this angular dependence man-
ifests itself only at large wave vectors, as can be seen by
expanding Eq. (6) for small wave vectors. The expansion
shows that the quadratic term in the amplitude is propor-
tional to k, +kz, which is explicitly independent of the
angle between the wave vectors. The angular dependence
appears only in the quartic term in the wave-vector mag-
nitude, which is of the order of (ka) where k is a
representative wave-vector magnitude and a is a
representative pore size.

In case (ii), namely, when ~ =0, corresponding to
simultaneous application of the second and third gradient
pulses, the results are more interesting than in case (i). In
this case, as demonstrated below, the dependence of the
amplitude on the relative angle between the two indepen-
dent wave vectors appears even at small wave vectors.

For simplicity, the discussion in this section is confined
to 6& =52=5. Let us suppose that the isolated pores are
of a typical size a. The time scale for diffusion across the
pore will be denoted by rD =a /(6D). I consider below
two limiting cases: (i) 6 »rD and r ))rD and (ii)

A»~D and ~ =0. In both cases, it is assumed that
5(&~D, although the effects discussed below can be ex-
pected to persist as long as 5 is not significantly larger
than ~D.

The two-wave-vector amplitude is given by

M~(k„k2, b„~ )

This is remarkable, because in studying the wave-vector
dependence of the usual PFGSE amplitude, the signature
of restricted diffusion appears only at large wave vectors.
In the present case, the two-wave-vector amplitude is
given by

ik) .[r(0)—r(h)]+ ik2. [r(2b, )
—r(h)] &p»rm

In contrast with case (i), for 6»rD there are three in-

dependent position vectors in the phase governing the
amplitude. Assuming that r(0), r(b, ), and r(2b, ) are in-
dependently and uniformly distributed in the pore space,
which should be the case for 6 large, it follows that

M2(k„k2, b,~~,r =0)

= g p;(ki)p;(k2)p;( —ki —k2) . (10)

We concentrate again on the angular dependence of
the amplitude, by setting k, =kn& and k2=kn2, where n,
and nz are unit vectors. Let the relative angle between
the wave vectors be 8, so that ni.n2=cos(8). Expanding
Eq. (10) for small k, we obtain

M2(kn„kn2, b, ~ ~,r =0)
=1—

—,'k (r )[I+2cos (8/2)j+O(k ),
where ( r ) is the mean-squared radius of gyration of the
pores. It is interesting to note that the angular factor in
the above expression is independent of the details of the
pore shapes. Thus, in the limit h»v. D, v. =0, a strong
angular dependence is obtained even in the lowest-order
dependence of M2 on the wave vectors. This is to be con-
trasted with case (i) where the angular dependence first
appears only in the term quartic in the wave vector. To
put the discussion in context, note that in the relevant ex-
perimental context, the usual object to measure would be
the slope of ln(M2) with respect to k . In summary of
the above discussion, we note that this initial slope is in-
dependent of the relative angle between wave vectors in
case (i), but that there exists a strong angular dependence
for the slope in case (ii). In that case, as 8 varies from 0
to m, the initial slope of ln(M2) with respect to k
changes by a factor of 3. Recall that the derivation is for
isolated pores; however, we can expect an angular depen-
dence to exist even for a connected pore space at small
wave vectors for some range of values for b.

IV. DISTINGUISHING MULTICOMPARTMENT
DIFFUSION FROM RESTRICTED DIFFUSION

In interpreting the usual PFGSE amplitude where
smooth deviations from Gaussian wave-vector depen-
dence is observed, there exists the inherent difficulty of
distinguishing the effects of restricted diffusion from the
effects of a distribution of diffusion coefficients. As an ex-
ample, consider the diffusion of Quid molecules confined
to narrow, randomly oriented tubes. We will neglect the
radial thickness of the tubes, considering them to be one-
dimensional objects. A theoretical expression for the cor-



MULTIPLE WAVE-VECTOR EXTENSIONS OF THE NMR. . . 15 077

responding PFGSE amplitude is given by"

M(k, b„5)=f exp[ D—k (6 5/—3)x ]dx .
0

(12)
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The restrictions cause the PFGSE amplitude M(k, b„5)
to deviate from a Gaussian, as shown in Fig. 2 by the
solid line. However, this deviation might a priori have
been produced by the existence of different diffusion con-
stants in different parts of the system. The symbols in
Fig. 2 correspond to two-component diffusion. The cor-
responding PFGSE amplitude is given by

M(k, 5,5)=p exp[ D)—k (b, —5/3)]

0. 15

0. 1

0.05
6 (Radians)

1.5

+(1—p)exp[ D2k —(b, 5/3)—] . (13)

Here the two components are assumed to have relative
populations p and 1 —p and diffusion constants D, and
Dz. In Fig. 2 the diffusion constants and relative frac-
tions have been adjusted to minimize the least-squares
difference from the randomly oriented tubes case. As can
be seen from the figure, these two very different micro-
scopic mechanisms produce virtually identical wave-
vector dependences for the PFGSE amplitude, thus em-
phasizing the ambiguity in interpretation.

The considerations in this paper lead straightforwardly
to a proposal to distinguish the case of restricted diffusion
from a distribution in diffusion constants (assuming that
the diffusion is locally isotropic). In the latter case, the
two-wave-vector amplitude would be independent of the
angle between the two wave vectors. This can be seen by
considering two-wave-vector amplitude for free diffusion.
From Eq. (4), it follows that for a distribution of diffusion
constants given by the probability density function f (D),
the two-wave-vector amplitude is given by

D(k i(a —s/—3)+k~(h —s/3))DdDe

In the above, we have retained the effects of a finite pulse
width, which has been taken to be the same for all pulses,

—0.1

—0.2
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FIG. 3. Dependence of the two-wave-vector amplitude for
the randomly oriented tubes model on the relative angle 0 be-
tween the wave vectors. The parameters chosen were
6, =62=25 ms, 5=10 ms, D =2X10 ' cm s ', and the gra-
dient strength for all pulses g = 14 G cm '. In this case, the
amplitude does not depend on ~ as long as ~ satisfies the lim-
its given in the text.

and assumed that 6& =62=5 as well as ~ & 6. It is clear
from the above equation that the two-wave-vector ampli-
tude does not depend on the angle between the wave vec-
tors when there is a distribution of diffusion constants.
Note that it has been assumed that even though there is a
distribution of diffusion constants, the diffusion is locally
isotropic.

In contrast, for restricted diffusion there will in general
be a significant angular dependence. As shown in the
previous section, for isolated pores in the limit of 6—+ ~
and ~ =0, the two-wave-vector amplitude plotted
against k2 has a slope proportional to [1+2cos (8/2)], 8
being the angle between the wave vectors. Consider the
randomly oriented tubes model used above, where
diffusion is not fully restricted. The situation here is
quite different from that discussed before for isolated
pores, since the diffusing species is free to escape to
infinity along the axis of the tube. However, it is easy to
work out an analytical expression for the two-wave-
vector amplitude M2(kn„knz, h, r ) by direct generali-
zation of the arguments leading to the single-wave-vector
PFGSE amplitude. " The resulting expressions are tedi-
ous and will not be reproduced here, but the angular
dependence of M2(kn), kn2, b, , r ) is plotted in Fig. 3 for
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—0. 6

100 200 300 400

- some realistic parameter values. The tubes have been as-
sumed to be infinitely narrow and infinitely long; howev-
er, as long as A, 5, ~ are long compared to diffusion
across the tube diameter and short compared to tube
length, the result should be quantitatively valid. In addi-

FIG. 2. Comparison of the PFG amplitude obtained for a
randomly oriented array of narrow tubes (solid line) with that
obtained for a particular case of two-component diffusion (sym-
bols). In each case, 6=25 ms and 5= 10 ms. For the randomly
oriented tubes case, the free-diffusion has been taken to be
2 X 10 cm s '. For two-component diffusion, the com-
ponents were chosen to have diffusion constants of
D, =1.056X10 cm s ' and D2=0.954X10 cm s ', with
relative populations of 0.551 and 0.449, respectively.

tion, we assume that ~ & 5. Under these conditions, the
amplitude does not depend on ~ . It is evident that the
amplitude shows a very strong angular dependence, vary-
ing by a factor of approximately 2.8 between the ex-
tremes.

V. CONCLUSION

In conclusion, multiple-wave-vector extensions of the
PFGSE measurement have been discussed in the context
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of restricted diffusion. By treating a particular two-
wave-vector sequence in detail, it has been shown that the
dependence of the spin-echo amplitude on the angle be-
tween the two wave vectors contains information that is
absent in the conventional PFGSE measurement. Under
appropriate conditions, restricted diffusion effects are
visible even in the small wave-vector dependence of the
amplitude, in contrast with the case of the PFGSE mea-
surement. It has been proposed that the angular depen-
dence of the two-wave-vector amplitude may be used to
remove ambiguities in the single-wave-vector amplitude.
This angular dependence distinguishes between pores of
different eccentricity. It can also be used to distinguish

between restricted diffusion effects and the effects of a dis-
tribution of diffusion constants. This is possible because
the two-wave-vector amplitude has no dependence on the
relative angle between the wave vectors when there is a
distribution of diffusion constants, assuming that the
diffusion is locally isotropic. In contrast, a significant an-
gular dependence is in general expected in the case of re-
stricted diffusion.
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