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Coherent effects are analyzed that are induced by homogeneous electric fields in photoexcited
semiconductors. Extended semiconductor Bloch equations are presented, which include the applied
electric field, in addition to the many-body Coulomb contributions in the time-dependent Hartree-
Fock approximation. These equations are solved for a one-dimensional tight-binding model of a
semiconductor superlattice. Linear and nonlinear optical signals associated with the coherent field-
induced effects are calculated. For the case of a static electric field, the influence of the Coulomb
interaction, which is treated on the Hartree-Fock level for a contact potential approximation, on the
Bloch oscillations, and on their counterpart in the frequency domain, the Wannier-Stark-ladder, is
analyzed. For a time-dependent electric field, dynamic localization, i.e., the localization of electrons
due to an oscillating electric field, is analyzed. It is predicted that the dynamic localization should
be observable in semiconductor superlattices even in the presence of Coulomb interaction.

I. INTRODUCTION

Recently, coherent effects induced by static electric
fields in photoexcited semiconductors have received con-
siderable interest. Examples include the field ionization
of excitons,! virtual photoconductivity,? electric-field-
induced optical rectification at semiconductor surfaces,34
the ballistic acceleration of photoinjected electron-hole
pairs,> and Bloch oscillations (BO) in semiconductor
superlattices.®” In this paper we present a theoretical
approach to the coherent dynamics of photoexcited semi-
conductors in the presence of a homogeneous applied
electric field. Our analysis includes the Coulomb inter-
action, which is known to play a dominant role in opti-
cal excitations close to the band edge.® While the linear
optical properties of photoexcited semiconductors in the
presence of static electric fields and Coulomb interaction
are relatively well understood, theoretical treatments of
the nonlinear field-induced coherent effects have either
neglected the Coulomb interaction altogether,*® or re-
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stricted themselves to specific aspects of the excitonic
problem.? We start from the well-known semiconductor
Bloch equations (SBE’s),®1° which have been used suc-
cessfully to describe a number of linear and nonlinear
coherent optical experiments in semiconductors without
an applied electric field.®!! Recently, we have extended
the SBE’s to include also an applied electric field.*? The
solution of these extended SBE’s allows the consistent
calculation of coherent linear and nonlinear optical ef-
fects in semiconductors in the presence of homogeneous
static or time-dependent electric fields. We have used
these equations to demonstrate that, due to the com-
bined influence of the Coulomb interaction and a static
electric field, the interband polarizations and the pop-
ulations can show different dynamic features, resulting
in different oscillation times of the corresponding optical
signals.!2

The extended SBE, i.e., the equations of motion for
the interband polarization p(k,¢) and the populations
N¢w(k,t) in the conduction and the valence band, are
given by!2
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Here F(t) denotes the homogeneous electric
field, ec(k,t) = e(k) — Y. V(k k)n(k,t),
ey(k,t) = €,(k) =X V(k,k')n, (k’, t) are the Coulomb-
renormalized energies of electrons and holes, respectively,
ec(k), €,(k) are the single particle energies, which are
determined by the band structure. Q(k,t) = pE(t) +
S Vik,k')p(k',t) is the generalized Rabi frequency;
p is the dipole matrix element, E(t) is the classical
optical field, and V(k,k’) is the Coulomb interaction.
The terms given explicitly in Eqgs. (1) are obtained in
time-dependent Hartree-Fock approximation.® The sub-
script coll refers to many-body collision terms beyond
the Hartree-Fock approximation, and to other dephasing
mechanisms, such as carrier-phonon scattering.

Equations (1) are a direct generalization of the SBE to
which they reduce for F = 0. In the derivation of these
equations field-induced changes of the band structure!3
and Zener transitions between conduction and valence
band!4:15 have been neglected, which is well justified for
not too strong electric fields. In Eqgs. (1) the electric field
induces partial derivatives with respect to the quasimo-
mentum. The dynamics induced by the accelerating elec-
tric field can be treated exactly, by introducing a moving
coordinate frame through £ = t, k = k + £ [* F(¢')d¢’.1¢
In this coordinate frame the partial derivatives with re-
spect to the quasimomentum disappear and Egs. (1) be-
come formally equivalent to the SBE for the field-free
case, with the additional condition that the quasimo-
mentum obeys the so-called acceleration theorem %k =
3
! In the numerical part of this paper we analyze the in-
fluence of the Coulomb interaction on the BO and their
counterpart in the frequency domain, the Wannier-Stark
ladder (WSL). Although both phenomena have been pos-
tulated a long time ago,'”>'8 they have only recently been
observed in semiconductor superlattices.®”'!° In semi-
conductor superlattices the requirement for the observa-
tion of both the WSL and the BO, i.e., that the scattering
times must be larger than the BO time Tp = ;}‘.—d (F is
the electric field amplitude and d the lattice constant), is
much easier to fulfill than in bulk semiconductors. This
is mainly due to the larger periodicity length (well plus
barrier thickness) in the growth direction of superlattices
compared to the atomic unit cell in bulk semiconductors.
In superlattices the layer thickness is a design parame-
ter which is determined by the growth conditions. The
increased periodicity length leads to smaller BO times,
which for experimentally realizable electric fields can be-
come smaller than the coherence destroying carrier scat-
tering times.

In this paper we describe the semiconductor super-
lattice ~ using a  one-dimensional tight-binding
model.%16:19:20 For the Coulomb interaction we assume
an on-site interaction, which retains the most important
excitonic features, namely, a single bound excitonic state
and an ionization continuum. Within this model we cal-
culate the nonlinear signals which have been used to ob-
serve BO directly in the time domain, i.e., four-wave mix-
ing (FWM) and terahertz (THz) emission signals. For
the FWM signal we show that the Coulomb exchange
interaction gives the dominant contribution to the sig-
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nal, as in the case without applied electric field.2! The
linear spectra of superlattices in an electric field have
been analyzed by Dignam and Sipe,2?? within a full three-
dimensional model including excitonic effects. A discus-
sion of the linear spectra obtained within our superlat-
tice model, including analytical results, is given in the
Appendix. Qualitatively the features of the calculated
spectra agree with the results of Dignam and Sipe.

In the last part of this paper we calculate linear spec-
tra and the THz emission for the case that an oscillat-
ing electric field is applied to the superlattice. We show
that the dynamic localization,'23 i.e., the localization of
electrons induced by an oscillating electric field, should
be observable in the presence of Coulomb interaction. As
a result of our calculations we predict that the dynamic
localization should be observable in semiconductor su-
perlattices using THz emission spectroscopy.

II. SEMICONDUCTOR SUPERLATTICE MODEL

The model which we use in the following is a one-
dimensional tight-binding model of a semiconductor su-
perlattice with cosine miniband dispersions for the elec-
tron and the heavy-hole minibands.?:16:19:20 The collision
terms in the extended SBE, Egs. (1), are treated as sim-
ple exponential relaxation rates, with times Ty and T’ for
the populations and the polarizations, respectively.2¢ We
assume on-site Coulomb interaction, i.e., V(k, k') = V.
This form of the Coulomb interaction retains the most
important excitonic features, namely, a single bound ex-
citonic state and an ionization continuum.?® Our model
has the advantage of simplicity and great computational
convenience; while it will not be capable of making rig-
orous quantitative statements, it does give qualitatively
meaningful results.

With the contact Coulomb potential the momentum
summations which appear in the modified SBE, Egs. (1),
reduce to

D Vi-ap(9) = V'3 _p(g) = Vp(r = 0),

(2)
D Viqnew(@) = VD ney(q) = Vney(r = 0)

Within this model the renormalization of the energies
and the optical field, which are induced by the Coulomb
interaction, are proportional to polarizations and pop-
ulations at » = 0, with r being the relative coordinate
between two carriers.

Within our two-band model we also neglect effects due
to energetically higher minibands. This is justified for
the case of static electric fields of the strengths we use
in our numerical evaluations, as was shown by Bouchard
and Luban.?® They have solved the Schrédinger equa-
tion with an applied electric field for the parameters of
the superlattice used in the experimental observation of
the BO by Feldmann et al.® They find that transitions
to higher minibands are not significant for times smaller
than about ten BO times Tg, which is much larger than
the dephasing time T, that sets an upper limit to the
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experimentally observable time period. Also calculations
of the interminiband scattering rates by Sibille2? show
that for not too strong electric fields the interminiband
scattering rate is smaller than the dephasing rate and
can therefore in good approximation be neglected. For
time-dependent fields F(t) the same should be true if ad-
ditionally the frequency of F(t) is not in resonance with
an interminiband transition.

In the following we will, on the basis of this model,
present calculations of various optical signals. For the
case of a static electric field applied to the superlattice
we discuss the FWM and THz emission signals. In the
Appendix the linear spectra are discussed.

For the case of an oscillating electric field we study the
dynamic localization under the influence of Coulomb in-
teraction. In these calculations we use the following typ-
ical parameters for semiconductor superlattices: A = 20
meV for the combined miniband width of the conduction
and the valence minibands, V = 10 meV for the Coulomb
interaction energy, and 77 = T3 = 2 ps for the relaxation
times. For the calculations of the transient nonlinear
signals we use Gaussian laser pulse envelopes E(t) with
a duration of 100 fs (full width at half maximum) for
the pulse intensity |E(t)]?; the central frequency is tuned
2 meV below the spectral position of the excitonic res-
onance under flat-band conditions. In the case of the
time-dependent field we use laser pulses of 300 fs dura-
tion with a central frequency which is in resonance with
the excitonic transition at flat band.

A. Four-wave mixing

Four-wave-mixing experiments performed in self-
diffraction geometry have successfully been used to ob-
serve BO.%28 One advantage of this technique is that it
is only weakly affected by the presence of inhomogeneous
broadening, which limits the resolution of linear optical
experiments. In a two-beam FWM experiment the sam-
ple is excited by two laser pulses, i.e., the optical field is
given by

E(t) = Eq1(t) exp[—i(ky - r — wt)]
+E,(t) exp[—i(ks - T — wt)] . (3)

Here we denote by k; and k, the propagation directions
of the two laser pulses. F;(t) and E,(t) are the envelopes
of the two pulses, which are centered at t =0 and t = 7,
respectively. The calculated FWM signal is proportional
to the square of the third-order interband polarization
| P®)(¢t,7) |2 in the direction 2kz — ki, t denotes the real
time, and 7 the time delay between the two pulses.?!
Figure 1 shows calculated time-resolved FWM
(TRFWM) signals, where the third-order interband po-
larization | P(3)(¢,7) |? is shown as a function of the
real time t for different field strengths. The time de-
lay 7 was chosen to be 0. The calculated signals exhibit
oscillations, which represent quantum beats induced by
BO’s of the optically excited carriers. Due to excitonic
effects the oscillation frequency is slightly smaller than
predicted from single particle theory. The exact oscil-
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TRFWM signal (arb. units)

o 1 2 3 4 5 6
Time (ps)

FIG. 1. Calculated time-resolved four-wave-mixing signals
for electric fields eF'd = 10 meV, 12 meV, 14 meV, 16 meV,
18 meV, and 20 meV (from top to bottom). The time delay
was chosen to be 0. For further parameters see text.

lation frequency is given by the energy difference of the
dominant transitions in the linear spectra, which is in the
presence of excitonic effects generally somewhat smaller
than the nominal WSL spacing, see Ref. 29 and the Ap-
pendix, Fig. 8. This explains why the time period of
the excitonic BO, Tg*°, which can be seen in Fig. 1, is
slightly longer than the BO time T = ﬁ. This effect
has recently also been discussed by Dignam et al.,2® who
have analyzed oscillations of the interband polarization
in first order in the optical field.

Another signature of the Coulomb interaction in the
calculated TRFWM signals is that the maximum of these
signals does not appear directly after the excitation by
the laser pulses around ¢ = 0. The interaction-induced
signal caused by the exchange terms of the Coulomb in-
teraction, which is known to give the dominant contribu-
tion to the FWM signal in the field-free case,?! also dom-
inates in the case where an electric field is applied. Like
in the field-free case the envelopes of the TRFWM signals
show a slow rise up to a maximum and a subsequent de-
cay, which has recently been observed experimentally.3°
The time at which the maximum appears is determined
and approximately given by the dephasing time T,.21-31

Figure 2 shows the calculated time-integrated FWM
(TIFWM)  signal, which is given by I(7)
= [ | PO(t,7) |* dt, as a function of the applied elec-
tric field. The signal oscillations, which can be seen for
eF'd > 5 meV, again represent quantum beats due to ex-
citonic BO. The frequency of these oscillations is again
determined by the energy differences in the linear spec-
tra. The fact that the calculated TIFWM show signif-
icant signals for negative time delays again proves that
FWM signals are dominated by the Coulomb interaction,
i.e., that the observed quantum beats are excitonic BO
(Refs. 21 and 31) (for an inhomogeneously broadened
system the signals for negative time delay are suppressed
due to the formation of photon echoes!?:31).

Another interesting feature in Fig. 2 is the dependence
of the signal intensity on the strength of the applied elec-
tric field. This dependence is shown in detail by the solid
line in Fig. 3 where we have put the time delay equal to 0.
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TIFWM signal (arb. units)

)
:
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FIG. 2. Calculated time-integrated four-wave-mixing sig-
nals as function of the electric field.

We see that the signal intensity first decreases going from
eFd = 0 to eF'd = 2 meV. This decrease is a result of the
exciton ionization induced by the applied electric field,
which leads to a faster decay of the TRFWM signal and
therefore to a smaller TIFWM signal. For stronger fields
the intensity then increases up to values higher than the
one of the field-free case. This increase, which has been
observed experimentally,32:3% can only be understood if
the Coulomb exchange interaction is taken into account
in the theoretical calculations. If we neglect the exchange
terms in our calculations and keep only the direct Hartree
terms of the Coulomb interaction,?! we obtain the depen-
dence of the TIFWM signal intensity given by the dashed
line in Fig. 3. For WSL spacings smaller than 20 meV
we see that the signal is indeed dominated by the ex-
change terms. The decrease of the TIFWM signal for
small fields and the subsequent increase for larger fields
is in agreement with experimental observation.3%:33

For very strong electric fields, eF'd > 20 meV, the rela-
tive importance of the contribution of the exchange terms
to the signal is decreased. This can be understood to be
due to the Stark localization and the nature of the ex-
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FIG. 3. Calculated time-integrated four-wave-mixing sig-
nal for time delay 7 = 0 as function of the electric field. Solid
line, exchange contributions included; dashed line, without
exchange contributions.
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change terms of the on-site Coulomb interaction in our
one-dimensional model. It can be shown that in the limit
of very large electric fields, when the wells of the superlat-
tice are approximately decoupled the two contributions,
which can be interpreted as a renormalization of the field
and the transition energy, respectively,2:3! tend to can-
cel in this case.

B. Terahertz emission

In the THz emission experiment the emitted electric
field caused by the coherent motion of charges in the
sample is detected.34 38 After the excitation with a short
laser pulse the signal is detected using an optically gated
pm-dipole antenna. This experimental technique has
also successfully been used for the observation of the
BO in the time domain.”3° Since an ideal superlattice is
translationally invariant in the growth direction an intra-
band dipole moment, which has been used to describe the
THz emission of single and double quantum-well struc-
tures in electric fields,3® cannot be defined in this system
within a k-state basis. In superlattices the current can
be taken to be the source of the THz radiation. Within
our model we have therefore calculated the THz signal
as the derivative of the current, which is, in second order
in the optical field, given by

Brua(t) x 04 = ¥ 30, [ 2ol)

v=c,v

n? (k,t)dk

(4)

Within our tight-binding approach, we have neglected
the so-called instantaneous contribution to the THz sig-
nal, which contributes to the signal for the duration of
the optical pulse due to the fact that electron-hole pairs
are created in a polarized state as a consequence of the
applied electric field.*30

Figure 4 shows calculated THz signals for the same
electric fields as in Fig. 1, where the TRFWM signals
were shown. A comparison of these two figures shows
that the THz and the FWM signals have identical os-
cillation times, which are the excitonic BO times. In a
recent publication Dignam et al.?® calculated spectra and
the time evolution of the interband polarization in first
order in the optical field. They find, in agreement with
the results we present here, that the excitonic BO time is
generally somewhat larger than the electronic BO time.
In their discussion of the oscillation range of the exci-
tonic dipole they also apply the results of their model to
the THz signal. However, the THz signal is determined
by the intraband dynamics, see Eq. (4) and Refs. 12,
36, and 38. The intraband dynamics generally differs
from the interband dynamics which governs the optical
response. Hence, the FWM and the THz signal dynamics
can exhibit significant differences. As we have discussed
recently for superlattices with small miniband width the
THz and the FWM signals can have different oscillations
frequencies.!? While the FWM signal showed excitonic
BO, the THz emission signal was modulated with the
electronic BO time. For the calculation presented in Ref.
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THz signal (arb. units)

0 1 2 3 4 5 6
Time (ps)
FIG. 4. Calculated terahertz emission signals for electric

fields eF'd = 10 meV, 12 meV, 14 meV, 16 meV, 18 meV, and
20 meV (from top to bottom).

12 the electric field was chosen such that the following
relation was fulfilled: Tp < T7 = Tp < Tg*. Since the
excitonic BO time, Tg*°, was larger than the dephas-
ing time T3, the oscillations of the THz signal, which is
given by the dynamics of the populations [see Eq. (4)]
was dominated by the electronic BO time Ts. For Fig.
4, which is calculated for stronger electric fields, the rel-
evant relation reads: Tp < Tg* < Ty = T3. Therefore
now the excitonic BO time is smaller than the dephasing
time and the oscillations of the THz signal are dominated
by the excitonic BO time Tg*. If the exchange terms of
the Coulomb interaction are neglected, or if one sets the
dephasing time T to smaller values then again the os-
cillations of the THz signal are given by the BO time
Tg.

C. Dynamic localization

The effect of dynamic localization was calculated by
Dunlap and Kenkre.'® Within a tight-binding model they
have analyzed the expectation value of the square of
the position operator for an initially localized electron.
Without an applied electric field this expectation value
increases without bounds, indicating that the initially lo-
calized electron delocalizes. Also for an applied oscillat-
ing electric field, such as F(t) = F cos(wt), this is usually
the case. Only if the amplitude and the frequency of the
electric field are in a certain relation to each other, i.e., if
the ratio efi) d corresponds to a root of the Bessel function
Jo, then the expectation value of the square of the po-
sition operator remains bounded, and thus the electron
remains localized. This phenomenon has been called dy-
namic localization. It was also shown that this effect
strictly only appears within the tight-binding model.!®
For the case of long range intersite coupling the condi-
tion for the appearance of dynamic localization would be
that the roots of the Bessel function Jy must be spaced
equidistantly, which is not the case.!®

Later Holthaus came to similar results analyzing the
problem using the Flouquet-theorem?? and showed that
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the oscillating electric field leads to a change of the effec-
tive bandwidth Ap as

Fd

where A is the combined miniband width for the field-
free case. Equation (5) shows that if Jo(¢£2) is equal
to 0 the band is flat and therefore the electrons have an
infinite effective mass and are localized.

Recently there has been some discussion on specific
aspects of the dynamic localization3® in the literature,
where also the influence of the Coulomb attraction be-
tween electrons and holes on this phenomenon has been
considered.%® In this paper?® it is shown that the dy-
namic localization is expected to lead to an increase of
the exciton binding energy and its oscillator strength in
the linear optical spectrum.

In the following we want to investigate the possibility
of observing dynamic localization using nonlinear opti-
cal spectroscopy in semiconductors superlattices, which
is probably the most promising material system. It
is clear from the aforesaid that excitonic effects and
also Coulomb exchange terms have to be considered in
such a theoretical investigation. We present results of
calculations based on the superlattice model decribed
in Sec. II, which include the oscillating electric field
and Coulomb interaction in time-dependent Hartree-
Fock approximation.® On the basis of our calculations,
we propose an experiment based on THz emission spec-
troscopy, which should under realistic experimental con-
ditions be able to observe the dynamic localization in
semiconductor superlattices.

Figure 5 shows calculated spectra of the model su-
perlattice as a function of e,i}‘l for Aw = 20 meV.
Such an electric field could experimentally be obtained,
e.g., from a free-electron laser, which has been used
to study photon-mediated tunneling in semiconductor
superlattices.*! The 1s resonance of the exciton lies en-
ergetically below the miniband continuum, which has a
much smaller absorption strength than the 1s exciton.
The spectral position of the exciton oscillates as function
of %.40 These oscillations are a consequence of the os-

Ap =

A (5)
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FIG. 5. Linear absorption as a function of the ratio
shown as a contour plot. Dark areas indicate strong absorp-
tion. The zero of the energy scale corresponds to an optical
transition to the center of the combined miniband.
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cillations of the bandwidth according to Eq. (5), which
can also be seen in Fig. 5. For very high e,ﬁ)d, the Bessel
function in Eq. (5) and thus the bandwidth vanishes
and therefore the line of the exciton tends to a spectral
position which is situated at 10 meV, i.e., the Coulomb
interaction energy V', below the center of the band.

In Fig. 6(b) we plot calculated THz emission signals
for some values of the ratio <2, and Fig. 6(a) shows
the corresponding linear spectra in the vicinity of the
1s excitonic resonance. For the upper three curves the
ratio is equal to 0.5, 0.8, and 1.1 and the signal exhibits
oscillations with a time period which is given by the oscil-
lation time of the oscillating electric field. A comparison
of these three curves reveals that the curve for e,i d — 0.8
falls off much more rapidly than the other two curves.
The homogeneous linewidth of the excitonic line for this
case is therefore larger compared to the other two cases
[Fig. 6(a)]. This feature has nothing to do with dy-
namic localization and can be ascribed to the ionization
of the exciton due to the action of the oscillating electric
field. The fourth curve in Fig. 6(b) shows the signal for
9,% = 2.4, which approximately corresponds to the first
root of Jo. Due to the dynamic localization the THz sig-
nal is strongly reduced. The lower curve, for which the
ratio has been increased to 4, exhibits again oscillations
with a higher amplitude. In this curve one sees also that
the frequency of the oscillations is no longer given by the
frequency of the electric field, but is much faster. This
is due to the fact that the electric field, which shifts the
k vectors of the electrons across the Brillouin zone, is so
strong that it leads to more than one whole transversal
of the Brillouin zone per cycle of the electric field.

To demonstrate that a decrease of the signal amplitude
happens whenever the ratio ehi d approaches a zero of the
Bessel function Jy, we have calculated in Fig. 7 the time-
integrated square of the THz signal as function of this ra-
tio. The minima of the time-integrated signal are in ex-
cellent agreement with the first zeros of Jgy, which are ap-
proximately given by 2.4, 5.5, 8.7, 11.8, 14.9, and 18.0.
The first minimum in Fig. 7, which appears for eﬁl:) d — 0.8
is not due to the dynamic localization but instead caused
by the exciton ionization, which has been discussed be-
fore. Our calculations indicate that it should be possible
to observe dynamic localization in photoexcited semicon-
ductor superlattices using THz emission spectroscopy.

a N i DT

-15 -10 -5 0 1 2 3 4 5

Absorption (arb. units)

THz signal (arb. units)

o

Energy (meV) Time (ps)

FIG. 6. (a) Linear absorption for five values of the ratio
% = 0.5, 0.8, 1.1, 2.4, and 4.0 (from top to bottom). (b)
shows the corresponding terahertz emission signals.
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TITHz signal (arb. units)

0 5 15 20

10
efFd/hw
FIG. 7. Time-integrated terahertz emission signal as func-
tion of the ratio %.

III. CONCLUSIONS

Based on the semiconductor Bloch equations, we have
presented an approach that allows the consistent calcu-
lation of linear and nonlinear coherent optical effects in
semiconductors in the presence of homogeneous electric
fields. We have used the extended semiconductor Bloch
equations [Egs. (1)] to calculate various linear and non-
linear optical signals of semiconductor superlattices.

For the case of a static electric field we have shown that
the Coulomb exchange terms give usually the dominant
contributions to the time-integrated and time-resolved
four-wave-mixing signals, which therefore exhibit the
same features that are well known from the field-free
case,?b3! je., a slow rise of the time-resolved signal and
signals for negative time delays. The exchange terms are
also important to explain the experimentally observed
dependence3?:33 of the intensity of the four-wave-mixing
signal on the strength of the electric field. Also the oscil-
lations in terahertz emission can, depending on the ratio
of the relevant times, be dominated by these Coulomb
exchange terms. From the results of the calculations pre-
sented for the case of an oscillating electric field, we pre-
dict that the dynamic localization should be observable
on semiconductor superlattices using terahertz emission
spectroscopy.
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APPENDIX

Without Coulomb interaction we have the following
equation of motion for the linear interband density ma-
trix p) (k, t), see Egs. (1):
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<at - %Fak)l’(”(k,t) — et (k1)

pW(k,t)

+uE(t) — T,

(A1)

For excitation with an ultrashort laser pulse, i.e., E(t) =
E§(t — to) the solution of this equation is given in terms
of Houston functions:*2

—1 ] t
(k1) = — P ot — to)exp 1/ eenlk — (1)
A A,

+n(t')]dt’> (A2)
with
e [t
n(t) = —/ F(t)dt
h Ji,
The linear polarization is given by
PO(E) = 3w (k1) / xo(t,#)B(t)dt' . (A3)

In the case of a static electric field and a tight-binding
dispersion €., (k) = €o + 5 cos(kd), A is the combined
miniband width of the conductlon and the valence band,
the susceptibility reads

- __i|p|2 ieo(t—to) /A (t—t
XO(tvtO) ; @(t to)e )/ e( 0)/T2
(‘ki)

Using the following identity for Bessel functions, Eq.
(A4) can be Fourier transformed:*3

Z J? (—) cos(2la)

l=—o00

Jo(zsina)

(A5)

The Fourier transformed susceptibility is given by

Xo(w) :/ e_ith()(t,to)dt
> A
— g 2 2
=l 1:2;00 I (ZeFd)

« (ﬁ/Tz) - 1:(60 + leFd — ﬁw)
(ﬁ/Tg)z + (60 + leFd — ﬁw)z

(A6)

The imaginary part of the susceptibility is proportional
to the absorption. Therefore in Eq. (A6) we see that the
absorption lines are energetically equidistantly spaced,
which is a manifestation of the WSL. Without dephas-
ing, i.e., for T = oo, the absorption lines are § functions.
Due to the dephasing, their shape becomes Lorentzian
with a homogeneous linewidth given by % 2” If the spac-
ing of the WSL, which is given by eF d s larger than
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the homogeneous linewidth, the WSL transitions can be
resolved. (For the case of an inhomogeneously broadened
system the electric field necessary for the observation of
the WSL in linear spectroscopy is of course increased
by the width of the inhomogeneous broadening.*4) If the
WSL spacing is smaller than the homogeneous linewidth,
the WSL transitions merge, and the absorption becomes
a complicated function of frequency. For small fields near
the band edges Franz-Keldysh oscillations show up in the
absorption, which have been observed experimentally on
semiconductor superlattices.®

The susceptibility xo(t,t') satisfies a differential equa-
tion of the structure

Loxo(t,t') = |u|?6(t —t") (A7)

where Lg is a linear differential operator. For the suscep-
tibility including the contact Coulomb potential x(t,t)
we have a differential equation, see Egs. (1):

Lx(t,t') = |ul?8(t - t') (A8)

with
(L—=Lo)=-V ,

here V is the contact potential.
Equation (A8) yields the following relation between x
and yo:46748

t
X(tvt’) = XO(tvt') + !:2‘/ XO(t7 t”)X(t“atl)dt" - (Ag)
tl

This integral equation can be solved exactly by a
Fourier transform:47:48

Xo(w)

T @) (A10)

x(w) =

Inserting the expression for xo, which is given in Eq.
(A6), we have obtained an analytic expression for the lin-
ear absorption including the contact Coulomb potential.
According to Eq. (A10), the WSL transitions are cou-
pled together and shifted in energy due to the Coulomb
interaction. Figure 8 shows a contour plot of the linear
absorption as function of the WSL spacing eF'd, for the

Energy (meV)

0 5 10 15 20
eFd (meV)

FIG. 8. Linear absorption as a function of the electric field
shown as a contour plot. Dark areas indicate strong absorp-
tion. The zero of the energy scale corresponds to an optical
transition to the center of the combined miniband.
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same superlattice parameters which have been used for
the calculations of the nonlinear signals, see Sec. II. The
zero of the energy scale in Fig. 8 corresponds to an op-
tical transition to the center of the combined miniband.
For F = 0 the absorption is concentrated at the exciton,
which is energetically situated about 4.5 meV below the
lower miniband edge. For WSL spacings up to about 5
meV, Fig. 8 shows a complicated structure in the energy
range of the miniband between —10 and 10 meV, which
is due to both Franz-Keldysh oscillations and the WSL
transitions. In the vicinity of the upper miniband edge
WSL transitions are formed for eF'd > 2 meV. Also for
higher fields the absorption is concentrated in the ener-
getically lower part of the spectrum, i.e., near the spectral
position of the 1s exciton.

For WSL spacings between 3 and 10 meV, anticrossings
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appear in the spectrum, which have been observed exper-
imentally on superlattices with small miniband widths.®
These anticrossings show up whenever the excitonic 1s
state comes into resonance with a WSL transition of the
excitonic ionization continuum. The coupling of these
states through the Coulomb potential barrier leads to this
feature in the spectra. For very strong fields the central
So transition dominates in the spectrum. The difference
of the spectral position of this transition from the center
of the miniband is directly given by the Coulomb inter-
action energy V = 10 meV. The spectral positions of
the resonances and their oscillator strengths are quali-
tatively in good agreement with calculations by Dignam
and Sipe,?? who have obtained excitonic WSL using a
three-dimensional approach with variational wave func-
tions.
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FIG. 5. Linear absorption as a function of the ratio
shown as a contour plot. Dark areas indicate strong absorp-
tion. The zero of the energy scale corresponds to an optical
transition to the center of the combined miniband.



Energy (meV)

0 5 10 15 20
efFd (meV)

FIG. 8. Linear absorption as a function of the electric field
shown as a contour plot. Dark areas indicate strong absorp-
tion. The zero of the energy scale corresponds to an optical
transition to the center of the combined miniband.



