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The transient transport of charged carriers is studied theoretically using the Boltzmann kinetic
equation in nonpolar semiconductors limited by acoustic deformation potential scattering in the
presence of steady electric fields. The conventional two-term approximation in the I egendre poly-
nomial expansion is employed for solutions to the Boltzmann equation for optically generated hot
electrons. The resulting time-dependent Boltzmann-Fokker-Planck equation is numerically solved
for the isotropic distribution function by utilizing a matrix method. The subsequent relaxation of the
nonequilibrium hot carriers toward a steady state is watched as time elapses for the pulsed initial
conditions. It is seen that the solution tends to the well-known nonequilibrium steady Davydov-
Druyvesteyn distribution function at an infinite-time limit. The obtained time-dependent solutions
are used to calculate the drift velocities of carriers, thus the transient electron mobilities, and also
the hot electron temperatures for various field strengths. In addition, the decay of the electron
temperature and mobility is analyzed in terms of an effective transient relaxation time. The notice-
able advantages of our numerical matrix method are as follows: it is very efhcient in time, and its
interpretation of outcome is direct, in that the reciprocal of the smallest non-zero eigenvalue of the
Boltzmann-Fokker-Planck operator corresponds to the characteristic relaxation time.

I. INTR.ODUCTION

The semiclassical Boltzmann equation is a widely used
theoretical tool in investigating the electrical transport
properties of semiconductors. ' Since the density of car-
riers in semiconductors, which are responsible for trans-
porting charge, momentum, and energy, can be made
sufBciently low in most circumstances, a consideration
of uncorrelated two-body scattering is reasonable for an
efFective description of many-body dynamics. For such
a low density system the statistical description in terms
of the one particle distribution function is particularly
useful and the Boltzmann equation is a well-established
kinetic equation for determination of the nonequilibrium
distribution function, including an understanding of its
limitation in the space and time scales under considera-
tion. Once the distribution function is determined, phys-
ically interesting macroscopic properties and transport
coeKcients can be calculated. On the other hand, it is
still quite a dificult task to solve it, in general because of
its mathematical nature as an integro-differential equa-
tion and also because of physical constraints such as the
complex band structures as well as the various scattering
mechanisms.

Among the various methodologies of solving the Boltz-
mann equation we pay attention to the Bp approximation
whose earlier appearances are in literature such as the
work of Yamashita and Watanabe and Levinson, sub-
sequently in others, ' ' and also which has been treated
recently by several investigators. When the consid-
ered semiconductor material is under the influence of the
steady electric fields, the cylindrical symmetry is induced
in the direction along the Geld. Then, when the scatter-
ing process involved is isotropic, it seems reasonable to
expand. the solution to the Boltzmann equation in terms

of the complete Legendre polynomials with the angle de-
Bned between the direction of the electric field and the
momentum of an electron. The conventional two-term
approximation or 8p approximation takes only two terms
in the expansion, assuming that the isotropic d.istribu-
tion function is dominant over other angle-dependent
terms. Thus the 8p approximation should be useful when
a quasielastic scattering is dominant so that the role
of the scattering is to randomize the direction of elec-
tron momentum. Here, one should notice that the ex-
pansion is not a perturbation in the electric field, in-
stead it appears as an external parameter in this for-
Inalism. Thus the validity of the sp approximation
goes beyond the Ohmic regime to some extent. It is
well known that electron —acoustic-phonon scattering is
quasielastic and is a dominant scattering mechanism in
intrinsic nonpolar semiconductors such as Ge and Si at
low temperatures. ' Consequently, the aforementioned
methodology of solving the Boltzmann equation has been
applied to these materials frequently in evaluating the
momentum and energy relaxation time and transport co-
eKcients such as the mobility. However, most workers
have restricted their interest to the steady-state calcu-
lation and it is rare to obtain the time-dependent solu-
tion. This is presumably because the resulting diKeren-
tial equation of the 8p approximation is still quite compli-
cated to solve under time-dependent condition and also
because most physical interest in the previous works was
restricted to the steady-state properties. However, with
the development of extremely short laser pulses and its
application to the spectroscopy it becomes possible to
experimentally study various transport properties in the
transient regime. Then, it becomes an increasingly
important endeavor to investigate the relaxation of the
nonequilibrium distribution of optically excited electrons
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and their approach to equilibrium theoretically and thus
to calculate transient transport coefIicients which are im-
portant characteristics in device application.

This work presents the time-dependent solution of the
Boltzmann equation within the 8p approximation, apply-
ing to a single-valley semiconductor that has some rel-
evance to nonpolar semiconductors under the inhuence
of the external stationary electric Beld. We adopt for
our calculations the material parameters of Ge, whose
electric-Beld dependence of drift velocity and electron
mobility in the steady state is well known. We re-
strict our attention to transport by a single type of car-
rier, optically excited electrons which are assumed to be
nondegenerate. Initially, the electrons are injected into
a particular conduction state and thus the electron dis-
tribution function at later times shows a transient be-
havior and eventually relaxes to the steady state via
acoustic deformation potential scattering, which in turn
approaches the equilibrium Maxwell-Boltzmann distribu-
tion function in the zero-Geld limit.

In the Boltzmann equation approach for transport
calculations, specifying the energy band structure and
the scattering mechanisms are prerequisite. Here we
specify our semiconductor such that electron —acoustic-
phonon scattering is the dominant scattering mechanism
and only an effective single spherical valley is considered
for the energy band. An argument for the validity of
the specifications is as follows. In general, for nonpo-
lar semiconductor electron —optical-phonon and electron—
acoustic-phonon scattering, electron-impurity scattering,
and also electron-electron scattering are involved. The
electron-impurity scattering is important for doped semi-
conductors at low temperatures, however, it may not
be considered for optically excited pure semiconductors.
And, we do not include electron-electron scattering, as-
suming that the density of excited electrons is sufIiciently
small. The optical-phonon scattering is not treated either
since it is small compared to electron-acoustic phonon
scattering in nonpolar materials at low temperatures. For
band structures we adopt the single parabolic band with
spherical constant energy surface according to the usual
observation that the spherical model is sufIicient for semi-
conductors with cubic symmetry although, for instance,
Ge has four equivalent valleys. This simplification is also
motivated by the recent temporal Monte Carlo result,
where it is reported that the simple Si model with a sin-
gle spherical and parabolic band and a simplified scatter-
ing mechanism generates accurate electron velocity and
electron energy up to intermediate applied fields.

Our goal is to provide the time-dependent solution to
the Boltzmann equation within the Sp approximation and
thus to study the transient transport properties of opti-
cally injected hot electrons limited by long wavelength
acoustic phonons. The resulting differential equation of
the Sp approximation is named the Boltzmann-Fokker-
Planck (BFP) equation since the difFerential operator de-
rived resembles the Fokker-Planck operator. The steady-
state solution to this problem was previously derived and
treated by other authors in a similar context. ' ' On the
other hand, the time-dependent solution has not been
obtained before. We treat the problem as an eigenvalue

problem: we first solve the eigenvalue equation for the
BFP operator and expand the initial distribution func-
tion in terms of the eigenvectors obtained, then the so-
lution at a later time is written formally as sums of ex-
ponential terms with the exponent of time weighted by
the eigenvalues. In doing so, the essential ingredient of
our approach is to obtain an approximate Hilbert space
where the nonequilibrium distribution function is writ-
ten. Without knowing the exact eigenfunctions of the
BFP operator the usual technique is to expand the so-
lution in terms of some special orthonormal polynomials
so as to approximately represent the physical operator
as a matrix. Although this method is expected to arrive
at the solution faster than the commonly used Monte
Carlo numerical scheme, still it is an extensive numeri-
cal diagonalization procedure, since the desired accuracy
is dependent on the number of expanding basis func-
tions. We optimize this procedure by the unitary trans-
formation from the polynomial basis to the quadrature
basis. Then, the resultant matrix representation of the
Boltzmann-Fokker-Planck operator in the quadrature ba-
sis is diagonalized. In this case, the necessary order of
matrix for the desired accuracy, equivalently the num-
ber of expanding polynomials, is only a few tens. The
method of solving the FP equation by expansion into a
complete set is also discussed in Ref. 22. The prominent
advantages of our numerical matrix method are as fol-
lows: it is very efFicient in time, and the interpretation of
its outcome is direct: if the eigenvalue spectrum of the
BFP operator is discrete the reciprocal of the smallest
nonzero eigenvalue would correspond to the character-
istic relaxation time. Since it is a continuing research
interest to develop a faster and more efIicient numerical
method of solving the transport equation, this work
may serve as an alternative in investigating the transient
transport problems in semiconductors.

The paper is organized as follows. In Sec. II, the con-
ventional two-term approximation for a solution to the
Boltzmann equation is reviewed in order to clarify the
various approximations taken and thus to understand its
physical implication, and also in order to provide the
derivation of the BFP equation which is the working ba-
sis of our transport calculation. The numerical matrix
method that we have utilized in solving the BFP eigen-
value problem is presented in Sec. III. The results and
discussions are provided in Sec. IV. Finally, a summary
is given in Sec. V.

II. THE BQLTZMANN-FOKKER-PLANCK
EQUATION

In this section we develop an approximate difFerential
equation whose solution speciGes the nonequilibrium dis-
tribution function of the excited electrons, starting from
the semiclassical Boltzmann equation. It is well known
that the Boltzmann equation can be transformed into
a Fokker-Planck equation when an appropriate coarse
graining is taken in energy space. ' We consider a
model semiconductor in which the transport carriers are
nondegenerate electrons that are created by an incoher-
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ent optical pumping and that are assumed to interact
with only long wavelength acoustic phonons via deforma-
tion potential scattering under the inhuence of stationary
electric Geld. s.

Then, the Boltzmann equation to be considered is

A(q) = hEi q/21 pc„
where c, is the speed of longitudinal waves, p is the
mass density of ions, and Ei is the deformation potential
constant.

Then, by substituting Eqs. (3) and (5) into Eq. (1),
and choosing the positive z as the direction of the electric
Geld, and also by making use of the orthogonality of the
Legendre polynomials, one can obtain a set of coupled
equations as

J[f1 = dk'
S(k, k') f(k', t) —S(k', k) f(k, t) .

where the collision integral J[f] is given by
Ofl'i(e„, t) of (i)

f ' (eq, t) + ek —
O3 O'Fk

(2) = Jlf"1 (7)

In the above e is the absolute value of the electron charge
and E is the static external electric field applied to the
semiconductor with one dimensional size I . The collision
operator J[f] is linear in the distribution function f be-
cause carrier-carrier scattering is not considered. Also,
S(k, k') specifies the transition rate of the electron be-
ing scattered from a state ~k') to another state ~k) by
emitting or absorbing a phonon within a parabolic en-
ergy band. As usual, we look for the expansion solution
to Eq. (1) in terms of the Legendre polynomial and take
the two-term ansatz3 4 as

f(k, t) = f~ i(eg, t) + kf~ l(e)„t)coso,

where 0 is the angle between the electric Geld and the
electron wave vector k. The constant energy surface is
specified as

ei, =h k /2m* (4)

for the effective single spherical valley model with m*
being the effective mass of the electron. In the expan-
sion Eq. (3) the first term represents the isotropic part
of the distribution function and the second term speci-
fies the anisotropic contribution. Here, one notices that
the ansatz naturally incorporates the physical constraint
that the drift velocity is much smaller than the thermal
velocity. The transition rate at a long-time limit is de-
termined by the Fermi golden rule and can be written,
as for the present case,

8{k,k') = —A{q) ~

&) b{~a —~a + &~~),
nq

where the plus sign corresponds to the absorption of
a phonon and the minus sign indicates the emission
of a phonon in the collision process. In the above q

+

is the momentum transfer, q = A: —k', assuming no
umklapp process. Also, nq is the thermal average oc-
cupancy of phonons in the mode wq, that is, nq
1/[exp(hwq/k~T{)) —1] and hwq is the energy of one
phonon. The hot phonon effect is not considered in the
current work, thus phonons remain in equilibrium at tem-
perature To and play the role as a heat reservoir. For the
considered acoustic deformation potential scattering

ofi'~( „,t) .zh of{'~
Ot m Oe),

where the expressions for J[f~ i] and J[f~ i] are given in
Ref. 27.

In the low-field approximation it is expected that the
distribution function only slightly deviates from the equi-
librium Boltzmann distribution function. In fact, it
can be easily seen that the collision integral vanishes
in Eq. (7) when fio~ oc exp( —eg/k~To) is substituted.
Since the second term in the left side of Eq. (7) con-
tributes only as higher order effects, it can be concluded
that Eq. (7) admits the Boltzmann distribution function
as a correct equilibrium solution. Then, one can obtain
a self'-contained equation for f{il from Eq. (8) and can
proceed to solve it. This is the frequently used linearized
Boltzmann equation approach in the literature.

On the other hand, it is an increasingly im-
portant effort to study the high-Geld transport in
semiconductors. In this case, even the isotropic part
of the solution at long times is not to be presumed to be
the Maxwell-Boltzmann distribution function. Instead,
that must be determined by solving Eq. (7). In this case
Eq. (7) is not self-contained. This difficulty is circum-
vented by the very assumption that the second term f lid

in the expansion Eq. (3) is much smaller than the first
term, and thus the variation of fl i in time as well as
energy is negligible in the sense that it is at least one or-
der less significant compared to fl l. In other words, the
initial anisotropy of distribution function induced by the
applied Geld quickly diminishes due to the quasielastic
isotropic electron-phonon scattering in our model. Also,
because the energy of acoustic phonons is small com-
pared to that of electrons at temperatures considered,
huq (( ei„ the off-diagonal terms of f i l and fl i in
Eqs. (7) and (8) are expanded in terms of hwq/ei, . In ad-
dition, we take the energy equipartition approximation,
nq + 1 —nq = k~To/hcuq, which is valid because the
acoustic-phonon frequency is low for temperatures 100
K. Finally, the phonon dispersion relation is specified as
uq = c,q in the long wavelength limit.

Then, by taking all these into account one can obtain
a self-contained equation for f io~ and the result is
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af ~'l(x, t*) 1 8, 0(x' —2x —n) + (x' + nx)Bt* x Ox Bx

x fl l(x, t*),

x t* = t/v. o,
kIBTO

' (1o)

where the constants a and 3 p are given in Ref. 27. Fur-
ther, we find it useful to define

where the dimensionless variables x and t' are defined to
be

distribution oc exp( —x) as E —+ 0, which confirms that
the BFP equation produces the correct equilibrium so-
lution. In contrast, it is seen that the distribution func-
tion fl l (x) behaves as exp (—x /2n) in the limit of very
strong fields, which is known as the Druyvesteyn distri-
bution function. Recently, evidence for a Druyvesteyn
energy distribution in hot electron electroluminescence
was reported. Also, , a generalization of the distribution
function Eq. (16) was obtained by Liboff and Schenter
incorporating degenerate effects.

III. NU MEB.ICAI MATR. IX METHOD

Then, Eq. (9) becomes

Lg~ ~(x, t*) = 0 (12)

where

a(x) = (x —2x —n)/~x, b(x) = (x2+ nx)/~x.

(14)

in which the linear differential operator L is defined to
be

t9
I, = — a(x) + b(x)

The numerical analysis that we have used for solu-
tions to the BFP equation is described in this section.
The BFP operator plays a role as the generator of time
translation for the distribution function. Thus, if the
eigenfunctions and eigenvalue spectrum of the BFP op-
erator are obtained, the time-dependent solution is for-
mally determined by causing the BFP operator to act
on the initial distribution function that is specified as an
expansion in terms of the eigenfunctions. Particularly,
when the eigenvalue spectrum is discrete, it can be ex-
pressed as a sum of exponential terms with exponents of
time weighted by eigenvalues. For this purpose, we find
it useful to normalize the distribution function glo~(x, t*)
with respect to the steady-state solution f l l (x) as

One recognizes that the differential operator L takes
the form of the familiar Fokker-Planck operator. Since
Eq. (12) has been derived from the Boltzmann equation,
it is called the Boltzmann-Fokker-Planck equation. A
similar Fokker-Planck equation was derived recently by
Cavalleri and Mauri for systems with an electron-electron
interaction in the presence of an electric field.

The steady-state solution for Eq. (12) is obtained from

a(x)~xfl ~( )x+ b(x)~xfl ~( )x= 0,
OX

where the first term represents the drift Aux induced by
the electric field and the second term represents the dif-
fusion Hux in energy space due to the electron —acoustic-
phonon collision. Since the sedimentation equilibrium
is reached when the diffusion Aux compensates the drift
Aux, the total Aux is required to vanish in the long-time
limit. Blatter and co-workers discussed the competing
aspects of acceleration and deceleration of the carriers
due to the electric field and the scattering with phonons
by a Fokker-Planck equation in energy space. By inte-
grating Eq. (15) one can obtain

f~'l(x) = exp-
= C(x+ n) e

x
dx'a(x') /b(x')

(16)

where the integration constant | is determined from
the conservation of the number of particles. Here one
recognizes that the steady solution fool(x) is the well-
known Davydov distribution function of electron gas
under steady electric field. Also, one can notice that
f ool(x) approaches the equilibrium Maxwell-Boltzmann

so that 4 will become unity as the system approaches the
steady state. Then, the BFP equation (12) is rewritten
as

BC (x, t*)
+ L( )Cx( tx*) = 0, (18)

where the linear differential operator L is newly defined
to be

I. m L—:D '(x)Lf l'l (x)
l9= a(x)

Ox

62—b(x)

Hereafter, we will omit the asterisk in denoting time and
it should be understood to be dimensionless according to
Eq. (10) without confusion. The solution to Eq. (18) can
be formally expanded in terms of the complete eigenvec-
tors of the operator L as

4(x, t) = e '4(x, o)

= ) n„e—'-'qi"l(x),
n=p

(2o)

where the eigenvalue A and eigenvector q~ l(x) are sub-
jected to the eigenvalue equation

L4(x) = AC (x).

In Eq. (20) the expansion coefficients n are to be speci-
fied from the initial distribution of optically generated
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conduction electrons. The above eigenvalue problem
can be treated by employing the polynomial expansion
method:

C (x) = ) c„P„(x),

where the associated Laguerre polynomials with weight
function m(x) = xe are chosen for the complete or-
thonormal polynomials (P (x)} in the relevant domain
of x. Then, the eigenvalue equation is written in the
Hilbert space spanned by the polynomial basis (c }as

weights, respectively, determined by the Gauss-Laguerre
rule. The details of this method have been reported re-
cently in Ref. 21. Then, the eigenvalue equation (36) is
written in the quadrature basis as

) i()i, = xc, ,
l

where the matrix representation of the operator L in the
quadrature basis is obtained by the similarity transfor-
mation

L(~) y - UtL(J)Uij / ~ iI lm, m2) L!,".)c, = Xc;,
2

(23)
The result is given as

where the matrix representation of the operator L is given
by a((.)D(&) b(( ) ) D(~)D(9)

l

(29)

dx P; (x)LQ~ (x).
0

(24) where

4; = ) U~;c~,
2

(25)

In order to obtain the desired accuracy a large number
of polynomials in the expansion that corresponds to the
dimension of the matrix to be diagonalized is usually re-
quired, which makes the numerical investigation very ex-
tensive. In the current work we employ a discrete ordi-
nate method that provides an effective numerical scheme
of discretization of the BFP operator at the set of opti-
mally chosen energy points. This optimization procedure
is essentially equivalent to the Gaussian quadrature rule
where a relatively small number of points accurately rep-
resent an integration. This is done by rotating the poly-
nomial basis into the quadrature basis (4;}according to

D(.) ~ -
U d&- 8*)x'U ~-

~ (30)

In the above, the matrix representation of the operator I
obtained is not symmetric, accordingly neither the reality
of the eigenvalues nor the orthogonality of the eigenvec-
tors is guaranteed. This is because the operator L is not
self-adjoint in the Hilbert space spanned by (P }.How-
ever, it is possible to construct a new Hilbert space in
which the transformed BI"P operator is self-adjoint with
respect to the new weight function, Pp(x)—:~xf (P) (x).
The new orthonormal complete basis (@ }is given as

where the transformation is unitary and it is given as

Uv = &*(G)v~' (26)

where ((,} and (y, } are the quadrature abscissas and
Then, one can evaluate the matrix element of the opera-
tor L in the newly defined polynomial basis such that

f
OO 0 82

d P.(*)&'(x)L@ ( ) = — d*@'( ) g Ia(*)P (x)@ ( )j+ g, [b( )P (x)@'( )j0 Bx Bx

dx Pp(x)b(x)4,'(x)4,'(x),
0

(32)

where integration by parts has been used in the last step
with vanishing Pp(x) at x = 0 and oo. The result clearly
shows that the matrix. representation is symmetric in the
newly defined Hilbert space. Due to the connection be-
tween two polynomial bases, Eq. (31), one can expect
that the matrix representation, Eq. (32), would be the
matrix representation of a different self-adjoint operator
in the (P }basis. In fact, this turns out to be the case
as is seen in the following:

dx Pp(x) g; (x)LQ, (x) =
0

xI,

dx Pp(x) P, (x)
~(x)

p x

~(x)
Pp(x)

(33)

dx m(x)g, (x)MP, (x), -
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where the new self-adjoint operator has been de6ned to
be C'((;, t m oo)

~(&') , ~lol
Po(&')

(41)

Po(x)
iU(x)

ii~(x)

Pp(x)
(34) the value of which is unity according to the normalization

Eq. (17).

Thus the matrix element of the operator M in the poly-
nomial basis (P ) is defined as

« ~(x)~(x) tK(x) + p(x)&'(x) j

4,'( ) + p(*)4,(*) , (35)

1 (zv'(x)
2 &~(x)

P'(x) )
Po(x) )

We evaluate the above integration by utilizing the N-
point Gaussian quadrature to obtain

M,"' = ).x-~(&-) [&,'(&-) + p(&-) &'(4) j
n=p

~ [4,'((-) + p(4) 4, (4)
= ) b(g„)U„U,, D„'„'+p(g, )S„,

k, l, n

x D„", + p((, )b„, (37)

m, q

N —1

= ).t(&-) D.", + p(&-)~-
n=p

x D„, +&((„)8„~

Therefore the problem is finally reduced to solving the
well-defined eigenvalue problem

(39)

where A„ is the pth eigenvalue and 4~" is the jth compo-
nent of the pth eigenvector. Once the eigenvalue prob-
lem is solved, the time-dependent distribution function
is obtained at the discretized energy points ((;, i
0, . . . , K —1) according to

N —1

i((, , t) = ) „~" iU ' eI"l,
p, =p 0 i

(4o)

which clearly manifests the symmetry in interchanging
the indices i, j. Then, the quadrature representation can
be obtained by performing the similarity transformation,
and the result is

IV. RESULTS AND DISCUSSIONS

We have solved the BFP equation by utilizing the ma-
trix method that is presented in the preceding section.
Consequently, the time-dependent distribution functions
have been obtained for nonequilibrium electrons that
were assumed to be injected into a conduction band by
incoherent optical excitation. Then, the relevant trans-
port properties have been evaluated and analyzed in the
transient regime under the various physical conditions in
detail. The results are presented here.

The material parameters that we have adopted for the
current calculations are the ones appropriate for Ge at
Tp ——100 K:"

cs

El

0.2m,
5.35 g/cm,
5.4 x 10 cm/sec,
9.5 eV.

The electron mean free path evaluated from these param-
eters according to Ref. 27 is given as l =' 5.6 x 10
cm and the characteristic time 7 p is determined to be

0.59 nsec. The eigenvalues in the formal solution,
Eq. (40), are in units of wo and the energy points ((,)
are in units of kIBTO ——' 8.6 x 10 3 eV.

The smallest eigenvalue of the matrix representation of
the BFP operator must be zero, as mentioned earlier, be-
cause of the condition of particle conservation. Thus the
accuracy of our numerical calculation is strictly depen-
dent upon the satisfaction of this requirement. However,
the satisfactory value of the smallest eigenvalue is not ob-
tained by simply increasing the order of matrix. Instead,
the goal was achieved by introduction of the rescaling
factor 8 in the formulation according to

/ 1
X + X X

8
(42)

where s—:T/To. By doing so, we freely normalize the en-
ergy with respect to some other temperature T difFerent
from the equilibrium Tp. It turns out that the rescaling of
energy becomes important with an increase of the applied
field. A larger scale factor means that efFectively more
quadrature points are placed in the high energy region.
For this purpose, we replace x by 8x' in the formulas, for
instance, the symmetrized matrix representation of L is
written as

where the coeKcients c„are determined from the initial
condition. In the long-time limit the solution should ad-
mit the known steady distribution function as a solution,
which means that the smallest eigenvalue must be zero.
Then, the steady-state distribution function is calculated
from

N —1

M,i)i=
' )

n=O

x Dl;l + &(.g„)~„,

where

(43)
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2 (s —1)x'2 + (1 —2n/s) x' + n/s
4x'(x' + n/s)

0.20

1.8&10 V/m

0.15

The optimal value of 8 for a given E and N has been
determined by trial and error until the smallest eigen-
value reaches zero as shown in Table I, where the eigen-
value spectrum of the BFP operator is given for a field
of E = 1.0 x 10 V/m using the number of expansion
polynomials (or, equivalently the number of optimally
chosen energy points) of N = 25. It shows that the
eigenvalue spectrum is discrete at least for a few of the
lowest values. The exact dependence of the eigenvalue
on the scaling parameter is expected to be complicated
and is not given here as a functional form, however, it is
possible to obtain such a desirable value. In a separate
calculation it has been seen that for a fixed N the value
of the optimum scaling parameter that produces the de-
sired Ao becomes larger as the magnitude of the electric
field increases. This means that more points are sampled
in the high energy region in order to accurately represent
the distribution function under the high-field condition.

The steady-state distribution function f ( ) (x) is ob-
tained at the discretized energies according to

0.10

0.05

0.00
0.0 5.0 10.0 15.0

FIG. 1. Average electron population in the steady state
for several electric fields with a Gxed N = 15 at To ——100
K; the solid lines are the results from the analytic Davydov
distribution ~xf l( )xand the centered symbols ( ) indi-
cate the data obtained from the numerical matrix method

~((') @,'" x. .

(46)

The result is given in Fig. 1 for the various magnitudes
of the field but for a fixed N, where the electron popula-
tion is normalized to unity for convenience. In the figure
the squares represent the numerically obtained data and
the solid lines are the analytical result from Eq. (16).
The numerical outcome coincides with the analytic re-
sult, which demonstrates clearly the effectiveness of the
current numerical scheme: only a small amount of numer-
ical data represents the steady-state distribution function
correctly, N = 15 in this case. The role of the parameter
8 is observed to be placing more points optimally in the
high energy region in the higher-field case, compared to
the result of the smaller field for a fixed N. Also, it is
seen that more electrons are occupied in the high energy
state when the applied fields are stronger, which means
the average electron energy is bigger for large fields com-
pared to that of the smaller field case.

f( )(s((, t = 0) = Npbi (47)

where b~ is the Kronecker delta function and No speci-
fies the total number of the excited electrons N, accord-
ing to

Since we are interested in incoherent relaxation of the
energy distribution function, here no attention is paid
to the actual optical generation processes of the initial
hot electron distribution. In other words, the initial con-
dition should not matter in the time scale we consider.
Accordingly, we have chosen the pulsed initial condition
as a simple model, assuming that all excited electrons are
pumped into a particular conduction state x = s(

TABLE I. Dependence of the eigenvalues on the scale factor s; E = 1.0 x 10 V/m and N = 25.

1.ooooo [
—2]

1.10000[—1]
2.40000[—1]
3.ooooo [

—1]
3.20100[—1]
3.22500 [

—1]
3.22251 [

—1]
3.22293 [

—1]

Ap

5.7655 [+1]
7.7392[—1]
3.7330[—3]
4.0905 [—5]
2.2036 [

—7]
1.8602[—9]

7.1844[—11]
9.7842[—14]

Ag

3.0483[+2]
9.2249[+0]
4.5697[+O]
4.4873[+0]
4.4838[+0]
4.4836[+0]
4.4836[+0]
4.4836 [+O]

A2

7.5028 [+2]
2.4006 [+1]
1.0719[+1]
1.0143[+1]
1.0103[+1]
1.0101[+1]
1.0101[+1]
1.0101[+1]

A5

3.3665 [+3]
1.0984[+2]
4.2519[+1]
3.4951[+1]
3.3480[+1]
3.3332[+1]
3.3347[+1]
3.3345 [+1]

&~0

1.2930[+4]
4.1280[+2]
1.5164[+2]
1.1736[+2]
1.0944[+2]
1.0858[+2]
1.0867[+2]
1.0866[+2]
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%,(t =0) =s dx'D(sx') f ( ) (sx', 0)

=s+Xi~ '(«)D(s«)f"'(s6 o) (48)

cess nor trapping are considered in the current calcula-
tion. We have checked the condition of particle conser-
vation at each time utilizing the following expression in
order to monitor the numerical accuracy:

where D(x) is the density of states that equals
2ViV, v x/Ver in which N, is the effective density of states
that is defined to be (m*k~T/ah ) / /~2 Th. en, the
subsequent relaxation of the electron distribution func-
tion is completely specified by Eq. (40) where the expan-
sion coeKcients c~ are determined by the initial condition
C (s«, 0) = f (s(i, 0) / f ) (s«) . The result is written as

(51)

~.(0) I'o(s&-) ~(«)
D(s&-)f"'(s(-) &.(s«) ~h-)

H~) ) —A~t@{plply)
s+X Xi

(49)

1.4
(a)

5.0v

It can be proved easily that Eq. (49) satisfies the cho-
sen initial condition by making use of the orthonomality
condition P iII&" iIJ " = bi . In order to demonstrate
the relaxation of the initially sharply peaked electron dis-
tribution toward a steady state we find it convenient to
define the ratio of the distribution function with respect
to the steady result as

0.8—

0.6

which tends to unity at long times. The result is drawn
in Fig. 2 for a low field E = 5.0 x 10 V/m at various
time steps calculated with N = 15. In Fig. 2(a) elec-
trons are initially pumped into the energy x = 0.9 and in
Fig. 2(b) x =' 4.6. A smooth line has been drawn through
the data points ( ), although the distribution function
is evaluated at the discretized energies. The initially
sharply peaked distribution function at the injected en-
ergy broadens with time and approaches the steady-state
distribution at infinite time. The portion of the curves
below unity indicates an underpopulation of carriers with
respect to the steady-state distribution and the portion
above unity represents an overpopulation. It shows that
electrons excited at a higher energy relax slowly com-
pared to the low excitation result due to the fact that
it should emit more phonons before reaching the steady
state. The same features are seen in Fig. 3 for a much
higher field of strength E = 5 x 10 V/m for two initial
conditions evaluated with K = 35; x =' 30 in Fig. 3(a)
and x = 49 in Fig. 3(b). The initially 6-function-like
pumped electron distributions are significantly depopu-
lated already within a time scale of tens of picoseconds.

Ance the distribution function is determined, the
macroscopic thermodynamic states of the electron gas
such as the total number of excited electrons, the hot
electron temperature, and the drift velocity can be cal-
culated by taking proper moments over the distribution
function. In particular, the number of electrons should
remain constant in time since neither recombination pro-

0.4
0.0 8.0 4.0 6.0 8.0 10.0

10.0

8.0

6.0—

40

8.0

8.0 4.0 6.0 8.0 10.0

FIG. 2. Relaxation of the time-dependent distribution
function 4'(x, t) = 4(x, t)/4(x, oo) at several times in units
of rp ——0.59 nsec for an electric field E = 5 x 10 V/m at
Tp = 100 K; the electrons are initially peaked at (a) x =' 0.9;
(b) x =' 4.6, where x is in units of kriTp —8.6 x 10 eV. The
symbols ( ) indicate the values of the distribution function
at the discretized energy points.
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and the result was quite satisfactory that the calculation
produced 2V,*(t) = 1 at all times.

Next we define the hot electron temperature T, (t) to
be the average electron energy evaluated by the time-
dependent distribution function obtained according to

where T*(oo) is the steady-state electron temperaturee
and

i)( i j2
2 g( (s((/n + 1) e('
3 ~ - ~((s( /a+ l)~e(' —'lt'~

I,=O

dx'D(sx') x' f (sx', t). (52) (54)

T,*(t) = T,*(oo) + ) ~„exp(—A„t), (53)

(a)

1.2

0.8

0.4

find it convenient to normalize the electron tem-
perature with respect to the equilibrium To as
T, (t)/To, for which the expression is given as

The relaxation of the nonequilibrium electron tempera-
ture correspon ing o ed t the distribution functions in igs. 2
and 3 is shown in Figs. 4 and 5, respectively, including
severa a i iona ini ial dd't l

' t' l conditions. The electrons are
accelerated toward the opposite of the direction of the ap-

l d fi ld which results in an increase of average electron
energy in time. This gain of energy is compensated y e
electron s oss o energy]. f through scattering with acoustic

honons. Thus, before reaching the sedimentation equi-
librium, electrons are either heated up or cooled down
aepen ingon e'd d the initial excitation condition. These tran-
sien e ec s are ct ff t e clearly manifested in the resu ts. n ig.
it is seen that the initial electron temperature T ( ) ea s

up when the electron temperature at t = 0 is lower t an
the steady hot temperature T,*(oo) and it cools down
when T,*(0) is higher than T,*(oo). For the chosen ow

of E = 5 x 102 V/m the hot electron temperature
in the steady state is close to To, T, oo = . , w
is independent of the initial excitation conditions. T e

i h field E = 5.0 x 10same features are shown for a ig e
V/m in Fig. 5 where the steady hot temperature is de-

the electron temperature with changing of the magni-
tude of applied fields for a fixed initial condition x = 4.6

0.0
20 40 60 80 100 5.0

6.0
4.0

5.0

4.0
3.0

3.0
2.0

2.0 1.0

1.0
0.0

0.0

0.90

1.0 2.0 3.0 4.0 5.9

0.0
20 40 60 80 100

FIG. 3. Same as Fig. 2 for an electric 6Geld E' = 5 x &04

V/m: the initial peak is located at (a) x ='=30 ~b, ~ =49.

FIG. 4. Decay of the electron temp erature T; (t)
= T (t)/To for initial conditions x =' . 0, 1, , 0,0 1.76 2.97, 4.60,
and 6.86 at Tp ———100 K with R = 5 x 10 V/m; the steady
temperature is T,"(oo) =' 1.03.
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40

30

of electron temperature diminishes a thas e magnitu e of
fields decreases. For the low Geld th te s e emperature de-
cays gradually until it reaches the steady value.

tern e
t is useful to characterize the deca of the 1ay o e e ectron

van re axation timeemperature in terms of the releva t 1

ie y o ways. ere, we de-w ich can be defined in a variet f . H
ne an effective transient energy-relaxation time r(t) as

is done in the work of Kim and Sh 1 hizga t rough
20

10

0
0.0 0.3 0.5 0.8 1.0

~T. (t) &. (t) —T. ( )
Ot r(t)

which brings out, with the help of Eq. 53 )

N —1

) n„exp (—A„t)

(t)

A'~A~ exp (—A~t)

(55)

(56)

FIG. 5. Sameme as Fig. 4 for another field of E = 5 x 10
V/m with initial conditions x =' 7.9 17.0 24..3, 30.1, and
48.6; the steady temperature is T; (oo) =' 15.4.

that corresponds to T; (0) =' 3.l; in evaluating the re-
21, 25, and 29 were used for fieldsE:5 Ox 10

&
5 1 x 10

y
1 Ox 10

&
3 7x 10

y
and 5.0x 10

/m, respectively. It shows a tendency that the elec-
tron temperature approaches a steady-state value faster
w en the applied field is stronger. For the high fields
the electro t
short time.

on temperature increases shar-1
s ort time. This is because electrons accelerate quickly
and thus gain energies from the field before havin a
chance to emit hphonons. This sharply increasing feature

The tiime variation of w(t) is depicted in Fi . 7 w
m or several initial excitation con-

ditions. It manifests that the relaxation time tends to
a constant after an initial tran t tsien ime, w ose value is
seen to approach 1/At, which equals 0.33ro ——' 0.19 nsec in
this case. This observation can be understood by taking
a long-time limit of Eq. (56) such that

1 cl2
r(t) -+ —+ exp (—(A2 —Ag)t), (57)

where Aq ( A . Thus w
the BFP o

2 ~ , w en the eigenvalue spectrum f
P operator is at least partially discrete, which is

cays exponentially in the long-time limit and the relax-
ation can be characterized by th lle sma est nonzero dis-

20
0.45

5.(5&10 V/m
0.40

S."h&10 V/m

e 0.35

.&10 V/m

5.1~10 V/m
5.8&10 V/m 0.30

8.9

0
0.0 1.0 2.0 3.0 4.0

t
FIG. 6. Same as Fig. 4 but with a fixed initial condition

4 4
x =' .6 or various electric fields E = 5.0x10 5 1 10,x, 1.0x
10, 3.7 x 10,and 5.0 x 10 V/m.

0.25
0.0 0.5 1.0

t
1.5 2.0

FIG. 7. T'
time w t for

ime variation of the transient en lenergy re axation
&me r(t) for 8 = 5.0 x 10 V/m with initial conditions 2: =

4.5, 6.0, 6.9, 7.8, and 8.9.
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crete eigenvalue A~. While the initial transient occurs,
the temporal behavior of the decay would be more intri-
cate so that there may exist more than two relaxation
times at a certain stage and that it would be nonexpo-
nential in a shorter time scale in general. In Fig. 8 the

normalized relaxation time, T*(t)—:v(t) Ai, is pre-

sented for various applied fields. Clearly, it is manifested
that the relaxation time approaches a constant 1/Ai for
a given Beld after a sufficiently long time. For the higher
Belds the long-time characteristic of exponential decay
of average energy is established faster compared to the
lower-Beld cases. The complicated structures which ap-
pear in a very short time (( O. lrp) are not important
because phenomena which appear in such a short-time
regime are out of the scope of the Boltzmann transport
theory.

In a recent work a formula for a temperature relax-
ation rate for metallic systems was derived by Allen.
Allen's Eqs. (1) and (2) in Ref. 40 are equivalent to
our Eq. (1) for nondegenerate electrons in the zero-field
case and also when one neglects hot phonon eKects by
assuming %g as the Planck distribution function with
the equilibrium temperature in it. Then, the emphasized
parameter A(w ) in the reference is related to our energy-
relaxation time r (t) as

7rk~T, (t)
3h,

1.5

0.9

0.7—

0.5
0.0 1.0 8.0 3.0 4.0

FIG. 8. Temporal behavior of the normalized energy re-
laxation time 7*(t) = v. (t)/Ai with a fixed initial condi-

tion x =' 4.6 for various electric fields E = 5.0 x 10, 5.1 x
10, 1.0 x 10, and 5.0 x 10 V/in where the corresponding
A~ = 0.46, 0.19, 0.13, and 0.06 nsec for each field, respec-
tively.

N. . .Bf( &(sx', t)
vg t= vp s 'dx x

n g~l (58)

The estimated numerical values for a peak tempera-
ture T,*(0) = 2.9 are A(w2) =' 4.4 x 1022/sec 1.9 x
10 2 meV (5 = 1) at t = 1 and A(p/ )

=' 2.8 x
10 /sec2 1.2 x 10 meV at t = 5. However, one
should notice that there exists an essential difference be-
tween two calculations: Allen used the thermal distribu-
tion function with the time-dependent temperature in it.
On the other hand, our calculation obtains the athermal
distribution function by solving the Boltzmann equation
and then evaluating the time-dependent temperature.

The time-dependent drift velocity vp which is defined
to be the average velocity of electrons over the distribu-
tion function is calculated as

where

N —1

= )M*(oo) + ) P„exp(—A„t),
p, =1

(60)

where n is the density of pumped electrons and the con-

stant vp ——2v 2eEl, (3i/mvrkiiTo). Then, the field-

dependent transient mobility can also be calculated from

p(t) =—
l

vq(t)
l

= po 's d&'f (sx', t), (59)E n

where po is the zero-field mobility defined as po
vg(E ~ 0)/E. Here, we report the transient mobility
normalized with respect to the zero-field mobility, which
is calculated from

l=o

In Fig. 9 the normalized transient mobilities ))J,*(t) are
demonstrated for a field of E = 5.0 x 10 V/m under
several excitation conditions. Interestingly, the mobility
of electrons that are excited at low energies increases for
a short period of time and then decreases gradually to
the steady-state value of p*(oo) = 0.63. On the other

hand, the mobilities of electrons that are injected at high
energies increase monotonously until they saturate to the
steady state. In Fig. 10 the time-dependent mobilities
are drawn for various field strengths with a fixed initial
excitation condition x =' 4.6. The mobility grows slowly
for low Belds until it reaches the steady state. As the Beld
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0.8

TABLE II. Hot electron temperature and mobility vs elec-
tric fields in the steady state where R is in units of V/m, the
temperature is normalized by To ——100 K, and the mobility
is normalized with respect to po ——3 x 10 cm /(V sec).

0.4

1.o [+1]
5.o [+1]
1.o [+2]
5.o [+2]
1.0[+3]
5.o [+3]
1.o [+4]
5.o [+4]
1.0[+5]

T; (oo)
1.00
1.00
1.00
1.03
1.10
2.12
3.56
15.4
30.2

p*(oo)
0.995
0.995
0.994
0.973
0.927
0.635
0.483
0.230
0.164

[+n] = 1o".

G.G

0.0 1.0 2.0 3.0

FIG. 9. Transient mobility of electrons p*(t) = p(t)/po
where po —— 3 x 10 cm /(V sec) for an electric field
E = 5.0 x 10 V/m with various initial conditions x
1.8, 2.2, 3.3, 4.5, and 8.9; the steady mobility p" (oo) equals
0.63.

) P„exp (—A„t)
@=1

N —1

) P„A„exp (—A~t)

increases the temporal tendency is changed from growth
to decay. For high fields the mobility decays quickly and
transits to the steady state faster than low-field cases.
Also, the steady mobility is seen to get smaller as the field
increases, for instance, p*(oo) =' 0.97 for E = 5.0 x 10
V/m. but p*(oo) = 0.48 for E = 1.0x 10 V/m. Similar to
the energy-relaxation time, one may define the mobility
decay time as

1.0

Again, the decay is exponential in the long-time limit
and the corresponding effective constant relaxation time
is characterized by the reciprocal of the smallest nonzero
eigenvalue. On the other hand, the detailed time depen-
dence of the initial transient would be different from that
of the energy relaxation in general.

Finally, some of the calculated steady values of the
hot electron temperature and mobility are reported in
Table II. The stronger the magnitude of the applied field
is, the hotter the steady value of the electron tempera-
ture is. Also, a clear manifestation of nonlinearity in the
transport coefficient is seen: the value of the mobility de-
viates significantly from Ohm's law as the electric field is
increased.

0.8

0.4 3.7~10 V/m

0.2
5.0 10 V/m

0.0
0.0 1.0 2.0

t
3.0 4.0

FIG. 10. Same as Fig. 9 with a fixed initial condition x =
4.6 for various electric fields E = 5.0 x 10

&
5 1 x 10

y
1 0 x

10, 3.7 x 10, and 5.0 x 10 V/m.

The Legendre polynomial expansion has been a widely
used method in obtaining an approximate analytical so-
lution to the Boltzmann equation for studies of electri-
cal transport in semiconductors under the inHuence of
electric fields. Particularly, the two-term approximation
is useful for nonpolar materials because in these mate-
rials it not only allows an accurate result for the car-
rier density, drift velocity, and electron temperature but
also it represents the distribution function itself reason-
ably well. In the early investigations, however, most
works were focused on the steady-state phenomena, for
instance, the energy distribution functions and mobilities
were obtained under steady-state conditions with respect
to the applied electric field.

In this paper we have extended this approach to the
time-dependent regime, and consequently the transient
transport of charged carriers has been studied. The semi-
conductor considered as a model is a gas of nondegenerate
conducting electrons that are excited by incoherent op-
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tical pumping, limited by acoustic deformation potential
scattering in an effective single parabolic and spherical
energy band under the inHuence of external stationary
electric fields. Consequently, the Boltzmann equation
was converted into a more tractable di8'erential equation,
which was named the Boltzmann-Fokker-Planck equa-
tion, for the energy distribution function. The resultant
equation was solved numerically under the general time-
dependent situation for the pulsed initial conditions by
utilizing a matrix method. The matrix method we used
has been proven to be very efBcient for a complicated
transport calculation in the sense that a relatively small
number of eigenfunctions is needed for the BFP operator
to correctly produce an accurate distribution function.
This method is analogous to the Gaussian quadrature
rule in numerical integration, which produces a desirable
accuracy while utilizing a small number of quadrature
points optimally.

It is seen that the sharply peaked initial electron distri-
bution broadens with time smoothly and eventually re-
laxes to the sedimentation nonequilibrium distribution,
the well-known Davydov-Druyvesteyn distribution func-
tion, in the infinite-time limit. The condition of particle
conservation was monitored in order to assure the nu-
merical accuracy at each time. Subsequently, the macro-
scopic thermodynamic variables such as the hot electron
temperature, drift velocity, and also the transport coefti-
cients such as the mobility were evaluated by calculating
relevant velocity moments over the distribution function
obtained. The transient mobility approaches the steady-
state value difFerently depending on initial conditions and
magnitude of fields. Under a low excitation condition the
mobility increases for a short period of time and then re-
laxes to the steady value. On the other hand, it increases

monotonously until it saturates to the steady value for
electrons that are excited at high energies. The mobility
approaches the steady-state value faster when the applied
field is bigger under the same excitation condition. Also,
the results show that the steady mobility decreases as the
magnitude of the field increases, which reHects deviations
from the linear response. The electron temperature heats
up under the low excitation conditions and cools down
under the high excitation conditions before reaching the
steady hot temperature for a chosen field. The electron
temperature decays faster for a higher field compared to
the result of a smaller field and the steady hot electron
temperature becomes hotter as the strength of the ap-
plied field increases.

In addition, we have introduced the time-dependent re-
laxation time of the average electron energy and of Ino-
bility in order to analyze the transient behavior more
quantitatively. The nature of the approach to the steady
state has been discussed in terms of the eigenvalues of the
BFP operator. The important aspects of our results are
that the decay of electron temperature as well as mobility
toward steady state is exponential in the long-time limit
and that the corresponding relaxation time is character-
ized by a smallest nonzero eigenvalue of the BFP oper-
ator. In a shorter-time transient regime it is expected
that the relaxation would be more complicated.
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