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Phase separation in sputtered amorphous metal-germanium alloys
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Anomalous small-angle x-ray scattering has been used to observe and characterize phase separation in

sputtered amorphous Fe,Ge&, and Mo, Ge&, thin films. Significant chemical inhomogeneity and an-

isotropy is observed on a very fine size scale. At low metal concentrations (c (0.25), no films are homo-

geneous nor isotropic through the metal-insulator transition composition region (0.10~ c ~ 0.25). Mea-

surements performed with the scattering vector both in and oblique to the film surface plane indicate

that the chemical inhomogeneities are quite anisotropic. The cylindrical correlation functions, which

have been calculated from the oblique scattering with a spherical harmonics approach, suggest a physi-

cal picture in which well-correlated inhomogeneities are formed at the surface during film growth, with

little correlation between those formed in one layer and those formed after 2 nm of material have been

deposited. These results suggest that fluctuations in the growth direction play a pivotal role in prevent-

ing simple columnar structure growth or structures that evolve systematically as the film grows. In addi-

tion, the anomalous scattering measurements confirm that the metal atoms (Fe or Mo) are the source of
the inhomogeneity, with the Ge atoms distributed homogeneously. A method for using these measure-

ments to determine the compositions of the phase-separating species has been developed. The results in-

dicate phase separation into end-point compositions of amorphous Ge and an intermetallic phase of
composition close to FeGe& or MoGe3. Finally, by manipulating the deposition parameters, Fe, Ge&

films that have the same Fe composition can be grown to di6'erent states of phase separation. These re-

sults may help explain the difticulty workers have had in isolating the metal-insulator transition for these

and other vapor-deposited amorphous alloys.

I. INTRODUCTION

Amorphous metal-germanium vapor-deposited films
have been studied extensively over the past 15 years.
Much of the effort has been aimed at understanding the
metal-insulator (M I) transitions -in the region of 10—25
at. % metal. Superconducting transitions in the Mo-Ge
system and magnetic transitions in the Fe-Ge system
have also attracted considerable attention. These two
systems have been of particular interest because they
remain amorphous through the transitions.

Almost all attempts to interpret the measured physical
properties of the Mo-Ge and Fe-Ge systems have as-
sumed, implicitly, that the fi1ms are chemically homo-
geneous. In recent years, however, it has become increas-
ingly clear that at least some of the films are not homo-
geneous and that the inhomogeneities have a significant
inAuence on the physical properties.

Initial evidence of phase separation in sputtered amor-
phous Mo, Ge&, films came from Kortright and Bienen-
stock, ' who studied them with extended x-ray-absorption
fine structure, di6'erentiaj anomalous scattering (DAS),
and small-angle x-ray scattering (SA.XS). They provided
strong, but not conclusive, evidence for the coexistence of
tetrahedral a-Ge with a very fine scale ((4 nm) Mo-
modified amorphous material in the composition region
0~ c (0.23. Their work indicates that the local order in
the modified material resembles that of the crystalline
Ge-rich compounds (e.g. , MoGe2 or Mo»Ge23, the only
Ge-rich compounds in the equilibrium phase diagram).

At approximately c =0.23, no evidence of the tetrahedral
a-Ge or chemical inhomogeneities remains. The struc-
tures in the region 0.23 + c ~0.50 are typical of most in-
termetallic structures (long Mo-Mo distances, strong or-
dering of Ge around Mo). The collapse of the long Mo-
Mo distances leads to a third region c & 0.5 in which the
structure is similar to that found in most melt-quenched
metal-metalloid glasses. These authors were unwilling to
state definitively that the material is phase separated in
the M-I transition region 0 c 0.23 because the SAXS
they observed might have arisen from voids or other de-
fects.

The electrical transport properties shed little light on
the question of homogeneity. Yoshizumi et al. found
the M-I transition at c =0.10 for sputtered amorphous
Mo, Ge&, alloys and superconducting transitions at Mo
concentrations as low as c=0.135. For co-evaporated
samples, Devenyi et al. concluded that the M-I transi-
tion occurs between c=0.075 and 0.16, for which they
had prepared samples.

Specific-heat measurements on cosputtered amorphous
Mo-Ge alloys by Mael, Yoshizumi, and Geballe indicate
that there exists no critical behavior of the thermo-
dynamic electronic density of states, proportional to the
linear term in the specific heat, at the M-I transition.
They show that a nonvanishing density of states exists on
the insulating side of the M-I transition and is consider-
ably larger than that of pure a-Ge. They associate these
states with the Mo-modified material proposed by
Kortright and Bienenstock. '
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Similarly, the atomic scale structure of triode-sputtered
Fe,Ge, , alloys has been studied as a function of compo-
sition by Lorentz, Bienenstock, and Morrison with
SAXS and x-ray-absorption near-edge structure. For
c &0.33, these authors found phase separation through
the magnetic-nonmagnetic transition, which suggests that
the transition occurs through a percolation of a-Fe3Ge
within a-FeGe2. As in the x-ray study of Mo-Ge cited
above, however, their methods were not sensitive to com-
position modulations on a fine size scale ( (4 nm), so they
could not rule out separation for c & 0.33.

For coevaporated amorphous Fe,Ge&, films, Daver,
Massenet, and Chakraverty cite a M-I transition compo-
sition as c =0.25 on the basis of resistivity measurements.
In contrast, the M-I transition for the triode-sputtered
Fe-Ge films studied by Lorentz, Bienenstock, and Mor-
rison is cited as occurring at 15 at. %%uoFe . Whil e these
M-I transition compositions can be interpreted in terms
of either homogeneous or inhomogeneous materials, the
difference in compositions for coevaporated and triode-
sputtered Fe, Ge, , materials suggests a microstructural
difference.

Ding and Andersen performed molecular-dynamics
computer simulations on the structure of amorphous
Mo-Ge and noticed that Mo at low concentrations does
not substitute for Ge but rather tends to cluster, forming
chains and rings, and hence distorts the local Ge random
tetrahedral network, as predicted. This supports
Kortright and Bienenstock's model of a Mo-modified ma-
terial, but since the amorphous state in their simulation
was formed by rapidly cooling a theoretical melt of Mo
and Ge atoms, the simulation cannot explain structural
effects that depend on the kinetics of the vapor deposition
process itself. In the work reported here, we have found
that both the direction of film growth and deposition pa-
rameters are essential to specifying the degree and extent
of phase separation.

TEM studies (Mo-Ge alloys) have had similar
difficulties in detecting such a fine-scale separation for
c &0.25. Electron microscopy has been used to observe
composition modulations in the amorphous Au-Si sys-
tem, which shows considerably greater contrast. As will
be shown in this paper, however, with anomalous small-
angle x-ray scattering' (ASAXS), variable electron densi-
ty contrast and statistical averaging of fine-scale modula-
tions, among other features, become possible.

The existence of composition fluctuations on an ex-
tremely fine scale was shown definitively by Rice,
Wakatsuki, and Bienenstock, " who used ASAXS to dis-
tinguish chemical fluctuations on a 15—30-A scale from
voids, cracks, and similar defects in amorphous
Fe, Ge& „Mo,Ge& „and W, GeI, sputtered films.

Some of the conclusions of this work have been
presented in a recent paper. ' In this work, the charac-
terization of the composition fluctuations in magnetron
sputtered amorphous Fe,Ge j, and Mo, Ge &, films,
which led to some of those conclusions, is described in
more detail. It is shown that the following has been
determined.

(i) The metal-rich particle sizes are anisotropic, with
diameters of the order of 1 nm in the growth plane and

1.5 —2.0 nm in the growth direction. These sizes indicate
that a columnar description is inappropriate.

(ii) The interparticle correlations are also anisotropic.
A well-defined depletion region surrounds the particles in
the growth plane, whereas the depletion region is nonex-
istent or extremely small in the growth direction.

(iii) If it is assumed that one phase is a-Ge, then the
others have compositions close to FeGe2 and MoGe3 in
the M-I transition regions of the Fe-Ge and Mo-Ge films,
respectively.

(iv) The phase separation microstructure can be mani-
pulated by altering the deposition conditions.

(v) Fluctuations (probably associated with variations in
adatom flux or sputtered metal clusters) disrupt the
growth process to prevent the formation of long columns.
That is, there is copious nucleation if the system
separates by nucleation and growth. If the process is
closer to spinodal decomposition, then fluctuations fre-
quently interrupt the decomposition process.

(vi) This extremely fine-scale, anisotropic phase separa-
tion can be characterized by ASAXS, particularly
through the use of cylindrical correlation functions intro-
duction by Norman' and the oblique transmission SAXS
approach introduced by Cargill. '

We begin in Sec. II with a discussion of sample
preparation, x-ray absorption methods, and the ASAXS
technique. Section III is devoted to the k-space scatter-
ing results, while Sec. IV discusses our methods to isolate
the end-point compositions. Finally, Secs. V and VI
focus on the real-space interpretation of our results, first
in terms of correlation functions and then in terms of
specific models of a simplified, anisotropic phase separa-
tion.

II. EXPERIMENTAI. AND SAMPI.E
CHARACTERIZATION

A. Sample preparation

Amorphous Fe,Ge&, (c =0.058, 0.062, 0.063, 0.087,
0.107, 0.108, 0.115, 0.136, 0.182, 0.239, 0.251, 0.270,
0.439, and 0.466) and Mo, Ge&, (c =0.065, 0.124, 0.165,
and 0.236) alloys were prepared at room temperature by
magnetron cosputtering of elemental targets onto a rapid-
ly rotating substrate table, so that only a fraction of a
monolayer is deposited as the sample is rotated in front of
one target and then the next. The sputtering geometry
was in the vertical, with the substrate table always posi-
tioned 3 in. below the planar magnetron sputter guns.
The base pressure of the chamber was never higher than
2X 10 Torr and the sputtering gas, purified Ar, always
held at 2 mTorr.

The Ge rf power was usually set in the range of
350—400 W (except for some samples grown at —100 W
to determine the effect of varying target power on the de-
gree of phase separation), while the Mo or Fe dc current
was varied from 0.02 to 0.20 A to control the overall
composition of the film (for c (0.33). The substrates con-
sisted of clean Si(100) wafers, glass microscope slides, and
25-pm Kapton. Film growth rates varied from 1 to 4
A/sec depending on target power settings, but typically



12 172 MICHAEL J. REGAN AND ARTHUR BIENENSTOCK

5 —10-pm-thick films could be grown in 7—10 h. With a
table rotation of 300 rpm, approximately 0.2—0.8 A of
material are deposited for each revolution under the
sputter guns. The films were grown to such thicknesses
that they could support their own weight and not crack
or Hake once the Si support was removed. For films
thicker than 6—7 pm, the Si substrates could be rendered
free standing by etching the Si substrates in a KOH bath.
All the ASAXS spectra presented in this work are from
free-standing samples, except for those presented in Fig.
3.

After sputtering, the films were smooth with a shiny
surface. A conventional Picker x-ray diffractometer was
used to ensure that the samples used in this study had not
crystallized. Since there was no etch stop protecting the
films, there was concern that the Si substrate removal
procedure with KOH may have damaged the films.
There was no visual evidence for such damage, however,
and the diffractometer scans showed no change between
the free-standing films and those that were Kapton sup-
ported. These observations are in agreement with Wil-
son, ' who also observed no change in large-angle scatter-
ing of Mo-Ge alloys with a KOH etch. Additionally, the
ASAXS patterns show no difference between the free-
standing and Kapton-supported films (from the same
deposition), except for the far-improved signal-to-noise
ratio (SNR) from the free-standing film. An alpha-step
profilometer was used to determine the film thickness and
an electron microprobe to determine the atomic percent
metal in each alloy.

B. X-ray absorption measurements

X-ray absorption measurements were performed near
the relevant atomic absorption edge energies to determine
the anomalous scattering factors for use in DAS, ' as well
as to provide additional information about the film
thicknesses and compositions. The data were acquired
on the eight-pole wiggler side stations 4-1 and 4-3 of the
Stanford Synchrotron Radiation Laboratory (SSRL) for
all of the sputtered films, which were at room tempera-
ture. For the Fe-Ge alloys, Si(111) crystals were used to
scan the Ge IC edge (11 103 eV) over the energy range of
10 858—12 070 eV and the Fe K edge (7102 eV) from 6866
to 8078 eV. For the Mo-Ge alloys, Si(220) crystals were
used. The relevant scan ranges mere 10858—12071 eV
for the Ge K edge and 19 555 —21 226 eV for the Mo K
edge (20000 eV).
f '(E) and f"(E), the real and imaginary parts, respec-

tively, of the anomalous component of the atomic scatter-
ing factor were obtained from the x-ray-absorption data
mith standard procedures. ' The absorption measure-
ments were also used to determine the films' composi-
tions, using the method of Wilson. ' Since this method
measures the composition of the entire thickness of the
sample, whereas the electron microprobe only samples
the top —1000 A, we have used the atomic fractions
determined from the x-ray approach. Compositions
determined by the two methods did not differ by more
than 5 —10%, which translates to less than 1 —2 at. %
metal for the concentrations studied. This also indicates

that there is little change in metal concentration with film
thickness. By assuming an average number density for
the overall film, n„, the thickness can be calculated.
For a given film of metal concentration c (c (0.33), n,„s
was taken as 95% of the weighted average number densi-
ties of crystalline Ge, MoGe2, and FeGe2. Results are
consistent with the alpha-step profilometer. We have also
determined that none of the physical conclusions in the
paper are significantly affected by an error of a few per-
cent in the assumed n„.

C. ASAXS method

The ASAXS camera used for the measurements, the
SSRL beam line x-ray optics, the energy resolution, and
the data manipulation have been described in detail else-
where. ' ' Data were collected at the eight-pole wiggler
end station 4-2 at SSRL. Depending on the x-ray energy,
either Si(111) or Si(220) monochromator crystals were
used in a double-crystal configuration. Besides an
upstream aperture to limit the vertical and horizontal
beam divergence, the incident beam was further defined
in the hutch by two sets of slits (each approximately 0.25
mm vertical by 0.50 mm horizontal) separated by an eva-
cuated chamber that could be varied from 1 to 3 m in
length. The samples were held in transmission and
separated by a telescoping, evacuated chamber from a
linear position-sensitive detector. Miniature ionization
chambers, placed directly before and after the sample,
were used to normalize scattering data as well as to cali-
brate the monochromator. The monochromator, ion
chambers, and detector were all controlled by a micro-
VAX through a CAMAC interface.

Depending on the x-ray energy, the windows used to
separate the evacuated chambers and air were either 25-
pm mica or Kapton. Mica is the preferred material, ex-
cept that it contains enough Fe to prohibit its use for
DAS studies at the Fe edge. Consequently, mica has
been used at the Mo and Ge edges and Kapton at the Fe
edge (and occasionally at the Ge edge as well). Unfor-
tunately, Kapton has appreciable small-angle scattering
in the angular region of interest and, even with the free-
standing films, the Kapton scattering from the windows
on the evacuated chambers is noticeable and must be sub-
tracted. Especially at the Mo edge, where the reduced
counting eKciency limits the SNR, elimination of all
Kapton with mica led to significant changes in the
scattering pattern with energy, which were somewhat ob-
scured during a previous attempt.

Experiments were performed on all samples with the
x-ray beam at normal incidence to the films. For the
Fe,Ge&, samples with c =0.063, 0.108, 0.136, and
0.182, as well as the Mo, Ge&, samples with c=0.065
and 0.124, oblique incidence was also utilized by tilting
the sample through an angle 8k (see Fig. 1). A broad
range of orientations of the scattering vector with respect
to the sample plane is available. To achieve this, a Huber
410 circle, which was a%xed to the camera's optical rail,
provided the necessary sample rotation. The data sets
consist of radial scans in k space; that is, the sample was
taken to a particular tilt angle Ok, so that in the small-
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FIG. 1. (a) Real- and reciprocal-space coordinate systems.
(b) X-ray scattering geometry. ~k~ =4vrsin(20/2)/A, , with 28
the scattering angle and A, the x-ray wavelength.

angle limit the direction of k was fixed and the scattering
was measured as a function of the scattering vector mag-
nitude k. This was done for Ok =90', 75, 60', 45', 30',
and 15' (0' is not measurable) and 4—6 x-ray energies per
absorption edge.

There was essentially no dark current with the beam
off (1—5 cps integrated along the length of the detector),
so that it was ignored. The observed scattering was then
a combination of the coherent and incoherent processes
in the sample and that from window materials, air, etc.
(background). The range of reciprocal space covered de-
pends on the sample-detector distance and the incident
x-ray energy, but typical values ranged from k =0.05 to
0.60 A . Smearing effects due to finite beam size have
been considered. They are, however, negligible due to the
small spot size used and relatively large, small angles
studied and hence are ignored in the analysis.

The position-sensitive detector used in the measure-
ments was a 20-cm linear position-sensitive proportional
counter with a 6-mm conversion depth. The counter gas
was typically a 70% Ar/balance CO& mixture that has a
1/e absorption length of 4.0 cm at 7 keV (Fe edge at 7112
eV). In order to record the Mo edge (20000 eV) coherent
scattering and perform DAS, however, an 80%
Xe/balance CO2 counter gas that gave an absorption
length of 8.2 cm at the Mo edge was used. (The absorp-
tion length is too large, 77 cm at these hard x rays, for
the Ar-containing gas. ) This was still not sufficient, how-
ever, to carry out DAS since the large fraction of Ge in
the samples swamped the detector with fluorescence
(Ka, =9886, Kaz=9855, KPi=10982, and KP3=10975
eV). These lower-energy photons are distributed over a
4m. solid angle and are detected as a constant background
superimposed on the coherent scattering. With the
fluorescence emitted at lower energies and hence prefer-
entially absorbed in the limited detector depth (the ab-
sorption length is 1.5 cm for the Xe mixture at 10 keV),
the count rates are so large that space-charge effects and
dead-time corrections become appreciable. Although the
detector energy resolution is approximately 20% and the
fluorescence can be discriminated, the beam flux must be
reduced in any case to avoid the high count rates and the
resulting SNR is not good enough to perform DAS.

To avoid this problem, a large, sputtered Zn filter
[which has an absorption edge between the fiuorescent ra-
diation and the coherent signal (Zn K edge at -9.7 keV)]

was placed over the linear detector, downstream of the
beam stop, so the Ge fluorescence could be preferentially
absorbed without excitation of Zn fluorescence from the
direct beam. The Zn filter, sputtered from a Zn target
onto a large sheet of 25-pm Kapton, was -4.8 pm thick.
Two filters, stacked one on top of the other for a net of-9.6 pm of Zn, worked best.

For measurements at the Ge edge, we have used both
Ar- and Xe-containing gases, but all data presented here
at these energies are from collection with the Xe-
containing gas. Fluorescence from Fe at x-ray energies
near the Ge edge in the Fe-Ge samples was not so great
as to warrant the use of an absorbing filter and was re-
moved with the background subtraction method outlined
next. This is due to the small Fe concentrations studied
and the low fluorescence yield of the lighter elements.

The spectra were (a) corrected for background scatter-
ing that is present in the absence of a sample, (b) normal-
ized to incident intensity, sample absorption, and thick-
ness, and (c) placed on an absolute scale with po-
lyethylene. There remained, however, the issue of isolat-
ing the sample's coherent scattering, the differential cross
section per sample volume do/dA, which is superim-
posed on the angular-independent incoherent scattering
W given as d o (k,E ) /d fI +A (E ).

The background in these data was subtracted in the
following way (similar to that by Maret et al. '). For a
particular sample and oblique transmission angle, the
coherent scattering at sufficiently large k was assumed to
follow a power law of the form

do(k, 8k,E).
dQ

+%(E ) = 2 (E, Ok )/k +B(E,Ok ) .

The B was then removed from each scan, rendering
d o ( k, Ok, E ) /d Q. Initially, we tried to determine 3, a,
and B in Eq. (1) using a nonlinear least-squares routine to
fit the observed scattering. The results were inconclusive,
however, since the relevant k range that can be fit is less
than a decade —limited by the large interparticle in-
terference at small k and the poor SNR at large k —and
is extremely sensitive to errors.

Subsequently, more directed possibilities were exam-
ined. For the case of a broad SAXS maximum from
amorphous Tb-Cu and Gd-Cu alloys, Maret et al. ' used
the Porod scattering power law for sharp interfaces,
a=4, to fit their data. Schmidt et a1. have found that
power-law scattering exponents that are fit over several
decades in k may differ ( —10%) from a local power-law
fit over smaller ranges in k. They have shown that the
SAXS at large k can decay at a rate greater than k and
as great as k . We found it impossible to determine a
uniquely over the range 4—5. Since that was the case, the
coherent scattering was extracted using two different
values of a, 4 and 5, to test the sensitivity of physical re-
sults to the choice of u. A more detailed analysis of the
large-k scattering can be found in Ref. 19.

In this work, the partial structure factors (PSF's) are
the quantities most likely to be sensitive to a poor back-
ground correction. We found, however, that they are
fairly insensitive to the method of background subtrac-
tion, as long as it is performed in some consistent way.
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The background subtraction method is also important
when calculating the total coherent cross section and is
discussed in greater detail in Sec. IV.

III. SCATTERING RESULTS

20-

15-

10-

e
25 at. % Fe

.% Fe

A. Amorphous Fe, Gel

Figure 2 shows the differential cross section per sample
volume determined from the oblique transmission experi-
ment for three Fe,Ge&, samples. A strong anisotropy is
evident from the change in the scattering peak with sam-
ple orientation. As the scattering vector direction moves
from sample surface to sample normal there is a sharp,
monotonic decrease in scattering intensity and shift in-
ward in peak position. All samples in this composition
range (c (0.33) have a scattering maximum at nonzero k
for Ok =90'. In addition, all samples for which oblique
SAXS measurements were made show the general depen-
dence on Ok shown in Fig. 2. For samples with 44 and 47
at. % Fe, however, no small-angle scattering was ob-
served.

By changing the deposition conditions, films identical
in composition can be grown to different microstructural
states. Figure 3 compares the scattering from samples of
three compositions that have been prepared with two
different target powers. Samples grown at 400 W show a
more advanced state of composition fluctuations than
those at 100 W; that is, the SAXS maximum appears at a
smaller magnitude of the scattering vector with greater
amplitude. The greatest change is observed for the 6
at. % Fe sample while only an intensity difFerence is ap-
parent for the 25 and 27 at. % Fe samples. The change in
intensity for the 25 and 27 at. %%uosample s, howeve r, may
be due to the different overall film composition and not

30

0.2 0.3

k (A-&)

0.4

% Fe

the change in target power.
For all samples ( (33 at. % Fe) and oblique angles

studied, only slight, if any, changes in scattering do. /d 0
are observed as the incident photon energy is increased
beneath the Ge absorption edge, while there are large
differences for similar changes beneath the Fe absorption
edge. This observation has been made previously at nor-
mal incidence by Rice, Wakatsuki, and Bienenstock" for
amorphous Fe-Ge and W-Ge at the Fe, W, and Ge edges.
These authors show that a zero variation of the intensity
at the Ge edge implies that the Ge is distributed homo-
geneously. With our observation here of out-of-plane an-
isotropy in the SAXS, the range of applicability of the
Rice-Wakatsuki-Bienenstock observation becomes, in
principle, limited to the in-plane scattering. The mea-
surements made here, however, indicate that the approxi-
mate Ge homogeneity holds generally.

For differences of 16% in fG, (E ), an approximate 4%
intensity change of the main scattering peak is observed,
whereas differences of 17% in f„,(E) lead to a 30% in-
tensity change. Figure 4(a) shows the changes in do /d 0
at the Ge and Fe edges scaled by the relative change in
f'(E) for the 13.6 at. % Fe sample at normal incidence
(Hk =90 ). That is, we plot

FIG. 3. da(k, E)/dQ at normal incidence as a function of
composition and power delivered to the sputtering targets:

, 400 W power; . , 100 W. Data are smoothed over an
interval Ak =0.02 A . The photon energy is 6912 eV.

20 s
I

15

at. %%uoFe

10903 eV
do (k, E, )/d0 do (k, E2—)/d 0

abs[f, (E, )
—f (E2)]

(2)

10-

5=

0-—
0.1 0.2 0.3 0.4

k(A')

at.% Fe
6912 eV

.3 at.% Fe
6912 eV

0.5

for v=Fe and Ge, E, = —300 and E2= —10 eV below
the Ge edge, and E, = —200 and E2 = —10 eV below the
Fe edge. The large change at the Fe edge is evidence that
the Fe atoms are not distributed homogeneously. A small
change at the Ge edge is observed however. Since it is
approximately an order of magnitude less than the rela-
tive change at the Fe edge, our initial argument was that
the Ge atoms are essentially homogeneously distributed.
To verify this, the PSF's were determined.

The PSF's used here S &(k) are defined by

FIG. 2. Differential cross section per unit volume for
Fe,Ge&, -. 18.2, 13.6, and 6.3 at. go Fe. In each case, as 6I,
changes from 90' to 15', the SAXS peak monotonically de-
creases in amplitude and shifts inward to smaller k. Data are

o

smoothed over an interval hk =0.02 A

S(k,E)=c lf,.(E)I'S„„,(k)

(3)

+2&c (1 c) Re[fF—,(E )fo, (E ) ]SF,o,(k)

+(1—c ) I fo, (E)I'S,o,(k),
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where S ( k, E ) is proportional to d o Id 0 (scaled by the
electron scattering length) and S &(k) is the Fourier
transform of the a-P pair correlation function (describing
the probability that a P atom is at x from an a atom).
Since the experiment is performed at small k, the volume
elements that are probed are large compared to the typi-
cal atomic volumes in the sample and thus the PSF's are
the transforms of the respective a-P number density
correlation functions. It should be noted that the deriva-
tion of Eq. (3) assumes that there exists a center of sym-
metry in the pair correlation function (i.e., SF,o, is real),
which is always true for isotropic materials and assumed
true even for this discussion of anisotropic scattering.
This need not be the case, however, but the asymmetry is
a subtle efFect and difficult to measure in amorphous ma-
terials. ' Extraction of the PSF's requires at least three
independent data sets near atomic absorption edges
where the scattering factors are changing rapidly and
hence appreciably modifying the PSF weighting func-
tions.

The PSF*s have been extracted using the Munro ap-
proach and are shown in Fig. 4 for the 13.6 at. %%uoFesam-
ple in the normal transmission case (Ok =90') and
different methods of background subtraction. We have
obtained similar results for the 6.3, 10.8, and 18.2 at. %
Fe samples. The type of background subtraction em-

ployed seems to have little efFect on the results, whether
the data are fit to power laws with ca=4 or 5 or are
aligned at large k-0. 55 A '. There appears little, if
any, Ge contribution to the total scattering pattern.

The S„,G, and S&,G, are essentially zero throughout
the k range measured, indicating clearly that the con-
clusion based on the difference at the Ge E edge is valid.
That is, the Ge atoms are essentially homogeneously dis-
tributed. This situation holds for all oblique angles and
compositions studied (c & 0.33 ). S(k,E ) appears
comprised solely of S„,„„which must also be responsible
for the anisotropy or change in correlation with film
orientation. This result also implies that, for all samples,
voids do not contribute appreciably to the SAXS over
this k range, since they would be observed as a nonzero

GeGe'
One aspect of these PSF's is troublesome. Figure 4(a)

shows a clear but small difference at the Ge edge, but
there is no observable manifestation of it in the PSF's.
One might dismiss this as a consequence of poor SNR
and large condition numbers in the linear equations relat-
ing the PSF's to the measured intensities. The fact that
the Ge-Ge and Fe-Ge partials seem to oscillate directly
around zero with relatively small amplitudes leaves one
uneasy about that conclusion. From the Ge difference
signal in Fig. 4(a), it does not appear as if the SNR and
the condition numbers are sufficiently poor to prevent us
from properly inverting Eq. (3) to solve for the PSF's.
This is particularly disconcerting since the Sz,z, should
have the greatest accuracy of the three partials because of
the high Ge concentration in this sample and because
fo, )f„,. We do not understand this insensitivity of the
analysis to the small, but measurable, Ge difference.

B. Amorphous Mo, Ge&

Figure 5 illustrates the structure factor at normal in-
cidence for several Mo, Ge, , (0.065 &c &0.236) alloys
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FICx. 4. (a) Absolute changes in SAXS for a 13.6 at. % Fe
sample, scaled by the relative change in f'(E), for energies 300
and 10 eV below the Ge edge and 200 and 10 eV below the Fe
edge [see Eq. (2)]. Data are smoothed over an interval
6k=0.02 A . (b) Normal incidence (Ok =90') PSF's for the
13.6 at. % Fe sample are determined with the Munro method
(scaled by the scattering length of an electron and in units
cm '). PSF's are determined from scans collected at 6912,
7102, 10803, and 11093 eV. The background is removed with
a =4. (c) PSF's as in (b), but with the background removed with
a=5. (d) PSF's determined as in (b), but with the background
removed by assuming that the coherent scattering is 0 for
k &0.55 A for all energies and scans. Within the SNR, the
PSF's appear to be identical and independent of the precise
method of background subtraction.
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FICx. 5. d~(k, E)/dQ at normal incidence as a function of
composition for several Mo, Cxe&, alloys. The photon energy is
10 803 eV.
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collected at an x-ray energy of 10803 eV with a Xe/CO&
gas filled detector. The scattering is much weaker than
that recorded from the Fe-Ge alloys. The backgrounds
have been subtracted and the data put on an absolute
scale. The 6.5 and 12.4 at. %%uoM osample sexhibi t the
greatest magnitude of scattering, with it less intense for
the 16.S at. % Mo sample, while little scattering is
recorded for 23.6 at. %%uoMo.

The scattering that is recorded for 23.6 at. %%uoM o isex-
tremely weak and is of a different kind, at small k, with
only a small scattering maximum resolvable. Kortright
and Bienenstock' did not observe appreciable SAXS of
any kind for their 25 at. %%uoM osampl e(grow nunder
identical conditions as the 23.6 at. % Mo sample reported
here) in the small-angle region spanning 0.01(k (0.15
A ' so it is possible that the apparent maximum near

0
k -0.1 A ' may result from an imperfect subtraction of
the mica windows and/or from parasitic scattering from
and around the main beam. This is unlikely, however,
since we have observed this sample's scattering pattern
during different data collection periods as well as during
a single collection period, but with different camera
lengths. It is thus likely that the small SAXS reported
for this sample indicates that the volume fraction of the
chemical inhomogeneity is decreasing rapidly and be-
comes essentially zero at -25 at. %%uoMo . Attempt swith
DAS to verify that this is, in fact, the case have not been
successful. Differences in the extremely small SAXS sig-
nal at energies near the Ge and Mo edges lead to such
poor SNR's that prevent a systematic study at this com-
position with DAS.

The oblique transmission results for the 6.5 at. % Mo
sample recorded at 7100 eV are presented in Fig. 6(a).
The anisotropy is not strong, as the intensity of the
I9k =90 scan is only slightly stronger than that of the 60'
scan. The anisotropy in the Fe,Gei, samples is far
more pronounced, with the Ok =90' scan -5 times that
of the 60' scan, but the fractional changes in the positions
of the SAXS maxima with Ok appear similar for the Fe-
and the Mo-containing alloys. The positions of the maxi-
ma are, of course, dependent on the concentration of the
metal atoms, but, for similar compositions, the 6.5 at. %
Mo sample has k,„=0.3 A ' and for 6.3 at. % Fe,
k,„=0.275 A '. Slightly longer length scales are thus
expected in the Fe-Ge system, which can be more readily
observed by comparing the cylindrical correlation func-
tions (CCF's).

Figures 6(b) and 6(c) show the differential anomalous
scattering results (unsmoothed and smoothed, respective-
ly) obtained for the 6.5 at. % Mo sample. We have also
obtained similar results for the 12.4 and 16.5 at. % Mo
films. The relative change at the Mo edge is approxi-
mately a factor of 5 —10 greater than that observed at the
Ge edge. An 11% change in fM, (E) causes an approxi-
mate 30% change of the main scattering peak, whereas
the 16%%uo change in fo,(E) leads to a mere 6% intensity
change. As with the Fe-Ge materials in the c (0.33 re-
gion, the Ge appears to be relatively homogeneously dis-
tributed whereas the Mo is inhomogeneously distributed.
PSF's have not been obtained from these data. The poor
Mo edge SNR introduces large uncertainties in the PSF's

2.5.
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FIG. 6. (a) do. (k, E )/d Q as a function of oblique transmis-
sion angle for the 6.5 at. % Mo sample. Data are smoothed
over an interval hk =0.02 A . (b) Absolute changes in SAXS
at the Mo and Ge edges, scaled by the relative change in f'(E)
at each edge [see Eq. (2)]. At the Cre edge, E, = —300 and
E2 = —10 eV below the edge and E& = —400 and E, = —10 eV
below the Mo edge. (c) Same as in (b), but smoothed over an in-
terval Ak =0.02 A . The photon energy is 7100 eV.

if either the standard Keating or Munro approaches
are used.

Although Mo edge data were collected for samples
only at normal transmission (OI, =90'), due to the long
measurement times needed to perform DAS from such
weak scattering and poor detector efficiency at 20 keV, it
is expected that the anomalous scattering results are simi-
lar at all oblique angles. Consistent with this view, the
Ge edge data were collected for these samples at the ob-
lique angles and little, if any, change of intensity with
fo,(E ) is observed.

IV. END POINTS OF PHASE SEPARATION

In this section, the mean-square fiuctuations in
effective electron density (rj (E)) calculated from the
data for several Fe-Ge and Mo-Ge samples are presented
and then used to extract the end-point compositions of
the phase separation from these measurements, assuming
that the samples are separated into two phases. (g (E) )
is readily obtained from the pair correlation function for
x identically 0 [i.e., y(x=O, E) in Eq. (10)] and is com-
monly referred to as the total coherent cross section, in-
tegrated intensity, or invariant:

(q'(E))=,J S(k,E)d'k .(2'�) (4)

A. Mean-square fluctuation in density

( g (E ) ) was calculated in two dimensions with an as-
sumed azimuthal symmetry. That is, the integral in Eq.
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(4) was performed by integrating each radial scan in k
(for a given polar angle 8k ) and then over 8k.

, f" J "S(k,8„,E)k'dk
nG, n&, 2m.

X sinL9kd Ok (5)

(a) o=4 ~ ~

18.2 at. % Fe

1.5

1
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~ ~

~ ~

I ~
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~ ~

~ ~
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10.8 at.% |I
6.3 at.%~I

To place the scattering in absolute units, the film thick-
ness t must be known. Since t is not known precisely, yet
the absorption edge-jump measurements at the Ge edge
provide nz, t, with n G, the average Ge number density in
the film, a factor of n&, was explicitly included in
(ri (E)) to properly normalize S(k,E) to sample thick-
ness. The integral over k was performed in the usual
way: the contribution from 0 to k;„summed with a tri-
angular approximation, the data from k;„ to k „in-
tegrated with the trapezoidal rule, and the contribution
from k,„ to co included by analytically integrating the
a power law. The contribution of the triangular approxi-
mation to the total integrated intensity was usually less
than 0.1%, but the contribution from the power-law ex-
trapolation can be as great as 20—30%, which is due in
large part to the finite k range sampled. The value of
(g (E) ) is thus largely dependent on the quality of the
1/k extrapolation.

In these data, there was some uncertainty about which
power law to choose since 4&+&5 can be quite good.
Thus the contribution to the integral was determined for

two diff'erent cases (a=4 and 5), which should span the
range of possible a observed. The integral over the polar
angle was performed with a seven-point Simpson rule.
Ok =0' is not experimentally accessible, but is not neces-
sary either in order to calculate ( g (E ) ), since the sin8k
term in the integrand forces the Ok =0' contribution to 0.
The measurements at Ok =90', 75, 60', 45', 30', and 15'
appear sufhcient to adequately sample the anisotropy.

Figure 7 depicts the relationship between
(r) (E) )/&o, and

I fF, (E)l for several samples at the Fe
edge and the two different power-law extrapolations.
There is no quantifiable change in (g (E) ) /no, with en-

ergy at the Ge edge. The different power-law extrapola-
tions can change the overall mean-square fluctuation in
density, which is due to the different assumptions that are
made about the phase separation. For sharp boundaries
between regions of two different electron densities a=4,
the mean-square change in electron density will be larger
than that from two regions of the same difference in
effective electron density but with diffuse boundaries
(a=5).

We do not have enough data to determine
(g (E))/n~, as a function of Mo edge energies since
only the Ok =90' scans were recorded at the Mo edge. At
a single, lower energy (7100 eV), which allows for an im-
proved SNR, the oblique measurements were performed
on the 6.5 and 12.4 at. % Mo samples. For the 6.5 at. %
Mo sample we calculate ( r) (E) ) /no, to range from 1.54
(a=4) to 1.00 e /A (a=5) and for the 12.4 at. % Mo
sample, from 1.85 (a =4) to 1.19 e 2/A (a = 5 ).

In what follows, two models are discussed. In the first
case, it is assumed that the interfaces are sharp and the
+=4 Porod law is employed to interpret the results. In
the second case, a finite transition width that occupies a
significant volume fraction of the sample is assumed. In
either case, it is possible to determine the compositions of
the phase-separating species. These two extreme exam-
ples allow us to place limits on the computed composi-
tions, since the actual transition widths will probably
vary between these two examples.
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B. Model of sharp transition

+(n~o, ng, )fo, (E—) I (6)

If the samples are phase separated into regions with
sharp, abrupt interfaces, then the large-k scattering obeys
the Porod law. The mean-square IIIuctuation in effective
electron density, for a two-phase system with M =Fe or
Mo, is

&g'(E)) = =g(1 —it)l( g(
—~g()f (E)

400 450

ifF,(E)l'
500

FIG. 7. Mean-square fluctuation of the effective electron den-
sity as a function of the film composition c and different power-
law falloff at large k: calculated for (a) an a=4 falloff (sharp
transition between regions of different electron density) and (b)
an assumed a =5 fall ofF (finite transition width).

with g the volume faction of M~Ge, ~, (1—1t) the
volume fraction of M~Ge, ~, and nQ the number density
of M in M~Ge& z. The absence of a resolvable change in
( g (E ) ) with energy at the Ge edge implies that
nL =ng, In additi. on, it is assumed that one end point
is amorphous Ge (i.e., p =0 or nQ =0). This assumption
is motivated by the observation of appreciable scattering
with the addition of only 6 at. Jo Fe or Mo and by the
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lack of solid solubility of Fe or Mo in Ge at equihbrium.
Equation (6) becomes

'(E)). ~= '
no. (ng( —' no, )/fM(E)/',

1 —c '
1 —c

(7)

where the volume fraction f is expressed in terms of the
measured atomic fraction c and no, =n—jo, = n g,

~ith (7) (E) ) Ino„ fF,(E), and c measured in the
ASAXS and absorption experiments, a linear 6t of
(vP(E) ) In&, to

~ fF, (E)
~

allows one to find the slope

mately 24—27 at. % Mo for the two Mo-containing alloys
that were studied.

Error bars in Figs. 7 and 8 have been calculated assum-
ing that the greatest errors in our measurements are from
placing the data on an absolute scale (usually no greater
than +10% with the polyethylene standard) and from
determining the film composition (uncertainty of -0.5
at. %%uometal) . Wehav ecompute d th ecorrespondin gerro r
bars for the end-point compositions (Fig. g), using the
standard deviation of the slope for the slope method (Fe-
Ge alloys) or directly (Mo-Ge alloys). Clearly, the slope
method provides a more refined value for the end-point
compositions.

1 —c
c

n f'e it Ge
1 —c C. Model of diffuse transition

Then n$, can be determined from a given no, (or vice
versa) and the atomic fraction q of the phase Fe~Ge,
determined from the relationship q = n f,, I(n o, +n tt, ).
The evident linear relationship between ( g (E ) ) In o„
calculated for a=4, and ~fF, (E) shown in Fig. 7(a), il-
lustrates that there is good agreement with the two-phase
approximation of Eq. (7). For number densities of 95%
of, and the crystalline value for, crystalline Ge, the
different possible end points q are shown in Fig. 8. The
results are convincing; for all samples studied q ranges
from approximately 0.34 to 0.38 for the Fe-containing al-
loys.

Since the mean-square fluctuation in density is known
only at one energy for the 6.5 and 12.4 at. %%uoM osamples,
the slope method to determine the end-point composition
cannot be used. The end-point composition can still be
determined, however, by dividing out the term

~fM, (E)
~

in Eq. (7). Then, for a given no„an ng, can be deter-
mined and hence the composition q of phase Mo Ge&
This method yields end-point compositions of approxi-

Here the other extreme is considered. It is assumed
that the transition width occupies a large fraction of one
of the phases. As an approximation to the electron densi-
ty of the transition region, which in theory should vary
continuously through the interface from one phase to the
other, let the average density of the two end points occu-
py the interfacial region. With a=5, the transition re-
gions between the minor and major phases would con-
sume -40—50% of the volume of the minor phase.
Then, if the volume fraction of the minor phase (which is
the intermetallic for the compositions we studied)
M Ge, is f/2 and the volume fraction of M Gei
(a-Ge) is 1 —g, the overall eff'ective electron densities
must be related by

Z)o, +(1—4)V, +
2 2

=So
Pq+Pp

with p the effective electron density for M Ge& and po
the average effective electron density. With the same as-
sumptions as were used in obtaining Eq. (7), the diffuse
model yields

end-point composition
(at. % metal)
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FeGe2
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interface interface

c-Ge
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0
I
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FICx. 8. End-point compositions q determined from the
mean-square Auctuation in e6'ective electron density for four
Fe-Ge and two Mo-Ge samples, with assumed number densities
of Ge that are equal to that for c-Cie and 95% of c-Ge (a-Cxe).
For the theory of a sharp transition between the two-phase re-
gions, (rI (E))/no, is determined with a=4 and for a 50%
transition width it is determined with a =5.

(g'(E)) =5=
1

&o. 6
&4 —

1
&o. If~(E)l'

1 —c ' 6 1 —c

(9)

As in the previous example for M =Fe, the slope can
be determined from Fig. 7(b). This allows the determina-
tion of the atomic fraction q, given a number density for
a-Ge. The different possible end points q are shown in
Fig. 8 for two different Ge number densities. For all sam-
ples studied, q ranges from approximately 0.32 to 0.38 for
the Fe-Ge samples and from approximately 0.23 to 0.24
for the Mo-Ge samples.

These two models are two extreme examples of the
type of interfacial region that we suspect exist in these
samples. Although we are unable to determine the inter-
facial structure, it appears that, regardless of the nature
of the interface, the composition of the regions that are
somewhat removed from the interfacial regions can be
determined. In this case, it appears that there is phase
separation into a-Ge and a Fe-Ge or Mo-Ge interrnetal-
lic, close in composition to amorphous FeGe2 or MoGe3.
This is in excellent agreement with the disappearance of
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the SAXS at 23.6—25 at. %%uoM oan d isconsisten t wit h the
structural model of Kortright and Bienenstock, ' who ar-
gue that two different structural regions meet at approxi-
mately 23 at. % Mo. It should be noted, however, that c-
MoGe3 is not in the equilibrium phase diagram nor has it
been observed before; alloys with this composition in the
equilibrium state are phase separated into c-Ge and c-
MoGez. This, of course, does not rule out the possibility
that MoGe3 is a relatively stable amorphous material.
For example, there is well-defined amorphous MoS3 even
though its crystalline counterpart does not exist.

V. CYLINDRICAL CORRELATION FUNCTION

1 JS(k E)e'"*d k
(2m )

(10)

has been calculated. Here p(x, E ) is the efFective electron
density at x and determined by the anomalous scattering
factors and the number densities in the material. From
the vapor deposition process itself, the pair-correlation
function is likely to exhibit an in-plane isotropy with an
axis of cylindrical symmetry in the direction of growth.
The appropriate function in this case is the cylindrically
symmetric pair-correlation function first discussed by
Norman' and used for the study of oriented polymers by
Milberg.

In order to calculate that portion of the CCF associat-
ed with the composition fluctuations, rather than the usu-
al radial distribution function (RDF), the integral of the
right-hand side of Eq. (10) has been performed by extra-
polating the observed SAXS intensities to infinity with
the Porod law. The resulting pair-correlation function
contains no information about the atomic-level structure.
It assumes that the electron density within a specific
phase is constant and that there are sharp boundaries be-
tween regions of different electron density.

In contrast to atomic pair-correlation functions (e.g. ,
RDF's) used in studies of short-range order, the indepen-
dent scattering of the particles has not been removed.
The observed scattering is from both intraparticle and in-
terparticle interference. In the RDF, it is usually desir-
able to remove the intraparticle scattering so that one can
highlight the interparticle features. In the situation stud-
ied here, the particles are the phase-separated regions
about which information is sought. Thus the CCF,
which is presented in this section, includes the self-
scattering contribution. We are presently attempting„to
remove the intraparticle contribution to obtain more
quantitative information about the interparticle correla-
tions.

A. Theory and implementation of CCF

For correlation functions with cylindrical symmetry,
y(x, E) and S(k,E) can be expanded in terms of Legen-
dre polynomials

In order to obtain more detailed information about the
nature of the composition fluctuations, the effective elec-
tron pair-correlation function

y(x, E)—:(p(x+xo, E)p(xo, E) )

and

y(x, 8„)=
n =0,2,4,

P„(cos8 )y„(x )

S(k, 8k ) =
n =0,2, 4, . . .

P„(cos8k )S„(k) . (12)

The coefficients y„(x) and S„(k) satisfy the spherical
Bessel transform

Pf

y„(x)= z I k j„(kx)S„(k)dk
2m'

(13)
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FIG. 9. (a} Legendre coefficients for the 6.3 at. % Fe sample.
The n =2 and 4 terms are far from negligible and illustrate the
importance of including the anisotropy. The n =6 term, howev-

er, is much weaker, contributing far less to the series. (b} Com-
parison between the absolute scaled, unsmoothed data and the
do(k, E}ldQ computed from the S„(k}. The Legendre sum

provides an approximation of better than 2% to the data except
near the SAXS maximum of the Ok=90' scan, where the
greatest anisotropy is observed and the difference from that
measured is -5%. The plots are offset for clarity.

and (x,8,$„)and (k, 8k, gk) are spherical polar coordi-
nates in real and reciprocal space that describe y(x) and
S(k) (Fig. 1). Due to the cylindrical symmetry, P„and
Pk do not enter into the final relations and are dropped
from the notation.

The CCF, for any given film, has been calculated from
data measured at one energy, so E is also dropped from
the notation. Only the even terms in n are of interest
since there exists an assumed inversion symmetry with
respect to the x&-xz or k, -kz plane. This need not be the
case, however, as one can imagine a situation where
correlations in the direction of film growth +x3 differ
from those in the —x3 direction. '

The S„(k) are readily obtained from the orthogonality
relations, i.e.,
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S„(k) = (2n + 1)I S(k, 8k )P„(cos8k )sin8k 08k . (14)

It is not possible to uniquely determine all S„(k) from the
finite data collected. Instead, the anisotropic scattering
data have been used to determine the first four even
S„(k) from Eq. (14) by employing a seven-point Simpson
rule. For each k, there are six measured points 8k =90',
75', 60, 45', 30', and 15 . The seventh is not measurable
but not necessary to compute the S„(k), since at 8k =0'
the total integrand is 0. Figure 9(a) shows the computed
S„(k) for a 6.3 at. % Fe sample. The n =2 and 4 terms
are far from negligible and illustrate the importance of in-
cluding the anisotropy. The n =6 term, however, is
much weaker, contributing far less to the series. The
S(k, 8k) computed from the S„(k) provides an approxi-
mation of better than 2% to the raw data, except near the
SAXS maximum of the 8k =90 scan, where the greatest
anisotropy is observed. Even there, the fit is no worse
than 5% [Fig. 9(b)].

The spherical Bessel transforms of the S„(k) have been
computed with a trapezoidal rule and the corresponding
Legendre series summed to obtain the CCF. It should be
noted that each scan in k space has been extrapolated in
the normal way in order to perform the k to x transfor-
mation. Scans are extrapolated to large k with the o.=4
power law and to k =0 with a Gaussian function
A exp[ 8(8&,E)k—]. The extrapolation to k =0 had no
discernible eIIFect on the computed CCF's.

B. Results

CCF's were obtained for several of the Fe,Gei, and
Mo, Ge&, samples. In this section, the CCF of the
Fe,Ge, , sample with 6.3 at. % Fe is examined in detail
and then compared to the 6.5 at. %%uoM osample . Acom-
parison to, and an interpretation of, the other samples'
CCF's wi11 be included in a later paper. In interpreting
these CCF's, it must be remembered that they arise al-
most completely from Auctuations in the Fe or Mo con-
centrations, since the Ge is distributed essentially homo-
geneously.

Figure 10 shows the computed CCF for the 6.3 at. %%uo

Fe sample with views along the radial direction x as a
function of 0 as well as a three-dimensional picture of
the full CCF. The CCF has been truncated at small x in
order to allow a close inspection of its cross section in the
intraparticle correlation region near x=0 and the oscilla-
tions about y(x)=0. Two features are immediately ap-
parent: (i) the intraparticle correlations extend consider-
ably further in the growth direction than for in-plane
directions, elongated by more than a factor of 50%, and
(ii) the radial extension in the growth direction is no

0
greater than about 20 A. Thus the composition Auctua-
tions giving rise to the SAXS cannot be well described as
columnar. If we define the average particle radii as in-
cluding 90% of the maximum y(x=0), then for 6.3 at. %
Fe, the basic particle radii are 12.7 A in the growth direc-
tion by 7.3 A in plane. For the 6.5 at. %%uoMosample
shown in the figure, the corresponding dimensions are
8.8X6.3 A .
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FIG. 10. CCF, y(x, O ), scaled by y(x =0). (a) Three-
dimensional mesh plot of the CCF for 6.3 at. %%uoFe;E=6912

0
eV. Mesh lines are spaced 4X4 A . (b) 6.3 at. % Fe and (c) 6.S
at. % Mo (E=7100 eV) CCF's along difFerent radial directions
0 . Plots are ofFset and truncated at small x in order to better
observe the depletion regions and oscillations.

There are oscillations in y(x, 8 ) about 0 beyond the
intraparticle correlations. In contrast to the RDF situa-
tion, for which the correlation function is inherently posi-
tive, the negative correlations shown here are real, result-
ing from deviations of the electron density from its aver-
age value, which is not included. y (x, 8„)(0 indicates
that the difFerence in electron density from the mean for
two points separated by x is of opposite sign, on average.
The negative y(x, 8 ) just outside the intraparticle peak
is often labeled a depletion region. That is, the region
surrounding a FeGez particle is deficient in Fe. This
effect is most evident for the 6.3 at. % Fe sample at
0„=90', the in-plane direction. As O„decreases to 0,
corresponding to the growth direction, the depletion re-
gion is not at all evident.

At still larger x (26 A) for an in-plane direction, there
is an additional maximum, corresponding to correlations
in the positions of the particles. No significant maximum
is observed in the growth direction. Given these particle
sizes, the overall film compositions, and the recorded ab-
solute intensities, a large packing fraction exists (also evi-
denced in our work with models —see Sec. VI). Our re-
sults indicate that little, if any, correlation between parti-
cles exists in the growth direction even though these par-
ticles are rather densely packed.

For the 6.5 at. % Mo sample, the large, positive
y(x, 8„)at small x [Fig. 10(c)] does not extend to as large
an x and the anisotropy of the full width at half max-
imum (FWHM) of the peak at small x is not as pro-
nounced as that for the 6.3 at. %%uoFesample . Awell-
defined depletion region exists for in-plane correlations
and there is also evidence of such a region in the growth
direction. In contrast to the 6.3 at. % Fe sample, the in-
plane interparticle correlations are less evident for this
sample, but they are still observable. In addition, the
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correlations in the direction of growth appear, relative to
its in-plane correlations, stronger in the Mo-containing
sample than in the corresponding Fe sample.

VI. MODKLS OF PHASE SEPARATION

In this section the results from the CCF are used to aid
in the construction of averaged, simplified models of an-
isotropic phase separation. The results presented thus far
indicate that the materials consist of regions of well-
defined electron density, of which we have identified the
metal-rich parts as FeGe2 and MoGe3. Thus we consider
the system as containing distinct particles embedded in a
matrix, with the scattering a result of intraparticle and
interparticle contributions. Two models that we have
considered reproduce the scattering results qualitatively
and are discussed in detail.

A. Inhomogeneous particles

Inhomogeneous particle models have been used in the
past to explain a peak at nonzero k in spherically sym-
metric systems and a simple modification can be made
that leads to anisotropic scattering. It is assumed that
there are two regions of homogeneity in a particle of
volume Vz, which is embedded in a matrix of average
electron density po. The first occupies an interior volume
V& and has an electron density p, , while the other occu-
pies a volume ( Vz —V, ), with an electron density p2 and
forms the periphery of the particle. We have taken these
volumes as two confocal, prolate ellipsoids. The struc-
ture factor for such a system is given by

(15)

with R
& = +X& sin 6)k +X3cos gk and semiaxes X& and

X3 for the inner ellipsoid (similarly for the ellipsoid
defined by V2) @(u)=3(sinu —ucosu)/u and p~ the
density of the particles. The composite particles are
oriented with X3 aligned in the growth direction x 3.

This equation assumes that the elongated particles are
scattering independently (i.e., correlations in the posi-
tions of the particles are not taken into account). Two
factors make this a reasonable assumption for this model.
The first is that the CCF's (Fig. 10) indicate that there is
only a weak positive correlation surrounding the intra-
particle peak. The most important correlation is of the
higher electron density region with the low electron den-
sity region immediately surrounding it, which is automat-
ically taken into account with this model. The second is
that the particles are constructed so that the scattering
factor of each composite particle goes to zero at small an-
gles. As a result, the particle's scattering factor is very
small in the region in which interparticle interference is
appreciable. Interparticle interference efFects will thus be
less noticeable for this model than for one of homogene-
ous particles, which have a more traditional scattering
factor (i.e., one that monotonically decreases as k in-
creases).

For the compositions of the alloys that we have stud-

ied, the intermetallic phase occupies less than 50% of the
total volume and we identify volume V& with the in-
termetallic and the depletion zone (i.e., the region
spanned by the difFerence between the inner and outer el-
lipsoids) with a Cre-Si.nce the Cxe number density is con-
stant in this model, Eq. (15) can be simplified

S(k,E)=p in~4(kR, )V, —n~s4( kR 2) V2i ifM(E)i

with nM the metal number density in the intermetallic
and nM the average metal number density in the film.
To calculate the model spectra, the volumes of the inner
ellipsoid and depletion zone must be consistent with the
overall film composition. For an inner region of FeGez
and a depletion zone of Cre, we have V, /V2 =2c /(1 —c ).
For a composition of 6.3 at. % Fe, ellipsoids of inner axes
(7.5, 15) A and depletion axes (18.5, 19.4) A are in the ap-
propriate size range and give a good reproduction of the
observed anisotropy [Fig. 11(a)j.

Since the number density of Ge is constant in this mod-
el with an inhomogeneous distribution of Fe, the model is
consistent with the anomalous scattering measurements.
To achieve the same magnitude of scattering as that ob-
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FIG. 11. Spectra from inhomogeneous particle model as
compared to data from (a) the 6.3 at. % Fe [(7.5, 15) A and de-
pletion region extending to (18,19.4) A] at 6912 eV and (b) the
6.5 at. % Mo [(8,11) A by (14,17.2) A; 7100 eV] samples. The
change in peak position and amplitude with angle agrees well
with data from amorphous films. We have assumed the number

0 —3
density of Fe in FeGe2 to be -0.021 A and Mo in Mooe3 to

0 —3
be -0.014 A . The anomalous scattering measurements can
be similarly reproduced by including the appropriate changes in
the atomic scattering factors with energy.
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served, the particle density must be —3.9 X 10
particles/A, which fills —100%%uo of the sample volume
with composite particles. It is important to note, howev-
er, that this only corresponds to a packing of —14% of
the inner ellipsoids (intermetallic phase). For the 13.6
at. %%uoFesampl e, ellipsoid sof (10,15)an d(16.18.6)A
reproduce the main features of the anisotropy and ampli-
tude change with Ok. In this case, the particle density is
-9.5 X 10 particles/A, which fills —59% of the sam-
ple volume with the inner ellipsoids and 189% with com-
posite particles. These results imply that interparticle in-
terference must be taken into account for this sample.
We have been unable thus far to combine the inhomo-
geneous particle model successfully with the interparticle
interference model presented below. Work along these
lines is continuing.

If the inner region is MoGe3, then V, /Vz =3c /(1 —c).
Ellipsoids of (8,11) and (14,17.2) A reproduce the 6.5
at. % Mo scattering patterns. The composite particles
must be packed to fill 61% of the available volume to
reproduce the observed scattering magnitude [Fig. 11(b)]
or the inner ellipsoids must fill 13% of the total sample
volume. Another example is one with the metal atoms
located in the depletion zone, with the inner ellipsoid a-
Ge. The order-of-magnitude results are similar and will
not be discussed further.

With the inhomogeneous particles packed together in
order to reproduce the magnitude of scattering, the de-
pletion zones are touching if not slightly overlapping. Fi-
nally, it is important to observe that the depletion zones
are more extended in the film plane than in the growth
direction. To observe the appreciable anisotropy of the
SAXS maximum that we report, the relative size of the
depletion zone must be greater for an in-plane direction
than in the growth direction.

hard ellipsoids of axes (cr„o„o3). It should be stressed
that the hard ellipsoid is not identical to that of the parti-
cle ellipsoid. As noted by Pederson in the study of
spherical precipitates in alloys, precipitates incorporate
the surrounding material and these outer regions thus
define an effective hard-core repulsion of somewhat larger
distances than those that allow the particles to touch. In
the study of inert gases or liquid metals with a true hard-
core repulsion, the hard core permits the closest ap-
proach between spheres to equal its diameter. In a
vapor-deposited film, however, there is no real interaction
between particles, particularly in the growth direction.
The Percus-Yevick approach with a fictitious hard-core
interaction is used only to arrive at an analytic expression
for the interparticle interference function.

The packing fraction, particle density, and particle and
hard-core ellipsoid axes are related by the overall film
composition. For a model of phase separation with, for
example, the FeGe2 phase as the particle in a matrix of
a-Ge, the packing fraction is pf =cV /2V, (1—c), with
V the hard-core volume and V, the particle volume. By
choosing reasonable axes for the particle and hard-core
ellipsoids, the general features of the anisotropic scatter-
ing can be reproduced. The location of the SAXS max-
imum, change with tilt, and the order of magnitude of
scattering are in agreement with the observed scattering
for both the Mo- and Fe-based alloys.

For a 6.3 at. % Fe sample, an ellipsoid with axes
(7.5, 14) and (12,14) A with a corresponding packing frac-
tion pf =0.34 works well [see Fig. 12(a)]—these values

6
(a) 6.3 at. % Fe

5

E

3 R

B. Close-packed homogeneous particles 2- —data
--- model

The 20—30-A spacings from the CCF's and the inho-
mogeneous particle model, with the outer depletion zones
touching or overlapping, leads also to a model that con-
sists of particles in an interconnected depletion zone: a
close packing of homogeneous ellipsoids in a matrix of
uniform electron density. At low metal concentrations,
these are particles of the Ge-rich intermetallic (FeGe2 or
MoGe3) in a matrix of a-Ge. When the volume fraction
of the intermetallic phase exceeds 0.5, the particles are a-
Ge, in a matrix of the intermetallic phase. Again, it is as-
sumed that all particles are identical, prolate ellipsoids
with axes (Xi,X3) and oriented such that X3 aligns with
x 3 Polydispersity complicates matters, but, if it is not
too great, does not significantly alter the main peak posi-
tions and average particle sizes. With these assump-
tions, the observed scattering is a product of the scatter-
ing from the individual particles and an interparticle in-
terference function S;„,(k, 8k ).

The S;„,(k, Ok ) used here is from the Percus-Yevick ap-
proximation with a hard ellipsoid interparticle poten-
tial. With a transformation of variables, it can be shown
(see the Appendix) that the solution to the hard-sphere
Percus-Yevick equation is similar to one for oriented
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FIG. 12. Spectra from close-packed ellipsoid particle model
as compared to data from (a) the 6.3 at. % Fe [(7.5, 14) A parti-
cle and hard core (12,14) A] and (b) the 6.5 at. % Mo [(8,11) A
particle and hard core (10,12) A] samples. The change in peak
position and amplitude with angle agrees well with the data
from amorphous films. The number densities and photon ener-
gies are the same as in Fig. 11. The anomalous scattering mea-
surements can be similarly reproduced by including the ap-
propriate changes in the effective electron density with energy.
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were chosen to reproduce the peak position at each mea-
sured Ok. There is a limit to the general features that the
model can reproduce, however, especially at large pack-
ing fractions, which is the reason we have chosen not to
best fit the observed spectra to the model. The magni-
tude of scattering and breadth of the maximum depend
critically on the shape of the Percus- Yevick interparticle
function and the chosen packing fraction. The FWHM is
too sharp and the magnitude of scattering is always too
large to fit the data. It is expected that with a po-
lydisperse model, the maximum would wash out; that is,
the FWHM would increase with a corresponding de-
crease in the peak amplitude. The agreement between
model and theory is still remarkable, however, from the
order of magnitude of scattering to the reproduction of
the peak position. This is a rather simple model with an
ideal interparticle interference function.

The model also works well for the 13.6 at. %%uoFesam-
ple, but for samples with greater Fe concentrations, the
large packing fractions lead to much sharper maxima in
the interparticle function (e.g. , in the 18.2 at. % Fe sam-
ple, intermetallic fills 45% of the sample volume). In or-
der to reproduce the data, the packing fraction in the
Percus-Yevick model must not be too great since a large
packing fraction leads to interparticle interference maxi-
ma that are quite large with narrow FWHM's. With el-
lipsoids of axes (12.9,18) and (13.1,18) A and p&=0.46,
the anisotropy of the 18.2 at. /o Fe sample can be repro-
duced. The relative change in magnitude of scattering
with the change in Ok for these ellipsoids is not good.
With axes of (13,19) and (14.5, 19) A, the relative change
in magnitude of scattering is in better agreement with the
data, but the larger packing fraction (p&=0. 55) leads to
very sharp FWHM's that are not observed in the data.
This sample illustrates the main problem with the model.
Whether it is from the assumption of monodispersity or
the equilibrium liquid structure factor, the model leads to
very sharply defined maxima (for packing fractions
relevant to these materials) that are not experimentally
observed.

Another interesting feature is the relative difference be-
tween the axes of the particle and hard-core ellipsoids. If
the particle and hard-core axes are similar in the growth
direction but dissimilar in the plane of the film, then the
change in amplitude with tilt angle is that which is exper-
imentally observed (the decrease in magnitude as Ok

changes from 90 to 15 ). Conversely, if the particle and
hard-core axes are similar in the plane of the film but dis-
similar in the growth direction, then the change in ampli-
tude with tilt is exactly opposite (as 8k changes from 90
to 15 the SAXS increases). These results indicate that,
on average, the particles are not allowed to touch when
they are aligned in the plane of the film (X'i &o i), but
that they can nearly touch in the growth direction
(Xi-o&).

We might consider this a quasicolumnar structure,
with the possibility that the ellipsoids can touch in the
growth direction but with well-defined regions of a-Ge
between the ellipsoids for the in-plane directions. How-
ever, with packing fractions less than —,', a true columnar
structure cannot be established. This result is also

confirmed from the CCF and the inhomogeneous particle
models, where a depletion zone is established in the film
surface plane but does not appear as important in the
growth direction. Although we have not shown the
change in model spectra with x-ray energy, there is agree-
ment with the anomalous scattering measurements. The
M and Ge number densities in the model are such that
the spectra show no change for energies near the Ge edge
and a large decrease in scattering for energies that in-
creasingly approach the M edge.

The model spectra have also been computed for a 6.5
at. %%uoM osampl e, assumin g tw ophase sa-G eand
a-MoGe&. With ellipsoids of (8, 11) and (10,12) A and
p&=0. 36, the main features of the observed SAXS are
reproduced [Fig. 12(b)]. In this case, however, the com-
puted scattering maximum is more than 2 times intense
than that observed. The effects of polydispersity in the
particle size and shape and in the features of the hard
core are suspected to cause this effect. Even more strik-
ing, the magnitude of scattering predicted from this mod-
el of course peaks near 14 at. %%uoM o(wher e th evolume
fraction of the two phases Ge and MoGei is —,

' ). Howev-

er, the observed scattering does not appear to peak near
14 at. '% Mo. Figure 5 shows that the magnitude of
scattering of the 6.5 and 12.4 at. %%uoM osample s isap-
proximately the same.

It should be noted that we have chosen number densi-
ties for these samples based on 95% of the crystalline
number densities. If the number density of MoGe& had
been varied, for example, then it would have been possi-
ble to put the data and model at the same scattering mag-
nitude. We have decided not to do this, however, since
the number density of MoGe3 should not deviate too
greatly from a weighted average of Ge and MoGe2. Fi-
nally, it is not clear whether or not the problem with
fitting the 12.4 at. % Mo and 18.2 at. % Fe spectra is due
to the failure of the monodisperse ellipsoid model or if
the structure of the material simply cannot be modeled
by ellipsoids at volume fractions near —,'.

VII. SUMMARY AND CONCI. USIQNS

In this work, normal and anomalous SAXS have been
employed to characterize the composition fluctuations in
sputtered amorphous Fe-Ge and Mo-Ge alloy thin films.
The results indicate clearly that the three-dimensional
characterization is consistent with the major premise of
the two-dimensional characterization by Rice,
Wakatsuki, and Bienenstock. " That is, the Ge atoms
are distributed homogeneously while the metal atoms dis-
tributed inhomogeneously.

Under the assumption that there are two well-defined
phases in the material and that one of them is a-Ge, we
find intermetallic phase separation end points of composi-
tion close to a-Feoe2 for the Fe-Ge films and a-MoGe3
for the Mo-Ge films. Although an intermetallic MoGe3
does not exist in the equilibrium phase diagram, this re-
sult is consistent with the absence of a strong SAXS max-
imum in the 23.6 at. %%uoM osampl ean d th ewor kof Kor-
tright and Bienenstock, ' who argue that two different
structural regions meet at a composition close to 23 —25
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at. % Mo.
The data appear to yield virtually the same physical

model and structural interpretation no matter what
method is used to analyze them. The most quantitative
method is with the cylindrical correlation function. The
CCF s indicate particle radii for the Fe-Ge films of the
order 7—9 A in the plane and 12—14 A in the growth
direction. For the Mo-Ge films, the corresponding di-

0
mensions are only about 5 —7 and 8 —9 A, respectively.

The CCF's clearly show that there are appreciable in-
terparticle correlations in the film p1ane, but that they are
weaker or nonexistent in the growth direction. In partic-
ular, the average particle is surrounded by a depletion re-
gion in the growth plane. Beyond the depletion region,
the probability of finding a particle shows a small max-
imum. In the growth direction, these phenomena are
much weaker or nonexistent. That is, the correlation
function tends to fall off smoothly to its average value.

The data can also be simulated reasonably well with
essentially equivalent homogeneous and inhomogeneous
particle models involving ellipsoids that are elongated
along the growth direction. In either case, the particles
are either a-Ge or the relevant intermetallic, depending
on which occupies less than —,

' the volume fraction. The
particle extends further in the growth direction than in
plane by a factor of approximately 1.5:1 to 2:1,with basic
particle axes for a 6 at. %%uometa l allo yapproximatel y l 3A
in the growth direction by 7 A in-plane for the Fe-Ge sys-

0 0
tern and 11-A growth by 8 A in plane for the Mo-Ge sys-
tem.

The observed microstructures are„ in some ways, con-
sistent with the surface diffusion pictures first suggested
by Srolovitz and Kessler ' and with in-plane phase sepa-
ration of Adams eI; al. In these pictures, adatoms have
a few seconds to rearrange on the surface before being
covered by the advancing surface, where their transport
is governed by the much slower bulk transport
coefBcients. Consequently, metal-rich regions are formed
by depletion of the surrounding area via surface diffusion.

These pictures lead, however, to columnar structures,
whereas the particles described here are typically only
50% larger in the growth direction than in the growth
plane. The sma11 particle sizes, coupled with the large
number of particles, suggest that phase separation nu-
cleation is easy in these materials under these growth
conditions. This nucleation might result from variations
in the adatom Aux or appreciable-sized sputtered metal
clusters. As a consequence, columnar growth may be
terminated by the formation of new particles as growth
continues. There is little correlation between where the
particles are formed in one 1ayer and where they are
formed after about 20 A further in the growth direction.

It may be that a spinodal decomposition model is a
more appropriate description of the phase separation pro-
cess in these films. In that case, it would appear that a
theory applicable to these systems must include Auctua-
tions that break up the columnar coherence as well as
those that initiate the separation process. To our
knowledge, no quantitative models that describe the phe-
nomena shown here have been published.

As a consequence of the unusua1 depletion regions, one

would anticipate unique percolation properties, as dis-
cussed by Deutscher, Rappaport, and Ovadyanu. That
is, the formation of a depletion region makes the filling of
space less random than is normally assumed in percola-
tion theories. As a consequence, percolation is likely to
occur with a higher fraction of the space filled than is the
case for random systems.

The unusual percolation may account for the
differences often cited for the M-I and superconducting
transition compositions in, for example, a-Mo-Ge. Varia-
tions in the sizes of the intermetallic and depletion re-
gions with preparation parameters are also a likely cause
of the large differences in transition compositions cited by
different groups. ' ' ' Finally, it is probably the presence
of the intermetallic regions at compositions below the
M-I transition composition that accounts for the metallic
low-temperature specific heat in these materials.

It should also be noted that the films studied here were
grown by passing a substrate table under a Ge sputtering
gun and then under either a Mo or a Fe gun. Our results
indicate that fluctuations in the growth direction play a
pivotal role in establishing a new phase separation pat-
tern with little correlation between where the phase sepa-
ration in one layer and after 20 A of material has been de-
posited. Although for each pass under the targets only
0.2—0.8 A of material is deposited, one cannot help but
wonder, however, if our results are related to this deposi-
tion technique. It is quite possible that different results
would be obtained if two targets were pointed at the sam-
ple all the time. Similarly, the fluctuations are probably
highly related to the growth parameters and deposition
geometry.

The marked anisotropy that we observe on the 10—30-
A scale may also manifest itself in the short-range order
of these materials. EXAFS studies of sputtered amor-
phous Fe-Tb, for example, show a preference for Fe-Fe
and Tb-Tb pair correlations in-plane with a preference
for Fe-Tb pairs in the growth direction. Such an effect
may also be prevalent in the M-Ge alloys. This work also
opens the possibility that there exists even greater chemi-
cal inhomogeneity in the Fe-Tb system, on the 10—30-A
scale, as we report here for Fe-Ge and Mo-Ge.

Finally, we have not addressed the question of phase
separation in the Fe-Ge samples with compositions
greater than 33 at. % Fe. We do not find any indication
of phase separation for these samples (43.9 and 46.6 at. %
Fe). This is in contrast to the observations of Lorentz,
Bienenstock, and Morrison on Fe,Ge, , for which the
Fe had been triode sputtered, as well as ASAXS observa-
tions" on the same films, which show large SAXS signals
that arise, at least partly, from phase separation. This is
another indication of the sensitivity of the phase separa-
tion state to the deposition conditions. For those samples
with c & 0.33, the triode-sputtered and magnetron-
sputtered samples give rise to similar SAXS spectra. This
raises the question as to whether those samples show evi-
dence of the nonmagnetic to magnetic transition (at -40
at. % Fe) in the same way that the ones studied here do.
EXAFS data that were collected during the course of this
work and Mossbauer measurements currently under
way may help resolve this question.
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APPENDIX

The ellipsoid model for interparticle interference in the
Percus- Yevick approximation will be outlined briefly
here. Since the particles are assumed to be identical (in
orientation and size), the scattering is a product of that
from each particle and from an interparticle interference
function S;„,(k, 8k ):

S(k, 8i, )=p~(p] —p2) V, C&(kR, ) S;„,(k, 8k) (Al)

r(x)=1+p~ f, r(x')d x'
X

lx'l &2o-„,
r(x')r(x —x')d x',

lx —I'l »~„„
(A2)

with r(x) defined in terms of the pair-correlation func-
tions

g(x) =0, c(x)= —r(x), lxl &2o.„
c(x)=0, g(x) =r(x), lxl )2cr„ (A3)

and o.„ the orientation-dependent distance from the
center of the hard core to a point on its surface. For a
hard-core, prolate ellipsoid of radii o =(o „o],o 3) orient-
ed with cr3 in the x3 direction, o.„is given by

with p& and pz the electron density of particle and matrix,
respectively, and V, the particle volume. Ashcroft and
Lekner have shown that it is possible to find S;„t in
closed form for a hard-sphere Percus-Yevick Auid. We
will show here that a transformation of variables in the
Percus-Yevick equation for the oriented ellipsoids can
also lead to a closed-form expression for S;„t.

The Percus- Yevick equation for a collection of
oriented, hard-core ellipsoids is the following integral
equation:

o.„(8„)=
Qo, cos 8 +o3sin 8„

(A4)

—c(y(2) =a+Plyl+5lyl', (A6)

where a=(1+2pf ) /(1 —pf ), P= —6pf(1+pf/2) /(1
—p&), 5=(pf/2)(i+2@~) /(1 —pf), and the packing
fraction pf = V p =—', mo. &0.3p . This is identical to

—c(x(2o„)=a+P +5 (A7)2o'„(2g „)3

a form first proposed by Pynn for elongated particles,
but with a diferent pf, that has been used in the study of
the isotropic-nematic transitions in the hard ellipsoid
fIuid.

The Fourier transform of c(x), c(k), is given by

—c(k) =8o ]o 3f (a+px+5x )
unit sphere

X exp( it —x)d .x, (A8)

where k=2(k]o. „k2o.„k3cr3). This is readily integrated
in terms of elementary trigonometric functions (left to the
reader) and simply related to S;„,(k):

S;„,(k, 8k )

1+ pf f (a+Px+5x ) sin(2ko, x)x dx12 1 3

ka, f 0

(A9)

with o, =Qo, sin 8„+o.3cos 8k.

with an assumed x, —x2 isotropy. The closest approach
between two hard cores is then 2a.„which, as mentioned
previously, can be greater than the distance between two
particles. By transforming variables to y =(x, /
(7] x2/(7] x3/(T3) and y'=(x', /o ],x2/o ],x3/cT3) Eq.
(A2) is transformed to one for spheres of unit radii:

r(y)=1+o, cr3pz f r(y')d y'
ly'l &&

cr—]cr3p f r(y')r(y y')d—y', (A5)

ly
—y'I »

with

g(y) =0 c(y) = r(y) lyl (2
c(y) =0 g(y) =r(y) lyl )2 .

This is readily solved by Wertheim and Thiele's ap-
proach:
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