PHYSICAL REVIEW B

VOLUME 51, NUMBER 17

1 MAY 1995-1

Nonmagnetic impurities in two-dimensional superconductors

T. Xiang and J. M. Wheatley
Research Center in Superconductivity, University of Cambridge, Madingley Road, Cambridge CB3 OHE, United Kingdom
(Received 30 November 1994)

A numerical approach to disordered two-dimensional superconductors described by BCS mean-
field theory is outlined. The energy gap and the superfluid density at zero temperature and the
quasiparticle density of states are studied. The method involves approximate self-consistent solutions

of the Bogolubov—-de Gennes equations on finite square lattices.

Where comparison is possible,

the results of standard analytic approaches to this problem are reproduced. Detailed modeling of
impurity effects is practical using this approach. The range of the impurity potential is shown to be
of quantitative importance in the case of strong potential scatterers. We discuss the implications
for experiments, such as the rapid suppression of superconductivity by Zn doping in copper oxide

superconductors.

I. INTRODUCTION

It is well established that chemical substitutions on
copper oxide superconductors can qualitatively alter the
properties of these materials in both their normal and su-
perconducting states.! In the normal state, impurity sub-
stitution can be used to test models of electronic trans-
port. In the superconducting state, impurity scattering
effects are sensitive to order parameter symmetry? as well
as other properties. It is well known that nonmagnetic
impurities are pair breakers in d-wave or other nontrivial
pairing states with nodes of the energy gap on the Fermi
surface. They produce a finite lifetime of the quasiparti-
cles around the gap nodes and a finite density of states
at low energy.

In order to parametrize impurity scattering, a phys-
ical picture for the normal state, the superconducting
state, and the impurity is required. In this paper we are
motivated by Zn-doping experiments in cuprates which
we assume can be treated as a pure potential scatterer
of fermions which obey Luttinger’s theorem. Since d or-
bitals of Zn2* are fully occupied, it is naively expected to
behave as a nonmagnetic impurity. However, electronic
correlations may modify this picture somewhat. Nu-
clear magnetic resonance measurements by Mahajan and
co-workers® show that the copper spin correlations are
severely modified on neighboring Cu sites, which could
in principle give rise to effects analogous to the spin-flip
scattering process of conventional magnetic impurities.
As discussed recently by Borkowski and Hirschfeld, the
unknown relative strength of spin-flip and impurity scat-
tering rates in Zn-doped systems poses an obstacle to the
quantitative analysis of experiments involving Zn even
within the conventional BCS formalism.

Even if spin-flip scattering is negligible, the modifi-
cation of copper spin correlations in the vicinity of an
impurity site has the effect of increasing the range of
an effective scattering potential. Information about the
effective potential in YBaz(Cu;_,Zn,)306.9 can be ob-
tained from the residual sheet resistance estimated by
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extrapolation from the normal state. The residual resis-
tance from two-dimensional potential scattering is given
by the approximate expression®

1 h .
Ap: ;.’1:6—2 Zslnz(él ‘*6[.}.1). (1)
!

6; are the phase shifts which are constrained to satisfy
the Friedel sum rule AZ = 23" §. AZ is the dif-
ference in the number of conduction electrons in the sys-
tem without impurities and with one impurity. If we as-
sume Zn removes one electron from the conduction band
(i.e., AZ = —1) and the effective potential is an impen-
etrable disk of radius a, we estimate that the residual
sheet resistance is ~ 0.12 kQ for z = 0.01 in the I = 0
dominant scattering channel (a ~ 0.54/ky), which is a
factor of 3 smaller than the experimental value 0.34 k2.8
This discrepancy may indicate appreciable phase shifts
in one or more higher angular momentum channels. In
fact the ! = 2 “near-resonant channel,” which requires a
larger radius of the scattering potential (a ~ 2.8/ky),”
yields =~ 0.36 k2 for £ = 0.01. Recently, Poilblanc,
Scalapino, and Hanke® have investigated the effects of
nonmagnetic impurities in antiferromagnetically corre-
lated systems. They find that the scatterings in | < 2
channels are strong in that system.

The above discussion suggests that detailed structure
of the impurity potential is important in making a quan-
titative study of Zn-doped materials. As seen below, lat-
tice effects may also be of quantitative importance for
short-coherence-length superconductors. Recently, in a
brief report,® we presented a numerical study of the dis-
order effect in two-dimensional superconductors of var-
ious pairing symmetries in the limit of strong impurity
potentials. We demonstrated that a short- but finite-
range potential has a much stronger effect than an on-site
(“6-function”) potential. In fact the finite range of the
potential may be the primary reason for the rapid sup-
pression of pairing correlations with impurity concentra-
tion in YBa(Cu,Zn)O. The importance of finite potential
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range has been pointed out recently by Balatsky et al.l°
in connection with the nonuniversal behavior of the low-
frequency conductance in d-wave superconductors.

In this paper we present a more detailed study of the
disorder effect in two-dimensional superconductors. The
model used here is a lattice BCS mean-field Hamiltonian
with disorder defined by

H{A] ==t Y clero + > (Acrclicl, +He)

(rr')o rT

+ Z (Z Veir — ,“') cIacw, (2)

where (rr') denotes nearest neighbors and p is the chemi-
cal potential. V;, . is a scattering potential of an impurity
at r;. Lacking detailed knowledge of the scattering po-
tential in high-T, cuprates, we assume a model potential
form for it: Vi, r=Vobr, r + Vi(0r,—rts + ¢, —r+g). When
V1 = 0, it is a §-function potential; otherwise, it is finite
ranged. A, is the superconducting gap parameter. For
a given filling factor of electrons n., A, and u should be
determined self-consistently from the relations

J
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1 t
Ne = N ;(Cracff’)Arr’ (4)

where J is the coupling constant (assumed disorder in-
dependent), N is the system size, and (A)a, means the
average of A in the ground state of H[A.,]. Without
disorder A,, is independent of r and has a particular
symmetry with respect to 7. In this paper only the on-
site s-wave pairing state A, = Ad,o and the d-wave
pairing state Ay, = A(d;+s — 6r+y) in two dimensions
will be considered.

The Hamiltonian (2) is bilinear in fermion operators
and can be diagonalized by solving a one-particle prob-
lem. A,; and g should be determined self-consistently
from Egs. (3) and (4), which amount to solving the
Bogolubov—de Gennes equations for the disordered su-
perconductor. For simplicity in calculation, we perform a
particle-hole transformation for the down-spin electrons,
ie., ¢pp +— CIL’ and reexpress (2) as

H'[A.] = —t Z (CITC,IT - chcrg) + E(A”clfc,._,.,.i +H.c.)
rT

(rr’)

+ Z (Z Veir — ,u) (cf_Tc,T - CILCrJ,) + const. (5)
r r;

H' has the usual tight-binding model form, but the hop-
ping constant, the chemical potential, and the impurity
potential have opposite signs for the up-spin electrons
and the down-spin electrons.!! In the remainder of the
paper we set the hopping constant ¢t = 1.

In Sec. II, the numerical method and essential approxi-
mation are outlined. Results for the disorder dependence
of the zero-temperature gap and superfluid density p, as
well as the quasiparticle density of states p are presented.
In Sec. III, a concluding remark is given.

II. NUMERICAL METHOD AND RESULTS
A. Gap parameter and superfluid density

In the presence of disorder, the energy gap is space
dependent. We determine A, by iteratively solving H’
with the self-consistent conditions. We start from an ini-
tial gap function A, with a certain pairing symmetry.
After diagonalizing H', we find a new gap function A,
from the self-consistent equations and then use it as input
to repeat the above process until the self-consistent con-
ditions are satisfied. This is a strict self-consistent itera-
tive process. However, since the gap function at every site
needs be adjusted to satisfy the self-consistent equations,
this is excessively time consuming when an average over
a large number of impurity configurations is required.
We shall, however, perform this strict self-consistent it-

eration procedure only for studying the properties of a
single-impurity system and for checking the accuracy of
the approximation used in many-impurity cases.

As mentioned above, to solve the self-consistent equa-
tions, the Hamiltonian needs be exactly diagonalized.
This can be done, however, only on small lattices in the
presence of disorder. For a superconductor, a characteris-
tic length scale is the superconducting correlation length
& ~ hvp/mA. If £ is larger than the dimension of the sys-
tem, the finite-size effect is large and the analysis of the
disorder effect may be subtle. To avoid this situation, we
shall limit our calculations only to cases where £ is much
smaller than the dimension of the system.

The existence of a finite superfluid density p, is a defin-
ing property of superconductors. Experimentally p, is
determined from the microwave measurement of the pen-
etration depth. p, on a finite lattice can be evaluated di-
rectly from the current-current correlation function, us-
ing the eigenfunctions obtained from the iteration proce-
dure described above,!?

B = (-Ka.) — Mea(de = 0,0, 5 0,0 =0),  (6)

where (A) = Tr(Ae PH)/Tre P, (K,) is the kinetic
energy along the z direction, and
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with ¢, = Y én(r, 0)cro the quasiparticle operator and

Anm(Q) = D €V [ (r + 20)brm (r0)

ro

—Pn(ro)dm(r + z0)]. (8)

Before studying disordered systems, we consider a one-
impurity system. We first consider the change of the gap
function induced by an impurity. Figure 1 shows the self-
consistent energy gap A., for an s-wave superconduct-
ing state with one impurity on a 21x21 lattice. Since
the scattering potential is short ranged, the gap function
changes only in the vicinity of the impurity. Far away
from the impurity, A, approaches to the value of the
energy gap without disorder. In a region with a length
scale of the range of scattering potential around the im-
purity site, A, is largely reduced due to the strong sup-
pression of the probability of an electron hopping to this
region by the impurity scattering. Beyond this region,
there exists a relatively larger region with a length scale
comparable with the superconducting correlation length
¢ where a weak oscillation of A, in space is observed.
This oscillation is due to the interplay between the im-
purity scattering and the superconducting correlations.
Because of the lattice effect, A, is not isotropic in space.
It is relatively strong along the diagonal direction. Along
other directions, it is too weak to be resolved from the
figure. For the d-wave state, similar results have been
found. But the oscillation of A, along two axes seems
more apparent in this case.

For finite impurity doping systems where many impu-
rity configurations are used in the disorder average we
shall approximate A, in (2) by the average of the pair-
ing correlation functions (cyjcry-1) in space, A, so that
only a simplified self-consistent equation

_ 1
A = N zr: J{cerCeirt)a, (9)

FIG. 1. Self-consistent gap function for the s-wave super-
conducting state on a 21x21 lattice. Only half of the lattice
is shown. The impurity is located at the center of the lattice.
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need be solved. This approximation is to ignore the fluc-
tuation of Ay, (but not (ce cr4r1)) in space.

The errors resulting from the above approximation can
be found by directly comparing the results obtained with
and without the approximation. We have calculated the
errors for the pairing amplitude for several arbitrarily
chosen configurations of impurities in both strong and
weak scattering potential limits. For all the cases we
have studied, we find that the relative errors in the av-
erage energy gap are small compared with the combined
errors produced by the disorder average or the finite-size
effect. For example, for a randomly chosen system of
three impurities on a 14x 14 lattice, the relative errors in
the average energy gap are 0.1% (0.6%) in a weak poten-
tial Vo = 2 and V; = 0 and 2% (2%) in a strong potential
Vo = 20 and V; = 0 for the s-wave (d-wave) pairing
state. As the impurity concentration increases, the error
increases slightly. The errors for the local pairing correla-
tion functions (cycryr1) are larger than that for the av-
erage gap, but still small. Figure 2, as an example, shows
the relative error pattern for the local correlation func-
tion (crycryrt) for a s-wave pairing state. We find that
the errors for (¢ cryr4) are largest (about 5%) at the
impurity sites. Clearly (ce|crtr1) is overestimated in the
vicinity of impurities and underestimated far away from
the impurities. Nevertheless, it is encouraging that the
error made in neglecting off-diagonal disorder is small.!3

Using the above approximation, we have evaluated the
average gaps A for both s- and d-wave pairing states in
different scattering potentials. For all the cases we have
studied, we find that A decays almost linearly with z for
small z. Figure 3 shows A, as a function of the impurity
concentration z for both pairing states in a strong é-
function scattering potential Vo = 20 on a 14x14 lattice.
All four curves shown in the figure are nearly parallel to
each other although their values at z = 0, i.e., A(0), are
quite different. This remarkable behavior indicates that
the reduction of A by disorder (dA/dz) is determined
only by the scattering potential to a first approximation
and is independent of the pairing symmetries and the

relative error

FIG. 2. Relative errors of the local pairing correlation func-
tion ((crycr)a — (ericrt)a,,)/(cricer) (Where (criert)a and
{erycrt) A,, are the results obtained with and without approx-
imation, and (crycrt) is the average of (ceicrt)a, in space)
for the s-wave pairing state on a 1414 lattice with three im-
purities and a potential Vo = 20 and Vi = 0. The impurities
are located on the sites where the three highest peaks emerge.
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FIG. 3. Energy gap A vs z for both pairing states with the
coupling constant J = 1.5 and 2.3 and the scattering potential
Vo = 20 and Vi = 0 on a 14x14 lattice. Twenty-five impurity
configurations are used in the disorder average.

values of the energy gaps for pure samples. This nearly
universal property of the energy gap could be of use in
future studies of disordered superconductors. For weak -
function potentials or finite- but short-ranged potentials,
similar results for A have been found. But for a weak
d-function potential the slope of the decay of A with z
becomes smaller.

Our calculations for A and p, have been done mostly
on lattices with sizes ranging from 10x10 to 18 x18 sites.
In general, A and p, are size dependent. However, for
the quantities which are physically more interesting, the

s i
=
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=
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o0 18x18
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FIG. 4. Normalized energy gap A(z)/A(0) and normal-
ized superfluid density ps(z)/ps(0) as functions of impurity
concentration z on the square lattices of 10x10, 14x14, and
18x18 sites with Vo = 8 and Vi=0. A(0) is about 0.5 (0.3)
for the s- (d-)wave pairing state, which is about a 1/20 band-
width. One hundred impurity configurations for a 10x10 lat-
tice, and more than 25 impurity configurations for 14x14 and
18x 18 lattices are used in the disorder average.
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FIG. 5. Normalized energy gap A(z)/A(0) and normal-
ized superfluid density ps(z)/ps(0) as functions of z for both
s-wave and d-wave superconducting states with three differ-
ent potentials on 10x10 lattices. A(0) are the same as for
Fig. 4. One hundred configurations of impurities are used in
the disorder average.

relative energy gap A(z)/A(0) and the relative super-
fluid density p,(z)/p,(0), the finite-size effect is small. A
comparison for A(z)/A(0) and p,(z)/p,s(0) for the s- and
d-wave states with a é-function potential Vy = 8 on lat-
tices of 10x 10, 14x 14, and 18x 18 sites is given in Fig. 4.
Similar results have been found for other impurity poten-
tials. In general, we find that the finite-size effect for p,
is larger than that for A, when A, is small (i.e., large £).
Physically this is because that A,, is determined only by
the local pair correlation function while p, is determined
by the current-current correlation function at long wave-

A(Vo, V1) A(0,0)

FIG. 6. Normalized energy gap A(Vo,V1)/A(0,0) as func-
tions of Vp for the s- and d-wave pairing states with z = 0.02.
The values of A(0, 0) are the same as A(0) used in Fig. 4. One
hundred configurations of impurities are used in the disorder
average.
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lengths which in turn is determined by the properties of
the eigenfunction on the whole lattice.

Figure 5 shows A(z)/A(0) and p,(x)/p,(0) as func-
tions of = for the s- and d-wave pairing states in three
potentials. For a weak §-function potential, A(z)/A(0)
and p,(x)/ps(0) decrease very slowly with z and the dif-
ference between the s- and d-wave pairing states is also
small. With increasing Vj, the difference between these
two pairing states increases. The disorder has a stronger
effect on the d-wave state than on the s-wave state; in
particular, p, falls much faster in the d-wave state than
in the s-wave state. This property may be useful for dis-
tinguishing a d-wave pairing state from an s-wave pairing
state in the unitary scattering limit from an experimen-
tal point of view. But if an off-site scattering potential
(i-e., V1 term) is present, this difference will be eventually
reduced. The disorder effect is clearly strongly enhanced
in a finite-range potential than in a d-function potential.

Figure 6 shows A(Vy,V;)/A(0,0) as functions of Vj
for the s- and d-wave pairing states with £=0.02. The
qualitative behaviors of A(Vj,V;)/A(0,0) are similar for
all the cases shown in the figure. A(V;,V;)/A(0,0) de-
creases with Vj for small Vj, but soon becomes saturated
when V, surpasses the bandwidth. dA/dz for the s- and
d-wave states can be very large depending on the value

of Vl.

B. Density of states

Now we consider the effect of disorder on the density
of states of quasiparticles. We calculate the density of
states using a recursion method.!* This method addresses
the local density of states of an infinite lattice. In this
method, the density of states p(FE) is obtained from the
imaginary part of the one-particle Green’s function G(E),

. 1 .
o(E) = eh—1>n0 —;ImG(E + i€). (10)

Given a starting state |0), the recursion method is de-
fined by the recurrence relations

H|0) = ao|0) + b1]1) (11)
and
Hin) = bu|n — 1) + an|n) + bpyijn + 1) (n > 0),
(12)

where {|n)} is a set of normalized bases generated auto-
matically from Eqgs. (11) and (12). From the a’s and b’s
generated, G(FE) can be expressed in a continued fraction
form

. (13)

G(E) =
(E — a()) —

(E—al) -

In a real calculation, this continued fraction is truncated
at a certain step and the remainder of the continued frac-
tion is replaced by a parameter which is determined such
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that the error is minimized. We truncate the continued
fraction at a step when the difference between the result
obtained at that step and that with five more steps is
smaller than the error demanded. In using the recursion
method, the values of A,, and u obtained previously on
finite lattices will be used. When the impurity concentra-
tion is finite, the approximation A, = A, is assumed.
For a one-impurity system, the strict self-consistent so-
lution for A;,; on a small lattice around the impurity is
used, while for the remainder of the lattice A, are ap-
proximated by the average value of A, on the edges of
the small lattice.

As discussed by Byers et al.}® and Choi'® the densities
of states in the vicinity of the impurity are in principle
measurable via the spatial variation of the tunneling con-
ductance around an impurity with a scanning-tunneling-
microscope study of the surface of a superconductor. In
continuum space, the local density of states (or the tun-
neling conductance) around an impurity has been calcu-
lated by Byers et al.'® for both the s- and d-wave pairing
states and by Choi'® for the d-wave pairing state. They
find that the density of states for a given energy oscil-
lates in space and depends strongly on the anisotropy
of the gap parameter. When the energy is larger than
A, the oscillation is largest in the directions of the gap
maxima and smallest in the directions of the gap min-
ima. In lattice space, however, we find that their results
are partly altered. Figure 7 shows the impurity-induced
density of states as a function of distance from an im-
purity along two directions for the s- and d-wave pairing
states. (Here the fully self-consistent isolated impurity
result for the gap function on a 21 x 21 lattice shown in
Fig. 1 is used as an input.) The density of states oscil-

0.1 |5 7=

S-wave -

\/ 0° o
45° +

0.05 _¥
0 —'\

-0.05 |

Density of states

30

FIG. 7. The local density of states induced by an impu-
rity as a function of distance r from an impurity along both
the z-axis direction (0°) and the diagonal direction (45°) at
energy w = 1.5Anax. Vo =2 and V; = 0.
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lates in space with an energy- and direction-dependent
wavelength in agreement with the results of Ref. 15. In
the s-wave case, the oscillation along the diagonal direc-
tion is much larger than that along the z-axis direction,
in contrast to the isotropic s-wave pairing state in con-
tinuum space. Since the energy gaps are the same on the
Fermi surface for s-wave states, this difference is purely
a lattice effect. For the d-wave pairing state, the oscilla-
tions along two directions are not so different as shown in
Refs. 15, 16. The impurity-induced density of states de-
cays slightly faster along the z-axis direction than along
the diagonal direction.

To compute the density of states with finite doping of
impurities, we have used the results of the average gap A
obtained previously. The fluctuation of A,, in space is
ignored in this calculation. Figure 8 shows the density of
states for the s- and d-wave pairing states with different
potentials and . The main results are summarized as
follows.

(a) For s-wave pairing with a weak or strong poten-
tial with very small z, p has no qualitative change with
respect to the case without disorder. In particular, the
energy gap still exists and is hardly changed by disorder
in agreement with Anderson’s theorem.!”

(b) For the d-wave pairing state with a weak scatter-
ing potential, the change of p with respect to the case
without disorder is small. But p at the Fermi energy Er

Density of states

FIG. 8. Density of states as functions of energy E for s-
and d-wave superconducting states with different impurity
concentrations z. The parameters A obtained in Fig. 5 are
used in calculations here. More than 1000 configurations of
impurities are used in the disorder average.
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becomes finite, consistent with the nonmagnetic impurity
scattering theory in the Born scattering limit.®

(c) For the d-wave pairing state with a very strong on-
site potential, p shows a peak around Ep. This result
agrees very well with the self-consistent ¢-matrix theory
for the d-wave superconductor in the unitary scattering
limit.!® On the other hand it also shows that the ap-
proximations made in the self-consistent t-matrix theory,
such as ignoring the vertex corrections and the energy
dependence of the self-energy, are valid for the d-wave
state.

(d) For the d-wave pairing state with a strong on-site
potential or both pairing states with a finite-range poten-
tial, p at Er grows quickly with increasing « and becomes
comparable with the average density of states at some
critical . For the s-wave pairing state with a strong é-
function potential, a finite gap remains when z is smaller
than a critical value z. within numerical errors. When
x > ., the gap vanishes (but p, and A are nonzero); p
at Fy is small and increases slowly with increasing x.

(e) All singularities of p are suppressed by the disorder
average in these calculations. We have not found any
evidence for the singular behavior predicted recently by
Nersesyan et al.2® within numerical error.

III. CONCLUSION

We have discussed a straightforward numerical tech-
nique which allows detailed effects of various impurity
potentials on superconductors to be investigated with a
BCS mean-field framework. In particular we evaluated
the gap parameter, the superfluid density, and the den-
sity of states for the s-wave and d-wave superconduct-
ing states with nonmagnetic impurities, as functions of
impurity concentrations and scattering potentials. For
one-impurity systems, the local density of states induced
by impurity oscillates in space, in agreement with known
analytic results. For s-wave pairing, the energy gap and
the density of states are hardly affected by weak disorder
(i.e., either weak scatterers or dilute strong scatterers),
consistent with Anderson’s theorem. In the dilute impu-
rity limit, our results agree well with the self-consistent
t-matrix theory in both the Born and unitary scattering
limits, and in both s- and d-wave pairing states. For the
d-wave pairing state, the density of states at Er becomes
finite even for the weak scattering potential, consistent
with the Born scattering theory of the d-wave supercon-
ductor. For the d-wave pairing state with a strong on-site
potential, the density of states is in good agreement with
the self-consistent t-matrix theory for the d-wave super-
conductor in the unitary limit. For strong scatterers, the
energy gap of the s-wave state disappears beyond a crit-
ical doping level which is sensitive to the range of the
impurity potential. A finite-range potential is shown to
have a stronger effect than a short-range potential in ei-
ther pairing state. For Zn-doped YBaCuO, experiments
find that T varies almost linearly with  and drops about
25% for 2% Zn doping.?! If we assume the change of T,
is equivalent to the change of A at zero temperature, we



51 NONMAGNETIC IMPURITIES IN TWO-DIMENSIONAL ... 11727

find that dA/dz in a é-function potential is too small to ACKNOWLEDGMENTS

fit quantitatively with experiments even in the unitary '

scattering limit. However, for a finite-range potential, no We wish to thank J. Loram, J. Cooper, and P.
such difficulty exists. Hirschfeld for helpful communications.

! Gang Xiao, F. H. Streitz, A. Gavrin, Y. W. Du, and C.
L. Chien, Phys. Rev. B 35, 8782 (1987); Y. Maeno, T.
Tomita, M. Kyogoku, S. Awaji, Y. Aoki, K. Hoshino, A.
Minami, and T. Fujita, Nature 328, 512 (1987); K. Ishida,
Y. Kitaoka, T. Yoshitomi, N. Ogatta, T. Kamino, and K.
Asayama, Physica C 179, 29 (1991).

2 For recent discussions, see W. H. Hardy, D. A. Bonn, D.
C. Morgan, R. Liang, and K. Zhang, Phys. Rev. Lett. 70,
3999 (1993); P. J. Hirschfeld and N. Goldenfeld, Phys. Rev.
B 48, 4219 (1993); P. A. Lee, Phys. Rev. Lett. 71, 1887
(1993).

3 A. V. Mahajan, H. Alloul, G. Collin, and J. F. Marucco,
Phys. Rev. Lett. 72, 3100 (1994).

* L. S. Borkowski and P. J. Hirschfeld (unpublished).

5 A derivation for the impurity residual resistivity in three
dimensions can be found from G. D. Mahan, Many-Particle
Physics, 2nd ed. (Plenum Press, New York, 1990), Chap.
7.

8 T. R. Chien, Z. Z. Wang, and N. P. Ong, Phys. Rev. Lett.
67, 2088 (1991).

71t is worth noting some features of this 2D scattering prob-
lem. Using the impenetrable disk model with radius a we
find that kfa = 0.542 satisfies the sum rule with near
unitary scattering in the ! = 0 channel; the correspond-
ing phase shifts are o = —0.75(7/2), §; = —0.12(w/2),
62 = —0.005(7/2), etc. The next values of kya compatible
with the sum rule are 1.52 and 2.787. The latter value leads
to scattering phase shifts do = —0.25(w/2), §; = 0.647/2,
65 = —0.69(m/2), 63 = —0.26(m/2), and 64 = —0.06(7/2);
they are appreciable in all channels up to ! = 2. This set
of phase shifts leads to the best agreement with the Y-Ba-
Cu-O data.

8 D. Poilblanc, D. J. Scalapino, and W. Hanke, Phys. Rev.
Lett. 72, 884 (1994).

° T. Xiang and J. M. Wheatley, Physica C 235, 2409 (1994).

10 A. V. Balatsky, A. Rosengren, and B. L. Altshuler, Phys.
Rev. Lett. 73, 720 (1994).

! The results presented here are for a half-filled band. For the
simple tight-binding model used here, this has a Van Hove
singularity at the Fermi surface in the normal state. This
fact plays no role in our T' = 0 calculations, however. To
see this note that (a) in the absence of disorder, the super-
conducting gap pushes the Van Hove singularity far from
the Fermi surface, and (b) in the presence of disorder, all
singularities in the density of states are rapidly suppressed
after the disorder average, even in the normal state. The
chemical potential x must be determined self-consistently
along with A even at half filling, because particle-hole sym-
metry is destroyed by disorder.

12D, J. Scalapino, S. R. White, and S. C. Zhang, Phys. Rev.
Lett. 68, 2830 (1992).

3 For a discussion of the effect of off-diagonal disorder, see,
for example, V. C. Hui and C. J. Lambert, J. Phys. Con-
dens. Matter 5, 697 (1993).

' R. Haydock, V. Heine, and M. J. Kelly, J. Phys. C 5, 2845
(1972).

15 J. M. Byers, M. E. Flatte, and D. J. Scalapino, Phys. Rev.
Lett. 71, 3363 (1993).

¢ C. H. Choi, Phys. Rev. B 50, 3491 (1994).

7 P. W. Anderson, J. Phys. Chem. Solids 11, 26 (1959); L.
P. Gorkov, Sov. Phys. JETP 10, 998 (1960).

'8 L. P. Gorkov and P. A. Kalugin, Pis'ma Zh. Eksp. Teor.
Fiz. 41, 208 (1985) [JETP Lett. 41, 253 (1985)].

19 P, J. Hirschfeld, P. Wolfle, and D. Einzel, Phys. Rev. B 37,
83 (1988).

20 A. A. Nersesyan, A. M. Tsvelik, and F. Wenger, Phys. Rev.
Lett. 72, 2628 (1994).

21 A. Janossy, J. R. Cooper, L. C. Brunel, and A. Carring-
ton, Phys. Rev. B 50, 3442 (1994); J. R. Cooper (private
communication).



