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VVe analyze an effective theory for double-layer quantum Hall systems whose e8'ective Hamilto-
nian consists of a kinetic energy term for the Goldstone mode and a tunneling term for electrons.
This system corresponds to the quantum ferromagnet theory recently proposed. It is shown that
3osephson phenomena occur except for the Meissner e8'ect. A detailed physical picture of the
commensurate-incommensurate phase transition in the magnetic order is described on the analogy
of superconductor Josephson junction. Plasmon excitations are analyzed in each phase.

I. INTRODUCTION

It is intriguing that Josephson phenomena may occur
in certain double-layer quantum Hall (DI.QH) systems as
a result of a spontaneous development of interlayer phase
coherence. The coherent phase 0 is the Goldstone bo-
son associated with a spontaneously broken U(1) sym-
metry. This possibility has been pointed out based on
the Chem-Simons (CS) theory of the planar electrons. A
recent experiment has revealed an anomalous behavior
in the activation energy versus the parallel magnetic field

B~~ in systems where the Josephson efFect had been pre-
dicted. It may well present, to our knowledge, the first
indication of the Josephson phenomena.

However, the problem seems to be still controversial.
Recently, Yang et a/. proposed a quantum ferromagnet
(QF) theory of Dl QH systems, in which they argue that
the Meissner efFect does not exist. They suggest to re-
late the activation energy anomaly to a commensurate-
incommensurate (t -IC) phase transition in the magnetic
order. It is an urgent problem to examine the fate of the
Josephson phenomena in the QF theory. It is also impor-
tant to clarify the relation between the QF theory and
the CS theory.

There is one peculiar property in the CS scheme devel-
oped in Refs. 1—3, where the kinetic energy of the Gold-
stone mode 0 is absent when the lowest Landau level pro-
jection is made in the mean-Geld approximation. On the
contrary, the term exists in other approaches. At least
at the efFective Hamiltonian level, the CS scheme and
the QF theory7 are identical except for this term. We
shall see that the term plays an important role quantita-
tively: The naive CS scheme without it turns out to be
physically unacceptable. We wish to examine how vari-
ous predictions ' of Josephson phenomena are modified
by the existence of the kinetic energy term.

Our results on the QF theory are as follows. Though
the Meissner efFect does not exist, the Josephson ef-
fect does exist. We account for the activation energy
anomaly by plasmon excitations intrinsic to the Joseph-
son junction, where the critical point is determined in
association with the C-IC phase transition. We should
mention that all the naive CS results (including the
Meissner efFect ) are reproduced as the kinetic energy

of the Goldstone mode is gradually suppressed. In this
paper we use units such that c = 1 and 6 = 1.

II. EFFECTIVE THEORY

The microscopic Lagrangian density is given by

+p(yf iedA~ q +—qt iedA, y )

together with 2~M = (1/87r) (e E —B ), where i Dk
iOy —eA& —eAk, k = x, y. We have taken the layers par-
allel to the xy plane. Here, d is the interlayer distance;
e the dielectric constant; —e the charge of the electron;
M the efFective mass of the electron; g the electron
Beld and A„ the electromagnetic potential at the layer
o;; p = O, x, y. External magnetic field B~ is applied per-
pendicular to the layers with Ag — 2EkjxjBJ Elec-
trons tunnel across the layers with strength A, which is
assumed to be much smaller than the Coulomb interac-
tion (A (( e /epII) with I~ = 1/geB~. The tunneling
gap is As~s ——2A. This Lagrangian is manifestly invari-
ant under the electromagnetic gauge transformation.

An intuitive picture of the system is made by using
the language of quantum ferromagnetism with pseu-
dospin S = (Sx, SI, Sz). It has been argued that
the system resembles the LY model, where the ground
state is a ferromagnet with a spontaneous magnetiza-
tloI1: (S~):v pI p2 cos 0) (S&): v prp2 slI1 0) (SQ)
2(p1 —p2) = Ap. Here, p are the electron densities in
each layers. The Goldstone mode 0 designates the ori-
entation of the magnetization. The pseudospin stifFness
is described by the Hamiltonian 'R = —p, (gag)2. The
tunneling interaction (oc Sx) is equivalent to applying
the pseudomagnetic Beld in the X direction. Its efFect is
to align the axis of the magnetization with the X axis
(0 = 0). This axis modulates locally in the presence of
the external parallel magnetic field B~~.'as we shall see,
0 oc xH~~ m the commensurate (t ) phase and 0 = 0 in
the incommensurate (IC) phase. The oscillation of the
pseudospin S in the SU(2) pseudospace is observed as a
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plasma oscillation since Ap = Sz oc sin(wy t) with w~
the plasma frequency.

We construct an effective theory describing the low en-
ergy dynamics of the collective modes 0 and Ap. Within
the subspace spanned by the quantum Hall states, we

have (g g ) = p~, (@i@2) = +pi p2e ', correspond-
ing to the spontaneous magnetization of the pseudospin
density. Note that @i@2 is a bosonic operator and that

(@i@2) states explicitly the existence of the interlayer
phase coherence. Then, the efFective Lagrangian density
for 0 and Lp reads

= —(Bqe —eAAo) Ap+ 2A po
2—(Ap) 2 cos(0+ edA, ),

where K = 47re p, d/(1+ 4~e2p, d), with 1 ) ~ ) 0, and

6:—8 + edA = (1 + 4ae p, d) 0 —edxB~~ + 6o.

The screening effect is maximum (minimum) when r. = 1
(v. = 0). The field equations read

4' e2d 2AA pLp- cos 6)
Qpo &p

Btap = — B26+ 2A p2 ~p2 sin
4vre2d

The static equations are A p = 0 and the sine-Gordon
equation A&0 8 —sin 6 = 0, with A~ = gr/8vre2dApo

27r e'R = B„+— (Ap) + 2p, (Bgg+ eAAg)8'
—2A po —(b,p)2 cos(8+ edA, ). (2)

with LA„= A„—A, where the kinetic energy has been
quenched by the lowest Landau level projection.

For simplicity we consider the case in which there is no
parallel electric field (Ey = 0) and hence no Hall current.
The Coulomb energy 'R~ can be evaluated in K~M + l'.

The main terms are the electric capacitive energy and
the pseudospin stiffness energy. Keeping only these two
terms, the effective Hamiltonian is given by

III. C AND IC PHASES
Recall that the magnetostatic property of the su-

perconductor Josephson junction is also governed by
the sine-Gordon system. Thus, making a well-known
analysis, we obtain the following physical picture of
the ground state.

When Bll is suKciently small, B„ is ~qual to Bll at the
edge and gradually decreases to the screened value Bp
deep inside the junction with the penetration depth A J.
Far from the edges we find that 6 = 0, and hence that 0 =
(v/4aep, ) [xB~~ —(8o/ed) j and Bo ——B~~ /(1 + 4me p, d)
The free energy density is estimated as

Comments are in order. When the screening effect is
neglected and when (Ap) is neglected with respect to
pp, this Hamiltonian is the same one proposed in the
QF theory where p, = e /(16+2msl~). On the other
hand, in the mean-Geld approximation of the CS theory,
the same Hamiltonian has been derived together with
the lowest Landau level constraint, By0 + eAAk ——0,
which is equivalent to the infinite pseudospin stiffness

(p, -+ oo). Actually, the constraint is a weak condition,
and we expect to obtain a finite pseudospin stifFness by
improving an approximation also in the CS theory.

We apply the constant parallel magnetic field Bll cn
the y direction and regard the system to be uniform in
the y and z directions. This allows us to set B = 0 and
By 0 0 Choosing the gauge such that By: B&Az )

we solve the Maxwell equation B By = —4'J, where
the drift current takes value J = pep, B 0 on the layer
located at z = z (zi ) z2). Hence, we obtain

By ———B A, = —4~eP, B 0+ Bll,

ol' A = 47l ep 0—XB~~+(1/ed)6o, where B~~ is the external
parallel magnetic field outside the junction (z ) zi or
z ( zz), and i)o is an integration constant. The term
4zrep, B~0 represents the screening effect.

The Gibbs &ee energy density is g = '8 —(d/4')B„B~~,
which is derived as

g = (Qp)2+ (0 i)+ edB

—2A p„—(Ap) cos 6 ——Bii,2 2 d 2

87r

gc = + ——BoB~~ = ——
2

—2Apo. (8)
47r 8' 1 + 4vre2p, d

gic =&
47r 8' (9)

This is the IC phase.
The phase transition point Bll is determined by equat-

ing gc = gic. When we use (8) and (9) we find
that B~t v 2/edAg. Actually the transition point is

slightly below than this, because the true free energy is
less than the value given in (9). A better estimation
is made by taking into account the free energy of sine-
Gordon vortices penetrated into the junction, which
gives B~t

—— /4vred ~A. It is easy to see that B~t agrees pre-
cisely with the C-IC transition point obtained in Ref. 7
for 0(K((1.

We examine the results numerically. In mks units it
follows that AJ = Age/2poe2dApo, B~t

——4h/7redAJ, K =

This is the C phase. It should be mentioned that there
is no screening (Bo ——B~~) if v = 0 (or p, —+ 0) while
there is the complete screening (Bo ——0) if v = 1 (or
p, + oo). The latter is the Meissner effect obtained
in the naive CS scheme: The Meissner efFect is realized
when the pseudospin stiffness is infinite.

As Bll is increased, the magnetic flux begins to pen-
etrate into the junction as sine-Gordon vortices on top
of Bp. Each vortex separates two C domains. When Bll
is sufBciently large, all the flux penetrates into the junc-
tion freely. Then, also inside the junction we have 0 = 0,
't9 = 'l9p —xedBll, and B„=Bll . A naive estimation of
the Gibbs free energy is
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poe2p, d/(h, + poe p, d). Typical sample parameters are
2pp 1.26 x 10 m, d 2.1 x 10 m, and LsAs
2A 0.8 K 1.1 x 10 . Using these values we estimate
that A~ 4.9x10 s~ic m and BII 8.2x10 4/~ic T. It
is notable that ic = 1 in the naive CS scheme (p, —+ oo)
but that ic 2.7 x 10 in the QF theory (p, 0.32 K).
Hence, the phase transition point is B~~ 8.2 x 10 T
in the naive CS scheme, while it is BII 1.6 T in the QF
theory.

Here we argue that the naive CS scheme with K = 1
would be physically unacceptable. The quantum Hall
effect is known to break down above the critical current
density 1 A/m. In the C phase the screening currentJ"—:ep, B 0 reads J" = (K/po)BII in mks units. We
estimate that J" 650 A/m in the naive CS scheme andJ" 0.37 A/m in the QF theory at each C-IC phase
transition point, respectively. Obviously, the screening
current is too large to be physical in the naive CS scheme.
Hereafter we only consider the QF theory.

IV. PLASMONS EXCITATIONS

We go on to analyze the low lying excitation modes of
8 and Lp, which we call plasmon excitations. They are
very difFerent in the C and IC phases since the ground
states are very different. For simplicity we only consider
the plasmon excitations at zero momentum.

In the C phase we analyze the small uniform fIuctu-
ation of 6 around 8 = O, in (6) and (7), finding that
0, 6+ (v~26 = 0, where

2 2 A 2~C ~J + ~SAS~

with ~+2 ——4~e2dppAsp, s/e. The plasmon energy o~~ is
independent of the external parallel field B~I.

In the IC phase we analyze the small uniform fIuctu-
ation of 0 around 8 = 0, finding that 0~0+ ~1&0 = 0
with

sin(ed&BII/2)
~IC ~J

dg r + SASe B)I/'2

by measuring the resistivity p of the system. The ac-
tivation energy must be given by the smallest plasmon
energy, i.e., by the plasmon energy at zero momentum.

In the IC phase the plasmon energy depends on the
size parameter E. When Z is the size of the sample for
which edEB~~ )) 1, it follows that ujc = &sAs ~ Then, the
activation energy is given by two constants, u~ in the C
phase (BII & BII ) and b sos in the IC phase (BII & BII ), as

in Fig. 1. This behavior accounts for the observed data
for B~I ) B~~. Here, in a typical sample the theoretical
prediction is BI( 1.6 T, which is compatible with the
observed critical value B~~ 0.8 T.

In order to account for the data also for BII ( B~~, we

question the rigidity of the C phase against the penetra-
tion of the external parallel magnetic fi.eld. Note that the
screening efFect, being given by rBII, is negligibly small
since v 2.7 x 10 . We may evaluate the difference be-
tween the Gibbs energies (8) and (9) in the two phases,
finding that IAQI & r(d/87r)BII, which is also negligibly
small. This implies that the parallel magnetic field may
penetrate into the junction rather freely as sine-Gordon
vortices in the C phase. Now, each vorte~ separates two

domains, and vortices themselves act as IC domains.
Thus, when BI~ ( B~~, the sample contains many C do-
mains separated by IC domains (vortices).

The contribution to the activation energy from the C
domains is ~~, while the one from the IC domains is
oiK:(E~) where EM is the size of the vortex. We may
estimate it as IM —mAz, for which Bll(~M) BII Now,
the activation energy is given by oi&c(EM) for BII & B*,
which decreases rapidly from ~c to &SAS as Bll increases
from B = 0 to B*, as in Fig. 1. This rapid decrease is

precisely the observed feature of the data.
The activation energy formula contains three param-

eters; the maximum energy u~, the minimum energy
+sAs and the critical point B~~, see Fig. 1. If we may
adjust them phenomenologically, our formula explains all
the reported data quite well, as is seen in Figs. 3(a)—(e)
of Ref. 3. Note that the Gtting by the plasmon formula

Here, since we are considering a uniform fIuctuation, we
have taken a spatial average over the size E of the region
of the IC phase. The plasmon energy uyc depends on
the parallel Geld B~~ in an interesting way: It is equal to
c at Bll

——0, and decreases rapidly as Bll increases, an
takes the minimum value AsAs at BII = BII(&) given by

BII(E) = 27r/edI. . It displays an interferencelike pattern
for Bll )

V. ACTIVATION ENEH. GY ANOMALY

Activation energy

+SAS ~

Parallel magnetic field

How can we observe these plasmon excitations experi-
mentally? The plasmon is neutral but affects the trans-
port property since it induces the oscillation of the charg-
ing eLp in each layer together with the electric Geld as-
sociated with it. Hence, the plasmon energy would be
detected as an activation energy, which is determined

FIG. 1. The activation energy is given theoretically by two
constants (thick lines) in the C and IC phases, which is ac-
tually modified (thin curve) in the C phase by vortices pen-
etrated into the junction. Solid circles represent data points
in a typical sample.
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VI. JOSEPHSON EFFECT

The system shows a new aspect when external leads are
attached to the layers. Let us make a thought experiment
in which the external current is supplied uniformly to the
layers. Then, our analysis is parallel to the well-known
one in the superconductor Josephson junction though it is
slightly complicated due to the existence of the tunneling
term. In order to see what would happen, we study the
physical meaning of the basic equations (6) and (7). (For
simplicity we set A = 0 and 0 0 = 0 by assuming B~~

——

0; then, 8 = 8.) First, (6) is equivalent to the formula
de/dt = —O'R/OAp = eV,„t. It implies that the time evo-
lution of the phase 0 is controlled by the energy change
induced by the movement of electrons from one layer to
the other layer, which is equal to the work done by the ex-
ternal voltage V,„,. Second, the physical meaning of (7)
is simply the charge conservation in the isolated system.
In the presence of the external current J, the charge con-
servation leads to J = eOtAp —eAsAsgpo —Ap sino.
Here, J, = (I/d)(hZ /8A, ) = —eAsAsgpo —Ap2sin0
is the tunneling current, and eBqLp represents the dis-
placement current. Equations (6) and (7) are replaced
by

(dJ2 +sAs cos 02

tt 1+
&SAS gl —uz

(12)

is precisely the same in the naive CS scheme and in the
present QF theory, although the mechanisms of obtain-
ing the size parameter SM are very different. In the naive
CS scheme, without any justification we made a working
hypothesis of decomposition of the sample to domains,
where SM was the maximum size of such domains. This
hypothesis is redundant in the QF theory. In particular,
we now identify SM with the size of the sine-Gordon vor-
tex penetrated into the C phase, which is found to be
EM - 2.5 x 10 m f«m B~~ 0.8 T in a typical sample.

J
JO +SAS

1
Bg'tL —Q 1 —tc sin 0) (13)

where Jo = eppAsAs and u = Ap/pp.
In the system with dc current feed, when

~
J/Jo~ ( 1,

the solution is given by u = 0 (Ap = 0) and 8 = Oo ——

const with sin Op = J/ Jp. Therefore, we conclude that
the Josephson current J Bows between the two layers
with J = —ep04sAs sin00. The tunneling current is a
superconducting current (V,„t = 0 for 0 = Op). On the
other hand, for

~
J/Jo~ ) 1 the current-voltage charac-

teristic becomes complicated compared with the case of
the superconductor Josephson junction although the
modification is quite small since As&s/~& (( 1 in actual
samples. The system with dc voltage feed may be sim-
ilarly discussed, where Oq0 = eV„t, or 0 = 00 + eV„tt.
Solving u as a function of t in (12) and substituting it
into (13), we can determine the tunneling current J as a
function of t.

It is very interesting that the Meissner effect does not
exist although the Josephson effect does exist. The rea-
son is that the junction is made of the layers. In the
case of the superconductor Josephson junction, because
the junction is made between two superconducting bulks
into which the parallel magnetic Beld cannot penetrate,
we need to set B~~ = 0 in (3) as the boundary condition
imposed outside the junction {or inside the bulk): thus,
the Meissner effect follows inevitably. This explains why
we can have the Josephson current without being accom-
panied by the Meissner effect in the Josephson junction
in the DLQH system.
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