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The quantum well spectra orientation dependence of cubic semiconductors is studied through
a simplification of the valence-subband dispersion relation, applicable for the three symmetrically
oriented (perpendicular to the lattice symmetry axes) quantum wells. The semianalytical treatment
which is based on the Kohn-Luttinger formalism, incorporates the effect of strain, and is generalized
for gapless semiconductors as well as for III-V compounds. The rectangular and hexagonal in-piane
symmetries of the (011) and (111) films, respectively, are studied by calculating the full subband
dispersion in these orientations for GaAs, InAs, Ge, HgTe, and o.-sn. The rectangular symmetry
of (011) films can result in spectral saddle points at k~~

——O. Orientation is also found to be an
important parameter in tailoring surface state branches in gapless semiconductors.

I. INTRODUCTION

Valence-band-structure engineering in cubic semicon-
ductor strained quantum wells (QW's) is an important
arena in which to develop new applications in such elec-
tronic devices as low-threshold lasers and high-mobility
hole channel transistors. The results of a qualita-
tive analysis and recent experiments ' have demon-
strated that the crystallographic orientation of the QW
plays a crucial role in determining the subband struc-
ture, and can be an important degree of freedom in de-
signing devices. The role of orientation stems mainly
&om the corrugation of the bulk energy spectrum. A
number of analytical and numerical calculations
of the valence-subband structure, based on the Kohn-
Luttinger Hamiltonian, i were devoted to (001)-oriented
layers. Such studies are facilitated by the square in-
plane symmetry of these layers. An accurate description
of the valence-band structure in differently oriented het-
erostructures has until now required the use of numerical
methods, ' making the design process rather tedious.

In this paper, we present semianalytical calculations
of the valence-subband structure of (011)- and (111)-
oriented quantum wells of cubic semiconductors. Instead
of the perturbative approach used in Ref. 19 to find only
the masses of subbands at Ie = 0, we show an algebraic

II

derivation, applicable for (001), (011), and (111) layers,
which simplifies the dispersion relation drastically and
enables us to find the full subband structure semiana-
lytically. In contrast to our paper on (011) layers, the
present calculations incorporate the effect of strain, and
are generalized for gapless semiconductors as well as for
III-V compounds. Also, the dispersion relations and ef-
fective masses near Ie = 0 are given in a much more

II

compact form. Note that the square and the hexago-
nal symmetries of the (001) and (ill) films, respectively,
promises isotropic mass, where the rectangular symme-
try of (011) films can result in spectral saddle points at
I =0.

In Sec. II, we explain why film orientation is dominant
in determining the valence-subband structure in QW's,
and discuss the general theoretical approach to be used.
The Hamiltonian and its accompanying boundary con-
ditions are described in more details in Sec. III, where
simplified dispersion relations for the (011)- and (111)-
oriented QW's are derived, and the effect of strain on the
subband structure is incorporated. In this section, we
also give an analytical expression for the effective mass
tensor, show numerically the full subband dispersion for
the representative materials GaAs, InAs, Ge, HgTe, and
o.-Sn, and discuss experimental implications. Finally, in
Sec. IV, we show how orientation can also be an im-
portant parameter in tailoring surface state branches in
gapless semiconductors, making use of the valence-band
anisotropy.

II. THEORETICAL APPROACH

Before beginning a detailed analysis of the valence-
subband structure in generally oriented QW's, it should
first be understood why orientation gives an important
degree of freedom in tailoring this structure. Then it
is important to clarify the limitations of the theoretical
method.

A. Statement of the problem

As first shown in Ref. 6, two factors are principally
responsible for the unusual in-plane dispersion in these
systems: (1) corrugation of the isoenergetic surfaces of
the bulk materials; and (2) nonconservation of the z pro-
jection of the total momentum by J=3/2 holes upon re-
fIection from the heterointerface. In practice, the warping
of the bulk bands is the dominant factor with the result
that crystallographic orientation plays a key role and
offers an interesting degree of freedom —in determining
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the in-plane dispersion of the QW. We next demonstrate
this point by considering quasiclassical quantization in
the (011) and (ill) layers. 7 In the quasiclassical limit,
we find the two-dimensional (011) bands by considering
the bulk bands,

El')(Ic)=4k k(B k +C [k k„
+k2 k2 + (k2 k2) /4] )1/2

under the condition k, = nor/d, where d is the layer thick-
ness. Here A, B, and C are valence-band constants con-
nected with the Luttinger parameters pi, p2, p3 as in
Ref. 21. n is the quasiclassical subband index and Eq.
(1) is written in the (011) film coordinate system here de-
fined by the (100), (011), and (011) directions. Similarly,
the (111)two-dimensional bands are found by writing the
bulk dispersion in the (111)film coordinates here defined
by the (110), (112), and (ill) directions:

The neglect of the SO band coupling becomes even
more troublesome in the case of a strained QW. The
use of lattice-mismatched materials introduces a shear—
strain coupling in the bulk matrix Hamiltonian between
the LH and SO bands, ' and causes the bulk HH-LH
splitting to vary nonlinearly with strain. To second or-
der in strain terms, this splitting is given by 2((1+(/A),
where A is the spin-orbit splitting, and 2( is the splitting
found after neglecting the strain-dependent coupling be-
tween the LH and SO bands. Unlike in (001), the use
of (Oll)- and (111)-oriented lattice-mismatched materi-
als introduces a shear-strain coupling between the HH
and SO bands, as well as between the LH and SO bands.
The shear-strain SO interaction also induces a change of
the order of (/4 in the LH and HH bulk efFective masses.
Thus, the ratio (/b, gives a measure of the error in the
LH and HH solutions incurred by neglecting this cou-
pling. Justifying the neglect of the shear-strain coupling
with the SO band is the fact that for typical QW's like

(2)

and by taking k, = n7r/d .
Figure 1 shows the two-dimensional (2D) heavy hole

dispersion which results from Eqs. (1) and (2). Eviden-
tially, the dispersion is extremely difFerent for (100) and
(011) directions in the plane of the (Oll) film. In particu-
lar, the figure shows the existence of saddle point disper-
sion in a number of subbands, though the quasiclassical
approach does not make clear in which band the sad-
dle point behavior will occur. The detailed behavior is
obtained in the quantum mechanical treatment given in
Sec. III.

B. Validity of the madel

We work in the effective mass/envelope function
approximation. The results, therefore, do not apply to
the very thinnest films. We also adopt the flat band ap-
proximation, and neglect the spin splitting, which occurs
in the energy spectrum of the QW's, due to the inver-
sion asymmetry of the microscopic crystal potential.
The characteristic confinement energies in which we are
interested are of the order of 50 meV, while the depth
of the well and spin-orbit splitting of the valence-band
are of several hundred meV. For this reason, we use the
infinite well model and neglect any coupling with the
spin-orbit split valence-subband, keeping in mind that
only low states are occupied. Numerical results for higher
subbands can be considered as estimates.

Unlike in (001) QW's, in more general orientations the
heavy hole (HH) band is coupled with the light hole (LH)
and split-ofF (So) bands by the kinetic part of the Hamil-
tonian even at Ic, = 0. Still, for heavy (light) subbands,
the (011) and (111) spectra at Ie„=0, is found under
the infinite well model to depend only on the bulk heavy
(light) hole mass in the direction perpendicular to the
layer, which is effected by this kinetic coupling.
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FIG. 1. Quasiclassical dispersion of GaAs heavy hole sub-
bands. The curves give the limiting dispersion for the case
n )) 1 and are obtained from the bulk dispersion under the
conditions (a) k(ppi): n7I /d (b) k(piii = n7r/d, and (c)
k(„,) = nor/d .
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that of a (Oll)-oriented Inp 2Gap sAs layer strained by
an AlAs barrier the ratio (/E is 11'Fo, making the error
incurred acceptable. Note that compressive strain only
serves to further separate the HH and SO bands, and re-
duces the inBuence of the kinetic coupling between them.

III. SEMIANALYTIC SOLUTION
FOR THE VALENCE-SUBBAND STRUCTURE

IN (Oll)- AND (ill)-ORIENTED
QVANTVM WVELLS

In this section, a simplified representation of the dis-
persian relation is derived for (011)- and (111)-oriented
strain induced QW's. Effective masses of subbands at
k = O for the unstrained layers are also given. The
derivation is applicable also for (001) QW's for which
analogous simplified expressions for the d.ispersion rela-
tion and eH'ective masses are given in Refs. 7 and 9.

where

(cos0cosg —sing sin0cosg)
Tp ~ = cos8sing cosP sin8sing

—sin0 0 cos0 )
8 and P are defined by the representation of r in the
(001) coordinates. In particular, for (001) coordinates
0 = P = 0, for (011) coordinates 0 = vr/4, P = vr/2 and
for (ill) coordinates 8 = arccos (1/~3), P = vr/4 .

We first discuss the solutions of the wave equation
in the bulk. The components of the Bloch vector k
are good quantum numbers, and the envelope function
can be taken to be of the form F(r) = fe'~ "wh'ere
f = (fi i fbi fq, f~) is an eigenvector of the Luttinger ki-
netic matrix (3). The secular equation gives the well
known hole dispersion relation,

E = (L+M)/2k [(L —M) /4+NN*+ SS*] ~ . (7)

A. Dispersion and effective masses for the
unstrained QW

Reference 7 gives the 4x4 t.uttinger Hamiltonian for
the I's point in (001) coordinates. The Hamiltonian has
the form

2 S MH=5/mp
( 0

0
~0 N

M —S
-S* L )

where in (001) coordinates

'71 + 'Y2 k2 + 72 ——
ll

(4-)

P2 +1 k2 + + +1 k2
II

(4b)

N = pg(k„—k ) + ~3psik k„,v3
2

(4c)

S = ~3psi(k —iky)k, . (4d)

(k i (kpi
ky —Tg p kp

5 k. i & k. )

For other orientations, it is convenient to write the
Hamiltonian in a system of coordinates kg, k4„k„,where r
is perpendicular to the plane of the layer. This is achieved
by the transformation:

For III-V compounds the plus sign refers to heavy holes
and the minus sign to light holes. The same Hamiltonian
(3) also describes the band structure of gapless semicon-
ductors since they have the same I'8 symmetry. There,
instead of a light hole band one has an electron band,
which also has the p-type symmetry. Below, for the case
of gapless semiconductors, the band with the index "l"
is the electron band. For example, in Eq. (7) for gapless
semiconductors, the reference to light and heavy holes is
exchanged and so the plus sign refers to electrons and
the minus sign to holes. For a given energy and k, Eq.
(7) is satisfied by four eigenvalues k„.Each eigenvalue
is twofold degenerate, since the Hamiltonian is invari-
ant with respect to both space inversion and time rever-
sal, due to our neglect of linear terms in k in Eq. (3).
We denote the eigenvalues as k~~ ——K~p 6 K~; j = h) l.
For small values of k, kh~ correspond to the heavy hole
branch, while kl~ correspond to the light one. However,
because of the corrugation of isoenergetic surfaces, this
correspondence does not occur for larger values of k~~.
In any system of coordinates, v~o ——0 at k~~

——0, and

k~ = —k~~. In (001) and (011) coordinates we further
have e~p ——0 for k~~ g 0, unlike in (111) coordinates
where K~p g 0 for k, g 0.

In the case of the QW, the potential V(r) breaks trans-
lation symmetry along r; however, kg and k4, remain
good quantum numbers. Using the approach of Refs. 2,
6, 7, 9, and 10, a hole state in the well may be found as
that linear combination of the eight bulk wave functions,
which vanishes at the well boundaries. The requirement
for existence of such a linear combination is given in Eq.
(8) and generates the QW dispersion relation:

det
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where

L)~, N)~, S,~ = I, N, S(k~~, k)~),
e,.~ = exp(ik;~d) j = h, l . (9)

and Gk, k, is the determinant of the 4 x 4 matrix, built
from the four eigenvectors of the Luttinger kinetic matrix
corresponding to the eigenvalues kq and k2. Gk, k, can
be written as

For A: = 0, the dispersion relation reduces to
sin(khd) sin(kid) = 0. This simplified relation reflects
the fact that at A: = 0 the HH and LH bulk bands are
decoupled and the QW spectra is calculated as in the
nondegenerate case. Subbands are designated light and
heavy according to k~d = nor and khd = nor, respectively,
for A:[] ——0. The index n denotes the subband number.
In contrast to (001)-grown films, N and S in Eq. (4) do
not vanish at Ic = 0 for differently oriented Alms. This
coupling between bulk HH and LH bands afFects the solu-
tions for wave functions at A, = 0. Thus, the complexity
involved in applying a perturbative approach increases
substantially for difFerent film orientations.

Equation (8) can be written in the form

Gh, h, =detl L Ne
Lh, Nh, —Lh, Nh, l

(12)

Recalling that ki and k2 satisfy Eq. (7), we find

Gh, h, = Lh, Lh, X [(Lh, —Lh, )(Mh, —Mh, )

(Nh—, —Nh, )(Nh, —¹„)
—(S, —S,)(S', —S', )]. (i3)

where

aR + (x —a —c)R+ c = 0, (io)
From Eqs. (10), (11), and (13) we can discard from now
on the term I k, Ik, in Gk, k, without changing the dis-
persion relation. From Eqs. (4)—(6), we get

(eh+ —« )(«+——eh —)
(eh+ —eh —)(«+ —« —)

'

& = Gkp, +,kp, Gk)+, k)

—Gkp, +,k) k)+, kp,

kg+ ) kg+ G kg ) k7 )

(iia)

where

Gh, h, ——(ki —k2) [Ro ' + Ri ' (ki + k2)

+R,""(k,+ k, )'], (14)

Ro
' = k&[3ps + 12(ps —pz) sin gcos 0(sin icos P —1)] + k&[37s —12(ps —pz) sin Hsin icos P]

+keky[12(ps —p2) sin 8 cos 0 sin icos P(cos P —sin P)],

Ri ' = 6ks(ps —pz) sinocoso[1+ 2sin 0(sin icos P —1)] + 6k'(ps —pz) sin csin icos/(cos P —sin P),

R21 ' 1—:pz —7i/4+ 3(ps —p2) sin 0(cos 8+ sin Osin icos P) .

(15)

(16)

(17)

Note that

/(, 0) ( ) (»/4

where v& and v& are the bulk light and heavy masses
perpendicular to the layer in units of mo.

The complexity of Eq. (10) enables us to find the sub-
band structure only by massive numerical calculations.
Obviously, the dispersion relation becomes drastically
simpler whenever the two roots for R satisfying Eq. (10)
coincide. Substituting Eq. (14) in Eq. (10), we find that
the two roots for R satisfying Eq. (10) coincide whenever

Bo = 3p3k,(oox)

Bo = 3p2ke + 3p3k~,
(O&&) 2 2 2 2

Ro~"'~ = (ps + 2pz) k„.
(22)

(23)

cos(2rod) —cos(rhd + r~d)

sin(rhd) sin(r(d)

. (20)
[(rh + +1) 4+o][RO i hi I(rh +I) /4]

2r hri (Ro —vhvi r&)

Here, ro ——Kho —— r~o. Ro is defin—ed in Eq. (15) and for
the symmetric system of coordinates is given explicitly
as

k,. =0.1 (i9) The v). (8, P) are found directly from the bulk dispersion
Eq. (7):

The three symmetric system of coordinates are the only
ones for which B&

' and kh, + + kh, + k~+ + k& are(~ 4)

zero for any k, , satisfying Eq. (19). Using this relation,
we write the dispersion relations of the symmetrically
oriented QW's in the following compact form:

V. = —
Qy + 2+2)

(oox)

= —» + (~2 + 3~s)»gn(» —~2 —3~s)(oxx) 2 2 1/2 ~ 2 2 2

v. = —pg + 2' .

(24)

(25)

(26)
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Here, the upper (lower) sign corresponds to heavy (light)
subbands. The hexagonal symmetry in the (111) layer
is thus hidden inside the kj~. Henceforth, we drop the
notations 8, P when writing v~.

We next discuss the behavior near zone center. For
small k„,the (011) dispersion has the form

EI
(

)) (k, ) = h n m v, /(2mpd )

—(5'/2) (ks/ms(", I + k~/m~", ). . (27)

The form of' Eq. (27) is consistent with the rectangular
symmetry. Here, mg and m4, denote the efFective masses
along ks and ky, which for (Oll) orientation are given by
(011) and (100), respectively [see Eqs. (5), (6)]. The ef-
fective masses may be derived by series expansion of the
dispersion relation Eq. (20) near k~~

——0. We adjust the
signs of the masses so that bulk, isotropic hole masses are
positive [see the minus sign in Eq. (27)]. Under this con-
vention, bulk isotropic electron masses of gapless semi-
conductors are negative. For (011)-oriented QW heavy
subbands, we find

—12p2 ~vh ~vi cos(nor ~vh, /~v() + (—1)"+'
m(»i) p22+ 3ps2 n7r sin(neer, /~vi)

h, ,e, (n)

mp
(oui)
h, g, (n)

sign(vh —v() —vh, (28a)
6(~. —~.)

72 + 3'7s
—12ps ~vp„~vj cos(nvr~vg j~v() + (—1)"+

p2 + 3ps n7r sin(n~~vg/~v))

+ 2 2 ( sign(vh, —vi) —vr, . (28b)
3(~2 —~s)
~.'+»l '~'

mp (2p2 + p&) cos(nvr~vh j~v~) + (—1)
—&'/(v v ) " ""("v" jv

2

+"+ (29)

Masses of light subbands are found by exchanging the
indices l and h in Eq. (29). By taking n ~ oo, we return
to the quasiclassical approximation shown in Fig. 1. We
present the efFective masses for GaAs, InAs, Ge, HgTe,
and o.-Sn films calculated from Eqs. (28) and (29) in Ta-
ble I. The table caption gives the values of the relevant
Lut tinger parameters.

We will now discuss the dependence of the subband
structure on the QW orientation. By numerical solutions
of Eq. (20), we present the subband structure of differ-
ent materials in (011) and (ill) layers, (see Figs. 2 and
3). Comparing the results with the (001) layers subband
structure ' shows that changing the orientation results
in a transition of the first excited subband from a nega-
tive mass at k„=0 through a saddle point (see Fig. 2)

Masses of light subbands are found by exchanging the
indices I and h in Eq. (28). For (ill)-oriented QW's,
we have mQ j ( ) m~ j ~ ~

——mj ~ ~
as dictated for any

analytic curvature near Ic = 0, by the hexagonal in-
plane symmetry.

TABLE I. E8'ective masses at k]]
——0, in units of mo, for

GaAs, InAs, Ge, HgTe, and n-Sn, (Oll) and (ill) layers.

Material Subband index
GaAs

InAs

Ge'

Hg Ted

o.-Sn'

Taupe
h
h
I
h
h
l
h
h

h
h
I,

h
h
I

(OI.X)
(I.oo)

0.129
-0.205
0.064
0.045
-0.258
0.016
0.072
-0.134
0.037
-0.051
-0.353
-0.046
-0.040
-0.093
-0.068

(011)
(ox T. )

0.092
0.260
0.112
0.039
0.228
0.030
0.057
0.382
0.053
-0.062
0.247
-0.036
-0.101
0.052
-0.025

0.103
0.417
0.126
0.041
0.352
0.059
0.062
0.698
0.054
-0.057
0.383
-0.037
-0.065
0.066
-0.025

(From Ref.
(From Ref.

'(From Ref.
"(From Ref.
'(From Ref.

28): pi =
21): pi =
7): pi = 1
21): pi ——

28): pi =

7.63, p2 ——2.43, p3 ——3.26.
19.67, p2 ——8.37, p3 ——9.29.
3.00, p2 ——4.45, p3 ——5.35.

14 80) p2 9 00) p3 8 20
—15.14) P2 ———11.401 P3 ———8.02.

to a positive mass (see Fig. 3). Changing the orientation
results also in a difFerent order of subbands at Ic = 0
[see Figs. 2(c)] and 3(c)), as can be easily seen from the
equality,

Ej ( )(k~~ = 0) = h n 7r vj/(2mpd ) (30)

B. Strained-layer quantum vrells

We now consider the case of an internal strain, built
into the QW, due to lattice mismatch between the well
and barrier materials grown along the same crystallo-
graphic direction. For demonstration we consider (011)

The negative sign of the HH1 subband hole efFective mass
in gapless semiconductors [see Figs. 2(d), (e) and 3(d), (e)]
is not caused by corrugation of the bulk dispersion and
is evidentially independent of the film orientation. It
is a result of the total momentum nonconservation by
the electrons and the holes upon refIection from the het-
erointerface. A deeper explanation for the electroniclike
behavior of the HH1 subband, which makes the gap, in-
duced by size quantization, to be the minimal energy
distance between the HH1 and HH2 subbands, is given
in Sec. IV. Unlike in (001) and (011) layers, in (ill) lay-
ers this gap corresponds to A', = 0. The value of this gap
is a crucial parameter in a lot of kinetic and optical phe-
nomena. For o.-Sn it is equal to 17.3, 18.2, and 13.3 in
(001)-, (011)-, and (ill)-oriented layers, respectively, in
units of 5 /(mpd ). The intersections between subbands
in Figs. 2(c) and (e) are in agreement with the isotropic
approximation, which allows subbands with the same
j to intersect when their n numbers are of difFerent pari-
ties, while subbands with difFerent j may intersect when
their n's are of the same parity.



10 862 G. SHECHTER, L. D. SHVARTSMAN, AND J. E. GOLUB

I I I I I I I

o 33

U

~ —66

(D

99bJ

—132—5 —4 —3 —2 —1 0 1 2 3 4 5

I,(1/d) I,(1/d)

mLH1

I,(1/d ) I,(1/d)

I I I I

10.0
I I I

Hl

o 50

U

~—100

C: -150

O —17 5

CU

C3

~ —45.0

G3

LLJ

HH2

-200—5 -4 —3 —2 —1 0 1 2 3 4 5

I,(1/d) I,(1/d) k, (1/d) k~(1/d)

10

HH1 (e)

o —30

C3

—70

(L)

~ -110
bJ

—8 —6 —4 —2 0 2 4 6 8
Vg(1/d) k~(1/d)

FIG. 2. In-plane dispersion for (011) QW's; (a) GaAs, (b) InAs, (c) Ge, (d) HgTe, (e) n-Sn.
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FIG. 3. In-plane dispersion for (111) QW's; (a) GaAs, (b) InAs, (c) Ge, (d) HgTe, (e) cx-Sn.
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strained layers, although the treatment for (ill) layers
is essentially the same. In (011) coordinates, the strain
tensor is given by

0 0~

(0 0 e~)

We limit ourself to the case of infinitely thick bar-
rier materials, in which e is just the &actional lattice
mismatch (Gap/ap). Here, Gap is the difFerence of the
lattice constants of the unstrained materials and ap is
the average lattice constant. e~ can be evaluated &om
the condition of zero stress in the direction perpendicu-
lar to the interface, denoted by 0„„,which gives

«44 «11 «12
«44+ «11+ «12

(32)

where «11,«12, and «44 are elastic constants. Equation
(32) is found after writing the strain tensor in (001) co-
ordinates, and using the relation

0 &0&0 + yOQO +CT

2
'JJO&0 ~ (33)

where the index 0 stands for (001) coordinates. The
strain tensor is given in (001) coordinates by

Cp =
('ii 0

0 (e„+e&)/2 (e~ —
equi)/2

(eJ e~~)/2 (e~~ + el )/2)
(34)

The strained lattice looks unstrained &om the "Os" sys-
tem of coordinates, related to the (001) system of coor-
dinates by

xp~ = (1 + Ep) xp

kp, —(1+ep)Tg pk . (36)

Equation (36) shows the existence of terms involving the
strain-wave-vector product. These terms increase the
complexity of the equations and cannot be neglected in
the case of tensile strained QW's. However, since in our
case ee y

——eg „——e@„——0, this difFiculty can be over-
come by writing the Hamiltonian and obtaining the film
dispersion relation using the variables k, = (1+e)k. We
use the relation kp = Tg yk, . Therefore, the valence-
subband dispersion can be calculated disregarding these
terms, after proper scaling of E and k~~. For the case
of a compressively strained QW, these terms can be ne-
glected. Repeating the approach of Sec. IIA for the
unstrained layers we learn from Eqs. (10—13), that the

The 4x4 Luttinger Hamiltonian for the I'8 point con-
taining deformation potentials has already been given in
Os coordinates. While deformation potentials are not
changed when writing the Hamiltonian in the film sys-
tern of coordinates, the kinetic part of the Hamiltonian,
written in the film coordinates, is found after replacing
the representation of the wave vector in "Os" system of
coordinates by its representation in the film system. of
coordinates, where it is denoted by k. Note that

addition of deformation potential matrix elements in the
strained-layer Hamiltonian does not efFect the resulting
dispersion relation Eq. (20) for the symmetrically ori-
ented QW's. The effect of the strain on the subband
structure is, of course, hidden in the altered dependence
of the k ~ on k and E.

The influence and magnitude of the strain on the hole
spectrum vary with the film orientation. Only in (001)
layers, does the applied strain result in a constant shift
at k~~

——0 of the heavy subbands relative to the light sub-
bands: After neglect of terms involving the strain-wave-
vector product in the Hamiltonian, the bulk dispersion of
the light and heavy holes in the (011) direction is given
by

El' i(k, ) = ae —pih k„/(2mp)

6 - 2
—(e(

~

—e~) + p2h'k, '/(2mp)
2

(37)

1/2
- 2

+ —
(e~(

—e~) + ~3p, n'k„'/(2mp)

Here, a, 6, and d are deformation potentials. Since the
(011) (like the (ill)) spectra at k„=0 is found under
the infinite well model to depend only on the bulk HH
and LH dispersion in the direction perpendicular to the
layer (see Sec. II), Eq. (37) shows that the applied strain
does not result in a constant shift at k = 0 of the heavy

ll

hole subbands relative to the light hole levels. That is in
contrast to the situation in (001) layers, where the analog
for Eq. (37) turns out not to couple k„with deformation
potentials.

Next, we consider the change of the valence-band struc-
ture of (011)-oriented QW's, due to strain caused by lat-
tice mismatch. In Fig. 4(a), we show the valence-subband
structure of an AIAs/Inp 2Gap sAs/A1As QW. For com-
parison, we present Fig. 4(b) in which the effect of lattice
mismatch is not taken into account. The values of con-
stants used in the calculations were obtained by linear
interpolation from their values in GaAs and InAs given
in Table II. We find a saddle point in the dispersion of
the HH2 band in the unstrained layer. The deformation
enlarges the repulsion between the first two heavy sub-
bands with the result that the HH2 subband looses its
saddle point at k = 0. It is also interesting to see how
the deformation changes the ordering of the HH4 and
LH1 subbands at k

C. Experimental implications

We next mention some experimental implications of
the (011)- oriented film dispersion laws presented in Fig.
2. In in&ared absorption experiments, this dispersion
should manifest itself as an interesting dependence of the
absorption edge and line shape upon Fermi level. We
consider intersubband transitions and search for tracks
of saddle point dispersion in the joint density of states.
Transitions between difFerent type bands (h, ~ 1, l ~ h, )
can manifest saddle point dispersion. When the pertur-
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2 00.0
j j j l j j j

j 37.5)
~ 75.0

Ld
1 2.5
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les( ) /Cj) k~( t /d)

I I j I

—25

Q)

—5 —4 —3 —2 —1 0 1 2 3 4 5

j,( ) /d) k, (1/a)
FIG. 4. In-plane dispersion for (011) Ino zGao sAs/AIAs

QW. In (b) the effect of lattice mismatch is not taken into
account. The AIAs lattice constant is taken as (Ref. 21) 5.66
A. The zero of energy is chosen as the valence-band edge of
the unstrained Ino. cacao.s bulk.

sion can result. We therefore consider next intersubband
absorption in the presence of saddle point dispersion in
the joint density of states. For illustration, consider first
the case of transitions between parabolic subbands. In
this simplest case, the absorption spectrum is narrow and
independent of Fermi level. Hole transitions of III-V com-
pounds in (001)-oriented films give a less trivial behavior.
There, the absorption spectrum broadens to a minimum
lower energy as the Fermi level is increased due to the
negative mass of the HH2 band. In the present case,
we expect a narrow peak for low Fermi level. As the
hole concentration is increased, the spectrum broadens to
both higher and lower energies, due to the saddle point
dispersion. At Ie = 0, we have a kink in the absorption
spectrum due to the infinite joint density of states at the
saddle point. The shape of the absorption curve thus car-
ries information about the detailed band structure and
includes a new feature characteristic of the saddle point.
Alternatively, if the band structure is known, measure-
ment of the in&ared absorption spectrum permits a de-
termination of the carrier concentration. This possibility
does not exist in n-type films, where subbands are very
nearly parabolic and parallel.

The valence-subband structure of (111)-oriented film
is given in Fig. 3 and is rather isotropic. Because of the
small efFective mass of the HH1 band in (a), (b), and (c),
holes are heated very effectively by an electric field and
can reach the HH2 band edge where they become heavier.
At low temperatures this can lead to a range of negative
differential conductivity which can be used in generating
current oscillations.

The unusual dispersion of Figs. 2 and 3 may be man-
ifested in cyclotron resonance experiments, where the
holes are accelerated in spiral orbits about the axis of a
magnetic field H, applied in perpendicular to the layer.
The angular rotation frequency is w = +eH/m'c, where
the energy dependent efFective hole mass, m* is given by

k dy
2~ OE/Bk„

bation of the Bloch functions at Jc~~
——0 is neglected, the

p-type character of the valence-band prevents transi-
tions between different type bands of the infinite quan-
tum well. We can prove that this statement is true for any
orientation. For large A:, these transitions are allowed
and have been observed in experiments. For transitions
between like bands (h, ~ 6, I -+ I), there can be no saddle
point dispersion. This new result follows Rom Eqs. (28).
However, in the presence of strain, saddle point disper-

and y is the angle in plane of the layer. Considering the
(011)-oriented film of the III-V compounds, for low hole
concentrations the dispersion dictates a single peak cor-
responding to the ground subband. Due to nonparabol-
icity, the cyclotron mass increases as the Fermi level is in-
creased. When the Fermi level intersects the HH2 band,
we expect an additional, doubly degenerate peak. As the
Fermi level crosses the saddle point, the doubly degener-
ate peak disappears and is replaced by a single, nonde-
generate peak as shown in Fig. 5. The resulting cyclotron

TABLE II. Material parameters for GaAs and InAs. All data are from Ref. 21.

Material

GaAs
InAs

Lattice constant

5.65
6.06

—5.0—8.0
—3.6—6.0

Deformation potentials
(eV)

b
—1.9
—1.8

C44
5.95
3.96

11.90
8.33

Elastic constants
(10 dyn/cmz)

5.47
4.53
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FIG. 5. Isoenergetic curves of the HH2 subband in
(011)-oriented GaAs QW. Energy is taken in units of
(5 /d mo).

0 I I I I I

—5 —10 —15 —20 —25 —30 —35

Energy(A /d mo)

FIG. 7. Cyclotron mass of the ground heavy subband in

(011) InAs QW.

mass is shown for GaAs in Fig. 6, in comparison to that
of the (111)-oriented film. The cyclotron mass of the
ground subband of a (011)-oriented InAs 61m is given
in Fig. 7. The nonmonotonic dispersion of the subband
along k~ [see Fig. 2(b)] results in an additional, doubly
degenerate peak for a small energy range.

IV. SURFACE STATES
IN GAPLESS SEMICONDUCTORS

Additional branches of the electronic spectrum, at-
tributable to the surface states, were found to exist in
gapless semiconductors by D'yakonov and Khaetskii.
The wave function of an electron in such a state, a super-
position of the electron states in the valence-band and in
the conduction band, vanishes at the surface, has a max-
imum at a certain distance from it, and falls off exponen-
tially deep into the crystal. These states were described
within the context of the effective mass theory, and the
isotropic approximation in which

v = (2&2+ 3&s)/5

replaces p2 and ps in Eq. (4). As a result, the efFective
mass, which determines the motion along the surface in
these states, was found to depend only on the mass ratio
of the &ee electron and the free hole in the crystal. As

10

8—

will be shown, the simplification of the expression GA., A,,
made in Sec. III enables us to And surface states analyt-
ically without using the isotropic approximation. Doing
so, we And that the surface orientation is an important
parameter which, together with the Luttinger parameters
determines whether surface states do exist in the crystal,
and affects their 2D dispersion.

Suppose the crystal occupies a region r ) 0, where
r is the spatial coordinate perpendicular to the surface.
The components of the wave vector along the surface
kg and A:y are good quantum numbers. A surface state is a
superposition of the eight bulk solutions for the equation
H4 = E4' (see Sec. III), which satisfy the boundary
condition 4'(r = 0) = 0 and which decrease as r ~ oo.
This latter condition constrains the surface state to be a
superposition of only the bulk solutions satisfying

Im(k, ) & 0 . (40)

For specified values of k and E there are four indepen-
dent solutions of that kind, corresponding to the eigen-
values kp, + and k~+. (Note that because the anisotropy
of the bulk dispersion relation, kg+ and k~+ are not nec-
essarily pure imaginary. ) A superposition of these four
solutions, which vanishes at r = 0, exists whenever

which together with Eq. (40) gives the surface states dis-
persion relation. The parabolic nature of the surface
state dispersion in the plane of the surface is clearly re-
flected from Eqs. (13) and (41); therefore, we take k~~

——1,
leaving free only the angle between Ic and ky, which we
denote by y. When the surface is perpendicular to one
of the three axes of symmetry, Eq. (41) reduces to

(D

2

—5 —10 —15 —20 —25 —30 —35

Energy(5 /d mo)

FIG. 6. Cyclotron mass of the Grst two heavy subbands in
GaAs QW's. The solid lines denotes (011) orientation; dashed
lines denotes (111) orientation.

Bo —(vhvl/4)(kh+ + kl+) = 0 .

Since Bo & 0 (see Sec. III) and Im(k~+) & 0, it is clear
that for III-V compounds, Eq. (42) has only a trivial
solution; therefore, the surface states do not exist for
these materials. Until now this result was known only
under the isotropic approximation.

We now wish to convert the transcendental Eq. (42)
into a clear dependence of E on y. At this point, we
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limit ourselves to (001)- and (011)-oriented surfaces and
use the relation k~ = —k~+. Substituting the explicit
form of the k~+, given by gn + ~P, into Eq. (42), we
find

QaE2 + bE+ c + dE+ e = 0 .

—3'Vi72 + v 34 vh, vi— 22 cos2(2y) + ps' sin (2y)

under the restriction

p] + 2+2 + 2+lE1,2 (45)

The energy is given in units of h k /mo. For (011) sur-
II

faces, we find

Here a, b. ..e are well defined functions of p, and y. So-
lutions of Eq. (43) for (001)-oriented surfaces are given
by

faces where one branch —the electronlike surface states
is found, corresponding to the plus sign in Eqs. (44) and
(46). The same is found for the (ill) surface after numer-
ical investigation of Eq. (42). Calculated surface state
branches for all three symmetrically oriented surfaces of
HgTe and o.-Sn are shown in Fig. 8.

We now go back to the QW problem and connect
the electroniclike behavior of the HH1 subband in gap-
less semiconductors with the electronlike branch of sur-
face states .We denote by CR the region in (E, Is~~)
space which corresponds to k~ and kh having nonzero
(positive) imaginary part. We denote these imaginary
parts by II and Ih. Let us consider the limiting case
Iid )) 1, Ihd )) 1. Then, Eq. (20) coincides with Eq.
(41) which describes the surface states branch. It fol-
lows that one of the subbands of the size quantization
spectrum should go over at high k values into the elec-

II

tronlike surface states branch. This subband is found to
be the HH1 subband when all the remaining subbands
are not contained in CR.

3P~[2ys + ( I2 Ps) cos y]
2(~2+»s)

2~3psvt' —vgv( p2z —3(p22 —ps2) cos2ysin y

2(~2 +»s)
(46)

k, ((E m, )'~'/S)
0.6—

under the restriction

pz + 2pz + 3(ps —pz) sin y+ 2pqEq, z ) 0 .

Equations (44)—(47) enable a full classification of the 3D
zones in p, space, for which zero, one, or two 2D surface
states branches do exist. This full classification is beyond
the scope of this paper. However, it is clear from Eq.
(43) that for given p; and surface orientation, there exists
exactly one surface state solution whenever

—0, 6 0.6

~,((E m, )'"/~)

(a)

[d(y) E, + e] [d(y) E, + e] ( 0 (48) k,((E mo)'~'/s)
0.6—

(q,
' —q,')(3q,'q,'+ q,'W,' —4q,') ) 0 . (49)

and zero or two solutions in the opposite case. For spec-
ified values of p;, the sign of the left part of Eq. (48) is
surprisingly found to depend on the angle y. This shows
the existence of partial 2D branches of surface states,
which cease to exist for specific values of y. For exam-
ple, in (001)-oriented surfaces this phenomenon occurs
when

(111
(00
(01

I"

—0.6 0.6

((E m, )'~'/e)

The disappearance of these branches occurs when they
reach the 2D bulk band of the light (or of the heavy)
holes (which corresponds to k, = 0). At this angle,
ki+ (or kh+) equals zero and 4 does not decrease as
r ~ oo. Passing this angle, we continuously find a so-
lution for 4, vanishing at r = 0, which is a superpo-
sition of bulk solutions corresponding to k~ and kh+
(or to kp, and k~+). For known gapless semiconductors,
this phenomenon does not occur in (001) and (011) sur-

(b)

FIG. 8. Isoenergetic curves of (001)-, (011)-, and
(111)-oriented surface states; (a) Hg Te, (b) o.-Sn. In
the isotropic approximation, p2 and p3 are replaced by
v = (2&2+ 3&s)i5.
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V. CONCLUSIONS

We carried out systematic calculations of the valence-
band structure for (011)- and (ill)-oriented quantum
wells, and found the nonparabolicity of the subbands.
The orientation of the layer is found to be a key pa-
rameter in a 2D valence-band structure design. Going
from (001) through (Oll) to (ill) orientation, we can
qualitatively change the dispersion of the Grst excited
subband of cubic semiconductor layers according to the
scheme: negative mass + saddle point ~ positive mass.
This scheme is applicable also to gapless semiconduc-
tors, where, independent of the orientation, the ground
hole subband has an electroniclike behavior. For gap-

less semiconductors, the gap appearing as a result of size
quantization depends crucially on the layer orientation.
Orientation is also found to be an important parame-
ter in determining whether surface states do exist in the
crystal, and their 2D dispersion.

The analytical dispersion relations found by us are gen-
eralized for strained layers. The influence and magnitude
of the strain on the hole spectrum vary with the Glm ori-
entation. Only in (001) layers, the applied strain results
in a constant shift at Ie = 0 of the heavy subbands rela-

II

tive to the light subbands. The manifestation of the new
dispersion features in such phenomena as cyclotron res-
onance and infrared absorption measurements are high-
lighted.
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