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A microscopic model of the proximity effect in superconductor-insulator-superconductor (SS’IS"'S)
Josephson tunnel junctions has been developed for the general case of the finite critical temperature of
the S’ (S”') metal, arbitrary SS’ (SS'’) boundary transparency and the strength of the proximity effect
between S and S’ (respectively S and S’’). The metals are assumed to be in the dirty limit and the thick-
ness of the proximity layer is assumed to be small compared to its coherence length. The electrical prop-
erties of the SS’'IS’'S junction are calculated as a function of the strength of the proximity effect, bound-
ary transparency, critical temperature ratio, and temperature. The experimentally determined electrical
characteristics of a series of Nb/Al,, Al oxide, Al,/Nb junctions with varying thickness d; of the Al,
layer were interpreted with this model. The current-voltage characteristics and the temperature depen-
dence of the critical current and sum-gap voltage could be described quantitatively well without any oth-
er correction than the non-BCS ratio Ay/kz7T,.~1.93 of Nb. Deviations from the model for the junc-
tions with the largest d, are attributed to the fact that the Nb and Al are not fully in the dirty limit and
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d, is not small compared to the coherence length.

I. INTRODUCTION

The fabrication technology of Josephson tunnel junc-
tions based on refractory superconductors, such as Nb
and NbN, using artificial barriers, is well developed to-
day."? It is well known that the electrical characteristics
of these junctions display some characteristics features, of
which the proximity knee is the most pronounced, which
cannot be described in the framework of the standard
tunnel theory for SIS- (superconductor-insulator-
superconductor) type structures.>* In the case of Nb
technology the reason is that the dielectric barrier in such
junctions is produced by the deposition of a thin layer of
another material onto the lower electrode. For the over-
layer material mostly Al is used, but also other metals
have been investigated.>® This layer is subsequently oxi-
dized (or nitridized”) and often covered with a second
thin Al layer. As a result some residual Al layers appear
adjacent to the dielectric barrier and the tunnel structure
is Nb/Al/Al-oxide/Al/Nb. Similar structures are creat-
ed in the case of NbN junctions® or in the form of Nb/Al
junctions sandwiched between NbLN electrodes as in
NbN/Nb/Al/Al-oxide/Al/Nb/NbN.®> The NbN devices
with a sputtered MgO barrier, which often suffer
from layers with degraded superconducting properties
adjacent to the Dbarrier, can be modeled as
NbN(I)/NbN(II)/MgO/NbN(II)/MgO(I) with T,[Nb(ID)]
< T,[Nb(D)].1°
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In all these cases the equivalent structure is SS'IS"'S,
where S’ and S’ are thin layers of superconductors with
lower critical temperature than that of the bulk electrode
S, or normal-metal layers. The proximity effect between
the S and S’ metals influences the properties of the junc-
tion. In some practical applications such proximity lay-
ers may be used advantageously as, for example, in parti-
cle or phonon detectors, in which the reduced gap region
adjacent to the junction barrier is used as a quasiparticle
trap, in which excess quasiparticles are collected from the
electrode.!!

The properties of SS'IS"'S structures have been dis-
cussed theoretically in a number of works.!?~2* For the
calculation of the tunnel current one should solve first the
proximity effect problem of the SS’ sandwich. The sim-
plest approach is the McMillan proximity effect model.!?
This model assumes the presence of a supplementary po-
tential barrier of low transparency at the SS’ interface
and small thicknesses of the S and S’ layers compared to
the coherence lengths of these materials. In Ref. 13 a
model of the Josephson effect in SNINS junctions was
developed using this method. However, in practical tun-
nel structures the assumptions of the McMillan model
are mostly not fulfilled. The thickness of at least the S
layer is generally much larger than the coherence length
of S. Secondly, there is mostly an intimate contact be-
tween the S and S’ layer.

In Refs. 14—-16 a microscopic approach was developed
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that is based on the calculation of the coordinate depen-
dence of the Green’s functions for arbitrary transparency
of the SS’ boundary. In these papers the order parameter
was assumed to be spatially independent in S and S’.
This approach is only valid under certain conditions for
the parameters of the S and S’ materials and the bound-
ary transparency (see discussion below). In Ref. 17 a
model was developed based on the quasiclassical Eilen-
berger equations,?* which were solved in a self-consistent
way, taking into account a spatial dependence of the or-
der parameter. However this model is valid only if the S
and S’ materials are in the clean limit. Moreover, calcu-
lations of the tunnel current were not done, so that a
comparison with experimental data for tunnel junctions
is not possible yet. More recently, the proximity effect
was discussed theoretically in the clean limit in the SN
double layer!® in the framework of the Gor’kov equa-
tions, as well as in SNS Josephson junction!>? in the
framework of the Bogolubov—de Gennes equations.
These theories, however, are not applicable for the real
tunnel structures mentioned above.

Most Nb or NbN tunnel junctions are fabricated using
room-temperature sputter deposition, creating polycrys-
talline films, which are in the dirty limit. Therefore our
theoretical model is based on the assumption that the dir-
ty limit condition holds for the S and the S’ metal. For
this case a microscopic theory was developed in Refs. 21
and 22 for SN'IN''S junctions, i.e., for proximity layers
with zero critical temperature. Recently this model was
extended to account for a finite critical temperature of
the S’ layer.2?> The aim of the present paper is (a) to gen-
eralize the results of Refs. 21-23 to the case of finite SS’
boundary resistance (i.e., for the existence of an addition-
al potential barrier at the SS’ interface); (b) to make a
comparison between the theory and experimental data for
Nb/Al/Al-oxide/Al/Nb tunnel junctions.

II. THE MODEL OF AN SS'IS"'S JUNCTION

We assume that one or both electrodes of the Joseph-
son tunnel junction are formed by an SS’ sandwich, while
the transparency of the insulating layer is small enough
to neglect the effect of the tunnel current on the super-
conducting state of the electrons. The SS’ boundary can
have arbitrary finite transparency, but which is large
compared to the transparency of the junction barrier.
Further we assume that the dirty limit condition holds
for the S and S’ materials, the critical temperature of the
S’ material, T}, is less than that of the S metal, T,, and
the transverse dimensions of the junction are much less
than the Josephson penetration depth, W <A;. Due to
the last condition all quantities can be assumed to depend
only on a single coordinate x normal to the interface sur-
faces of the materials.

We will consider below the most important practical
case:

15d <<&*, d,>E*>1 , (1

where £*=(D /27 T,)'/? and £*=(D,/2nT,)'/? are the
coherence lengths, /,/; the electron mean free paths (mfp),
d,d; the thicknesses, and D,D, the diffusion coefficients
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of the S’ and S metals, respectively. £* is related to the
bulk coherence length &) of the S’ material by
EX=E*(T,/T*)'/2. The coherence length £* in the S’
layer is defined such that in the following T can be
treated as an independent variable. The first condition in
(1) allows one to assume that all quantities within the S’
layer are independent of x, while the second condition
makes it possible to neglect the reduction of the critical
temperature of the SS’ electrode compared to that of a
bulk S metal.

The low transparency of the junction barrier allows
one to use the relations of the standard tunnel theory.>*
According to this theory, the current through the junc-
tion is determined by the retarded Green’s functions
F,,(e) and G ,(€) near the tunnel barrier. Here, the in-
dices 1,2 refer to different electrodes of the junction. In
the case of a large value of the McCumber parameter,
B. >>1, the voltage V across the junction is constant and
the tunnel current density through the junction is deter-
mined by

J=ReJ,(V)sing+ImJ,(V)cosp+ImJ, (V) ,
p=2eVt+¢,, (2a)

where @ is the phase difference between the junction elec-
trodes and @, is an integration constant.

_ Oy + o €
ReJ,(V)==" [ " “detanh | o
X[ImF,(e)ReF,(e+eV)

+ReF(e+eV)ImF,(¢)] (2b)
is the amplitude of the supercurrent,

et+eV €
— h__
tanh T tan 5T

g, +
ImJ,(V)=—" [ "“de

—

XImF,(e+eV)ImF,(g) (2¢)

is the dissipative component of the current due to in-
terference between the Cooper pairs and the quasiparti-
cles, and

eteV o ooh-t

tanh
MO T 2T

g, +
ImJ,(V)==>" [ " “de

— 0

XReG(e)ReG,(e+eV)  (2d)

is the quasiparticle current component. Here o, is the
normal-state conductivity per unit junction area. The
dirty limit condition makes it possible to assume that the
functions F ,(¢) and G ,(¢) in Egs. (2) are equal to their
values at the S'I, respectively IS", boundary, i.e., we ig-
nore tunneling out of the bulk of the electrodes.

As noted in Ref. 21, the problem of determining the
functions G(e) and F(g) entering into Egs. (2) must be
solved in two stages. First, it is necessary to determine
the spatial dependence of the order parameter, A(x), in
the SS’ electrode. Then, by performing the analytical
continuation from the Matsubara frequencies
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0, =mT(2n+1) to the complex plane by the substitution
», = —Iig, and using the solution A(x), one can calculate
the functions F(e) and G(¢g) for a real energy .

Below we solve the proximity effect model formulated
above. Some theoretical results obtained within this
model for the case of vanishing SS’ boundary resistance
were discussed in Ref. 23.

III. PROXIMITY EFFECT IN THE SS’' SANDWICH

With the assumptions given above the proximity effect
in a system of two dirty metals can be described within
the framework of the Usadel equations?’ for the S and S’
layers (the domain x 20 is occupied by the S metal,
—d <x <0 by the S’ metal):

O =A +(e P (G20 |, G = (3a)
T eG T T T (@) | >
AT /T,)+2aT S {(A,—®,G,)/w}=0 (3b)
>0
T,
D=A+(£*P—S[G2']), G=—2 (4a)
& oG [ ] (0?4 P2)12 —d<x<o0,
AI(T/T*)+2sT S ((A—®G)/0}=0 (4b)

0>0

where ®=wF /G, ®, [F=®/(0?*+®?)'/?] and A, A, are
the modified Usadel functions and the order parameters
in the S’ and S materials, respectively. o is the Matsu-
bara frequency, @, =#T(2n+1) (n=0,1,2, .. .), and the
prime denotes differentiation with respect to the coordi-
nate x. The properties of these equations are discussed
extensively in Ref. 26.

Equations (3) and (4) must be supplemented with the
boundary conditions in the bulk of the electrode:

D (0)=A(0)=AyT), (5)
as well as at the SS’ boundary:?’

E*G2D.=yE*G2D', y=(p,E¥)/(pE*), (6a)

E¥ypnGO' =G, (P, — D), ypyv=Rg/pE*, (6b)

and at the S’ dielectric boundary:
P'(—d)=0. (7)

Here Ay(T) is the BCS value of the order parameter of a
J

§*G q>l(0)= YME(){(DS(O)——

f

homogeneous superconductor at the temperature 7. p
and p, are the normal-state resistivities of the S’ and S
metal, whereas Ry is the product of the resistance of the
SS’ boundary and its area. The parameters ¥ and ¥ gy
have simple physical meanings. y is a measure of the
strength of the proximity effect between the S and S’
metals, whereas y gy describes the effect of the boundary
transparency between these layers.

In the first approximation in (d /£*) one can neglect
nongradient terms in Eq. (4a) and obtain &= A4 =const,
A=B=const, if d <<&, =E&*[nT,/(0*+®?)/?]'/2, Be-
cause of the condition d <<£&* this is true for frequencies
©<<Q,=7T,(£*/d)*. Then one can obtain in the next
approximation by linearizing Eq. (4a)

o P0)—A x+d
nT, G(0) (&*)?’
Determining ®'(0) from Eq. (8) and substituting the re-

sulting equation into the boundary conditions Egs. (6) we
arrive at a boundary condition for the function ®,

P'(x)=

COSQd . (8)

where =w/7T,, &,=®,/7T., A=A/7T,, and

-, a — d
Ym“Yg—,,, YB_YBNE’ (10)
and a relation determining the function @
G,(0)P,(0)+yzmA
B(x)=D(0)=————TEO2 " _g<x<0. (b
G,(0)+yp®d

The self-consistency equation in S, Eq. (3b), converges
for frequencies w = 7T, <<Q,. Thus the boundary condi-
tion Eq. (9) in the frequency domain o <<, is sufficient
to solve the proximity effect problem in S, Egs. (3), pro-

A}
1+y3(@2+A2)+2y G, (0) @+ D, (00A /]2’
B

[
vided the order parameter A in S’ is known. The latter
can be found from the self-consistency equation (4b).
Therefore, the SS’ problem is described by v,,, ¥ 5, and
the ratio T} /T,, which is implicitly contained in A.

The dependence on T} /T, can be made explicit as fol-
lows. Note that in the limit of a thin S’ layer, d <<&*,
the two characteristic frequencies in Eqgs. (4), Q =~#T,
and Q,, differ substantially: Q,>>Q.. For & =, the
relation between A and @ is given by Eq. (8). However,
the sum over o in the self-consistency equation (4b) con-
verges for o> (),, because in this limit one can neglect
gradient terms in Eq. (4a) and obtain ®=A. Thus, in or-
der to find a relation between A4 and B, one should deter-
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mine the function ® also at higher frequencies, o> (,.
For that, let us use the fact that for o > Q, and A=const
Eq. (4a) can be linearized, giving the solution

¢=B+(A_B)cosh[ﬂ(x+d)/§*]
cosh[Bd /&*]
VT | 2
_ (0]
B= 7T,

The solutions (8) and (12) match for Q, <<w <<Q,. Sub-
stituting (12) in (4b) and taking into account that

T cosh[B(x +d)/&*]
™ 2 2+ A% coshlBd /€]

2y*Q,
7T

1 1
@ (a)2+A2)1/2

~In

—2nT 3,

0>0

’

(13a)

where y* =~1.78 is the Euler’s constant, we obtain a solu-
tion for the order parameter in the S’ layer, A:

27*Q 27*Q
A=B=dln |4 —s fm [ 224 |, a3
wT Tk
s=2TS |[+-— L (13¢)
1=« §0 © (024 42172 ¢

Substituting Egs. (11)-(13) in Eq. (9) one obtains the
boundary condition for ®,:

ay,,&®,(0)

YG,(0)P;(0)= ,
5 {14 2ay &G, (0)+a?yim 2} 2

(14a)

where the parameter a is given by

a=[Z+In(T/T})]/In(2y*Q, /7T}), (14b)
and the function @ is determined by
P (0)

O(x)=D(0)= — )
x 1+ayg[a?+®%0)]'?

(14c)

Thus the proximity effect problem in the SS’ bilayer is
reduced to the set of equations (3) for the S layer, with
the boundary condition Eq. (14a), in which the parameter
a, as given by Eq. (14b), is related to ®,(0) by Egs. (13c¢)
and (14c). There are three parameters which enter the
problem: y,,, v, and the ratio of the critical tempera-
tures 75 /T,.

The problem can be simplified in the following
limits: (1) for small values of the parameters y,, and
Yg: Ym<<1l, vyp<<l; (2) for large vy,
values: vy, >>max{l;yp}; (3) for large 7yp
values: y g >>max{1;v,,}.

Let us discuss these limits separately.

A. Thelimity,, <<1, yp <<1

In order to relate the order parameter A to ®,(0) in
this limit, the solution ® in S’ is matched to ®; in S as
follows. Going over to the limit of small y,,, it follows
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from Eq. (9) that
EX @ (0)=0 for 0 <<Q,=7T /Y, - (15)

Since the sum in the self-consistency equation (3b) con-
verges for frequencies 0 <Q, (Q, <<Q,) the functions A
and @, can be assumed to be spatially independent:

D (x)=A,(x)=Ay ©<<Q, . (16)

Then Eq. (13b) reduces to =,=In(T,. /7). In this limit
the parameter a in Eq. (14b) is given by

a=In(T,/T})/In(2y*Q,/=wT})
=In(T,/T})/[In2y*)+1In(T, /T})+21n(&* /d)]
17

[In(2y*)=~1.27]. From this equation it is seen that a
reflects the influence of a finite T* value on the proximity
effect in the SS’ sandwich.

Introducing the effective parameters

Yo =Y m>
the problem has been reduced to the proximity effect in
an SN sandwich with T}=0, as was derived in Ref. 22,
but with the effective parameters y<T and y 4 replacing
the parameters y,, and yp for the real SN sandwich. It
is seen from Eqgs. (17) and (18) that the thickness of the S’
layer enters the problem in the form of the parameter
Ym~d/E* and in a by a small logarithmic correction.
In what follows in this section we will neglect the latter
correction. Then, for small y,, and ¥ values, the num-
ber of parameters can be reduced to two: the effective
proximity parameters T and y$f. The proximity effect
is now described by the Egs. (3), (16), and

P=A/[1+7FB],
2v*Q,

ya=arg, (18)

(19a)
2v*Q,

*
1

A=®1n n~! , (19b)

c

where 3, as given in Eq. (12), in this limit is reduced to
the form B=(@2+A%)!/* similar to that of the SN
sandwich problem.??

In the considered limit of small y,,,7 the functions
A; and ®, are determined in the first approximation by
Eq. (16) and ® and A by Eq. (19). In the next approxima-
tion in y°T and assuming y$f=0 we have from Egs. (3a)
and (14a)

D (x)=Ag{1—[C/(1+C)lexp(—Bx /E¥)} , (20)

where

C=ynB/{1+y§a’(2/8 +yg 1}

and B= (@ 2+ A4
It follows from Egs. (14c) and (20) that

D(0)=P,(0)=Ay1—C) . (21)

Equation (17) for the parameter a is approximate be-
cause rigid boundary conditions for the S layer, Eq. (16),
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were assumed in its derivation. We have calculated a ex-
actly as a function of T* /T, in the following way. The
function ®,(x) was determined numerically using two
different approaches: first, by solving the exact boundary
value problem, Egs. (3), (9), (11), and (13), and secondly in
the framework of the “effective y,,” approach by solving
the Egs. (3), (14a), and (18), assuming T)=0. For both
methods the parameter o was calculated as the ratio of
the values of y<Tand y,, (for y 5 =0) which correspond to
identical solutions ® (x) in the limit y,, <<1. For small
values of d /£* <<1 a good numerical fit for the depen-
dence of @ on T* /T, is given by

a=yf/y, ~In(T,/T*)/[2.94+In(T,/T*)+21In(£*/d)].
(22)

Equations (22) and (17) thus differ by the numerical
coefficient in the denominator, which reflects the
difference between the approximate solution (16) of Eq.
(3a) and the exact one. Figure 1 shows the dependencies
of @ on T} /T, calculated from Eq. (22) for a number of
values d /£*. We note the following points: (a) The pa-
rameter a is small for T =>0.1T, (which is the case for
most practical materials). In the limit of very low values
of T* /T, the parameter a=y/y  goes to 1 very slow-
ly. This implies that the finite T* of the S’ material has a
large influence on the proximity effect, even if T << T.
(b) The dependence of a on £*/d is fairly weak. This
property of the problem allows one to neglect the depen-
dence of a on &£*/d for large values of this ratio. The
main dependence on d /£* is already taken into account
by v,, and ¥, as defined in Eq. (10). In the following we
will take as a typical value d /£* =~0.1.

Let us consider separately the case of finite y 5 values
(finite SS’ boundary resistance). The solution in the S’
layer is determined by Eq. (11). The latter relation allows
one to derive the equations of the well-known McMillan
model.!? Substituting Eq. (11) into the Greens function
G =w/(w*+®?)!/2, one obtains for the S’ layer

¢= [¢2<m)4z~(zw222)w2]'/2 ’ @3)
where
Z(@)=1+ [Zw) : (242)
[pH@)+ZXw)w?]'?
Iy (w)
plw)=A+ () L Z )] (24b)
p(w)=A47, Z(0)=1, T'=7T,/yp . (24c¢)

In this limit G, and ®, are equal to their bulk values
for all x>0. In the McMillan model the following
two parameters are defined: T, =#vg,D*/4d and
I, =#vgD*/4d,, where D* is the SN (SS’) boundary
transparency, and vg,, U, are the Fermi velocities in the
N (or S') and S layer. Equations (23) and (24) are
equivalent to the McMillan equations with the
identifications I', =#T, /y p and I'; =0, which is true for
D* <<1 and large d;. It can be shown that for thin S lay-
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FIG. 1. Ratio of the effective proximity parameter y<f (for an
SN sandwich with T =0) and the proximity parameter y,, (for
a sandwich with T*+0) as a function of the critical tempera-
ture ratio of the S’ and S metal, T.* /T, for various thicknesses
of the S’ layer, £* /d.

ers (dy <<£&Y) the complete set of McMillan equations is
obtained.

We note that the above approximation, Eqgs. (16) and
(20), of weak influence of the proximity effect on the
properties of the S layer was discussed extensively in
literature.!>~1® However, as was shown above, this limit
corresponds to the case of small y,, values only. In many
practical cases (e.g., Nb/Al tunnel junctions) this limit is
not satisfied. Below we solve the proximity effect model
for other values of the parameters.

B. The limit ¥ ,, >max{1,y 5}

As follows from the boundary conditions Egs.
(9)-(11), the functions ®, and ®,(0) are determined by

the following relation for frequencies w>>7T,.(1
+v8)/Vm:
=P (0)=A\T), (25a)

where Ay(T) is the equilibrium BCS value of the order
parameter in the S’ layer. For temperatures T > T Eq.
(25a) leads to

=3 (0)=0 . (25b)

Equations (3) with the boundary conditions Egs. (5) and
(25b) were first solved in Ref. 26 for the SN sandwich
problem. The behavior of ®; near the SS’ boundary (for
0=<x <&¥)is given by

@, (x)=B(T)x /EF ,
B(T)=2T,[1—(T/T,)*]1/[7£(3)]'/%, (26)

where £(x) is the Riemann § function, §(3)=1.2.
Substituting Eq. (26) in the boundary condition Eq.
(14a) we have in the next approximation in ¥,

B(T)=ay,,a®,(0){1+ayga2+ayza)}~?, (27a)
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= l§é3,)[q>s(o)/7rT]2+1n(T/T:) /In(2y*Q, /7 Tr).

(27b)

For temperatures not too close to T one has
In(T/T*)>>(®,(0)/7T)*. Then it follows from Egs.
(27) that

B(T) (1+vTo2+yT®)}'/2

—~ eff
(2] Ym

@, (0)~ ~(T,—T). (28)

Here the parameters ‘yf,’f, ‘yeBﬁ are again given by Eq. (18),

but now with a[Eq. 28)]=[In(T/T})/In(T,/T})]a[Eq.
(17)], where a is explicitly temperature dependent. In the
opposite case of temperatures close to T* we obtain from
Eqgs. (27)

2 1/3
@, (0)=7T, ﬂB—(g-)——ln(Zy*Qd/ﬂTc*)
763)0TEY m
~(T,—T)'3. (29)

It follows from Egs. (27)-(29) and (14c) that the values of
the functions ® and ®,(0) decrease with increasing v ,,.
The temperature and y,, dependencies of ® and ®,(0)
are different in the regions T~T} and T > T*. Namely,
at high temperatures ®~®,(0)~(T,—T)/y¥ as is also
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T*=T}* l1+ (30)

In(T,/T*(T./T*?—1] |*?
21/2

TAY m

and o is given by Eq. (17), a crossover takes place to
weaker dependencies of ® and ®,(0) on T and y,,:
@ (0)~{(T,—T)/y,}'3 As aresult ®,(0) grows rap-
idly as temperature decreases and approaches T and
finally Eq. (25a) holds when T < T*. Therefore with de-
creasing temperature in the region T~ T* the crossover
takes place from proximity induced superconductivity in
the S’ layer (small values ® << T) to the superconduct-
ing state in the S’ layer due to the pair-potential A (large
values ® ~ T¥).

C. The limit y 5 >>max{1;y,, }

In this limit the S and S’ layers are nearly decoupled
and we obtain in the first approximation

@ (x)=Ay(T), 0<T<T,, (31a)
AYNT), O<T<T}, (31b)
®=lo, r<T<T, . (31c)

In the next approximation the function ® at T* <T <T,
is finite and is given by Eq. (14c) with ®,=A,(T), where
the parameter a should be determined self-consistently
from Egs. (13b) and (14b), 14(c). Proceeding in this way,

the case for the SN sandwich.?* At lower temperatures, we obtain the following equation for a (provided
T} <T <T*, where T* is given by ayged>>1):
J
a= |In(T/T*)+(T/T,) 5‘2;(7;) 3 /In(2y*Q, /7T . (32)
vy 4 o¥@*+AY

Let us analyze in more detail the case when T /T, <<1.
Evaluating the sum in Eq. (32) we find the crossover tem-
(T, /TIn(T,/T})

perature
2/3
. (33)
aYp

where K =[7£(3)/8]'*~1.016 and a is given by Eq.
(17). If T > T* the second term in square brackets in Eq.
(32) is small compared to In(T /T}) and the parameter
a=a[Eq. (28)] as in the limit of large y,,. We regain Eq.
(19) but now in the limit of large y g, so that ® is reduced
to

T*=~T* [1+K

A((T)

—_— (34)
(@2 +A2)"?

In the opposite case of temperatures close to T, i.e., for
T* <T <T*, the function @ is again given by Eq. (34),
but with a reduced ¥ in comparison with Eq. (28):

2/3

(T,/Tkr)?
, 35)

=g aqa————
Y8 1§ In(T, /T*)

where a is given by Eq. (17). Therefore with decreasing

f
temperature in the region T~T* the proximity induced
superconductivity in the S’ layer, @, is increased. Such a
behavior of the function @ is qualitatively similar for
both cases of large y,, and large y p values. Below we il-
lustrate it by numerical calculations.

D. Arbitrary y,,, ¥ 5, and T.* /T,

For arbitrary temperature and values of y,,, 5, and
Tr /T, Eqgs. (3) and (4) with boundary condition (9) were
solved numerically by a self-consistent procedure, taking
into account the spatial variation of the order parameter
A (x), as well as of the Usadel functions ®,(x) and
G,(x). On each iteration step the self-consistency equa-
tion (4b) for A was solved using the relations (11) and (13)
between A, ®, and P, (see the Appendix).

In Fig. 2 the spatial dependencies of A; and A are
presented for T* /T, =0.3, T << T} and (a) for different
values of y,,, and ¥ 3 =0 and (b) for different values of y
and y,, =1. It is seen that the order parameters in the S
and S’ layers at the SS' interface differ even for vanishing
SS’ boundary transparency (y 5 =0) as must be expected
from the fact that the coupling constants in the S and S’
metals are different. In the case of y,, >(1+yp) (large
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conductivity of S’ material), the order parameter near the
SS’ boundary, A,(0), is strongly suppressed due to the
proximity effect. With an increase of y 3 the jump in the
order parameter at the boundary increases and A (x) be-
comes spatially independent. This is the range where the
McMillan model is applicable. In the limit y 5 — oo the S
and S’ layers become decoupled and then A=Ay(T),
A s Ao( T).

In Figs. 3(a) and 3(b) the temperature dependencies of
A and A (0) for T} /T,=0.3 are shown. Note the cross-
over in the behavior of A(T) at T~=T/ for large y,, and
v g parameters. As is seen from Fig. 3(a), in the case of
zero boundary resistance (y 5 =0) the order parameter in
S’, A, is almost equal to the order parameter in S near the
SS’ boundary, A (0), and the difference between A and
A becomes smaller as y,, increases. In the limit of large
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] 0.1
Lo
{ 10.1 (0)
/;0'4—<
= 1 |
5 +—///100
'_
=
P
\X/O.Z _1_—6 1
< ==—0(0) /7T,
] =0
1 %2 04; 05 1; 2; 5 10; 100
0.0 A AR SRR NSRS R RN RA AR RARN ARRRSLAREN ARRRA]

x/¢s

0640 As(x)

1 100

=]

= 17 (b)

80.4j

< 1o

R

K _—<

N

< 0.2 4700l

=T YN 0) /T,

< ]
1yg= 0; 0.5; 1; 2; 5; 10; 20; 100
1 ¥Ym=

0.0 “hrrrrrr e

X/és*

FIG. 2. Spatial dependence of the order parameter A, in S
(for x>0) and A in S’ (x <0), for an SS’ sandwich with
T*/T,=0.3, at temperature T << T}*: (a) for y5 =0, 7,, rang-
ing from 0.1 to 100; (b) for ¥,, =1, yp ranging from 0 to 100.
The bulk value of the order parameter Ay(0) in S is reached for
large x. That for S’ is indicated by Ay(0).
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Y. (curve d) the order parameters A and A are equal in
accordance with Eq. (25) and behave nearly like the equi-
librium order parameter in S’, Ag(7T). Further at large
¥ .. and decreasing temperature A and A (0) grow rapidly
near the crossover temperature T*/TF (=0.36 for
¥m = 100) in accordance with Eq. (30). This behavior is
seen in Fig. 3 as a positive curvature of the A(T) and
A (T) curves.

As is seen from Fig. 3(b), an increase of y 5 results in
an increase of the jump of the order parameter at the SS’
boundary [see also Fig. 2(b)]. In the limit of large ¥ 5 one
sees a crossover to the behavior described by Eq. (31):
the curve for A (T,yz=100) nearly coincides with

o.so3 (a)

——————— . TN Do(T) /7T,
N

0.0 0.2 0.4 0.6 0.8 1.0
T/Te
0.60
1 (b)
T e = T (M) /7T
] - N
© b ~ N
I ]
& —”—A_*b*‘ - \\ \\
- ~ N
X 0.40 ] a ~ . N
(ST e - ~ N
Z/ | RN N \ \
b o) S N NN
.- T N
5 ]
}_v |
= 4
o]
— 0.20 -
\1 -
< ]
] \
4 /
] 8o(T) /7T
0.00 +rrrrrrrerrrrrre T e e
0.0 0.2 0.4 0.6 0. 1.0
T/Te

FIG. 3. (a) Temperature dependence of the order parameter
A, in S at the SS’ interface (x =0) (dashed curves) and of A in
S’ (solid curves), for an SS’ sandwich with T* /T, =0.3, y 3 =0,
and y,,=0.1 (a); 1 (b); 5 (¢); 100 (d). In case (d) the curves for
A, and A merge. The crossover temperature T* for y,, =100
[Eq. (30)] is indicated in the corresponding curve. The BCS
curves for the S’ and S layer are indicated with Ag(7) and
Ay(T). (b) As (a) for ¥,, =1 and y3=0 (a); 1 (b); 10 (¢); 100 (d)
[A; coincides with Ay(T)]. In case (d) the curve for A; practi-
cally merges with Ay(T). The crossover temperature T* for
v s =100 [Eq. (33)] is indicated in the corresponding curve.
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FIG. 4. Dependence on the critical temperature ratio 7.* /T,
of an SS’ sandwich with ¥, =1, and y3=0 and at T << T, of
the order parameter A (0) in S at the SS’ interface (x =0); A in
S’; the gap energy A,; and the critical current I.(0) of a symme-
trical SS'IS’S junction. In the limit 7* =0 (SN sandwich) the
values A (0)=A", A=AN=0, A,=A5", and I,=I" are
reached.

Ao(T) and A(T,y=100) is close to Ay(T). As in the
case of large y,, a positive curvature is present in the
A(T) dependence at the crossover temperature
T*/Tr*=0.38 (for y3=100) in accordance with Eq.
(33).

The dependence of the order parameters A and A,(0)
on the ratio T*/T,, at T <<T,, is shown in Fig. 4 for
Ym=1, yp=0. It is seen that in accordance with the
weak (logarithmic) dependence of y*f on T, /T* [see Eq.
(22)] the order parameter A (0) exceeds its value for
TX=0 (ASV, indicated in the figure, corresponding to the
case of the SN sandwich) even for small values of T} /T,.
The same effect occurs for the order parameter in the S’
region, A, where in the SN-case ASN=0,

IV. THE DENSITIES OF STATES

In order to calculate the normalized density of states in
the electrodes, N(g,x ), for arbitrary values of T.¥ /T, and
Y m»>Y g it is convenient to introduce a new function O, by
the relations ®;, =w tan®,, G, =cosO, and then to carry
out the substitution o= —ie. Equation (3a) is then
rewritten as

O (g,x)+itsinO,(g,x )+ A, (x)cosO,(e,x)=0.  (36a)

The boundary condition in the bulk of the S electrode,
Eq. (5), becomes

O, (g, 0 )=arctan[iAy(T) /E] , (36b)

and the boundary conditions at the SS’ boundary, Egs.
(9) and (11), take, respectively, the form
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. ¥ m[A cosO, + it sin@, ]
s [1+9y%4(A2—82)+2y (A sin®, —iE cosO, )] 2 ’
(36¢)
sin@, +y A
tan6=————-——?_—/B— . (36d)
cosO; —iy g€

Here the function © in S’ is defined analogous to 6, in S,
t=¢/nT,, Aj(x)=A,(x)/7T, and the distance is nor-
malized to £F. The frequency-independent functions A
and A (x) are already known from the solution of the sta-
tionary problem.

The quasiparticle densities of states in the S and S’ lay-
ers are then determined by the following relations:

N, (ge,x )=ReG, =Re(cosO;) ,
N(g,x)=ReG =Re(cosO) .

(37a)
(37b)

Let us first consider some limiting cases.

For small values of ¥, and ¥ 3 =0 and using the simple
solution Eq. (21) and Egs. (37), we obtain for the densities
of states at the SS’ boundary in the S layer and in the S’
layer

—ie(1+y¢B,)

N (g,x=0)=N(e)=R
(€% ) (g) e {A%(T)—sz(1+yff,fBE)2}‘/2

’

(38)

where B, =(A3—%2)!/%. It follows from Eq. (38) that the
function N(e) has two singularities: one for e=A, and
another for

e=A, =A7g{1-2'(yeM)*3A 273} (39)

Equation (39) determines an energy gap at the SS’ bound-
ary. Note that comparing Eq. (39) with the correspond-
ing one for an energy gap suppression in the presence of
Abrikosov-Gorkov type pair breaking,?

Ag =A0( 1 _§2/3 )3/2 , (40)
one can relate the y<¥ parameter to an effective pair-
breaking rate §. For T=0, using the relation
Ay(0)/wT,=vy*/m, we have

*
£=(rhg) =243 2 2 (41)

The singularity in the density of states, given by Eq. (38),
at e=A, is rather weak: N(e)~(e’—A3)!"® and is
smeared out in the next approximation in y<f.

For finite y3 and v, /(1+y5)<<1 the density of
states is given by Egs. (23) and (24) with o= —ie and Eq.
(37) McMillan model with '), =#T. /vy and T';=0). In
that case the densities of states in the S and S’ layers
differ strongly. The former, N,(e)=¢/(e?—A32), > A,
coincides in this approximation with the BCS density of
states. The function N(e) has two singularities, one at
e=Ay N(e)~(e2—A3)"!/2 and another at e=A,:
N (e)~(52—A§ ), where the energy gap A, for small T',, is
related to the equilibrium values of the order parameters
in the S and S’ layers, Ay and A, by the simple relation
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6.0 4

FIG. 5. Normalized density of states in S’, N(g), at T=0, of
an SS’ sandwich with y,, =1, y53=0, and T* /T, =0 for the SN
sandwich (SN); 1072 (1); 1072 (2); 0.1 (3); 0.2 (4); 0.3 (5); 0.5 (6);
0.8 (7); and 1 for the BCS-case (BCS).

Ay—A) 172
Ag=80+T, | = (42)
Ay +AG

For finite ¥ 5 both singularities in N(g), as well as the
one in the N (g) are smeared out. This behavior was
studied in detail for the case of the SN sandwich in Ref.
22.

For arbitrary temperatures and values of T.* /T, v,,,
and y p the problem was solved numerically. The results
of the calculations for N(e) in S’ in the low-temperature
limit T=0 for y,, =1 and y 3 =0, are shown in Fig. 5 for
different values of TJ}/T, |[because yz=0,
N(e)=N,(e,x=0)]. It is seen that with increasing
T} /T, ratio the energy gap increases and a sharp singu-
larity in N(e) appears at € <A, in accordance with Eq.
(39), until for T} /T, =1 the BCS density of states is ob-
tained. It is important to note that this singularity leads
to the knee structure in the current-voltage characteris-
tics of a SS'IS"'S junction (see below).

Figure 6 shows the densities of states in the S and S’

8.0

3 8= S
E T, /T.= 0.3
6.0 —:] P— 0.1
—~ :
w 1
\_; ]
=z 1
4.0
—~ B
w ]
~—r -
pa ]
2.0
0.0 Frrer
0.0

S/TYT;

FIG. 6. Normalized densities of states in S’ (dashed curves)
and S at the SS’ interface (solid curves) at T=0, for
TX/T.=0.3,y3=5,and y,, =0.1;0.5; 1; 2; and 5.
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layers at the SS’ interfaces for finite ¥ 5 and different y,,
values in the low-temperature limit, 7=0. In this case
N (g) and N,(¢) differ strongly. For small y,, two singu-
larities exist in N(e), as was discussed above. For
sufficiently large y,, the peak at e=A, is smeared out.
The density of states in the S layer, N,(¢), at small y,,
values goes almost like a BCS curve. At large y,, the en-
ergy gap decreases and a large number of states appears
at energies € <A,. We note that, as was discussed above,
in the considered limit of small SS’ boundary transparen-
cy (large ¥ ) and small vy,,, the behavior of the densities
of states in S and S’ layers is qualitatively similar to the
predictions of the McMillan model. However, for other
values of the parameters our model gives results which
differ considerably.

It is important to note that, as is seen from comparison
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FIG. 7. Energy gap in the density of states in an SS’
sandwich as a function of temperature. T.*/T,.=0.3, for (a) v,
ranging from 0.1 to 50 and y3 =0 and (b) y,,=1 and yp rang-
ing from O to 50. The crossover temperatures T* [Eq. (30), re-
spectively, (33)] for y,, =50, respectively y 5 =50, are indicated
in the corresponding curve. The bulk energy gaps of S and S’
are given by the dashed curves Ay(T) and Ag( T), respectively.
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of the Figs. 5 and 6, the densities of states in S’ differ
qualitatively for the cases of zero and finite y 5 values
(vanishing and finite SS’ boundary resistance). Namely,
in the latter case the density of states N(e) has a two-
peak structure for small y,, values.

The energy gap of the density of states in the S’ region,
Ag, is also of interest because it is directly reflected in the
current-voltage characteristic (CVC) of a junction. We
have calculated A (T) for T /T,=0.3 and a number of
Ym> Y Vvalues. The results are shown in the Figs.
7(@) (yp=0, 7v,,=0,...,50) and 70b) (y,=1, vy
=0,...,50). It is seen that for small values of y,, and
v g the function A, (T) is close to the BCS curve, Ag(T).
Large modifications take place for large values of y,,,, ¥ 5
and a positive curvature is seen, as discussed above for
Figs. 3. This behavior is a result of the crossover at tem-
perature T* from proximity-induced superconductivity
in the S’ layer above T* to the superconducting state in
S’ below T*, due to the pair potential Ay(T).

The dependence of A, on the T /T, ratio in the low-
temperature limit, 7=0, is shown in Fig. 4 for y,, =1
and y 5 =0. It is seen that even for extremely low ratio
T}/T,~10"* the magnitude of A, exceeds its limiting
value A;?N which corresponds to T =0 (SN bilayer). In
the practically most interesting region, T /T, ~0.1—1,
the gap A, depends considerably on the T, /T, ratio and
at T =T, equals the bulk gap in S: A, =A(0).

V. CRITICAL CURRENT OF SS’'IS’S JUNCTION

To calculate the critical current of an SS’'IS”'S junc-
tion it is convenient to rewrite the expression (2b) for
eV =0 in the Matsubara representation

“lRv _ T ~20 (0)G,(0)D,(0)G,(0), (43
27TTC _Tc mgoa) 1( ) 1 2 ) 2 ), )

where the indices 1, 2 refer to the different electrodes.

Let us first limit ourselves to the case ¥ 53 <<1 and to a
symmetrical junction. For small values of y,, (Egs. (21)
and (43) lead to Eq. (31) of Ref. 23, with the limiting
values (the limiting values given in Ref. 23 are numerical-
ly not correct)

el,Ry AYT)

[1—7T4(2—1/V2)E(3) /7]

27T, 8T
=~ AE(T? (1—1.29¢) (44)
at T=T,, and
el Ry _ Ay(0) o | 200 |2 V2{T(D)}?
27T, 4T, mT, 372
~0.44(1—0.84y°F) | (45)

for T<<T,, using, I'(1/4)=~3.626. The BCS relation
A(0)/T,=~1.76 was assumed in Egs. (44) and (45).

In the opposite case of large y,, values and T > T* we
have from Eq. (28)
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el Ry 22T, [pT) 1 |
—_—— e | = ~ T — 2 4
27T, 96 T T e (Te—T), (46)

where the temperature T* is given by Eq. (30). The
dependence (T, —T')? close to T, is typical for proximity
effect junctions independent of the T* /T, ratio. On the
other hand, as follows from Eq. (29), the temperature
dependence in the interval T}Y<T<T* is IRy
~(T,—T)”. At T<T} in this large y,, limit I, is
determined by the Ambegaokar-Baratoff®® (AB) expres-
sion with Ay(T) replacing Ay(T). Therefore, an enhance-
ment of I, below T =~ T* takes place.

For finite y 5 values, ¥ >>max{1;y,,] we have from
Eqgs. (43) and (34)

0.50

FIG. 8. Critical current I.(T) as a function of temperature
for a symmetrical SS’IS’S junction with T.* /T, =0.3 for (a) ¥,
ranging from 0.1 to 100 and y 3 =0; and (b) y,, =1 and y 5 rang-
ing from O to 100. The AB (dashed) curves for an SIS and S'IS’
junction, as well as the crossover temperatures T* [Eq. (30), re-
spectively Eq. (33)] for y,, =100, respectively ¥ 3 = 100, are indi-
cated.
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[AY(T) /4T, Jtanh[A((T)/2T], 0<T, <T*,

el Ry (47a)
27T, | |m/Q2y), TX<T,<<T, (47b)
T, A3/[48T3(y$)?), T=T, . (47c)

For arbitrary values of y,, and T /T, the dependen-
cies I.(T) were calculated numerically using the solutions
for ® and G. The results are shown in Figs. 8(a) and 8(b)
for T} /T,=0.3 and different y,, and y g values. The
positive curvature of I (T), typical for the proximity
effect junctions,ﬂ“23 is seen at temperatures near T, for
finite values of the parameter y,,. At sufficiently large
¥ Eq. (46) gives the behavior I.(T)~(T,—T)*. For
both cases of large y,, and large yp the critical current
I.(T)is given by the AB theory for an S’IS’ junction.

The dependencies of I,(T=0) on the ratio T /T, are
shown separately in Fig. 4 for y,, =1 and y 5 =0. Analo-
gous to the behavior of A, A, and A considered above,
the reduced critical current eRyI, /27T, saturates very
slowly at small TJ/T, ratio to its limiting value
eRyISN /27T, corresponding to T =0 (SN bilayer). At
T} — T, the magnitude of yT goes to zero in accordance
with Eq. (17) and the current I, —IAB.

VI. CURRENT-VOLTAGE CHARACTERISTICS

Using the solutions of the proximity effect problem for
the SS’ sandwich one can calculate the tunnel current ac-
cording to Eq. (2). Here we discuss the results for the
quasiparticle component of the current, ImJ (V), as
given by Eq. (2d).

The current-voltage curves (CVC) for a symmetrical
SS'IS’S junction for T<<T} and y, =1, y3=0 are
shown in Fig. 7 of Ref. 23 for different T* /T, ratios.
There the crossover is shown between the cases of a
SNINS junction with T, =0 and of an ideal SIS junction
with T*=T,. The variation of the ratio T} /T, leads to
qualitative changes in the CVC’s. In particular, with the
increase of T /T, a knee structure develops in the region
eV=2A,. The origin of this structure is the sharp singu-
larity in the density of states N(e) at € <A, as shown in
Fig. 5. Namely, the quasiparticles with energy in the in-
terval A, <e <A, give a large contribution to the tunnel
current at voltage eV=~2A, leading to the knee on the
CVC. The shape and the height of the knee depends on
the T* /T, ratio, i.e., on the ¥ value.

In Fig. 9 of Ref. 23 the calculated CVC’s of symmetri-
cal Nb/Al, Al oxide/Al/Nb junctions at T=4.2 K are
presented for y 5 =0 and various values of y,,. Both the
gap voltage eV=2A,(T) and the knee feature on the
CVC depend strongly on the value of the y,, parameter.
At very large v,, the gap value is reduced, the knee struc-
ture disappears and a crossover to a purely resistive CVC
takes place. At small y,, there exist a sharp knee struc-
ture. The height of the knee is maximal for y,, =~0.2.
With further decrease of y,, the gap A, goes to the bulk
gap of the S material, A,, and the knee structure gradual-

1083

ly disappears. It is seen from comparison of the Figs. 7
and 9 of Ref..23 that variation of the T* /T, ratio for a
fixed value of v, leads to qualitatively similar
modifications of the CVC as with variation of y,, for
fixed T} /T, ratio. This is in accordance with the con-
cept of the “effective v ,,”” proximity effect parameter.

The modifications of the CVC of an SNINS Josephson
junction (T¥=0) due to a finite SN boundary resistance,
i.e., finite y 5 values, were discussed theoretically in Ref.
22. As was mentioned above, in most practically used
SS'IS"’S Josephson junctions the influence of the bound-
ary resistance of the SS’ (and SS"’) interfaces on the CVC
is relatively small. Therefore we will not discuss here the
behavior of CVC of the SS'IS"'S junction for finite y 5.

Below we will compare the results of calculations with
the experimental data of Nb/Al tunnel junctions.

VII. EXPERIMENTAL RESULTS

A. Device fabrication

We applied the model developed in the foregoing sec-
tions to describe the electrical characteristics of a series
of Nb,/Al,/Al oxide/Al,/Nb,/Nb, Josephson tunnel
junctions, that were fabricated with different thicknesses
d,; of the base-electrode Al layer (ranging from 5 to 40
nm) and a constant thickness d, of the counterelectrode
Al layer (nominally 3 nm). The indices 1 and 2 refer to
the base- and counterelectrode, respectively. The multi-
layer was deposited in a single vacuum run using dc-
magnetron sputtering on a water-cooled thermally oxi-
dized Si substrate and structured by liftoff. Thermal oxi-
dation at room temperature of the Al, layer was used to
form the barrier with a current density of about 100
A/cm? The junctions were structured with the selective
niobium anodization process (SNAP)*' to have dimen-
sions of 20X20 up to 200X200 um? The Nb base-
electrode thickness d;; is 300 nm. The Nb counterelec-
trode was made in two steps. The first Nb, layer of 30
nm is part of the multilayer. After the anodization step a
thick layer (200-500 nm) was deposited and structured
by liftoff to form the counterelectrode and the contact

leads.
B. Parameter estimates

For comparison of the model with the measurements
we discuss the conditions of applicability. For Nb sput-
tered at low temperatures the electron mean free path
(mfp) [ is largely determined by the grain size,3? which in
our devices is approximately 20 nm as was seen from
TEM analysis.>> The coherence length £* is then es-
timated as £*~[/,£,(0)/3]'/2~16 nm, where £,(0)~38
nm is the clean limit value for Nb.>* Thus the Nb layers
obey the condition Eq. (1), d; >>£¥, but instead of the dir-
ty limit condition I, <<&* we have I =EF. For thick
sputter deposited Al films we find from resistivity mea-
surements mfp’s of about 100—150 nm. Using / =100 nm
the coherence length of Al is estimated as £}~230 nm
[with £.(0)=~1.6 pm],** thus £*~86 nm, with
T.(A)=1.3 K and T,(Nb)=9.3 K. Thus /=£* and the
Al is not in the dirty limit and secondly d, is not small
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compared to £* for the largest d; values. However, from
our TEM analysis it was observed that the grain struc-
ture of the Al; layer reproduces that of the underlying
Nb. If the mfp in the Al layer is also limited by the
grain size we even find a coherence length £* as small as
38 nm. In that case / <£&*, but not d; <<&* for the larg-
est d; values and the thin S’-layer approximation is
violated for even smaller d,. For estimating the proximi-
ty parameters we rewrite ¥ [Eq. (6a)] as
y=(p,D}*/pD'?) =(D/D,)""’[N(0)/N,(0)], using
p '=e’DN(0). The diffusion coefficient is D=1v}],
with vg the effective Fermi velocity which can be ob-
tained from the clean limit values of the coherence
lengths,3* using the BCS relation £(0)=%vj% /7A(0). The
normal-state electron densities of states at the Fermi en-
ergy are obtained from Ref. 35, y,, /d is estimated as ap-
proximately 0.021 nm ™!, independent of the mfp in the
Al

The parameter yYgy [Eq. (6b)] can be written as
yan =1 /3E*){R*/[(pg /Pry)*D*]}.Y" In the free-
electron model the transmission coefficient D * (related to
the reflection coefficient R* as D*=1—R*) for the
transmission of a quantum-mechanical particle through
the interface of two metals with different Fermi-
velocities, is given by D*=1—R*=(4vgvp)/
[(vEs+vE )?+4U31.Y U, is the height of a 8-potential
barrier at the interface U(x)=U;6(x=0). If one takes
only the mismatch in Fermi velocities into account al-
ways large D* are obtained (=0.85) for realistic v
values of metals. Therefore in practice some additional
barrier has to be taken into account to explain the lower
transmission coefficients measured. More realistic mod-
els for D* have been discussed by Wolf and Arnold.’> In
the literature a D* value of about 0.4 is reported for
Nb/Cu interfaces,’® indicating that the transmission
coefficient is not only due to the mismatch in Fermi ve-
locities. Although all layers, apart from the Nbj layer,
are deposited without vacuum break, so that there is an
intimate contact between the Nb and Al layers, it is ex-
pected that there is a potential barrier present at the
Nb/Al interfaces, decreasing the value of D*. Using the
literature value of D * for the Nb/Cu interface we find for
the Nb/Al interfaces y 5 /d ~0.010 nm ™' (independent
of I). As was seen from the numerical results the
influence of nonzero yp values on the electrical charac-
teristics becomes only noticeable for y 5 values of the or-
der of 1 or larger. The estimated y g /d value is fairly
small and the effect of the finite ¥y value is therefore
probably only noticeable for the largest d,; values.

Because of the two-step fabrication process of the
counterelectrode, we have to discuss its properties sepa-
rately. The Al, layer starts to grow on the amorphous Al
oxide and has a very fine polycrystalline structure with
grain size of about 5 nm as seen from TEM pictures.®
Since the 30-nm Nb, layer starts to grow on this Al layer
it must be expected that its conductive properties are de-
graded, especially near to the Al,/Nb, interface, due to
the short mfp in the initial growth phase. Secondly, the
Nb, layer is exposed to processing chemicals and atmo-
sphere before the thick Nbj layer is deposited, so that it is
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oxidized at the Nb,/Nb; interface. Despite the fact that
this interface is sputter-cleaned before deposition of the
Nb; layer it was found from current-voltage measure-
ments that the conductivity of this interface is much less
than that of bulk Nb. This implies that the y 3 value of
the Nb,/Nb; interface is probably not very small. Fur-
thermore it was found from critical current and sum-gap
versus temperature measurements that the critical tem-
perature T5* of some of the junctions is slightly reduced
compared to the bulk value of Nb (7T,=9.3 K). We as-
cribe this to a relative poor quality of the Nb, layer. This
may give rise to an additional proximity layer, creating a
S”S’S-sandwich  counterelectrode ~ with  T}*(Al,)
< TX(Nb,)<T.(Nbj). These considerations all indicate
that the gap reduction in the counterelectrode is larger
than one may expect from the thickness d, of the coun-
terelectrode Al layer. It is also expected that the coun-
terelectrode gap value varies from sample to sample due
to different aging and preparation conditions before the
Nb; layer is deposited.

C. Measurements and discussion

The different junctions were characterized with
current-voltage, critical-current, and sum-gap versus
temperature measurements.

The sum gap, V,=(A,;+A,;)/e, and difference gap
voltage V,=|A,—A,,|/e, were determined from the
current-voltage characteristics (CVC) at low tempera-
tures (1.1-1.6 K), where the gap energies have no tem-
perature dependence. V, was determined as the intersec-
tion of the tangent on the low-current part of the sharp
current rise of the CVC with the voltage axis, whereas V,
was identified with the peak in the subgap current, even-
tually after subtraction of an ohmic leakage current.

In Fig. 9 the experimentally determined A, and A,
are given as function of the thickness d,. The experimen-
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FIG. 9. Experimentally determined gap voltages of base ((J)
and counter (A) electrodes of Nb/Al,, Al oxide, Al,/Nb junc-
tions as a function of the thickness d, of the Al,-layer and con-
stant Al,-layer thickness. ( ) Theoretical fit of base-
electrode data with ¥,,;/d;=0.032 nm~!, y5,=0. (— — —)
the same, with ¥ ,,,/d;=0.032 nm ™' and y 3, /d, =0.025 nm ™.
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tal data A,,(d;) were fitted for small d, (where the
influence of a finite ¥ 5 is smallest) with the theoretical
dependence A, (y,,(d),y p=0) (full curve), assuming A,
to be equal to the bulk value for Nb, 1.55 meV. We find
¥ m1/d;~0.032 nm ™!, which is close to the estimated
value. The gap reduction for small d, is well described
by this curve. It is seen that the A,; value for the junc-
tion with d, =40 nm is considerably smaller than predict-
ed by this curve. Ascribing the (extra) gap reduction due
to a finite yp and fitting to the A,;(40 nm) data point
gives yp;=~1 (y5,/d;~0.025 nm™~') using the y,,,/d,
value from the former fit. The dashed curve gives the
Al-thickness dependence of the gap for these y,,,/d, and
vg1/d, values. However, now the gap values for the
smaller d, values are slightly underestimated. The exper-
imental value for y 5,/d, indicates that the Nb/Al inter-
face transparency is largely determined by an additional
potential barrier. For D* we obtain the value 0.21,
which is fairly much smaller than the value found for
Nb/Cu interfaces.?’

The calculated v ,,,/d; value is considered to be a good
estimate of the experimentally determined value 0.032
nm~ !, taking into account the uncertainties in materials
parameters. However, the experimentally determined
v g1/d, value is probably slightly overestimated and con-
sequently the transmission coefficient D* somewhat un-
derestimated, because for at least the largest Al;-layer
thicknesses the model assumptions, and especially the
thin-S’ layer approximation, are not strictly fulfilled
anymore. For large d, the order parameter in the S’ lay-
er decreases when approaching the S’I interface, giving
rise to an additional gap reduction, which therefore can-
not only be ascribed to an SS’ interface potential barrier.

Figure 10 shows the CVC’s of a set of junctions, mea-
sured at 1.4 K with current bias. The voltage axis is nor-
malized with A§®=1.93k,TS*P found for Nb from tun-
neling measurements on high-quality junctions with very
thin Al layers®”3® and in accordance with the used values
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FIG. 10. Experimental current-voltage characteristics of
Nb/Al,, Al oxide, Al,/Nb junctions at 1.4 K for d, =40 (0O), 25
(A), 15 (<>), and 5 nm ( * ), respectively, for the curves from left
to right. ( ) Theoretical curves using the y,, values deter-
mined from Fig. 9 and y3,=%5,=0. (— — —) The same for
junction with d; =40 nm with yz,=1.
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for Ay and T, for bulk Nb. The current axis is normal-
ized with AS™® and R [ obtained by fitting the experimen-
tal data to the theoretical (solid) curve calculated with
the v, values, determined from Fig. 9, taking
Yp1=7p2=0, at eV/AJP=2.75. The differences in cal-
culated and measured sum-gap voltages are fairly small
and are largely ascribed to calibration errors of the
measuring setups and errors in the estimates of the scal-
ing parameters. For small d, the slope of the CVC at the
sum-gap voltage and the height of the proximity knee is
fairly well described with the model. The gap width in-
creases with increasing d; more than predicted and the
proximity knee remains more pronounced. The height of
the proximity knee reaches a maximum (for d, =15 nm),
a feature which is also seen in Fig. 9 of Ref. 23. Taking
into account the correction with nonzero ¥z, gives only
marginal changes in the CVC (given by the dashed curve
for the 40-nm junction with yz;=1; this curve largely
merges with the curve for yz,=0). There are several
possible explanations for the differences between theory
and experiment. The shape of the CVC and especially
the proximity knee is very sensitive to the exact energy
dependence of the quasiparticle density of states: (a) The
theoretical curves have been calculated under the as-
sumption that the electrode metals consist of weak-
coupling superconductors, whereas for Nb and Al
Ay/ky T, values of about 1.93, respectively 2.1, instead of
the BCS value 1.76, have been reported,’”3® indicating
strong-coupling effects. Indeed it has been shown recent-
ly that an SIS junction made up of strong-coupling ma-
terials shows also a proximity knee, contrary to an SIS
junction with weak-coupling electrodes.’> More impor-
tant reasons are probably that the model assumptions,
i.e., (b) the dirty limit conditions for the electrode materi-
als and (c) the thin-S’-layer approximation, are not
rigorously fulfilled. Using the dirty limit conditions im-
plies that the densities of states, as calculated from the
Usadel equations (especially the densities of states at the
barrier, which are reflected in the tunneling measure-
ments), do not depend on the direction of the electron
trajectory. In the clean limit, however, only quasiparti-
cles with a trajectory within a narrow cone, directed per-
pendicular to the SS’ interface, can cross this interface
and create the proximity effect, whereas the other quasi-
particles are described by ® functions which resemble
those of the bulk (BCS) properties of the S, respectively
S’, metal. Both the affected and unaffected ® functions
go into the describing equations (in this case the Eilen-
berger equations?*) so that it must be expected that the
resulting tunneling densities of states show more BCS-
like behavior than in the dirty limit. Another way of
describing this is that in the clean case the quasiparticles
not only tunnel from nearby the barrier interfaces but
also from deeper out of the electrodes, where the densi-
ties of states are more BCS-like. The proximity effect in
clean-limit proximity sandwiches is subject of further
study.** Aspect (c) implies that for large S’-layer
thicknesses the density of states in the S’ layer at the SS’
interface is strongly different from the BCS density of
states, but changes gradually to more BCS-like, for in-
creasing distance from the SS’ interface.
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Figures 11 and 12 show the measured temperature
dependence of the sum-gap voltage V,(T) and the critical
current I.(T) of these junctions, normalized with TSP,
AS®, and R[, as well as the theoretical curves (solid
lines), calculated with the same y,, values as used for the
CVC’s and y 5 =0.

For low temperatures we find a close correspondence
between measured and calculated V,(T) data within mea-
surement and scaling errors. This means that the gap
reduction in our junctions can be attributed largely to the
proximity effect. For higher temperatures and larger Al
layer thicknesses the experimental data are above the cal-
culated curves. In fact all curves are BCS-like as is
demonstrated in the inset of Fig. 11 by scaling the curves
to V,(T'=0). This means that the tunneling densities of
states have energy gaps with BCS-like temperature
dependence. The fact that for nonzero y 5 the density of
states in the S’ layer becomes more BCS-like, since the
layers become decoupled, can only explain a small frac-
tion of the difference between theory and experiment.
The BCS-like temperature dependence suggests again
that the devices do not fully obey the model assumptions,
i.e., the dirty limit condition and the thin-S’-layer ap-
proximation.

For the normalization of the calculated critical-current
curves one has to take into account explicitly the strong-
coupling correction. The measured critical current
values at low temperatures are fairly well described by
the calculated values, corrected for strong-coupling
effects, although they are for nearly all devices systemati-
cally slightly lower. This difference is ascribed to factors
that decrease the critical current as, e.g., noise, RF in-
terference, and not-complete suppression/cancellation of
magnetic fields. Again we find that at higher tempera-
tures and with increasing d; the critical currents are
larger than predicted. The dashed curve in the main
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FIG. 11. Sum-gap voltage versus reduced temperature for
Nb/Al,, Al oxide, Al,/Nb junctions for d,=5 (%), 15 (), 25
(A), and 40 nm (0O). The inset gives the sum-gap voltage nor-
malized on the voltage at zero temperature.
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FIG. 12. Critical current versus reduced temperature for
Nb/Al,, Al oxide, Al,/Nb junctions for d, =5 (O), 15 (), 25
(A), and 40 nm (O). The inset gives the critical current nor-
malized on the current at zero temperature.

figure calculated with y ;=1 for the 40-nm junction
shows that a nonzero yz gives only a marginal increase
of I, at these temperatures. Thus a nonzero y value
cannot explain the differences between theory and experi-
ment. The inset shows the I.(T) curves normalized to
the critical current measured at about 1.4 K, the lowest
temperature in these measurements, being about equal to
I1.(0). For the junctions with the thinnest Al; layers
I1.(T)/I.(0) is close to the Ambegaokar-Baratoff temper-
ature dependence of a symmetrical junction with weak-
coupling electrodes (indicated by BCS). For the 40-nm
junction the temperature dependence deviates more from
the AB dependence and is described better by the prox-
imity model, as given by the curve labeled “40 nm.” We
see these aspects again as indications that the model as-
sumptions are not fully fulfilled by these devices.

In the foregoing we have shown that it is possible to
describe the various experimentally determined electrical
characteristics of the Nb/Al proximity junctions con-
sistently in terms of the microscopic proximity developed
in this paper, using only the proximity parameters v,, /d
and ¥ 3 /d as fitting parameters. The values of these pa-
rameters used are close to the values estimated from ma-
terial parameters. This supports the validity of the mod-
el. CVC, I .(T), and Vg(T) measurements have been de-
scribed simultaneously and consistently over the whole
temperature range T=0-T, and for a fairly large range
of proximity layer thicknesses with a proximity effect
model, using in essence only two parameters.

The discrepancies between theory and experiment, as
discussed above extensively, show how sensitive the elec-
trical characteristics are to any differences in the densities
of states, as, for example, due to long electron mfp’s (in-
stead of the dirty limit assumed in the discussed model)
or due to the violation of the thin-S’-layer approximation
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(used in this model). For a detailed quantitative descrip-
tion for these cases new models are needed.

VIII. CONCLUSIONS

A microscopic model of the proximity effect in a SS’
sandwich of two superconducting metals S and S’ (with
T.>T}) in the dirty limit has been developed, which is
applicable for thin S’ layers backed by a thick S layer and
for arbitrary transparency of the SS’ interface. The prox-
imity effect is described with three parameters: y,, and
v g» which are measures of the strength of the proximity
effect and the interface transparency respectively, and the
critical temperature ratio T.* /T.,.

In the limit of small y,, it is shown that the depen-

dence on TF/T. can be incorporated in effective
proximity parameters yT=a(T*/T.)y, and yS

:a( Tc* /Tc )YB

A very remarkable difference between the proximity
effect in SS’ sandwiches with that in SN sandwiches
(Tr=0) is that at all temperatures T (<T,), also for
T >T}, the order parameter in the S’ layer is nonzero,
contrary to the SN case, where Ay is always zero. This
effect causes large quantitative differences in the density
of states in the S’ layer, depending on the T* /T, value,
and consequently in the energy gap in the density of
states that is measured in the S’ layer.

For small y,, and nonzero yp (i.e., not perfect SS’ in-
terface transparency) the order parameter in S and S’ is
practically constant, as is required for the McMillan tun-
neling approach of the proximity effect. It is shown ex-
plicitly that in this case the equations can be recast in the
form of the McMillan model.

For large values of y,, and/or y 5 one sees qualitatively
the same behavior, namely proximity-induced supercon-
ductivity above a certain crossover temperature T*
(T.2T*>TY) and a nearly fully developed supercon-
ducting state for 7' < T* in the S’ layer.

Using the solutions of the order parameter and densi-
ties of states in both proximity sandwich electrodes the
electrical characteristics of SS'IS’’S Josephson tunnel
junctions have been calculated as a function of T"and v ,,,.
These characteristics show the typical features of experi-
mental curves as measured on, for example, Nb/Al junc-
tions. The most pronounced effects are the proximity
knee and decreasing sum-gap voltage and a current rise
at the sum gap which becomes more sloped with increas-
ing y,,.

The microscopic model was applied to describe the

energy-gap reduction in a series of Nb/Al junctions with
J

O,( o )=arctan(A,/®@) ,

@ sin©,(0)—A cosO,(0)
©:(0)=7v,,
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different Al-layer thicknesses of the base electrode (5-40
nm). In this way we determined the values y,, /d =0.032
nm ! and y5/d=0.025 nm~!. The estimate from ma-
terial parameters of the first parameter (0.021 nm™}) is
close to the experimentally determined value. The y 5 /d
value found is considered to determine an upper limit of
the SS’ interface potential barrier, giving D*=~0.21 as a
lower estimate of the interface transparency. The
current-voltage characteristics and the temperature
dependence of the sum-gap voltage and the Josephson
current were measured for all the junctions. These data
could be described quantitatively fairly well with the
model, using the small strong-coupling correction
Ay/kyT,.=1.93 for Nb and the y,, values, as determined
from the gap reduction, without any other correction
and/or scaling factors. The discrepancies found (a more
pronounced proximity knee and more BCS-like tempera-
ture dependence of the sum-gap voltage and critical
current than predicted for the junctions with the thickest
Al layers) are largely attributed to the facts that (a) the
metals of the junction are not fully in the dirty limit and
(b) the proximity layers are not thin compared to the
coherence length of the largest S’'-layer thicknesses, as re-
quired by the model.
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APPENDIX

In order to calculate A (x), A, ®,(w,x), and P(w) for
arbitrary values of v,,, ¥ 5, and T.* /T, the set of Usadel
equations (3) was solved numerically by a self-consistent
procedure, taking into account the boundary conditions
(5) and (9) and the relation (11). The Usadel equations in
the S region [Eq. (3)] are rewritten as

O, +A,cosO,; —&sin®, =0 , (A1)

T 2T & |

Ajn—+ > —sin®; (=0, (A2)
T, T.< |®

where the function ©; has been introduced by the rela-
tions @, =®tan®; and G, =cosO,. Here and in the fol-
lowing energies are normalized to 77, (indicated by the
tilde above the symbol) and distances to £F.

The boundary conditions for ©, are obtained from Egs.

(5) and (9):
(A3a)

(A3b)

{1+y3(@2+A %) +2y 5 [@cosO,(0)+AsinO,(0)]} /2’

The order parameter A in S’ is determined by the self-consistency Eq. (4b) and relation (11):

T T
+
Tr 2Tc 2

c n

Aln

(0]

L _sine(0) ]zo,

(A4)
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sin©,(0)+y A
tan© = AP TR . (AS)
cosO,(0)+y @
Equations (A4) and (AS) are combined to give
_ A cosO,(0)+yza 21717
AnL 2L s (8 S aNg L =0. (A6)
T T. < |@ sin©,(0)+yzA
The sum over n in Eq. (A6) can be rewritten as
a, - -
S =S+ f—T—r—], a7
e 5 f)d o [w 2+A 2]1/2

because for @ > Q,=(£*/d)* we have ®=A, i.e., ©=arctan(A /o). The symbol {-

sion in angular brackets in Eq. (A6).
Finally A is determined by the following recurrency expression:

2T fg cos®™(0)+yzm |* _1/2+9§x x (m
T, |9 sin@{™(0)+y zA (™ Y [&2+ (& mR]I/2

Z(m +1)—

In(T/T*)+Q2T/T,) S
0

} in Eq. (A7) denotes the expres-

(A8)

on the mth iteration step. Here Q,,, is some cutoff fre-
quency, Q... >Q,. According to BCS theory the largest
frequency that can occur is the Debye frequency Q,
thus Q_, =Q,.28

The order parameter in S, A;, is determined simultane-
ously from Eq. (A2):

ﬁmax
2T S sin®{™(x)
T. %

K(m+1)(x)= ¢

3 (A9)
2T max

1_7 2T -

n + > /e

c c 0

Thus Egs. (A8) and (A9) express A "+ and A" *V(x)
through @™, @ *1) and A on the mth iteration
step.

Solutions for O,

To solve Egs. (A1) and (A3) for ©; we use the lineari-
zation procedure
6,=06,+6,, (A10)

where ©; is a small correction on ©,, i.e., for each itera-
tion we calculate

e l=e(m+8, . (A11)

Equations (A1) and (A3) should now be solved for the
function ©,(x). Expanding cos©; and sin®; we obtain
for (A1) and (A3), respectively, the equations

0. +go(x)8,=—fo(x), (A12a)

6.(0)+x,6,(0)=—g, , (A12b)
where

8o=—&cosO,,—A,sinO,, , (A13a)

fo=06.+A,cos0,,—&sinO,, . (A13b)

At the boundary x =0 the constants x, and ¢, are given
by

Xo=—% P {®cosOy+A sinO
(A14a)
(A14b)

—y%p[@sinO®,,—A cosO,, 1%} ,
@0=06.—V . P(®sinO;,—A cosO,,) ,
where
p=[1+73(@*+A%)+2y (& cosO,y+AsinO,,)] /2.
(Al4c)

The scheme Eqgs. (A12)-(A14) is solved by the stan-
dard method of “forward elimination, backward substitu-
tion”’; see, for example, Ref. 40.
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