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Ab initio electronic-structure calculations and the CALPHAD-type analysis of experimental phase
diagrams and other thermodynamic information are known to give conHicting results for the enthalpy
of several metastable transition metal phases, e.g. , fcc W. We have simultaneously used o,b initio
total-energy calculations and the cluster expansion as well as CALPHAD methods in a study of the
Pt-W phase diagram. The ab initio calculations show that fcc W is dynamically unstable for
all long-wavelength shear modes at T = 0 K. Even if fcc W becomes dynamically stable at high
temperatures, the enthalpy of fcc W derived from CAI PHAD analyses cannot be compared with the
Ob initio enthalpy of fcc W without a detailed knowledge of the vibrational entropy. Further, we
show that the CALPHAD method can account for the phase diagram data and cb initio results for fcc
and bcc Pt-W alloys provided that a metastable fcc W phase is given an unusually large entropy.

I. INTR.ODU CTION

Ab initio electronic-structure calculations and the
CALPHAD method provid. e two main routes to the study
of cohesive properties of metals and. alloys. Both meth-
ods are now well established, and there are many at-
tempts at a comparison between them. Such work
shows that, although there is often a good mutual
agreement, there are also many examples of inconsis-
tencies that have not yet been resolved. When the
CALP HAD extrapolation methods have previous-
y1,4—6,10,11 been applied to W alloys, they yielded

thalpy differences LH "I' " between the bcc and fcc
pure W phases that are difIjLcult to reconcile with
LH "f "&om Ob initio calculations. Similar discrep-
ancies are found also for some other transition met-
als, notably Os and Ru. ' Recently, it has been noted.
that many of these systems showing discrepancies have
metastable phases that are also dynamically unstable
against shear. Then, as argued by Craievich and
Sanchez and Craievich et al. , one should not compare
the energy difference calculated ab initio with the en-
thalpy difference ("lattice stability" ) derived in standard
CALPHAD work. It is the purpose of this paper to further
study the relation between O,b initio electronic-structure
calculations and CALPHAD work, with particular empha-
sis on the vibrational entropy, through a detailed study
of the Pt-W system. There are several reasons why Pt-
W is chosen for this work. The phase diagram of Pt-W
is very s!mple (see below), with only fcc, bcc, and liquid
phases present. The thermodynamics of pure bcc W is
well understood. ' The concentration range of the fcc
phase field is the largest found for any binary W alloy,
which makes Pt-W a good. test case for the extrapolation

procedure in CALPHAD that predicts, e.g. , the enthalpy
H and the melting temperature Ty of fcc W.

Most previous comparisons of ab initio and
CALPHAD predictions of phase stabilities assumed. not
only that the nonstable phase is dynamically stable, but
also that its vibrational entropy is not very different from
that of the stable phase. It may be expressed by the
statement that the Debye temperatures are only weakly
dependent on the crystal structure. On this assumption,
it has been shown that ab initio and CALPHAD results for
the enthalpy of fcc W cannot be reconciled.

The ab initio calculations in the present paper not only
conf1rm the instability of fcc W at 0 K under the tetrag-
onal Bain distortion, but show that fcc W is unsta-
ble for al'l long-wavelength shear modes. Since the vi-
brational entropy of dynamically unstable phases cannot
be defined, there is a concentration range in the Pt-W
system where also the Gibbs energy of the fcc phase is
undefined, at least at low temperatures. The CALPHAD
analysis should then be carried out without any a priori
restrictions, e.g. , on the variation of the Debye tempera-
ture. We perform such an analysis, in a critical discussion
of the relation between quantities obtained in ab initio
calculations and in the CALPHAD fit to the Pt-W phase
diagram.

The outline of the paper is as follows. Our ab ini-
tio work in Sec. II f1rst uses full-potential linear-muKn-
tin-orbitals (FP-LMTO) total energy calculations and
a cluster expansion (CE) method to obtain the en-
thalpy of mixing for fcc Pt-W alloys of all concentrations.
Elastic constants and the frequencies of high-symmetry
Brillouin-zone-boundary phonons in bcc and fcc W are
obtained. The fcc W lattice is found to be dynamically
unstable for long-wavelength shear, which indicates the
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important role of the vibrational entropy as the W con-
tent is increased in the fcc Pt-W phase. In Sec. III we
perform a thermodynamic CALPHAD-type analysis of the
Pt-W phase diagram. A phase diagram is deterxnined
by the Gibbs energy G = H —TS, and this is the quan-
tity the CALPHAD method extracts from the experimental
data, while the ab initio electronic band-structure ap-
proach considers the enthalpy H and the entropy S as
separate quantities. We therefore study in detail how H
and S may covary in such a way that the good fit to the
phase diagram is preserved. Our work shows how crucial
it is to understand well the variation of S with the com-
position of the alloy. Section IV contains discussions and
conclusions.

II. ELECTRONIC-STRUCTURE CALCULATIONS
AND CLUSTER EXPANSION

A. Formalism of the cluster expansion

E(-,V) = E.(V)+):--E-(V)~-(-), (2)

E"(c,v) =E,(V)+) ) m(„~)E(„,)(V)
fr=1 g

x (1 —2c)".

It was suggested by Connolly and Williams that the
effective cluster interactions (ECI's) E in Eq. (2) can
be obtained if the total energies of a set of periodic struc-
tures are known. Suppose that (P) is such a set of struc-
tures. Then the following sum of squares has to be min-
imized with respect to the unknown ECI's E (V):

where the summation is restricted to the difFerent orbits,
4 (o ) is the average of the cluster function over its orbit,
and the empty-cluster term Eo(V) has been separated
out. For the disordered alloy the orbit-averaged cluster
functions all become 4 (cr) = (1 —2c)", and the total
energy is

The cluster expansion (CE) expresses any function
of the atomic configuration in multicomponent systems
in terms of series of independent cluster functions 4'
In the case of a binary alloy Ai, B„spinlike variables
o.; are associated with each lattice site i. They take the
values +1 or —1 depending on whether there is an atom
A or B on the site. The cluster functions 4 are then
de6ned as products of spin variables o» corresponding
to the vertices of the cluster n—:(pq, . . . , p ), i.e.,

(o) =—C (cd„.. . , op ) = o.p, .
harp

.

Clusters equivalent with respect to the space-group sym-
metry of the lattice are collected together in orbit8. The
orbits will be denoted by n—:(n, q), where n is the num-
ber of vertices and q enumerates the different orbits with
the same n. If the number of equivalent clusters per
lattice site is denoted by m, then the con6gurational
energy per lattice site can be expressed as

to = ) (u4, E(Q, V) —) m E (V)C (o)
Ck

2

E(g, V) = Eo(P) + [V —Vo(g )]
B(4)

B(P)[1+B'(P)]
[V V (~)]s

6Vo(Q) 2

where P refers to different structures. The volume de-
pendence of the ECI's is assumed to follow

where uy are suitable weighting factors. We 6nd that
diferent possible choices of u@ marginally afFect the ex-
tracted ECI's, and therefore we take ~~ ——1.

Tables I and II give the data on the ordered Pt-W
structures used to extract the ECI's for fcc and bcc Pt-W
alloys. The O,b initio calculated total energies are fitted
to polynomial equations of state,

TABLE I. Calculated enthalpies of formation A H, equilibrium volumes Vo, bulk moduli B, and
bulk derivatives B' of some of the face-centered-cubic Pt-W superstructures that were considered
in the cluster expansion Eq. (4).

Compo-
sition

Pt

Pt, W
PtW&
PtW
Pt3W
PtW3
PtW
Pt, W
PtW2
Pt, W
PtW,
Ptw
PtW

Struktur-
bericht

A1
Al
L12
Ll,
L10

D02g
ct 407)

Pl
P2
71
72
Llg
Z2

Pearson
symbol

cF4
cF4
cP4
cP4
tP4
tI8
tI8
tI8
tI6
tI6
oI6
oI6

hB32
tP8

Space
group

Fm3m
Fm3m
Pm3m
Pm3m

P4/mmm
I4/mmm
I4/mmm
I4g/amd
I4/mmm
I4/mmm

Immm
Immm
B3m

P4/nmm

Proto-
type
Cu
Cu

Cu3Au
Cu3Au
CuAu
TiA13
TiAl3
NbP

MoPtg
MoPtq
CU.Pt

&00
(mRy/atom)

0.0
39.9
-4.0
-0.8
-11.8
-20.1
4.19
-6.2

-20.4
1.4

-27.3
6.05
-4.4
-8.1

Vo

(a.u. ')
99.57
103.62
99.71
100.50
99.50
99.09
101.01
100.01
98.96
100.82
98.74
101.20
99.97
100.16

B
(Mbar)

3.17
2.83
3.29
3.25
3.35
3.40
3.20
3.30
3.35
3.22
3.43
3.22
3.28
3.26

Bl

5.50
4.69
4.97
4.37
4.25
4.73
4.46
4 39
4.50
4.47
4.55
4.35
4.51
5.03
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Space
group

Im3m
Im3m
Cmmm

P4/nmm
Pm3m
Fd3m

I4/mmm
I4/mmm

Fm3m
Fm3m

P4/mmm
P4/mmm

TABLE II. Calculated enthalpies of formation A H, equilibrium volumes Vp,
and bulk pressure derivatives B' of body-centered-cubic Pt-W superstructures.

Compo- Struktur- Pearson Proto- H Vp

sition bericht symbol type (mRy/atom) (a.u. )
pt A2 cI2 W 7.0 100.64
W A2 cI2 W 0.0 101.66

PtW Ag ot"8 p-IrV 7.1 101.07
Pt2W2 B11 tP4 p- TiCu 6.8 102.04
PtW B2 cP2 CsCl 25.7 102.79

Pt2W2 B32 cF16 Na Tl 5.6 101.20
Pt2W C 1lb tI6 MoSi2 -1.6 101.22
PtW2 Cllb tI6 MoSi2 24.9 103.11
PtqW D03 cF16 Bip3,Cs3Sb -0.3 101.04
PtW. Do, cF16 BiF3,Cs3 Sb 19.9 102.12
Pt3W L6p tP4 CuTi3 9.8 101.34
PtW3 L6p tP4 CuTi3 14.7 101.99

B
(Mbar)

2.98
3.11
3.15
3.08
3.07
3.15
3.19
3.00
3.16
3.03
3.06
3.05

4.93
2.14
3.89
4.06
4 44
4.74
4.55
4.91
4.60
4.83
4.77
4.73

bulk moduli B,

E (V) =E +E (V —Vp)+E (V —Vp)

+E (V —Vp),

where Vo is some suitable reference volume.

B. Electronic structure and ECI's of Pt-W

The O,b initio electronic-structure calculations have
been performed using the local density approximation
(LDA) and the full-potential linear-muffin-tin-orbitals
(FP-LMTO) method as implemented by Methfessel. 2P

The LMTO method employs a minimal basis set which
consists of site-centered Hankel functions, augmented in a
continuous and differentiable way by numerical solutions
to the radial Schrodinger equation inside nonoverlapping
muKn-tin spheres. Nonspherical and interstitial terms
are calculated using the fitting procedures described in
Ref. 20. We used the LDA exchange-correlation en-
ergy functional calculated by Ceperley and Alder and
parametrized by Vosko, Wilk, and Nusair. The basis
set contained s, p, d, and f orbitals from the LMTO en-
velope with the tail kinetic energy k = —0.01 Ry and
8, p, and d orbitals from the second LMTO envelope
with A: = —1.0 Ry. Test calculations performed with
larger basis sets showed that the total energies were con-
verged to about 1 mRy/atom with respect to the size
of the basis set. The core electrons were treated scalar
relativistically and the core charge density was recalcu-
lated in each iteration. The nonspherical terms of the
potential and charge density were expanded in spherical
harmonics up to l „=6. The number of k points was
chosen so as to roughly correspond to 344 and 328 points
in the irreducible parts of the Brillouin zones of simple
fcc and bcc structures, respectively. To accelerate the
convergence an artificial thermal broadening by 5 mRy
of the electronic states near the Fermi level was used.

Uniform changes of volume are the only structural
relaxations of periodic Pt-W structures studied in the
present work. Changes in the total energies caused by
deviations of c/a ratios and interatomic distances &om
their ideal values are not expected to affect considerably

the total energies of alloys if the constituents have rather
small atomic size mismatch, which is the case in Pt-W.
We have tested the effects of the c/a relaxation in the
case of the fcc-based 110 structure at a fixed lattice pa-
rameter a = 7.35 a.u. The total energy was lowered by
8E = 1.7 mRy/atom when the c/a ratio changed &om
the ideal value y 2 to the equilibrium c/a = 1.52. In
the tetragonal "40" and D022 phases the corresponding
changes were much smaller than in the Ilo phase. Since
the objective of this work is the fcc-bcc enthalpy differ-
ence for W, i.e. , a quantity AHr"~b" = 40 mRy/atom,
we neglect these relax@tions.

Since the enthalpy curve for fcc Pt-%' alloys is highly
asymmetric around c = 2, it was expected that many
ECI's would have to be included in the CE [Eq. (2)] in
order to reproduce it. Indeed, it was found that a very
large set of periodic structures was needed to extract re-
liable values of the ECI's. The set of ECI's in Table III
was selected after considering a hierarchy of fits to the
ab initio equations of state &om Table I. The total ener-
gies of ordered structures were reproduced with a root-
mean-square error of 0.4 mRy/atom. The data given
in Table III show that the absolute values of the ECI's
generally decrease with the atomic volume, since the or-
dering energy vanishes in this limit. For fcc Pt-W alloys
the ECI's corresponding to triplets and quadruplets are
about as important as the pair ECI's. However, no im-
portant Gve-site ECI's were found, which suggested that
the CE [Eq. (2)] could be truncated after the quadruplet
terms. The large positive nearest-neighbor (NN) pair in-
teraction suggests strong ordering tendencies, which are
enhanced in the Pt-rich alloys by the substantial linear
triplet ECI E~3 4~. It is worth noting that the ECI E~3 4)
is considerably larger than that of the NN triangle E~3 i~,
which differs from results obtained in other systems
where E~3 ~~ and E~3 4~ were approximately equal. Sim-
ilarly, the ECI of the tetrahedron of nearest neighbors
E~4 q~ is also smaller than those of the irregular tetrahe-
dron E~4 2~ and the square of nearest neighbors E~4 3~.

Figure 1 shows the enthalpies of formation of the dis-
ordered Pti W alloy and of the periodic structures
considered in the present study. Several ordered struc-
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FIG. 1. The calculated cb initio enthalpies of formation
of periodic fcc (filled diamonds) and bcc (empty diamonds)
Pt-W superstructures. The continuous and dashed lines rep-
resent the enthalpies of formation of configurationally disor-
dered fcc and bcc Pt1 W alloys.

conjunction with some approximations for the configu-
rational entropy, such as the cluster-variation method. or
Monte Carlo calculations, one could calculate the entire
Pt-W phase diagram kom first principles. However, we
do not present such results here since we expect that the
vibrational entropy S ' plays a crucial role as the W-rich
side of the phase diagram is approached (see Sec. IV), and
it is still unfeasible to calculate S ' for alloys &om first
principles. Further, the experimental phase diagram is
well known only close to the melting temperatures and
no ordered structures are established.

The results for the bcc-based Pt-W alloys are system-
atized in Tables II and IV and in Fig. 1. The NN pair
interaction is strongly negative, causing a tendency to-
wards phase separation. The convergence of the CE is
rather fast, since already the quadruplet interactions are
small. As in the case of fcc alloys, the linear triplet ECI
E(3 3) is very large and positive. Prom Fig. 1 we conclude
that it is never energetically favorable to form disordered
bcc Ptq W at T = 0 K. The existence of a narrow
bcc phase field at high temperatures can be attributed
to configurational entropy effects.

tures are found to have lower enthalpies of formation
than the configurationally disordered alloy, and therefore
are likely to appear as the temperature decreases. The
body-centered. orthorhombic p1 phase, which is actually
observed in the Mo-Pt system, has a particularly low en-
thalpy of formation. This phase is not included in the
recommended Pt-W phase diagram, and we predict that
it should appear at low temperatures.

The ECI's given in Table III allow one to parametrize
the configurational energetics of fcc Pt-W alloys. In

C. Calculations of elastic constants and
zone-boundary phonons

Recent ab initio studies suggest that fcc W is
mechanically unstable with respect to tetragonal dis-
tortions. Therefore we have performed extensive cal-
culations of elastic constants and some zone-boundary
phonon modes of fcc and bcc W. A cubic structure
has three independent elastic moduli. They can be

TABLE III. The effective cluster interactions for fcc-based Pt-W alloys, as defined in Eq. (6)
with Vo ——100 a.u. .

Multiplicity E Q2 Q3

Symbol Coordinates

@(0,1)

E(i il (000)

ma

-6.1 -0.02 0.112 0.002

-22.7 0.44 -0.004

(mRy) (mRy/a. u. ) (mRy/a. u. ) (mRy/a. u. )

@(2,1)

E'(g gl (000), (100)

2.1

0.4

-0.04

E(2,3) (000), (1—,
'

—,') 0.0

E(2 4) (000), (101)

E(2,5)

E(3,1)

E(3 2)

@(3,3)

@(3,4)

E(4,1)

@{4,2)

&(4,3)

(000), (301)

(000), (-', —,'0),

(000), (-'0-'),

(000), (-'0-'),

(000), (1 0 i ),

(000), ( —0 —),

(000), (-,'0-', ),

(-.'o-'. ), (o-.'-,')

(100)

(101)

(-,'-,'o) (o-,'-'. )

(i i 0), (100)

(-.'1-', ) (1-,' -,')

12

-0.1

0.2

0.05

-0.4

1.6

-0.4 0.01

-0.01

0.02
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TABLE IV. The effective cluster interactions for bcc-based Pt W alloys, as defined in Eq. (6)
with Vo ——101.5 a.u. .

Multiplicity E Q2 Q3

&(2,i)

&(2,2)

(ooo) (-.'-.'-,')
(000), (100)

E(2 3) (000), (101)

Symbol Coordinates

E(o,i)

E(1 1) (000)

ma

7.7

-10.84

-2.0

0.01

0.22

0.03

0.104

0.003

0.001

0.002

0.4

(mRy) (mRy/a. u. ) (mRy/a. u. ) (mRy/a. u. )

E(2,4) (000), (2 2-', ) 12 -0.25

E(2,s) (000), (111) 0.6 0.01

E(3,i)

@(3,2)

E(3,3)

&(4,X)

E(4,2)

(000), (-,'-,'-,'),
(ooo), (-.'-,'-,'),
(ooo), (-,' -,

'
-,'),

(0oo), (-,'-,'-,'),
(000), (-,' —,

'
—,')

(100)

(1o1)

(-,' -,
' =,'), (1oo)

(-,'-,' =,'), (»0)

12

12

0.3

0.2

2.0

-0.2

-0.02

obtained from the curvatures of the total energy as a
function of the lattice distortions described below. The
bulk modulus B = s(Cii + 2C12) gives the second-
order changes in the total energy upon uniform com-

pression, B = V v, . The tetragonal shear constantg2 Q

C' =
2 (Cii —Ciz) is calculated as

C' = —lim b~E/p,3 p —+0

where b~E is the strain energy induced by the following
shear:

o 0)
0 e-»' 0
0 0 e~)

(8)

The third independent elastic constant C44 can be calcu-
lated from

tremely sensitive to the size of the LMTO basis set, the
accuracy of the k-point summations is very important.
Our calculations used k meshes with 256 points in the
irreducible parts of the Brillouin zones of bcc and fcc lat-
tices, while a Gaussian smearing of 5 mRy was applied
to each electronic state. We chose the k meshes of the
distorted lattices such that in the case of zero distortion
the undistorted k mesh of cubic symmetry was recovered.

Table V summarizes the results. The calculated
phonon &equencies and elastic constants of bcc %' are
within 8070 of the experimental data. For fcc W our cal-
culations confirm that the elastic constant C' of fcc W
is negative, which implies a dynamical instability

TABLE V. The calculated elastic constants and longi-
tudinal (L) and transverse (Ti,T2) phonon frequencies at
zone-boundary points H, N, X, and L in fcc and bcc W at
V = 103.37 a.u. .

C44 ———lim /)~E/p,=1. 2

2 y —+0
(9) bcc W

if the applied monoclinic shear is given by

o
1 0

Eo 0, ',, )
Zone-boundary phonon frequencies were obtained using
the "&ozen-phonon" method. ' The total energies of
frozen-in phonon configurations of the lattice are cal-
culated and the phonon f'requencies are obtained from
the resultant energy-displacement curves. Since the en-
ergy difFerences involved are of the order of 1 mRy/atom,
a relative accuracy of approximately 0.01 mRy/atom is
usually required. Although the strain energies are not ex-

fcc W

Elastic constants (Mbar)
(+11 +12)

C44
Phonon frequencies (THz)

L(&)
I(N)
Ti (N)
T2 (N)

Elastic constants (Mbar)
2 (+11 +12)

&44
Phonon frequencies (THz)

L(X)
T(X)
L(L)
T(L)

Theor.

1.78
1.55

5.38
6.88
4.73
4.09

-2.32
-2.56

6.65
2.82
6.89
1.04

Expt.

1.638
1.631

5.5
6.75
4.40
4.15



51 PHASE STABII.ITIES IN THE Pt-W SYSTEM: 10 369

with respect to tetragonal distortions. Furthermore, we
find that the C44 elastic constant of fcc W is also nega-
tive, which causes all long-wavelength transverse phonon
&equencies to be imaginary. Therefore fcc Wis dynami-
cally unstable upwith respect to all lattice deformations cor
responding to acoustic shear modes. However, it is seen
&om Table V that zone-boundary phonon frequencies of
fcc W are real and of the same magnitude as in bcc W,
except for the soft T(L) mode with a substantially an-
harmonic character. This behavior implies a strong and
unusual wave-vector dependence of u» being negative
only in part of the Brillouin zone, close to q = 0. We
suggest that this explains why a previous first-principles
study of the vibrational properties of transition metals
did not find anomalies in the second moment (u ) of the
frequency spectra of fcc W. Consequences of negative C'
and C44 for the vibrational entropy, S„;b (1n~), will
be discussed in more detail in Sec. IV.

III. THERMODYNAMIC ANALYSIS

A. De6nitions and models

account for the interaction between atoms of Pt and W
in the phase P. They were assumed to be independent of
temperature. This approximation makes G identical to
the enthalpy of formation of the phase from the elements
with the structure P at all temperatures.

B. Enthalpy of formation of fcc W at 0 K

It has previously been suggested ' ' that the dis-
crepancy between ab initio and CALPHAD values for the
structural enthalpy difference for the stable and nonsta-
ble modifications of an element might be due to the use
of low-order polynomials in the concentration variable,
when the excess functions of the solution phases are de-
scribed. This point has not previously been adequately
discussed and we therefore consider in some detail various
Btting procedures that can be used. Lacking direct mea-
surements of the heat of formation for fcc Pt-W, we shall
rely on the enthalpy of formation data obtained &om the
cluster expansion as described below. Using the models
in Sec. IIIA we write the enthalpy of formation of the
fcc Pt-W alloy from fcc Pt and bcc W at 0 K as

G:zpt Gpt. + Xw Gw +' RT(zpt ln zpt + &w» &w)

(»)
R is the gas constant, T the temperature, x, is the atomic
fraction of the element i (i = Pt, W), and G, is the Gibbs

energy of the pure element i in the structure P. The G~
values were referred to the enthalpies H,. of the stable
(st) forms of the elements i at To ——298.15 K and Po = 1

bar. The functions G, (T) — H; for the stabl. e phases
of W (P = bcc or liquid) and Pt (P = fcc or liquid) were
taken from Refs. 11 and 29. The remaining parameters,
Gpt' and G~fc', describe the nonstable modifications of

W and Pt. They were related to the stable forms as

G~ —G~:A~ B~T

Gpt' — Gp~ ——Apt —Bpt T.

(i2)

The linear expressions on the right sides of Eqs. (12)
and (13) will be referred to as "lattice stabilities, " in ac-
cordance with the CALPHAD convention. The constants
A; and B, represent enthalpy and entropy differences be-
tween the nonstable and the stable forms of the elements
i. They are discussed below. The last term in Eq. (11)
is the excess Gibbs energy G~ which accounts phe-
nomenologically for the nonideal behavior of the phase

It was treated in the subregular-solution approxima-
tion of the Redlich-Kister power series,

G~ = ~p~~w['L~+ 'L~(*p~ —~w)]. (14)

The composition-independent parameters I& and I@

The Gibbs energy per mole of atoms, G~, of the phase
P (with P = bcc, fcc, or liquid) of the Pt-W system at high
temperatures was described by a substitutional solution
model,

= &wAw+ xptxw[ L + I (xpi —xw)]. (15)

Equation (15) was fitted to the data obtained from the
ab initio cluster expansion of the heat of formation. Fig-
ure 2(a) shows that our AH" (solid line) agrees well
with the input CE values (filled triangles). In particu-
lar, our fit gives Aw = 38.5 mRy/atom, to be compared
with our ab initio calculated structural energy difference
40 mRy/atom. In order to test how sensitive this re-
sult is to the extent of the composition range covered
by the input enthalpy values, we repeated the fit when

5Q I I I I I I

40 (a)

30-

20-
E

10-

Q

10-

-20-

(b

-30
I I I I I I I

0 0.2 0.4 0.6 0.8
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FIG. 2. (a) The enthalpy of formation of the fcc Pt-W
phase (AH ") obtained from the ab initio cluster expansion
(CE) calculations (filled triangles). The solid line represents
a subregular-solution fit [Eq. (15)] to the CE enthalpy values.

(b) Aw versus the error sums in a series of fits to CE en-
thalpies of formation. The symbols refer to thermodynamic
estimates of the structural enthalpy difference A H~ by
Kaufman and Bernstein (Ref. 1, filled triangle), Gustafson
(Ref. 11, filled square), Saunders, Miodownik, and Dinsdale

(Ref. 5, filled diamond), and the upper bounds to A Hw'
according to Grimvall, Thiessen, and Fernandez Guillermet
(Ref. 4, star) and Fernandez Guillermet and Hillert (Ref. 6,
empty triangle).
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including LH" values only up to x~ ——0.75. The Bt-
ted LH" reproduces better the input information, but
the enthalpy difFerence for fcc W, 26 mRy/atom, is sig-
nificantly lower than the theoretical value. The reason
is that the fitted function of Eq. (15) has an inflection
point at xiv = 1/2+ (1/6)( L/ L), which for certain oL
and L yields a decrease in the slope of AH" vs x~
before reaching x~ ——1. The risk for such a behavior
increases when L and L are determined from a lim-
ited composition range and one cannot monitor the Gt
at large W contents. We conclude that a Redlich-Kister
low-order polynomial can represent well the ab initio re-
sults for the heats of formation (see Fig. 2), but without
additional information in the range of x~ not covered
by experiments, the extrapolation to pure fcc W would
depend critically on the amount of information included
in the fit. As a consequence, the CALPHAD method does
not usually adopt such an extrapolation to estimate A.~.

An alternative procedure is to vary systematically
Aiv in a series of fits of Eq. (15) to the experimental data
in the region where fcc is a stable phase, and display A~
as a function of the error sum. When the error sum
has its minimum, one recovers A~ from the first type of
Bt above. However, the alternative method gives more
insight since it allows one to judge what is the range of
A~ values that would lead to an acceptable fit. This
procedure was tested by performing systematic fits to
the ab initio CE values for the enthalpy of formation.
at 0 K, covering the range 0 & x~ & 0.65. The error
sum (in arbitrary units) is plotted versus the assumed
Aw value in Fig. 2(b). It is evident that the best flt to
this set of LH" values is obtained when A~ is about
18 mRy/atom. This value agrees with the most recent
fcc-bcc enthalpy differences for W obtained in CALPHAD-

type analyses. '

to pure W. Since the information available is not enough
to determine both interaction parameters we let Lb" =

L—".Then the excess Gibbs energy G " [Eq. (14)I
vanishes when 2;pt ~ 1. This ensures that the bcc phase
will not become stable when approaching pure Pt, where
the structural enthalpy difference between bcc and fcc is
relatively small (see above).

Equation (ll) was used to describe the liquid phase,
with both L 'q and L 'q treated as free parameters. It
remains to discuss the fcc phase. L" and L" and
the lattice stability of fcc W described by Eq. (12) were
free parameters, determined by the best 6t to the phase
diagram. Since the temperature range covered by the
experimental information is rather small, we could not
let both Aw and Bw in Eq. (12) vary freely. Instead
A~ was varied systematically in a series of fits where
B~ and the interaction parameters for the fcc, bcc, and
liquid phases were determined by minimizing the sum
of the squares of the differences between experimental
and calculated values of the equilibrium boundaries. In
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C. Analysis of the Pt-Vf phase diagram 40— (b)

The Pt-W phase diagram has been determined only
above 2000 K, which comprises fcc + liquid, fcc +
bcc, and bcc + liquid two-phase equilibria. The fcc +
bcc + liquid three-phase equilibrium at 2733 K is also
well established. At about 1673 K some intermedi-
ate phases have been detected, and it is accepted that
they do not form from the liquid. Since the informa-
tion available is not enough to establish their equilibrium
boundaries or thermodynamic properties, they were ex-
cluded from the present analysis. Experimental informa-
tion on the fcc + liquid, fcc + bcc, bcc + liquid, and fcc
+ bcc + liquid equilibria was analyzed using Eq. (11) for
the Gibbs energy of each solution phase and Eqs. (12)
and (13) for the nonstable forms of W and Pt.

Since our main concern in this paper is the structural
enthalpy difference for W, we fixed the properties of Pt
as follows. Apt ——7.02 mRy/atom was taken from our ab
initio calculations. Lacking theoretical or experimental
information to determine B'pq, which is related to the
entropy of bcc Pt, we adopted a somewhat larger entropy
in the fcc phase and assumed Bpt ———0.2B. ' The bcc
phase is stable in a very small composition range, close
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PIG. 3. (a) The Pt-W phase diagram calculated in the sub-
regular-solution approximation and mith the fcc W lattice sta-
bilities given by Aw = 19.2 mRy/atom and Bw = 0.8R.
Symbols denote experimental data according to Ref. 34
(squares) and Ref. 36 (triangles). (b) The enthalpy of for-
mation AH" of the fcc phase in the Pt-W system, versus
composition. The solid line represents values calculated from
the thermodynamic description. Triangles represent the en-
thalpies of formation from ab initio CE calculations.
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FIG. 4. The structural enthalpy difference A~ between fcc
and bcc W, versus the corresponding entropy difference B'~
at high temperatures, obtained from systematic fits to the
Pt-W phase diagram. The three Riled symbols refer to ther-
modynamic estimates, as in Fig. 2.

IV. CONSEQUENCES OF A DYNAMICALLY
UNSTABLE fcc W

A. Possible dynamical stabilization of fcc W
at high temperatures

The ab initio results of Sec. IIC show that fcc W
is dynamically unstable at T = 0 K against all long-

a second series of fits, B~ was varied systematically and
A~ was determined in the optimization.

In Fig. 3(a) we compare the calculated (solid line) and
the experimental phase diagram data (symbols) for the
optimum parameters when B~ ——0.8R. This fit gives
Aw = 19.2 mRy/atom, which is about half of the ab
initio enthalpy difFerence between fcc and bcc W. Fig-
ure 3(b) shows that significant discrepancies exist be-
tween the ab initio LH "and the values extracted inde-
pendently from the phase diagram.

A set of related A~ and B~, calculated in the way just
described, is summarized in Fig. 4. An essentially linear
relation is obtained, suggesting that a further increase in
B~ would bring the thermodynamic predictions based
on the phase diagram into good agreement with ab initio
fcc-bcc enthalpy difFerence for W. This idea was tested
in a fitting procedure, where all ab initio LH" val-
ues were included together with the phase diagram data,
while both A~ and B~ were treated as free parameters.
Then we obtained Aw = 32.6 mRy/atom, and accounted
approximately for AH "(xw) in the whole composition
range. However, the entropy difFerence B~ ——1.42B was
large enough to make fcc W more stable than bcc W
at high temperatures. This contradicts the experimen-
tal fact that bcc is the only stable form of W up to the
melting point. ~~

We conclude that the subregular-solution analysis of
the Pt-W phase diagram leads to enthalpy-of-formation
values which approach (but still do not reach) the ab
initio results only if one accepts a large entropy difFerence
between fcc and bcc W.

wavelength shear deformations. If such an instability
remains for fcc W at all temperatures, there will be a
concentration range in the Pt-W system where the vi-
brational entropy, and hence also the Gibbs energy, of
the fcc phase is undefined. However, there is also a
possibility that the lattice becomes dynamically stable
at high temperatures, so that the thermodynamic func-
tions are well defined. Such a case is exemplified by, e.g. ,
bcc Zr which is known to be dynamically unstable at
low temperatures, but it also is the observed equilib-
rium phase between 1139 K and its melting point 2128
K. If fcc W shows an analogous behavior, it results
in an entropy that has a strong and unusual temperature
dependence. Also the enthalpy has a strong and anoma-
lous temperature dependence since H and S are coupled
through the heat capacity. Hence, ' the enthalpy de-
rived in a standard CALPHAD extrapolation for a phase
that is dynamically unstable at T = 0 K should not be
uncritically identified with an ab initio value referring to
0 K, even if the phase becomes dynamically stable at
high temperatures. In order to rely on phase diagram
data in a prediction of the enthalpy of a metastable (and
dynamically stable) phase, it is essential to have inde-
pendent knowledge about the vibrational entropy.

B. Consequences of instability
for the phase diagram

We now argue that even if fcc W is dynamically un-
stable at all temperatures, one ' may introduce a hy-
pothetical metastable fcc W phase that serves as an end
point in the extrapolation of the Gibbs energy for fcc Pt-
W alloys. This is possible because the vibrational entropy
S;b does not diverge as one approaches the alloy concen-
tration of dynamical instability. Hence the Gibbs energy
has a smooth behavior and can be represented by the
CALPHAD ansatz. It is sufBcient for our discussion to ne-
glect anharmonic efFects. The high-temperature expan-
sion of the vibrational entropy S;b, expressed in terms
of the density of states F(w) for the phonon &equencies
4)) 1S

&max fk~TI 1 f Ru ~'
~ ib I"B 1+»

I
I

+ —
I

0 ~ n & 24 qk~T~

+ F 4) CL(d . (16)

As one approaches a dynamical instability, I" (w) in-
creases for small ~ However, t. he integral in Eq. (16) is
convergent unless I" (w) diverges as w, with n ( —1 for
small u. Normally S;b increases smoothly and tends to
a finite value (see the Appendix). We have already noted
the diKculty in separating the two parts of the Gibbs
energy, H and —TS, using a CALPHAD fit to the phase
diagram data. Suppose that we have somehow managed
to obtain S;b, and found that it varies significantly as a
function of alloy composition. Since S;b is an integrated
quantity over the phonon density of states, one cannot
distinguish between a dynamical instability and an over-
all softening of lattice vibrations &om the knowledge of
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S;b alone. It follows that the phase diagram per se has
no feature which is accessible to CALPHAD analyses and
which reveals the presence of a dynamical instability.

C. A can, PHAD treatment of the ab initio results

It is essential for the thermodynamic approach to
postulate the dynamical stability of a nonstable phase.
Its entropy is described in the CALPHAD approach by
Eq. (12). However, for reasons mentioned in Sec. IV A,
this expression will not describe well the actual entropy of
a high-temperature metastable phase and hence cannot
be extrapolated to T = 0 K. Since the thermodynamic
anal. yses aim at the Gibbs energy of a phase, G = 0—TS,
an inaccurate treatment of the vibrational entropy will,
generally speaking, give an enthalpy that does not cor-
respond to the physical enthalpy. This explains why a
standard CALPHAD treatment of the Pt-W phase diagram
data in Sec. III C yields enthalpies of fcc Pt&,W, which
disagree with the ab initio results [cf. Fig. 3(b)]. Fur-
ther, Fig. 3(a) shows that these calculations predict a
6nite solubility of Pt in bcc W at low temperatures. We
consider that this prediction is an artifact of the Gtting
procedure due to insufBcient experimental data at low
temperatures.

In an attempt to make the best use of the Ob initio
data, we include them in a CALPHAD fit, as if they were
available experimental data. The excess Gibbs energy" was described by a three-term Redlich-Kister3
polynomial and +Gb" was treated by using Eq. (14),
but allowing L and I to vary linearly with the tem-
perature. In addition, the possibility of a large entropy
difference AS~' "

was accounted for empirically by us-
ing a linear relation between A~ and B~, as suggested
by Fig. 4. Ab initio enthalpies of formation of fcc alloys
for 0 & x~ & 0.95 and of bcc alloys for 0 & x~ & 1 were
considered.

Figure 5(a) shows that the calculated Pt-W phase di-
agram accurately reproduces the experimental data at
high temperatures. Furthermore, Fig. 5(b) demonstrates
that the ab initio enthalpies of formation of bcc Ptq
are accurately reproduced by the subregular-solution fit.
The enthalpies of formation of the fcc phase agree very
well for x~ up to 0.9. As expected, this calculation
yields an enthalpy difference between fcc and bcc W
which is lower than the ab initio enthalpy difference,
i.e. , Aw = 33 mRy/atom, and an entropy diff'erence
B~ ——1.396'; cf. Sec. III C, where the slightly larger
B~ ——1.42B was found to stabilize fcc W at high tem-
peratures. We conclude that O,b initio total energy data
can be used successfully in a CALPHAD modeling of the
Pt-W phase diagram.
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culations of enthalpies of formation at 0 K and vibra-
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FIG. 6. The quantity S s in Eq. (Al) as a function
of the elastic constants C' and C44. The bulk modulus
B = s (Cqq + 2Cqq) has been set to a constant value,
B = 3 Mbar. The continuous line has been obtained by set-
ting C44 ——1.65 Mbar and varying C', the dashed line by set-
ting C' = 1.65 Mbar and varying C44, while the dash-dotted
curve refers to C' = C44. Note the logarithmic scale on the
abscissa.
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type analysis. The main objectives of the study have
been the serious discrepancies between the ab initio and
CALPHAD enthalpy difFerences of fcc and bcc
We established that, contrary to some previous
suggestions, ' ' the CALPHAD approach has the mathe-
matical Qexibility to account for the variation of the en-
thalpy of formation as a function of composition in the fcc
Pt-W system. Next we have found, in accord with some
other studies, that fcc W is dynamically unstable
at low temperatures with respect to all long-wavelength
transversal shear modes. The vibrational entropy there-
fore becomes very important in the W-rich side of fcc Pt-
W, and we argue that it cannot be properly accounted
for in a CALPHAD-type analysis. Thus we conclude, in ac-
cord with Craievich and Sanchez and Craievich et al. ,
that the enthalpy of metastable fcc W as deduced from
a CALPHAD Gt to the experimental data, should not be
compared with the ab initio enthalpy at 0 K. However,
we suggest that the CALPHAD analysis yields parameters
for hypothetical metastable phases which are useful in
modeling multicomponent systems. We finally note that,
although lattice instabilities seem to be present for many
systems with large discrepancies between CALPHAD and
ab initio enthalpies, ' bcc and fcc Fe provide an exam-
ple where the phases are dynamically stable but the ab
initio values of the enthalpies '45 still disagree with the
thermodynamic results.
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and C44. When T & OD, the important contribu-
tion of a phonon mode (q, A) to the vibrational entropy
is proportional to the logarithm of the frequency [cf.
Eq. (16)j, which gives for the acoustic modes S„;b(q, A) oc

in~(q, A) oc inn&(q). v~(q) is the sound velocity, q =
q/q, and A = 1, 2, 3 labels transverse and

longitudinalbranches. This contribution is divergent when v~(q) -+ a
The total vibrational entropy due to all long-wavelength
modes will depend on the following integral:

dOqS b oc — ln v ~ (q) v2 (q) vs (q)3 47t
(AI)

2+o., (q, —qp, ) (A2)

Consider the terms in S;b containing inn(q), in the
vicinity of qo. They contribute to S;b a term propor-
tional to

2 2» *(q* —qo*) +~. (q. —q»)

The dependence of S~b, Eq. (Al), on the two elastic
constants C' =

2 (Cqq —Cq2) and C44 is shown in Fig. 6.
We see that if only one of the elastic constants tends to
zero, the vibrational entropy has a finite limit. In order
for the vibrational entropy to show a weak logarithmic
singularity, both C' and C44 must tend to zero simul-
taneously. However, in a real and gradually changing
phonon spectrum, the first modes that become unstable
represent only an infinitesimal part of all phonon modes.
Therefore the vibrational entropy does not diverge but
has a limiting value as the critical alloy composition is
approached.

We next argue that S;b is convergent also in the case
when the instability arises for a phonon mode of finite
wave vector qo. Assuming u(qo) = 0, we expand the
phonon &equencies near qo as

2 2~(q) = ~* (q- —qo*) + ~~ (q. —q»)

APPENDIX

Consider the long-wavelength limit of lattice vibra-
tions in a cubic crystal with elastic constants Ciz, Cq2, which is convergent.

+~. (q. —q")' d'(q —qo) (A3)
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