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The electronic structure and conductivity in a model approximant Al«Cu3pCoy4 of decagonal
quasicrystals Al-Cu-Co is presented theoretically. As in most quasicrystals and approximants, the
density of states exhibits a well pronounced pseudogap at the Fermi level, commonly attributed
to the Hume-Rothery phenomenon. Prom the local density of states and band dispersion, wave

functions of eigenstates at the Fermi level are analyzed. They are very Sat bands, located on
a speci6c group of atoms, and of p-d symmetry. This suggests the importance of hybridization
between transition metals and aluminum in quasicrystals. The intraband electronic conductivity
at T = 0 K, calculated in Boltzmann theory, agrees quantitatively with experimental values. Its
temperature dependence is also discussed. The strong anisotropy of decagonal phases has a crucial
e8ect on all aspects of the electronic structure and then on transport properties and stability.

I. INTRODUCTION

The decagonal (d) quasicrystals form a new class of
anisotropic materials with a crystalline axis perpendicu-
lar to a quasiperiodic plane with fivefold symmetry. This
phase includes metastable (Al-Mn, Al-Fe, Al-Pd) and
stable (Al-Cu-Co, Al-Ni-Co, Al-Pd-Mn) decagonal sys-
tems. Since the discovery of the first stable decagonal
phase in Al-Cu-Co systexn many experimental investiga-
tions have been performed to understand their structures.
Now, several structural models have been proposed (for a
review of models of d phase, see, for instance, Ref. 2), but
the real atomic positions are not completely established.

Many quasicrystals are closely related to crystalline ap-
proximants with similar composition. For instance, the
d-phase A170Cui5Co20 is stable at high temperatures and
at reduced temperatures it transforms to microcrystalline
structure composed of one or more approximants of large
unit cells. 3'4 Local orders in quasicrystals are expected to
be similar with those in their crystalline approximants. 5

This is the case for the d-phase Al-Cu-Co and the crys-
talline phases rl-AlisCo4 (Ref. 6) and AlqCo2. Then the
study of crystalline approximants can give useful results
to understand the quasicrystalline properties in itself.

The origin of quasicrystalline stability, as well as the
importance of phasons and other defects in it, is still
an open question. Nevertheless real aluminum based
quasicrystals are commonly considered as Burne-Rothery
alloys. They are stabilized when the number of conduc-
tion electrons per atom is such that the Fermi sphere
touches the pseudo-Jones zone constructed by several
principal peaks of difFraction pattern. Consequently, the
density of states (DOS) exhibits a well pronounced val-
ley, called pseudogap, in the vicinity of the Fermi energy
E~. This pseudogap was observed experimentally.
The width of the pseudogap is 0.03—0.08 Ry. ' More-
over, the electronic structure of icosahedral (i) approx-
imants consists of a set of very spiky peaks of a width

of 0.001 Ry, called "spiky structum" which originates
from long-range correlated cluster packing and the high
symmetry of clusters. o ii This fine structure of the DOS,
characteristic of quasicrystals, seems less important in
stability but should be crucial for transport properties.

The electrical transport properties have been stud-
ied intensively. For review articles, see Refs. 14 and
15. Very low conductivity, increasing conductivity with
temperature, strong composition dependence of trans-
port coefficients, anomalous Hall conductivity, thermo-
electric power, diamagnetic susceptibility, and optical
conductivity have been observed in the stable i phases
Al-Mn-Si Al-Cu-Fe Al-Cu-Ru and Al-Pd-Mn
Recently, a very low conductivity at low temperatures,
much smaller than the minimum metallic Mott value, was
reported in a stable i-Al-Pd-Re. In particular, in the
case of the d phase, transport properties of metastable
Al-Mn (Ref. 20) are similar to those of the amorphous
phase, and anisotropic transport has been measured in
several stable phases. For d-Al-Ni-Co and d-Al-Cu-
Co, ' ' the ratio of the electrical conductivity along
periodic and quasiperiodic directions ranges &om 4 to
12. The conductivity along quasicrystalline directions in-
creases with temperature as in the stable i phase. But the
temperature dependence along the crystalline direction
depends on the composition. Anisotropic behaviors are
also found in thermal conductivity, Hall conductivity,
and thermoelectric power measurements.

The origin of the abnormal behaviors of perfectly or-
dered icosahedral and decagonal quasicrystals is still not
clear. Experimentally, temperature and magnetic-field
dependence of conductivity at low temperatures in i qua-
sicrystals seems to be well described by quantum interfer-
ence effects. In the two-dimensional quasiperiodic
lattice the competition between localization and delo-
calization due to nonperiodicity and self-similarity of the
lattice seems to lead to a new kind of wave functions,
called critical states, as in a one-dimensional Fibonacci
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lattice. Recently, Mayou et al. proposed a new ex-
planation of the temperature dependence of transport
properties in terms of interband transitions. Theoretical
calculations of transport properties based on the cal-
culated band structure show that the spiky structure of
the density of states is very essential for absolute value of
transport and its abnormal temperature and randomness
dependence.

Despite several theoretical investigations, ' the
contribution and the importance of transition met-
als (TM's) in quasicrystalline properties are not com-

pletely understood. New experimental measure-
ments ' show the remarkable role of TM ions in qua-
sicrystals in electrical conductivity and Hall e8ects. In
i-Al-Cu-Fe and i-A1-Mn, it is known &om soft-x-ray
and photoelectron spectroscopic measurements~2 that d
states of TM's are present at the Fermi level and are
strongly hybridized with the 8p states of Al. The Hume-

Rothery pseudogap of the conduction band is also ob-
served in d band. This is in good agreement with ab initio
calculations performed in crystalline approximants
and Hume-Rothery alloys32 containing TM's.

In this paper we present the calculated electronic struc-
ture and conductivity in a hypothetical approximant of
d-Al-Cu-Co: A166Cu3OCoq4. Electronic structure of this
approximant is calculated self-consistently by the linear-
muffin-tin-orbital method in an atomic sphere approx-
imation (I MTO-ASA). Crystalline structure and the
density of states of the studied approximant are presented
in Secs. II and III. Then, &om these results, we analyze
the nature of the wave functions (Sec. IV) and the effect
of anisotropy (Sec. V) in the decagonal quasicrystal. In
Sec. VI, former considerations are used to discuss trans-
port coeScients in approximant and decagonal phases.

II. STRUCTURE AND COMPUTATIONAL
DETAILS

We study a hypothetical approximant A166CuaoCoy4
of decagonal phase Al-Cu-Co. This crystal is an ap-
proximant "of the quasicrystalline structure proposed by
Burkov for decagonal Al-TM's, which was constructed
on the basis of x-ray-diRraction and high-resolution
electron-microscopy data. 9 The structure, shown in
Fig. 1, can be viewed as a periodic approximant of a bi-
nary tiling decorated by large and small clusters centered
on the odd and even vertices, respectively, of the binary
tilling. In the original model by Burkov, the Cu atoms
are treated as TM atoms, but during calculation Cu and
Co sites have to be distinguished to get a stable self-
consistent electronic structure (see Sec. III B). The space
group of the approximate crystal is the face-centered-
orthorhombic Cc2m. The centered face contains two

pseudoquasiperiodic axes and is perpendicular to the
pseudoperiodic axis. In the following, to simplify the
notation, the pseudoquasiperiodic axes and pseudoperi-
odic axis will be respectively referred to as "quasiperi-
odic" axes and "periodic" axis. Each unit cell contains
13.0 atoms distributed among two equivalent layers per-
pendicular to the periodic axis. Lattice parameters of

~ ot a

FIG. 1. Atomic structure of the model approximant
A166Cu3QCo&4. The periodic axis is perpendicular to the fig-

ure. The dashed lines show the unit cell, two arrows show the
vectors (a+ b)/2 and (a —b)/2, where a and b are the basis
vectors of the Bravais lattice (see text in Sec. II) . In a unit cell,
110 atoms are distributed on two pseudoquasiperiodic layers:
white atoms on z = 0, and black atoms on z = c/2. Circles
are aluminum sites, triangles copper sites, and squares cobalt
sites. The binary tiling is shown with lines. Larges clusters
(three shells) and small clusters (one shell) are centered, re-

spectively, at odd and even vertices of the tiling.

the orthorhombic lattice are a = 31.8848 A, b = 23.1656
A, and c = 4.12328 A. . There are two equivalent large
clusters, two equivalent small clusters in a unit cell, and
no glue atoms. A large cluster contains 40 atoms dis-
tributed on three shells: 10 Co atoms on the inner shell,
10 Al atoms on the middle shell, and 20 Al plus 14 Co
atoms on the outer shell. A small cluster is a single shell
of five Al and Gve Co atoms, centered by one Al atom.

Self-consistent calculations are performed using 45 k
points in a 1/8 reduced Brillouin zone. The number of Ic

points in the reduced Brillouin-Zone is chosen so that its
increase does not change significantly the resulting elec-
tronic structure. For all kinds of atoms, Al, Cu, and Co,
s, p, and d states are included during the self-consistent
procedure. In a unit ce'.1, there are two large vacancies V,
located at the center of the large clusters. Only s and p
states of these vacancies are included in the calculation.
The radius of the overlapping atomic sphere is chosen
to have a small charge transfer (less than 0.25 electrons
per atomic sphere) and only small overlap between two
spheres. For the calculation the radius Cu, Co, and V
spheres are 1.40 A. , 1.35 A, and 1.68 A. , respectively. The
radius of most of the Al spheres is 1.55 A. , but we adopt
atomic spheres of 1.40-A radius for 10 Al atoms in a unit
cell, which have one erst neighbor atom of a distance
shorter than the others.

III. DENSITY OF STATES

A. Total density of states

The DOS in A166Cu30Coq4 is shown in Fig. 2. At low

energies (less than —0.5 Ry) the DOS is of the free elec-
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erwise, the system would be energetically unstable. In
the present calculation of AlgsCu3QCO]4 approximant we
can easily distinguish two kinds of almost-equivalent Co,
Co(La), and Co(Lb), with very different LDOS. That can
be understood qualitatively with a simple model devel-
oped to study nearly free electrons coupled with d impu-
rity. The main result of this model is that both effects of
sp electrons scattered by the lattice and sp-d hybridiza-
tion lead to DOS depending on TM positions. In ap-
proxirnants of quasicrystal —and then in quasicrystals-
containing transition metals, whereas the scattering of
sp-electrons by the Bragg planes is important, such DOS
and stability dependence on TM atomic position should
be crucial.

FIG. 2. Total density of states (DOS) and integrated DOS
in Alq6Cu30Co&4. The Fermi energy E~ is indicated by a
vertical line. IV. NATURE OF WAVE FUNCTIONS

tron s band of Al. This is also confirmed Rom the energy
dispersion curves E(k). The main peak in DOS is a d

peak of Cu and its right shoulder is a d peak of Co. The
self-consistent Fermi energy E~ is —0.057 Ry, the d peak
of Cu is located between —0.40 Ry and —0.23 Ry, and the
d peak of Co between —0.25 Ry and —0.13 Ry. A large
pseudogap is formed near the Fermi level. This pseu-
dogap, commonly observed in several quasicrystals, is
due to the electron scattering by the Bragg planes of a
pseudo-Jones zone constructed by the principal peaks of
diffraction pattern. This phenomenon, known as Hume-
Rothery mechanism, stabilizes the quasicrystalline struc-
ture (see Sec. I).

B. Local density of states

The 110 atoms in a unit cell of the approximant are
classified into 29 inequivalent types. These atomic types
can be grouped into several kinds of almost-equivalent
atoms, which have similar local DOS (LDOS). In the
large clusters we find 2 vacancies V, 20 copper atoms
Cu(L), 54 aluminum atoms Al(L), 14 cobalt atoms, 6
Co(La)atoms located between two large clusters, and 8
Co(Lb) atoms near small clusters, per unit cell. In the
small clusters we find 12 aluminum atoxns Al(S) and
10 copper atoms Cu(S) per unit cell. The LDOS's are
rather different in large and small clusters, as presented
in Ref. 40. Indeed, atomic orbitals are more strongly
hybridized with each other in the large clusters than in
the small clusters. The origin of this mixing is the high
local symmetry or contacting arrangement in large clus-
ters. Strong hybridizations could also exist between some
Al(S) sp bands and Co(L) d bands or Cu(S) d bands. On
the other hand, the main peak of LDOS in small clusters
is located at lower energy than the main peak in LDOS in
large clusters. These two points claim to consider smaO
clusters as a kind of "glue clusters" stabilizing the net-
work of large clusters.

Another important point is the crucial effect of transi-
tion metals (Co) on the DOS, which makes us choose
the present set of positions of Cu and Co atoms. 0th-

In this section, we discuss in great detail the nature of
the wave functions at the energies near the Fermi level.
As we focus on the energy range in the vicinity of the
Fermi level, s states of aluminum have no strong effects.

A. Strong p-d hybridization

The partial LDOS around EF on difFerent kinds of
atoms in percentage of the total DOS are shown in Fig.
3. The LDOS on Al sites have essentially p symmetry
and LDOS on Co sites have d symmetry. Furthermore,
the rather large value of d LDOS on Al sites should be
stressed. Al d LDOS at low energies and in the vicin-
ity of E~ is not actually Al 3d electrons, but the d-

syrnmetric tail of Al neighbors with overlapping atomic
spheres. More details about the role of Al d states are
given elsewhere. Total DOS at the Fermi level is mainly
p(A1) 30'%%ua, d(Co) 24%% and d(AI) 16%. Analysis of com-
ponents of the wave functions around E~ shows that
most of the wave functions are similar and result from
strong hybridization between atomic orbitals in sixnilar
proportion of p(A1), d(Co), and d(A1) to the total DOS.
Together with this strongly hybridized character, the dis-
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FIG. 3. Partial average local density of states (LDOS) on
Al, Cu, and Co sites. Partial LDOS are given in percentage
of the total DOS.
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To summarize, considering E(k) curves and partial
DOS, a large number of eigenstates consists of a linear
combination of A, B, and C bands. These eigenstates
have p-d symmetry together with a small dispersion and
are located on specific groups of atoms (about 25 atoms
in the case of AlssCuMCoq4).

C. Fermi surface

It is very interesting how the Fermi surface is in qua-
sicrystals. Upon the Hume-Rothery point of view, the
electrons near Fermi energy are strongly scattered by
the Bragg planes of the pseudo-Jones zone. Stability
is achieved when the Fermi surface touchs the pseudo-
Jones zone. The resulting Fermi surface is very spheri-
cal with a hole at the center of the facet of the pseudo-
Jones zone. Experimental investigations from Hall effect
measurementsz4 seem to agree with this analysis.

Froxn a self-consistent band structure we draw a sec-
tion of the reduced Fermi surface in the first Brillouin
zone of AlssCuMCoq4 in Fig. 6. As for E(k) curves, the
points of the Fermi surface are actually calculated but
curves linking them are just guided by eye. In the free
electron case [see Fig. 5(c)], the equivalent figure consists
of a set of arcs of circle with the same radius Such .arcs
of circle can be found in the LMTO Fermi surface, for
instance those drawn by full lines in Fig. 6. Many bands
seem to be parallel to the k -k„plane, but some points
of the LMTO Fermi surface cannot be fitted by an arc of
circle. This leads us to conclude that a number of bands
are not free- (or nearly-free-) electron-like, such as the
proposed ones drawn with a dashed line. A future study
should be to investigate the shape of the Fermi surface
of quasicrystals.

V. EFFECTS OF ANISOTROPY

The strong anisotropy of the decagonal structure
has an important efFect on electronic properties. This
anisotropy is easily seen in the E(k) curves (Fig. 5).
Indeed, bands in the quasiperiodic directions (I'S and

Z ~ ~ x x

x

I

t

SP) have a very small dispersion compared to those
in the periodic directions (I'Z). In fact, the bands in
the quasiperiodic direction are very much dispersionless
and similar to those found in a two-dimensional Penrose
lattice. 2 In the two-dixnensional case, the very small
band dispersion leads to a very spiky DOS. Further-
more, in an infinite periodic limit, the quasiperiodic lat-
tice causes exotic energy spectrum and wave functions.
But in the present case this spikiness of the DOS, which
should result from the two dimensional quasiperiodic
layer, is strongly attenuated or smeared by the eH'ect

of the periodic direction. Indeed, in periodic direction
(I'Z) the dispersion is very large as compared with the
quasiperiodic directions (I'S and SP), and the number of
bands at the same energy is larger in quasiperiodic direc-
tions than in periodic direction. For instance, the Fermi
level crosses over one band along the directions I'S and
SP, whereas it crosses over about 12 bands along I'Z.

Usually decagonal quasicrystals Al-Cu-Co and Al-Ni-
Co have two quasiperiodic layers in a periodic unit along
the periodic axis, the c axis. Then, the periodicity along
c axis is about 4 L. In other decagonal phases, 2 c period-
icity can be 8 A. (d-Al-Co and d-A1-Ni), 12 A. (d-Al-Mn
and d-A1-Pd-Mn), 16 A (d-Al-Pd and d-A1-Cu-Fe), 24
A. and 36 A, corresponding, respectively, to 4, 6, 8, 12,
and 18 layers. Here it should be mentioned that icosa-
hedral quasicrystals can be regarded as a special case of
infinitely long c period. The most anisotropic case is two
layers. In d-Al-Cu-Co and d-Al-Ni-Co, two layers seems
necessary to be more stabilized to some extent. A possi-
ble preliminary explanation from the E(k) curves of the
approximant in d-Al-Cu-Co is as follows. Considering
free-electron bands [Fig. 5(c)] along the periodic direc-
tion (for instance, along I'Z, but it is also true along
other periodic directions), bands of the C class are lo-
cated in the vicinity of the quasiperiodic axis enclosing
the I' point near the Fermi level. So the density of bands
is not uniform along periodic direction (for instance I'Z).
That comes directly from the presence of only two lay-
ers. In the cases of four layers or more, the C bands
spread more uniformly along periodic directions because
the number of C bands is proportional to the number of
quasiperiodic layers in the periodic unit. The bands lo-
cated near the I' point at E~ contribute less to the DOS.
As consequence of the nonuniform density of bands along
the periodic direction in the two-layer case, compared
with four or more-layer cases, a Hume-Rothery pseudo-
gap near Z should be more easily open in the two-layer
case than in other cases. Then, for some specific com-
position and structures, it seems possible for decagonal
phases to be more stable with two layers in periodic di-
rection than with four or more layers. This seems to be
the case in d-Al-Cu-Co and d-Al-Ni-Co.

x
x x

X

x x
Q

FIG. 6. Section of the Fermi surface of Alqecu30Coq4, cal-
culated &orn LMTO E(k) curves, in the layers (F, Q, Z).
Points are the calculated ones of the Fermi surface, and lines
are guided by eye (see the text).

VI. TRANSPORT

A. Resistivity ai T = 0 K

The transport coeKcients are calculated in the Boltz-
mann theory from the LMTO self-consistent band struc-
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temperature. The theoretical ratio pq&/Ioz is 5, whereas
experimental ratios fiuctuated Rom 4 to 10 with composi-
tion and structural quality. The large difference between
p„and pqp is mainly due to the small energy dispersions
along the quasiperiodic directions compared with the pe-
riodic direction (see Sec. V).

It is interesting to remark how the shape of resistivity
as a function of the Fermi energy can be understood by
the analysis of the E(k) curves (Fig. 5). Above —0.06 Ry,
p„decreases with the Fermi energy because bands along
the periodic direction become more Hat. Below —0.1 Ry,
bands along the periodic direction are also more fiat com-
pared with bands around —0.06 Ry, and then pz increases
with Fermi energy. On the other hand, the increase of
pqp above —0.04 Ry is due to an increase of the number
of bands, whereas their Batness does not change signi6-
cantly. Below —0.04 Ry, pqp is almost constant. Another
important remark is the fact that the Hume-Rothery
pseudogap {Sec.IIIA), shown with an arrow in Fig. 7,
has no direct effect on conductivity along quasiperiodic
and periodic directions.

FIG. 7. (a) Total DOS in the vicinity of E». Resistivity
Iactually the value of (n jm')] at T = 0 K, calculated in Boltz-
mann theory from LMTO electronic structure; (b) shows re-
sistivity p„along periodic, and (c) shows resistivity pqp along
two quasiperiodic directions I'Q (x) and I'Y (no marks).

ture as in the previous work. Figure 7 shows conduc-
tivity calculated in periodic and quasiperiodic directions
as a function of the Fermi energy in a rigid-band scheme.
In this Ggure the self-consistent Fermi level is shown by
the vertical line. A small variation of atomic composition
can shift the Fermi energy EF and then sensitively the
absolute values of transport coeKcients. Unit of con-
ductivity here is the effective (n/m'), where n is the
effective number of electrons per unit cell and m' the
effective mass. The intraband conductivity can be cal-
culated by the formula, cr = (n/m')Ar ~, where {njm*)
is directly deduced from the self-consistent band struc-
ture (Flg. 7), 0 ls the uIllt cell size of AlgsCuspCoy4,
0 = (tzbc)/2 = 1522.80 As, and 7 is the scattering
time. In quasicrystals, the notion of scattering time is
not very clear. We do not claim to solve this question
here but in the case of an approximant —especially the
case of a relatively small approximant —the scattering
time can be de6ned. Scattering time of pure crystalline
Al is 6.5 x 10 s (at 77 K), a typical value for amor-
phous is 10 s, and analysis of conductivity at low
temperatures in quasicrystals in terms of the quantum
interference effect gives a scattering time of 10 s
in several icosahedral quasicrystals. For the approxi-
mant Al66Cu30Co14 one can expect a scattering time
between 10 and 10 s. Considering a scattering
time of 10 s, the resistivity (p = o ) along the pe-
riodic direction p„and quasiperiodic directions pqp are
p„= 69 pBcm and pqp 340 @Oem. These absolute
values are comparable with experimental results.
For instance, Martin et ol. found, in d-A165Cu15Co20
phase, p~ = 32 pO cm and pqp: 341 piOcm at very low

B. Temperature-dependence of resistivity

Experimentally, 1 2 a large anisotropy has been
found in temperature-dependent transport in decagonal
quasicrystals. Along the periodic axis the resistivity p„
is metallic and increases with temperature over the en-
tire temperature range. The behavior of p„ is qualita-
tively accounted for by the semiclassical Bloch-Gruneisen
theory electron-phonon scattering in d-Al-Cu-Co and d-
Al-Cu-Ni. On the other hand, in most experimental
results, the resistivity in quasiperiodic planes pqp de-
creases with temperature, sometimes with a saturation
at low temperature, and in few results pqp increases with
temperature. This behavior was interpreted in terms of
phonon-assigned tunneling, z~ or in terms of multiphonon
scattering.

The energy difference between bands at the Fermi
level is about 0.001 Ry along the I'S and SP directions.
Therefore, the temperature increase can easily smear out
several different bands and electron transport on the
quasiperiodic plane can be enhanced so this mechanism
ran be assisted by electron-electron inelastic scattering.

VII. CONCLUSION

In this paper, we presented the self-consistent elec-
tronic structure in an approximant of decagonal qua-
sicrystals A166Cu30Co14. The atomic structure was pro-
posed by Burkov for decagonal Al transition metal, and
we have to distinguish Co and Cu sites to get a stable
electronic structure.

The resulting electronic structure is characterized by
two principal aspects. First a Burne-Rothery pseudo-
gap, due to the diffraction of conduction electrons by the
lattice, is created near the Fermi level. The correlation
between atomic structure and electron valency per atom
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stabilizes the alloys, but does not have an important ef-

fect on electrical conductivity. Second, wave functions of
eigenstates at the Fermi energy result essentially from a
strong mixing of Al p- and Co d-atomic orbitals. They
have very Bat energy dispersion and are located on a spe-
cific group of atoms. Such an unusual character of wave
functions is essential to understand the abnormal trans-
port properties observed in quasicrystals at T = 0 K and
at finite temperatures.

Based upon the self-consistent band structure in
A166Cu3QCoq4 and Boltzmann theory, the calculated in-
traband conductivity at T = 0 K is in good agree-
ment with experiments. At finite temperatures, inter-
band transition between Hat bands separated by a few

mRy should dominate the conductivity.
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