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We introduce a semimicroscopic discrete-state model appropriate to the orientational glass
phase in mixed alkali halide cyanides with (111) equilibrium orientations of the CN~ ions, such
as K(CN);Bri_. The order-parameter fields are defined as symmetry adapted combinations of
the occupation number operators along the cubic body diagonals, which transform according to
the T34 representation of the cubic group. These interact via an infinite-range random interaction
in the presence of quenched local random strains. We then use the replica formalism to derive a
replica-symmetric solution for the components of the orientational-glass order parameter, the lin-
ear susceptibilities, and the elastic compliances. The high-temperature orientational-glass phase
is characterized by an isotropic order-parameter matrix with only the diagonal elements g, being
nonzero. At high temperatures, the behavior of the order parameter ¢ = Z“ g, /3 is similar to that
of an Ising spin glass, however, at intermediate and low temperatures the two models differ signif-
icantly. We also derive the instability line Ts(A) separating the replica-symmetric isotropic phase
from the low-temperature anisotropic orientational glass phase, which is characterized by broken
replica symmetry. In contrast to the random-bond-random-field model of an Ising spin glass, the
instability temperature increases with random-field variance, implying that in quadrupolar glasses
replica-symmetry breaking may be relevant already at relatively high temperatures. Finally, an
expression for the distribution of local strains related to the NMR line shape is derived. It is also
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shown that the quadrupolar glass order parameter can be determined by NMR.

I. INTRODUCTION

Orientational-glass ordering which occurs in mixed al-
kali halide cyanides such as K(CN),Br;_, is character-
ized by frozen-in random orientations of the quadrupolar
axis of CN~ ions. There is a large body of experimental
data regarding the equilibrium and dynamic properties
of these and similar crystals,! in which the nonspherical
CN~ ion is randomly substituted by a spherical ion, e.g.,
Br—.

In quadrupolar glasses of the above type, the interac-
tion between the quadrupoles is mediated by the elas-
tic deformations of the fcc center-of-mass lattice. The
sign of the pair interaction energy depends on both the
mutual orientation of the quadrupole tensors and their
orientation with respect to the bond vector. In a dis-
ordered system, the signs are expected to alternate ran-
domly, implying that the interactions are frustrated, and
as a result the quadrupolar axes freeze in random dis-
crete orientations. Thus an orientational-glass phase ap-
pears for concentrations z below a threshold value =z,
which for K(CN).Br;_, is found to be close to 0.7.2 For
0.7 < £ < 0.9 a ferroelastic first-order phase transition
from the cubic to a rhombohedral phase occurs. For
0.9 < £ < 1 another first-order cubic-to-orthorhombic
phase transition characterized by a ferroelastic long-
range order occurs, similar to the one in pure KCN.?
In K(CN),Br;_, the phase diagram is strongly asym-
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metric with respect to z; i.e., the glassy phase is found
down to very low CN~ concentrations with progressively
smaller values of the transition temperature. Ultrasonic
measurements® in the glassy phase suggest that the lat-
tice remains effectively cubic down to the lowest temper-
atures. The transition into the glass phase is associated
with an anomaly in the shear compliance. The freezing
temperature Ty can be estimated from the experiments
of Hessinger and Knorr,* who observed the splitting be-
tween the field-cooled and zero-field-cooled linear elastic
susceptibilities in K(CN),Br;_. It was further found by
NMR on a closely related system Na,K;_,CN (Ref. 5)
that above the freezing temperature the NMR lines are
broadened, indicating that the orientational-glass order
parameter remains finite at all temperatures, similar to
the dipolar glasses® where the presence of local random
fields was found to be responsible for the appearence of
noncooperative order above the nominal transition tem-
perature. Analogous conclusions were also reached by
neutron scattering experiments? on K(CN);Bri_,. Thus
random local strains appear to be an essential feature
which should be included into any realistic model of
quadrupolar glasses.®

By measuring the nonlinear elastic susceptibility xni,
of K(CN).Br;_,, Hessinger and Knorr® found a scaling
behavior xni, ~ (T' — TnL) ™", where Ty, roughly co-
incides with the freezing temperature Ty. This gives a
strong indication that random interactions do exist in
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these systems along with random strain fields, since the
latter alone could not produce a diverging nonlinear re-
sponse. Below T} a remanent strain was observed,* which
disappears on approaching T%, in full analogy with the re-
manent magnetization in magnetic spin glasses.'® More-
over, the time dependence of the remanent strain shows*
a nonexponetial decay, which again is a characteristic
feature of spin glasses and related systems.

Theoretical concepts relevant to the subject of
orientational-glass ordering and the results of numerical
simulations on these systems are summarized in a recent
review by Binder and Reger.!! In general, two classes
of models have been studied: (i) models characterized by
continuous orientation of the quadrupolar axis,'? and (ii)
discrete-state models.'® The complexity of a theoretical
description of the orientational-glass phase lies in the fact
that in general the fluctuation field is a m-dimensional
tensor of rank 2. For instance, in the case of continuous
symmetry models with m=3, the orientational-glass or-
der parameter is a 6x6 matrix. In mixed alkali halide
cyanides, however, the CN~ quadrupoles cannot rotate
freely due to the strong hindering potential generated by
the neighboring ions. Thus the crystal-field anisotropy
will invariably reduce the number of possible orientations
of the quadrupolar axis to a discrete set of states, which
correspond to the minima of the anisotropy potential on
a mezoscopic scale.!3 In a cubic crystal these can lie along
the cubic axes (100), body diagonals (111}, or face diago-
nals (110). As shown by Vollmayr et al.!® (to be referred
to as VKZ), the discrete-state equilibrium orientations
of the quadrupolar axis along the (100), (111), and (110)
directions can be described by the s-state Potts model,
with s = 3, 4, and 6, respectively.

In the present work we focus on a discrete-state model
appropriate to the case of (111) equilibrium orientations
of the quadrupolar axis. We investigate the orientational-
glass phase for a range of concentrations x just below the
threshold value z. = 0.7, i.e., in the vicinity of the ferroe-
lastic rhombohedral phase, where the sample-averaged
shear strains disappear; however, they are expected to be
locally nonzero giving rise to local random strain fields.
We start from the VKZ (Ref. 13) representation of dis-
crete occupation numbers N;,, where p = 1,2,3,4 la-
bels the four (111) states. In contrast to earlier mod-
els, however, we explicitly include at the outset both
an isotropic random-bond interaction of the VKZ type
and a set of local random strain fields. In general, local
random strains can be represented by their irreducible
symmetry components, which couple linearly to the or-
der parameter field. Thus a set of symmetry-adapted
linear combinations of N;, appears as a natural choice
for the appropriate order parameter fields, which—like
the random strains themselves—transform according to
the T, representation of the cubic group. An extension
of the present approach to the cases of (100) and (110)
equilibrium orientations appears straightforward, but is
rather tedious in view of the algebra of the appropriate
order-parameter fields, and will be discussed in a future
publication.

The organization of the paper is as follows: In Sec. II
we introduce the model and by using the replica the-
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ory derive an expression for the averaged free energy. In
Sec. III, the replica-symmetric solution is obtained and
the temperature dependences of the orientational-glass
order parameter, the linear susceptibilities, and the shear
compliances are calculated numerically. We also derive
an analytic expression for the local shear strain distri-
bution. In Sec. IV we investigate the stability of the
isotropic symmetric solution against replica-symmetry-
breaking fluctuations. Finally, Sec. V is devoted to a
discussion and a short summary of the results.

II. DISCRETE-STATE MODEL
AND MEAN-FIELD THEORY

A theoretical model capable of describing the
phase transition into the orientational-glass phase in
K(CN)_Br;_. crystals can be set up by first introducing
the orientational degrees of freedom—i.e., the orienta-
tions of the uniaxial-quadrupole axis—which are linearly
coupled to elastic strains. On a semimicroscopic scale the
lattice remains cubic in the orientational-glass phase. For
simplicity, we will assume that each lattice site is occu-
pied by a discrete-state quadrupole, and that these are
interacting via randomly frustrated long-range interac-
tions. For concentrations z in the vicinity of the ferroe-
lastic rhombohedral phase, the predominant quadrupo-
lar axis orientations are along the cubic body diagonals
(111). In this case the orientational degrees of freedom
can be adequately represented by the occupation num-
bers N;,, where p=1, 2, 3, 4 labels the cubic body diago-
nals at lattice site i. By definition, N;,=1 or 0 and thus
(Nip)? = N;p. Following VKZ we assume that the inter-
action J;; is isotropic in the discrete-state representation;
i.e., we write the quadrupolar Hamiltonian including a
random-field term in the form

4 4
Ho = _% Z 2; JijNipNjp — Z lehi#A#pNip-

ij p= i p=1 p
(1)

Here J;; are random interactions and h;, are random
fields due to local random strains, which are generated
by the disorder,® with A,, representing a set of dimen-
sionless coupling coefficients. In general, the components
h;, will transform according to the irreducible represen-
tations I' of the cubic Oy, group. In the present problem,
however, the occupation numbers N;;, restrict the space
of u{l'} to Ay, and T3, representations only. Thus we
may introduce a set of symmetry adapted variables Z;,
at each lattice site, namely,

Ziy. = ZAypNip ) (2)
p

where the matrix A, is given by the following explicit
relations:

Zy=N1+N; —N3—N,, (3)
Z2=N2+N3—N1"N4’ (4)
Z3=N3z+ N; —N; — Ny, (5)

Zy=Ni+N;+Ns+ N, . (6)
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Here we have dropped the site indices ¢. Clearly, the
Aqg component is Z4 = 1 in view of the closure relation
SpNip = 1. Thus Z,,Z,,Z3 are the only three non-
trivial components of the order parameter, which trans-
form according to the T, representation. The algebra of
Z,,p=1,2 13, is from Egs. (3)-(5) given by

2,2y =0py — Zx(1 = 0,0) (1 — )1 = 0p) . (T)

It may also be noted that E = N; + Ny + N3 —
3Ny # 1.
In terms of Z, variables the orientational part of the

Hamiltonian can be rewritten as

3 3
o= ‘% Z > JiiZinZ;, - Z;hiuziu - (8)

G =1

The total Hamiltonian
Hr =Ho +Hz+ He (9)

includes in addition to the quadrupolar Hamiltonian
(8) the elastic energy He due to propagating acoustic
waves, and the interaction between the acoustic waves
and quadrupoles, Hz. These are given by the following
two expressions:

He = vo Z [ (C11 + 2C12)€l

(Cu — Cr2) (el + €23)

1
+ 2044(634 +els + e?e)] ) (10)

3
Hr = ’yz Z Zip€ipnts - (11)
1 p=l1

Here v is the unit cell volume and e;, are the corre-
sponding symmetry components of the strain tensor € at
site 7. In the present case, only the shear components
€4 = €y, €5 = €, and eg = €, couple to Zy, Z,, and
Z3, respectively, all with the same coupling constant .
The third-order and higher anharmonic terms not in-
cluded in H¢ are not expected to play an important role

n _ /BJO @
27 = Traexp | G0 > (zz )

1
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WLy (e )

ur  af

for the orientational-glass transition, which according to
the experimental results remains continuous, in contrast
to the ferroelastic transition which is first order.? Obvi-
ously, in the present model only the elastic constant Cyq
will be directly affected by the orientational-glass order-
ing. In general, however, third-order terms in H¢ do exist
and will lead to a weaker softening of the elastic constant

14
Ci1 — Chra.

A. Mean-field theory of the orientational glass

In order to discuss the equilibrium properties of the
orientational glass phase we first apply the replica for-
malism to the subsystem described by the Hamiltonian
(8), ignoring for the moment the interactions with the
elastic degrees of freedom. The effects of orientational
freezing on the acoustic properties will be discussed in
Sec. I1I.

Within the standard replica approach, one writes down
the averaged partition function of the n-replicated Hamil-
tonian and subsequently takes the n — 0 limit in order
to find the free energy as

Ly B =1 (12)

where the averaged partition function is

n 1 x (o3
[Z ]av = Tr,,exp EIBZZJ Z‘lMZ]I-‘
a ij,p
+522hiuza)] , (13)
a ip av
and [--:],, denotes a joint random average over the

probability distributions of random bonds J;; and ran-
dom fields h;,. As usual, we assume that these dis-
tributions are Gaussian and uncorrelated. Their first
and second moments are given by [Ji;]av = Jo/N and
[, ]]zw = J/4/N for random bonds, and by [hilav = 0
and [hl;thju]av = Ad;; 5,“, for random fields, respectively.
The trace in Eq. (13) is over all possible values of Zs.
After performing the Gaussian averages in Eq. (13) we
have apart from a constant:

+ —ZZZ;Zg : (14)

u af

The quadratic forms in the above expression can be decomposed in order to achieve an effective single-site Hamiltonian

by introducing two sets of field variables,

G2 =5 Z z3.2,,

,a#B, Pi(Z

:%]_Zz;;. (15)

Then the trace in Eq. (14) can be evaluated by constraining the above expressions to constant values q"‘ﬂ and P"

respectively, and integrating over all possible paths of (jﬁ‘f

(Z) and Pﬁ‘( ). The constraints are imposed by mtroducmg
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two sets of Lagrange multipliers 72 and AS. Using the appropriate measures D[),], D[r,. ], D[P,], and D|g,,] we
can write

21y = [ DI [DI0) [ Dld] [ Dlr]exp [—N; (3aPz - gober)

3
X exp —NZ Z ( rabgel — ﬂsz(“’ﬂ) ) + Z,@ZJan

wv aZf

+1InTr, exp ZZ’\?‘ZZ‘“LZZE reB 7270 + ZZAZZZ;;ZZ : (16)
pa af ip

ur aFfB i

[
In the limit N — oo, the integrations over §.., Tu.,

2 . . aﬁ = ﬁsz a57 (19)

P,, and A, can be evaluated using saddle-point meth- W
ods, which is equivalent to replacing §,., Tuy, P, and
Ay by their stationary values. These are Ae = BILPS, (20)
qﬁ‘f =N Z Z;Zﬂ (17)  where

Jo=Jo+BJ%. (21)

P — 1 (Z2) (18) By inserting the saddle-point values (19) and (20) back

# N Z wh into Eq. (16) and returning to Eq. (12), we finally obtain

the formal result for the free energy per particle f =
representing the order parameters in the problem, and BF/N:

3 -
f=-30°J - limn ‘?11,% ——ﬂJ';( ﬁZngazﬁ )’
+ InTrpexp | 8753 ZEP2 + ﬂZJZZZ( ﬂ+A5”,) 7278 |\ . (22)
Mo uy a#B

Here we have introduced the notation A = A/J2.

Using the algebra of Z,, [cf. Eq. (7)], the terms in Eq. (16) proportional to 32J% with a = 3 have been combined
with the quadratic term proportional to 8Jo, thus renormalizing the interaction parameter Jo according to Eq. (21).
In the following we will consider the case |J§| < J, implying that long-range order is absent. As discussed later, the
above condition is satisfied in the range of temperatures and concentrations which is of interest experimentally.

III. ISOTROPIC REPLICA-SYMMETRIC ORIENTATIONAL-GLASS PHASE

In this section we search for the replica-symmetric solution for the orientational-glass order parameter by assuming
that for all pairs a # 83,

0L = qubus. (23)

The off-diagonal components q“ff with p # v must be zero, since they are not invariant with respect to a set of gauge

transformations in which the indices of IV, in Egs. (3)—(5) are relabeled in all possible manners. Inserting the ansatz

(23) into Eq. (22) and using standard Gaussian transformations, we find that apart from a constant, the free energy
per site is given by

f=—%ﬂ2JZZ( 24 ﬁJ'ZP2 /H [d””“ ~’i] In Trexp (ﬂEHuZM) ; (24)

m

where the trace is to be taken over the Z, variables, and the effective field H,, acting on Z, is given by

H, = J\/q,, + Az, + JyP, + B (25)



9828

TADIC, PIRC, BLINC, PETERSSON, AND WIOTTE 50

Here z,, is the component of the Gaussian static field induced by a nonzero orientational-glass order parameter g,
and random-field variance A, and E** is the conjugate field to Z,, formally introduced to generate the static response

functions.

Calculating the trace in Eq. (24) we finally obtain the following expression for the free energy in the replica

symmetric case:

= - ;11132]2 Z(q“ —1)2 4 %IBJ(’) ZP;‘: - [ln (4 cosh (8H;) cosh (8H3) cosh (ﬂHg))

m

+1n (1 _ tanh (8H;) tanh (8H,) tanh (ﬂHa))] , (26)

where [ - +]123 denotes a triple Gaussian average over the
fields z,, p =1,2,3, and H,, is given by Eq. (25).

A. Orientational-glass order parameter
and linear susceptibilities

We now obtain equations for the “polarizations” P,
and components of the orientational-glass order parame-
ter g, in the replica-symmetric phase by imposing the
corresponding extremal conditions on the free energy
functional (26). This leads to the following expressions:

P, = [p] (27)

and

Qu = [pi] oy (28)

where p, is the local “polarization” —corresponding
physically to a shear strain—which is given by

_ tanh(BH,) — [],, tanh (8H,)
Pu= 1-[J, tanh (BH.)

(29)

As before, [- - ]123 stands for the average over three Gaus-
sian fields z;,z3,z3. The corresponding linear suscepti-
bility x, is determined as

oP,
= =~ ) 30
Xu (6E;xt > Bext—0 (30)

From the above expressions it follows that in the case
J§ = 0 one has

=p(1-q)- (31)

123

Xu =B [<zz> - <Z#>2]

We may also define a scalar order parameter g (Ref. 11)
as the sum over all components g, , namely,

N (32

From the expressions (28) and (29) we see that in the
replica-symmetric phase and in the absence of external
fields all three components of the order-parameter ma-

123

[
trix are equal, thus leading to an isotropic glass phase
with g; = g2 = g3 = q. In Fig. 1 we plot the order pa-
rameter q as a function of reduced temperature 7'/J for
various values of the reduced random-field variance A.
Here we have assumed that the effective first moment of
the distribution of random interactions J{ vanishes. (See
Sec. V for a more detailed discussion of the conditions
under which long-range order is suppressed.) In Fig. 2
the linear susceptibility x, = x = B(1 — q) is plotted
against T/J for the same values of A. For comparison,
we also plot g7 and ¥y, i.e., the spin-glass order parame-
ter and linear susceptibility, respectively, obtained for the
random-bond-random-field (RB-RF) Ising model® with
A = 0.01 (dotted curves in Figs. 1 and 2). It is easy to
see that at high temperatures the orientational-glass or-
der parameter g and the linear susceptibility x are very
well approximated by the corresponding quantities ob-
tained in the case of Ising spins.® This justifies use of the
Ising RB-RF model in analyzing the experimental data
obtained by NMR measurements at high temperatures.'®
At lower temperatures, however, the difference between
these two cases is significant.

10
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00 |
00 10 20 30
T
FIG. 1. Orientational-glass order parameter g in the

isotropic replica-symmetric phase plotted against reduced
temperature T'/J for various values of the random-field vari-
ance A/J? (solid lines top to bottom) 0.2, 0.1, 0.05, and 0.01,
and for the RB-RF Ising model (dotted line) for A/J? = 0.01.
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FIG. 2. Linear susceptibility in units of J plotted vs T'/J
for various values of A/J? (solid lines top to bottom) 0.01,
0.05, 0.1, and 0.2 . Also plotted is the linear susceptibility for
RB-RF Ising model (dotted line) for A/J? = 0.01 .

B. Elastic anomalies

The orientational-glass ordering discussed above af-
fects the elastic properties of the lattice leading to an
anomaly in the temperature dependence of the elastic
constant Cy4 due to a coupling between the orientational
degrees of freedom and shear elastic strains [see Eqgs. (9)-
(11)]. Within the framework of a mean-field theory for
the orientational-glass phase, we may write the effec-
tive single-site Hamiltonian involving the orientational
degrees of freedom as

%225 = - ZHuZiu ) (33)
iu

where H, is the effective field acting on Z;, as given
by Eq. (25). Then the free energy associated with the
total Hamiltonian which is appropriate for a quantitative
evaluation of the elastic anomaly of Cy4 becomes

3
BF = — lnTrexp(—,HHeQﬂ — BHe — By Z Z €in+3Zin
i p=1

—Buo Y i a;xtei#) : (34)

i u=4

As mentioned earlier, within our model only the shear
strains are coupled to the orientational degrees of free-
dom Z,,. We may further assume that the coupling con-
stant v is the same for all three strains e4,es,e¢. In the
symmetry representation, the elastic part of the Hamilto-
nian H¢, which is given by Eq. (10), is diagonal. There-
fore, we may write for the elastic compliance S,

S_B(e,,)__l_ 0 (3.7')
K Bogxt  V dogxt \ dogxt

=BV ((eh) — (ew)?) - (35)
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Evaluating the last expression by using Eq. (34), we have

5= ( 92 [<Zﬁ> @y ) e

Thus by virtue of Eq. (31) we finally obtain for the rele-
vant elastic constant Cy4(T):

_ Cla
1+%8(1-q)’

where C2, is the value of the shear elastic constant far
above the transition temperature, and 32 = 4%/voC%,
defines the reduced coupling constant, which appears as
a phenomenological parameter in our model. In Fig. 3
the reduced elastic constant C44/CY, is plotted versus re-
duced temperature T'/J for A = 0.01 and various values
of 4. For T/J > 1, the behavior of the elastic con-
stant is determined by the asymptotic behavior of the
order parameter, i.e., ¢(T) ~ 1/T2. At low tempera-
tures, however, g(T) differs significantly from the T'—2
law (see Fig. 1) and consequently C44(T") cannot be de-
scribed by the corresponding asymptotic expression, as
already found experimentally.®

Cus(T) (37

C. Local-strain distribution and NMR line shape

In the isotropic orientational-glass phase, long-range
ferroelastic order is absent—i.e., the order parameters
(27) vanish—for a range of parameters such that |J§|/J <
1. However, the local shear strains p, given by the ex-
pression (29) are nonzero, i.e., p, # 0, p = 1,2,3, since
they are induced by the local fields z,,. As Eq. (29) sug-
gests, if two of the local strains p,, are nonzero, then the
third one is automatically generated.

The probability distribution W(p,,p2,p3) of local

1.00 F
090 -
080 -

‘h; 0.70 -

Q

0.60 -

|

050 +

040 L L
0.0 1.0 20 3.0

T

FIG. 3. Shear modulus C4s/C3, plotted vs T/J for A =
0.01 and various values of the reduced coupling parameter
¥/J= 0.3, 0.6, 0.9, and 1.2 (solid lines top to bottom) and
for RB-RF Ising model for A = 0.01 and 7/J = 1.2 (dotted
line).
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strains p, is an important quantity which characterizes
the orientational-glass phase. In the isotropic replica-
symmetric glass phase, W(p1,p2,ps) is implicitly given
by a triple Gaussian distribution of static fields z,, z2, 3.
We may write

W (p1,Pp2, p3)dp1dp2dps

1 1
= (271')3/2 €exp <—§ Z(Bz) d$1d(l?2d$3 . (38)
u

Equation (38) implies that the second moments
of W(p1,p2,p3) determine the components of the
orientational-glass order parameter g, via

/ [ dpu W(pr, p2,ps)pi = [pi]
N

in full analogy to the Ising spin glass. The relation be-
tween the local strain distribution and NMR line shape
is, however, not trivial in the present case where more
than two different orientational states are involved. Let
us assume the following relation between the NMR fre-
quency v of the N nucleus in a CN~ group and the
local strains p,,:

=G4k (39)

123

v=1y+ 1 Za”pu , (40)
m

where the coeflicients a,, determine the shift of the Lar-
mor frequency due to the electric field gradient tensor,
which depends on the orientation of the CN~ ion. The
above relation is valid in the fast motion limit where
the motion between the discrete orientations of CN™
quadrupoles is fast as compared to the difference in the
Larmor frequencies between these sites. Thus the NMR
line shape—i.e., the number of lines per unit frequency
interval—is given by

3 (1 — tytqts)®
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IQ(V) = Re/Hdpn W(p17p27p3)

x4 (1/~ Vo — Vlzaupu> .

"

(41)

It follows from the above expression and Eq. (39) that
the second moment of the NMR line shape (41) is pro-
portional to the orientational-glass order parameter g de-
fined in Eq. (28), namely,

M, = /IQ(u)ude = qut Zaﬁ . (42)
u

The coefficients a,, can be calculated for each particular
orientation of the external magnetic field. For instance,
when the field is along (111) we have

;= —ay=—az=12/3. (43)

The dependence of M, on the direction of the magnetic
field due to the o terms is expected to be relevant at low
temperatures, where the calculated NMR line shape dif-
fers from the corresponding result for the Ising model,'®
in which case only two different sites of the Ising pseu-
dospin are involved.

In order to calculate the entire NMR line shape, not
just its second moment, one needs to know explicitly the
probability distribution W (py, p2, ps) as a function of lo-
cal strains p;,ps,p3. Here we only present a formal result,
which can be derived from the definition (38):

1
W(Phpz,:l’s) = ‘\7| exp <_§ Z‘Ei(Plypz,Ps)) ) (44)
m

where each of the three fields z,(p1,p2,ps) is to be cal-
culated for a given set of values of local strains p, from
the three coupled equations (29), and J is the Jacobian
of the transformation. We find using Egs. (29)

1 2

7= (gJ\/i;:Z) (

1 1

—B1-8)(1-8) |1-28)1-aa)(1-a8)

tatzts(t] —1)(t5 — 1)(¢5 — 1)

! (45)

8B~ - 1)1 -5t

where t, = tanh(8H,), and H, is again given by Eq.
(25).

IV. STABILITY
OF THE ISOTROPIC SYMMETRIC PHASE

So far we have considered the equilibrium properties
of the replica-symmetric quadrupolar glass phase with-
out specifying the conditions for its stability. As shown
in Sec. III, the replica-symmetric solution for the order
parameter g, turns out to be isotropic with respect to
the symmetry indices u if no symmetry-breaking external

- B# -1 - D - 658)

B8 -1 -1 -8387) |7

[

fields are present. Following the well-known arguments

from the theory of spin glasses,'” however, one may ex-

pect that on lowering the temperature an instability with

respect to replica-symmetry-breaking modes will appear.
As usual, we consider Gaussian fluctuations arround

the isotropic replica-symmetric solution (28) and write

ol =q+n3”, (46)

where we allow for the possibility that the fluctuations
nfjﬁ may depend on the symmetry indices u. Here we
assume that J§ = 0 or equivalently P, = 0. Without any
loss of generality we may require'®
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Zn"ﬂ =0. (47)

Inserting the ansatz (46) into expression (22) and ex-
panding up to second order in the small fluctuations ng?
we find the deviation of the free energy df from the
saddle-point value (24). This deviation can be expressed
in terms of the appropriate averages of Z, variables as
follows:

J

5f=ZZ(a6‘ +

pwrv af

a4 205 )P TA(1 — 8p) + 37 3

uv afy

6f= _ﬁﬂZJZl:ZZ(n“ﬂ 2

a#B B

2 ¥ Z((Z;Z{jZJZﬁ)

a#EB,y#8 pv
—<Z::ZE><Zzzs>)n:f’nz*‘] . (48)

The expression in the square brackets has the following
general structure:

Y+ 4a3”)n 7)51(1 = 8ap)(1 — py)(1 — bay)

+5° 5 B a2 (1 — bap) (1 — 36) (1 = bay) (1 = 835) (49)

wv afyé

where the diagonal a!* and off-diagonal a!” (p # v)
coefficients can be determined by a comparison between
the two expressions (49) and (48). By evaluating the
averages of Z,, variables at the saddle point, we find

ab* =1-p%J? (1 - 2¢+ [p}] 123) (50)
and
ay? = —*J* (¢ + [PiP3) 129) > (51)

as well as two analogous equations for a}® and a23. Here
Pu, & = 1,2,3, are local polarizations introduced in
Eq. (29), and ¢ = g, is the replica-symmetric order pa-
rameter given by Eq. (28). The expressions for the re-
maining coefficients a4 and a%” can also be found; how-
ever, due to the constraint (47) they do not enter ex-
plicitly the stability criterion, which now reduces to the
following condition:

w=zzﬁwmmwwwww¢»
uwv a#B

>0. (52)
From the expressions (50) and (51) and the corre-

sponding expressions for local polarizations (29) and or-
der parameters g, (28), we see that all diagonal elements

ab? are equal, ie., ab” = al', and similarly all the off-
diagonal elements are af” = a}?. Having this in mind,

we realize that the condition (52) implies the positivity
of the nondegenerate eigenvalue A; as well as the doubly
degenerate eigenvalues A2, which are given by

Al = ao + 2a (53)

Az = a3 —ad?. (54)

The corresponding eigenvectors are

—

1
m=|(1], (55)
1

belonging to A;, while in the case of Az one has

1

N2 = -1 ) (56)
0
1

m=| 0 |. (57)
-1

Therefore, the stability of the isotropic replica-symmetric
solution (28) is violated if one of the eigenvalues (53) or
(54) becomes zero. In terms of the more familiar random
averages the two limits of stability can be expressed as

1- g2 (1+ [p%+2p§p§] ) =0, (58
123

1-p3%J? (1—3q+[ p1p2] ):0. (59)
123

By solving numerically each of these equations together
with Eq. (28) for the order parameter g, we find that the
condition (58) is satisfied at a higher temperature Tg(A)
than the condition (59) for all values of A. Therefore,
Eq. (58) determines the instability line in our model. In
Fig. 4 the instability line To(A) is plotted against the
random-field variance A. For comparison, the instabil-
ity line T7(A) for dipolar glasses obtained from the RB-
RF Ising model® using the same parameter values is also
shown. It turns out that the instability temperature of
the discrete-state quadrupolar glass Tg(A) always lies
above the one obtained for the RB-RF Ising model® at
the same value of A.
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FIG. 4. Instability temperature Tgo/J of the isotropic
replica-symmetric phase plotted vs reduced random-field vari-
ance A/J? (solid line). Also plotted is the instability temper-
ature for the RB-RF Ising model (dotted line).

V. DISCUSSION AND CONCLUSIONS

The model of interacting quadrupoles presented in this
paper is characterized by three essential features: (i)
Due to a strong hindering potential the quadrupolar de-
grees of freedom are described by a set of discrete states
corresponding to the equilibrium orientations along the
(111) cubic directions; (ii) quenched shear strains—which
transform according to the T, representation of the
cubic group—give rise to quenched local random fields
which couple to the symmetry-adapted projection oper-
ators Z;, describing the quadrupolar orientations; (iii)
also included are infinite-range quenched random inter-
actions between pairs of Z;, variables. This model is ex-
pected to be applicable to the orientational-glass phase
in K(CN),Br;_, and similar mixed cyanide crystals for
the range of concentrations of CN "ions z below z. = 0.7,
where long-range order disappears. In our model, both
the variance A of the random-field components and the
variance J of the infinite-range random interactions are
concentration dependent, and appear as phenomenologi-
cal parameters in the theory.

Applying the replica mean-field theory we have derived
the temperature dependence of the orientational-glass or-
der parameter g, the linear susceptibility x, and the shear
elastic constant Cy4 in the isotropic replica-symmetric
orientational-glass phase. We have also determined the
instability temperature Tg(A), below which at least one
of the components of the order-parameter field g, be-
comes unstable against replica-symmetry-breaking fluc-
tuations. The physical meaning of this instability relates
to the fact that the response of the system to an ap-
plied external field starts to depend on the history of
the system; i.e., field-cooled xrc and zero-field-cooled
Xxzrc susceptibilities, which are equal for temperatures
T above Tg(A), begin to differ for T < Tg(A). Thus
the instability temperature in the presence of random
fields, T (A), may be identified as the true freezing tem-
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perature. The splitting between xpc and xzrc observed
both in dipolar!® and quadrupolar® glasses suggests that
the random interaction plays an important role in these
systems. In contrast to other models of quadrupolar
glasses,®12:13 we require the presence of both random
interactions and random fields in order to describe prop-
erly the experimental data obtained in these systems.
Namely, models with random fields alone and no random
interactions would not be capable of describing the ex-
perimentally observed splitting between xpc and xzrc
and the divergence of the nonlinear susceptibility xnL-
On the other hand, models with random interactions
alone and no random fields correctly describe the cooper-
ative ordering, which is responsible for the freezing tran-
sition into a quadrupolar glass phase; however, they im-
ply ¢(T') = 0 above the transition temperature and hence
cannot be directly applied to the present system, where
q(T) has an experimentally observable high-temperature
tail.

One should perhaps redefine the order parameter for
systems containing both random bonds and random fields
by considering the difference between the appropriate
stable solution in each temperature range and the replica-
symmetric solution q(T")—a point which deserves further
attention. By construction, such an order parameter
would measure just the cooperative glassy ordering and
would in general vanish above Tg(A). It is common,
however, to refer to ¢(T') as the quadrupolar glass order
parameter, since it represents an experimentally acces-
sible quantity!® analogous to the magnetic-field-induced
magnetization in the paramagnetic phase of a ferromag-
net. Strictly speaking, the high-temperature phase can-
not be regarded as a true quadrupolar glass—in spite of
q(T) being nonzero—but should rather be referred to as
the random-field-induced Edwards-Anderson?! order.

It is interesting to mention that the instability tem-
perature To(A) in our model appears to be slightly
above the maximum of the linear susceptibility, in qual-
itative agreement with the experimental results of Hes-
singer and Knorr.® It has recently been shown?° using
a dynamic theory based on the soft-spin RB-RF Ising
model that the nonlinear susceptibility xnr of dipolar
glasses diverges at the instability line T7(A), i.e., at the
same temperature where the splitting between the field-
cooled xpc and zero-field-cooled xzpc linear suscepti-
bilities occurs. Experiments on the quadrupolar glass
K(CN).Br;_, (Ref. 9) show, however, that the diver-
gence of ynL occurs close to, but not at the same tem-
perature as the splitting between xrc and xzrc. A theo-
retical explanation of this effect can only be sought within
the framework of the appropriate dynamical model, and
will be left for future work.

We have also derived an expression for the probability
distribution of local strains and the NMR line shape, the
second moment of which is directly proportional to the
orientational-glass order parameter q. **N NMR second-
moment measurements can be thus used for a direct de-
termination of the glassy order parameter in quadrupolar
glasses such as K(CN).,Br;_..

In the A = 0 plane, according to our model the fer-
roelastic phase becomes inevitable at low temperatures,



similar to the case of continuous model studied in Ref. 12.
In the present case, the condition that the orientational-
glass transition temperature is higher than the one of
the ferroelastic phase transition becomes Jy/J < 0; i.e.,
the average random interaction must be kept nonposi-
tive. The presence of random fields (A # 0) is expected
to reduce the region of parameter space where long-range
order occurs, thus leading to a possible relaxation of the
above condition. A schematic phase diagram in the pres-
ence of random fields is shown in Fig. 5. The appearance
of long-range ferroelastic order in the range of concen-
trations of CN~ ions z < 0.7 might be an artifact of the
mean-field theory. In reality, however, the formation of
microdomains due to both random interactions and ran-
dom fields prevents the onset of long-range order in this
range of concentrations.

In the present model, only the shear strains are cou-
pled to the components of the order-parameter field, and
thus only elastic modulus Cy4 exhibits an anomalous tem-
perature dependence due to orientational-glass ordering.
Theoretical predictions of Cy4(T), given by Eq. (37), in-
volve the phenomenological coupling parameter ¥, which
may be also concentration dependent.3

Below the instability temperature Tg(A), replica-
symmetry breaking presumably occurs, which may also
include breaking of the isotropy between the compo-
nents of the orientational-glass order parameter matrix
qu- Theoretical investigations of the replica-symmetry
breaking and its consequences on the relevant physical
properties of the system is deferred for a future study.
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FIG. 5. Schematic phase diagram in the (T, Jo) plane for
nonvanishing random-field variance A # 0.
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