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The effects of thermal order-parameter fluctuations on the NMR line shape of incommensurate sys-
tems are evaluated within the mean-field Landau theory and the results are compared with the ¥Rb and
¥K 1— —1 NMR spectra of Rb,ZnCl, and K,SeO, just below the paraelectric-incommensurate transi-
tions. We show that thermal fluctuations do not only reduce the effective incommensurate splitting as
compared to the static case but also change the shape of the spectrum. In particular they remove the 8-
function-like form of the two edge singularities in analogy to the Debye-Waller factor in x-ray scattering.
Two-dimensional NMR separation techniques allow for a separate observation of static and dynamic in-
commensurate line shapes close to the paraelectric-incommensurate transition temperature 7;. The stat-
ic inhomogeneously broadened NMR line shape results from the static distribution of quadrupole-
perturbed Zeeman frequencies, reflecting the frozen-out incommensurate modulation wave. The dynam-
ic line shape reflects the time-dependent part of the electric quadrupole interaction resulting from
phason and amplitudon thermal fluctuations of the modulation wave. Close to T these fluctuations be-
come so low in frequency that they influence the line shape. A precise determination of T; can be ob-
tained from the maximum in the width of the dynamic line shape.
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I. INTRODUCTION

Magnetic resonance techniques have been widely used
in the past decade to study the local structure of the in-
commensurate modulation wave in both dielectrics"? and
charge density wave systems.>* At the normal-
incommensurate (N-I) phase transition T; the NMR line
becomes inhomogeneously broadened.! In the incom-
mensurate phase it acquires a specific form! showing
singularities at the edges. This reflects the spatial varia-
tion of the NMR or nuclear quadrupole resonance (NQR)
frequencies due to the formation of the incommensurate
modulation wave and the breaking of the translational
periodicity of the crystal. The width of the incommensu-
rate frequency distribution is in the simplest case directly
proportional to the amplitude of the modulation wave
and thus reflects the temperature variation of the incom-
mensurate order parameter. Close to T; thermal fluctua-
tions modify the shape of the NMR line.>~7 An approxi-
mate theory of the NMR line shape, appropriate for fast
thermal phase fluctuations and a stationary Gaussian dis-
tribution of local phases, has been developed.” This
theory predicts a motional narrowing of the NMR line
close to T; showing up in a reduced splitting of the edge
singularities, but no change in the characteristic incom-
mensurate line shape as T, is approached from below.
The results cannot explain all the complex features ob-
served in NMR, NQR, and electron paramagnetic reso-
nance (EPR) experiments’ ~!! close to T, which clearly
show not only a change in the width of the spectrum, but
also a change in the shape of the line.

Here we present a theory of the NMR line shape in in-
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commensurate systems in the presence of thermal fluctua-
tions,'>” ! which is valid within the Landau theory'>!6
and which is capable of describing the transition from the
paraelectric to the incommensurate phase. A short ac-
count of a part of this theory has been published recent-
ly.!> Here we present a complete description of this
theory and extend it to the case where the relation be-
tween the NMR frequency and the incommensurate dis-
placements contains also quadratic terms. The theory
takes into account both phason and amplitudon fluctua-
tions.'S It describes the transition from the static incom-
mensurate frequency distribution, which in the absence of
thermal fluctuations is limited by two edge singularities,
to the motionally averaged single line very close to T;.
To a scaling factor the NMR line shape depends on just
two parameters. The theory allows one to specify the
conditions for the collapse of the incommensurate
broadening. We find that the conditions contain also the
dynamic parameters of the crystal. We also show that
two-dimensional (2D) NMR provides a unique possibility
for a separate simultaneous observation of static and dy-
namic incommensurate line shapes. The former reflects
the static spatial variation of the frozen-in modulation
wave, whereas the latter is affected by the time fluctua-
tions of the amplitude and phase of the modulation wave.
Those fluctuations are slowed down in the vicinity of the
paraelectric-incommensurate transition to the extent that
they influence the NMR line shape in a narrow tempera-
ture interval around the transition temperature T;. This
in turn allows one to determine precisely T in the region
where the order-parameter fluctuations are large enough
to completely motionally narrow the static incommensu-
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rate line shape. The theoretical line shapes are compared
with the experimental results for the *Rb 1 ——1 NMR
spectra of Rb,ZnCl, and *K 1 — —1 spectra of K,SeO,
just below the paraelectric-incommensurate transition. A
good agreement between theory and experiments is
found.

II. ORDER-PARAMETER SPECTRAL DENSITY

We restrict the discussion here to the case of a one-
dimensionally modulated incommensurate system with a
two-component order parameter,’? i.e., to the case where
the soft mode, which induces the N-I phase transition,
belongs to a two-dimensional representation of the “nor-
mal” phase space group at a general point k =Xk, inside
the Brillouin zone.

In the I phase we write the nonequilibrium free energy
F in the vicinity of T, as a function of the two-component
order parameter p; and p, as"!>16

de

Flp,py)= +P2)+ B (P1+P2)

—AMp Vpr—p2Vpy)

NIOn

[(Vp)*+(Vpy)*] |, (1a)
where a=ay(T —T}), ap,B,8,A>0, and V=0/0x. It is
convenient to make a transformation

1N, =p; coskox +p,sinkyx ,
(1b)
N, = —p;sinkyx +p,coskox

with k,=A/6, which eliminates the Lifshitz invariant
AMpVp,—p,Vp,) from Eq. (1a). We thus obtain

F(ny,n)= [ dVg(n,,m,)

=[aviZ

B,

771+772)+ +77%)2

N|oo

(V)2 (V)] |, (Ic)
where a=a—8k3 and k, is the equilibrium wave vector.
Minimization of F(7;,m,) with respect to 1, and 7, yields
the equilibrium solutions
n%E:_ngz’ "7215:0, (ld)
B
for the amplitude and the phase of the order parameter.
In the close vicinity of T;, where the plane-wave ap-

proximation is valid, the incommensurate distortion 7(x)
can be expressed as

7(x) = ncoskgx + n,sinkyx . (2a)

Thermal fluctuations will disturb the equilibrium dis-
placements, resulting in a time-dependent 7,

n(x,t) < 9,(x,t)coskox +m,(x,t)sinkyx . (2b)
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Here 7,(x,t) represents the amplitudon and 7),(x,?) the
phason fluctuations.

We construct the Lagrangian density L by adding to
the free-energy density g(m,,7,) the external random
driving forces f S coupled to the order parameter,

e = ~Mf n =Sy, (3)
so that
L=~8feu - @)

We assume that the incommensurate modulation wave is
overdamped and introduce the dissipation function densi-

ty15
R=32’—(7ﬁ+1'7§) , (5)

where the dot stands for the time derivative.
The equations of motion are now obtained from'

4 oL oL __OR “,_y,. (6)

We are interested in small variations of 7, and 7, about
their equilibrium values, 7%}(x,?)=n(x,t)—7n,z; and
ny(x,t)=mn,(x,t)—7,. The resulting equations of
motion are linearized. The spectral densities of the
Fourier components of the amplitudon and phason
order-parameter fluctuations

TI,x” E,qu l(qx+wt)’ i=1,2,
w,q
are obtained in the form
1 vkgT
(Iny(e,q)*)=— , (7a)
mi(@,9) TV Y20’ +(—2a+8¢%)?
1 vkpT
5 D= - (7b
(nyw,q)1*) TV y20?+8g* )
Here V is the crystal volume, q=k—k,, the brackets
( ---) designate a thermodynamic ensemble average,
and the identity
YkBT
2
= 8
(i, =—3 8)

has been used. This identity has been derived!® for the
case that the generalized random forces show no space or
time correlations. Since 7j(x,?) and 75(x,?) are normal
excitations of the incommensurate phase they are not
correlated:

(n)(@,q)ny(—w,—q))=0 . 9)

So far we have assumed that the incommensurate wave is
overdamped. Let us now consider the case of an under-
damped mode. In that case we have to add to the La-
grangian density [Eq. (4)] a kinetic energy density

K= fi(m+n2> (10)

so that L=K—g—f.,. Here u is the effective-mass
coefficient. Equation (6) has to be replaced by
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d 3L
dt 3y,

+i£_§£=_6_R , i=1,2. (11)

In the long-wavelength limit we write the phason and
amplitudon dispersion relations for an ideal crystal as

o}, =Vitkq?, (12a)

2= (12b)

Waq _qu ’
where k=8/u. Both modes are damped with a constant
damping factor =y /u. The amplitudon mode has an
intrinsic gap A?=(2a,/u)(T;—T) in the excitation spec-
trum, whereas the phason gap for an ideal incommensu-
rate phase vanishes. In real systems defects and discrete
lattice effects pin the modulation wave and introduce a
gap in the phason excitation spectrum!®!® so that Eq.
(12b) becomes

w3, =A3+kq? . (13)

The order-parameter spectral densities are now obtained
1,13
as”
TCkyT
TuV[M0*+ (02— A2—kq2)?]
i=12. (14)

(Ui, )=

In the limit u—O0 one recovers the results of an over-
damped mode [Eqs. (7a) and (7b)].

III. THE ADIABATIC NMR LINE SHAPE

A. Linear case

The effect of phason and amplitudon fluctuations on
the spin-lattice relaxation rate of incommensurate sys-
tems has been considered in detail."> Let us now investi-
gate the effect of these fluctuations on the NMR line
shape. We shall assume first that the NMR resonance
frequency Q of a nucleus at a site x is linearly related to
the displacement 7(x,¢) at that site:

Qx,t)=Qy+tan(x,t) , (15a)
where
n(x,1) = [9,5 +7}(x,t)]coskyx +n5(x,t)sinkyx . (15b)

The adiabatic NMR line shape I(w) is now obtained as'*

(G,(t))=exp [—az

o,q

Next we perform the summation over g. We replace the
summation by an integration over half of the Brillouin
zone'' ' between 0 and |k, |:

174 |k
2-5a),

q9

max

|
q%dq .

K lni(w,q)lz)Lgswtcoszkox +3 < lné(w,q)|2>ﬂ§&tsin2kox
@
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Iw)= [ "G(e™dr , (16)
0
where the autocorrelation function G (¢) is defined as
G(=e "™(exp—i fo’[n(x,t')—no]dt' M, . 17

The inner brackets of the symbol - - - )), represent a
thermodynamic ensemble average, whereas the outer
brackets { - - - ), represent the average over the inhomo-
geneous static distribution function of resonance frequen-
cies. From Eqgs. (15a) and (15b) it follows that for the
static case Ux)=Qy+7n,gcosky,x. We define X =coskyx
and find the distribution function P (X) from the identity

P(X)dX =n(x)dx =constXdx ,

where n (x) represents a (constant) one-dimensional den-
sity of nuclei along the direction of the modulation wave.
The average { - - - ), is thus defined as

(...)xzfl aX

AViox
Inserting expression (15b) into (15a), we find the auto-
correlation function in the form

G()=e (GG, , (18a)
where
G, (t)=e “MEteokox (18b)
and
G,(t)=exp—ia fot[n'l(x,t')coskox
+75(x,t" )sinkgx Jdt’ . (18c)

We perform the ensemble average first by taking the
order-parameter fluctuation probability distribution to be
stationary and Gaussian. We use the relation'*

(exp{—ifo’m(t')dt’} )=exP{<_%[fotw(t’)dt']zﬂ _

Taking into account that various Fourier components
1;(w,q) of the order-parameter fluctuations

7i(x,1)=3 ni(w,q)e F eV
o,

are statistically independent, we obtain after performing
the ensemble average
] . (19)

2
w,q o

r

We define

oy Vel 2y, 2
(Ini(@)*)=—— fo (Ini(,q)|*)q%dq ,

and perform the integration using Eq. (14). We get
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kgTi
<|77i(0))'2>:?“—

2 2
BTN (Aj—0*+iTw)

Kl/Zk

Xarctan
[A?—m”-il“w]l/z

).

The above expression for the order-parameter spectral
density is rather complicated and it is difficult to proceed
analytically. The NMR line shape, however, will be
affected only by those fluctuations which are slower than
the nuclear Larmor frequency, o <w;, where w; ~ 108
Hz. In the following we will take into account this re-
striction and treat separately three cases with respect to
the size of the gap A;.

(i) Amplitudon ﬁuctuations (A, =V —2a/u). We take
into account that «!/2

gmax =@py is of the order of phonon
frequencies'> ~ 103 s™1 whereas NMR frequencies fall
in the range 10°~10® s™'. Thus we have w,, >>w. In the
range of validity of the mean-ﬁeld approximation (MFA)
theory (V' —2a/8=r: ' <k,,,), where rc is the correla-
tion radius for the amplitude of the modulation wave,? we
also have A, >>w,w;. The damping constant I" deter-
mines the phonon line width and is of the order!!
(1072-10%w,,;,. Expression (20) now simplifies to

kyTT
3/2Al ’

(20)

{n)(@)|?) = wn>A>>0,VTo . (2la)

817'2;uc

(ii) Phase fluctuations for the case of a large phason gap
(A,>>w; ). We get the same formal expression as in the
case of amplitudon fluctuations with the phason gap A,
replacing the amplitudon gap A;:
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(iii) Phase fluctuations for the case of a gap smaller than
the Larmor frequency (A, <<w; ). Here we get

k s TV2T
3/2‘/

and the fluctuations diverge for o —0.

The next step in computing { G,(#)) is to perform the
summation over w. Here we have to distinguish two
different cases: the case of a large phason gap (A,>>w; )
and the case of a small phason gap (A, <<w; ).

(|1,'2(a,)|2)»- , op>T>>0,  (2l0)

1. Large phason gap (A;>>w; )

We insert expressions (21a) and (21b) into Eq. (19) and
use

1—coswt T
[ Azeosot T,
0

t>0.
»* 2

(22)
The dynamic contribution to the autocorrelation function
in this case becomes

(G,(1)) =exp{ — (@ t)cos’kox

—(@jpeat)sin?kox ), (23)
where the following definitions have been made:
a’ky TT T
el 6 2 T, = T) VT, —T (242
a’kyTT
Dloc2 = m «T. (24b)

)1 and o, measure the sizes of amplitude and phase
fluctuations in frequency units. We write also X =coskx
and define

Q=ang=VT,—T
The adiabatic NMR line shape is now given by Eq. (16):

(24¢)

kgTT
It (0)]?) ~ —— VTo
(Inyw)]?) = s D, o> 08,>>0,VTo . (21b)
J
1 (0— Q)
Io)= [ H/l f dre'” "G, (4,X))(Gy(1,X))
dXx wlochz +014e( 1 -X?)

S AT X e 1=K (- 0y 17

Un approaching T; from below, the amplitude fluctua-
tions critically increase in a narrow temperature range
whereas the phase fluctuations practically do not change
with temperature. The spectrum [Eq. (25)] depends on
two parameters

Dlocl T
= —

Y9, T1,-T
and
Dloc2 T
= o
§2 Q] (TI_T)1/2 )

which measure the relative sizes of fluctuating order-

(25)

[

parameter components with respect to the static order
parameter itself.

2. Small phason gap (A, <<w; )

Here we insert expressions (21a) and (21c) into Eq. (19)
and use the identity

® 1"COS(Dtdw_ \/217' t3/2

0 (1)5/2 12

t>0. (26)

The dynamic contribution to the autocorrelation function
becomes
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(G,(1)) =exp{ —(@ioe1t)cos’kx

—(@ypept ) *sin’kx } (27a)

where ., is given by Eq. (24a) and &, is defined as

2/3
aZkB T‘)/l/z

R — 2/3
g | < (27b)

51002 =

The adiabatic NMR line shape is given by

_ 1 ax
I(w)——f_l——‘/?)(—2

© ,  ilo—0y—0X)1
Xf dte o
0

Xe — (001 X 2+ (@, )3/ 21—X )]

(28)

The expression (28) cannot be evaluated analytically be-
cause of the #3/2 term. Up to a scaling factor it depends
on two parameters

g — Diocl o« T
1 Ql TI"_T

and

T2/3
(TI‘—T)l/2 4

= Z‘w)locZ
= oC

2 Q’l

which as before measure the relative sizes of fluctuating
and static parts of the order parameter.

A decrease of the parameters &, £,, and &, corresponds
to moving away from the N-I phase transition tempera-
ture T, into the incommensurate phase. Far away from
T;, &, &, and &, tend to zero and (G, ) ~1. Equations
(25) and (28) yield in that case a static incommensurate
frequency distribution function,! which exhibits two edge
singularities at £,

1
Vi-[(0—Qg)/Q

Phason and amplitudon fluctuations become important
for the NMR line shape in the close vicinity of T;. Ac-
cording to the Fourier theorem, the product of two func-
tions in the time domain is equivalent to the convolution
of their Fourier transforms in the frequency domain. The
Fourier transform of (G, ) thus represents the dynamic
line shape, which convolutes the static line shape Eqg.
(29).

I{w)= (29)

Ho)=["—4X

la © i(m—Qo)g
-1 V1—x? fo dte (G(1))(G,(2))

=f+l dX
Vi

o (o—Qy— QX2 —[(of OX*+ (@ ,1)32x2(1—Xx2)]
f dte 0™ A, locl loc2 .
0
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B. Quadratic case

Let us now look into the case where the NMR frequen-
cy Q of a nucleus at a site x is quadratically related to the
displacement 7(x,t) at this site:

Qx,)=0Qy+bn*(x,1) . (30)
Here we have as before
n(x,8)=[n,g +7ni(x,t)]coskox +n5(x,t)sinkyx ,
so that
n:(x,t)=n}gcos*kox +2m,5n(x,)cos*kyx
+2n,g5(x, t)sinkgx coskox . @31)

Terms quadratic in 7}(x, ) and 75(x, ) have been neglect-
ed here. Again we have

G(t)=e UG, (Gy(1), , (32)
where now
G, ()=e ~ibn? goosi(kyx)t (32b)
and
G,(t)=exp—ib fo’[n'l(x,z')cosz(kox)
+75(x, " )sin(kyx)
Xcos(kox)]dt' , (32¢)
with
b=2bn,g . (32d)

Expanding 7)(x,?) and 75(x,t) in a Fourier series in g and
, and using the same procedure as in the previous sec-
tion we find for the case of a small phason gap

(G,(1)) =exp— {(@1yest )cos*kox
H(@}yept)>*cos?k ox sinkox | (33)

with wl'od = [B/a ]2wloc1 and a"1’0c2= [5/‘1]4/3a~)loc2'
Introducing
Q(x ) - Qo

X*=cos¥(kox )= o,

) (34)

where Q,=bn?g, and using P (X)dX =const Xdx we can

again evaluate the spatial average ( - - - ), as
+1 dX
Con=l e

so that the adiabatic NMR line shape now becomes

(35)
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Far away from T;, (G,)=1 and we recover the static
frequency distribution for the quadratic case:

Iw)= const . (36)

VI(Q+Q,—0)/Q,][(0—Qy)/Q, ]

The case with a large phason gap is analogous except for
the replacement of the #3/? term with a term linear in z.
In reality one expects that the expansion of the NMR fre-
quency in powers of the displacements contains both
linear and quadratic terms. The expansion of the above
theory to this case is trivial.

IV. 2D NMR SEPARATION OF STATIC
AND DYNAMIC LINE SHAPES

It is interesting to note that two-dimensional NMR
provides for a unique possibility to separate the static in-
homogeneous line shape, represented by (G, ), and the
dynamic homogeneous line shape, represented by (G, ).
The shape of the incommensurate NMR spectrum of a
nucleus with spin I>1 is determined by the electric
quadrupole interaction with the electric field gradient
(EFG) tensor at the nuclear site. This interaction is space
and time modulated by the presence of the incommensu-
rate wave. The static inhomogeneously broadened NMR
line shape results from the static distribution of
quadrupole-perturbed Zeeman frequencies, reflecting the
frozen-out incommensurate modulation wave. Thus it
shows directly the static incommensurate distortions.
The dynamic line shape, on the other hand, reflects the
time-dependent part of the electric quadrupole interac-
tion due to phason and amplitudon fluctuations of the
modulation wave. It has been shown!’ that the static
quadrupole interaction can be eliminated from one fre-
quency domain in a 2D “‘separation of interactions” type
of NMR experiment (Fig. 1). The 2D line shape shows in
the w, frequency domain the normal 1D line shape of
Egs. (25) and (28), which is a convolution of the static line
shape with the dynamic one. In the @, domain only the
dynamic line shape appears. This is so as the spin preces-

i
J

1
Hoy,0,)= f*lﬁ

. 2 2 : 2 _y2
17).¢ fwdt fwdtzet(wzfﬂo*ﬂl)()lze—tz[wloch toyo(1—X )]elwltle—tl[wloch F oy (1—=X7)]
1 .
0 0
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90, 180y
t/2 — t/2 )

AN /N

3(=“Kn(l)

* “Hasune K1)

FIG. 1. 2D NMR pulse sequence for elimination of the static
part of the quadrupole interaction from the w,; domain, while
retaining the dynamic part. The sequence is designed for half-
integer spins 1 > % with only the central transition %—» ~% irra-
diated. Since only two levels are involved the problem is for-
mally equivalent to the separation of chemical shift from dipole
coupling for spins I = % In the w, domain the static line shape
convoluted with the dynamic one is obtained, reflecting the full
Hamiltonian # gy, +#£o(t). In the w, domain, only the dy-
namic line shape appears, reflecting the dynamic part of the

quadrupole Hamiltonian #4(¢).

sion under the static quadrupole interaction in the first
half of the evolution period has been compensated by the
opposite precession in the second half of that period.
This is achieved by the application of a refocusing pulse
in the middle of the evolution period. It is important to
note that only the precession under the static quadrupole
Hamiltonian can be refocused, whereas the evolution of
the spin system under the time-dependent randomly fluc-
tuating quadrupole Hamiltonian cannot be time reversed.
The time-dependent part of the Hamiltonian determines
the adiabatic line shape and produces relaxation. The
term “dynamic line shape” stands here for the adiabatic
(homogeneous) line shape and is appropriate when the
phason- and amplitudon-induced fluctuations of the EFG
tensor slow down to the extent that they influence the
line shape. This is the case in the close vicinity of the
paraelectric-incommensurate transition temperature 7.

We write the 2D line shape for an incommensurate
modulation wave with a large phason gap (A,>>w; ) in
the linear case [Eq. (15a)] in the form

(37a)

Here ¢, is the evolution and ¢, the detection time of the 2D experiment. The Fourier transform integrals in Eq. (37a)
can be done analytically, yielding Lorentzian shapes in both frequency domains:

1 dX

wloc1X2+a)1002( 1 _Xz)

wloc1X2+wloc2( 1 —Xz)

I(wl,wz)zf

In Eq. (37a) the information on the static distribution of
resonance frequencies is retained in the w, domain via the
(0, — Q= X)1, . . .
term e . In the », domain this information
is eliminated by the refocusing effect of the pulse in the
middle of the evolution period. The static inhomogene-
ous line shape convoluted with the dynamic one is ob-
tained as the w,=0 cross section of the 2D spectrum [Eq.

1V T=X2 (0100 X2+ 0001 =X ) 2+ (0, — Qo — 0, X)? (@101 X2+ 0poea(1 =X ) P+ ] .

(37b)

f
(37b)]. The dynamic line shape is obtained in the o,
domain and varies over the inhomogeneous line shape
through its dependence on X =coskyx =(w,— Q) /Q;.
The theoretical inhomogeneous and dynamic line
shapes in the vicinity of T; are shown in Figs. 2(a) and
2(b). Figure 2(a) shows the inhomogeneous line shape
convoluted with the dynamic one as it appears in the o,
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domain of the 2D NMR experiment. The parameter
§1=w5c1 /2 has been varied between 0.5 (closest to T;)
and 0.05 (far away from T;) reflecting the T /(T;—T)
dependence. The parameter §,=w,,,/€; has been kept
constant for the top five line shapes at a value 0.2 due to a
weaker temperature dependence as compared to £;. The
line shape at the bottom was obtained with £,=0.05 and
represents the almost static case. As can be seen, the line
shape is drastically changed in the region where the
thermal fluctuations are large, whereas outside that re-
gion the static incommensurate line shape appears
unaffected.

The dynamic line shape is shown in Fig. 2(b) for
different values of the parameter &; between 0.83 and
0.05. The parameter &, has been fixed at a value 0.2 for
the top five line shapes. The line shape at the bottom is

dynamic line shapes

inhomogeneous line shapes

a) b)

g, =0

£, =034

£,-03 f$ £,-03
JEMG

" _A\ -

£,-026

bbbbb

€,=005 £,=005
£,-005 £,-005
1
-1 01
X

FIG. 2. Linear case. (a) Theoretical static mhomogeneous
line shapes convoluted with the dynamic ones in the vicinity of
T for the case of a phason gap larger than the nuclear Larmor
frequency, A, >>w; . The line shapes are displayed on a normal-
ized frequency scale X=(0—Q4)/Q,. The parameter
&E1=w1o /Q, is varied between 0.5 (closest to T;) and 0.05 (far
away from T;) while the parameter £, is kept constant at the
value 0.2 for the top five line shapes. The line shape at the bot-
tom represents the almost static case obtained with £,=0.05.
(b) Theoretical dynamic line shapes for the case of a large
phason gap (A, >>w; ). £, is varied between 0.83 and 0.05. The
parameter £, has a fixed value of 0.2 for the top five line shapes.
The line shape at the bottom represents the almost static case
obtained with £,=0.05.
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obtained with £,=0.05, representing the almost static
case. The line shape shown is the w, = cross section of
the 2D spectrum [Eq. (37b)]. The linewidth exhibits a
maximum at T=T; due to its dependence on
011 < T/V/ T;—T and narrows on going away from T;.
As long as the width of the dynamic line shape is compa-
rable to that of the static inhomogeneous line shape,
thermal fluctuations drastically affect the shape of the
spectrum. Moving away from T; the dynamic line shape
narrows and the static inhomogeneous line shape
broadens, so that thermal fluctuations are of increasingly
smaller importance.

In the case of a gapless phason (A, <<w®; ) the situation
is quite different. There the 2D spectrum can be written
in the form

inhomogeneous line shapes dynamic line shapes

FIG. 3. Linear case. (a) Theoretical static inhomogeneous
line shapes convoluted with the dynamic ones in the vicinity of
T, for the case of a small phason gap (A, <<w;). The line
shapes are displayed on a normalized frequency scale
X=(0—Q)/Q,. The parameter &, is varied between 1 (closest
to T;) and 0.2, whereas &, has a fixed value of 0.2. (b) Theoreti-
cal dynamic line shapes for the case of a small phason gap
(A, <<@r). , is varied between 1 and 0.2 and £,=0.2. A
Lorentzian shape (dotted line) is shown for comparison at the
top spectrum, where the two lines are scaled to have the same
area.
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The Fourier integrals cannot be done analytically due to
the ¢*/? dependence and the corresponding dynamic line
shape is no longer Lorentzian. The spectrum depends on
two parameters. £;=w,/Q; =T /(T,—T) represents as
before amplitudon fluctuations, whereas the gapless
phason fluctuations are represented by the parameter

E= wlocZ T%/3
= Ta, “(r,—n'2

Figure 3(a) shows a set of inhomogeneous NMR spec-
tra, where the parameter &, has been varied in the range
between 1 and 0.2. The parameter &, has been kept con-
stant at the value 0.2. It can be seen that the line shape
with £,=1 (closest to T;) shows a characteristic shape
due to the ¢*/? term. The static inhomogeneous frequen-
cy distribution function is here much narrower than the
dynamic line shape induced by phase fluctuations. This
shape evidently differs from the Lorentzian shape pre-
dicted for a phason with a gap. On moving away from
T, (E,—0) the line shape transforms into the static line

|

1 i(0,— Q=X )t
Ioy,0,)= [ f dry [ Tdnyet ™ TR e

*1\/1

Xe

Theoretical spectra close to T, are shown in Fig. 4. Fig-
ure 4(a) shows the inhomogeneous line shapes obtained as
the w,;=0 cross sections of the 2D spectrum [Eq. (39)].
The parameter £} =, /{2, has been varied between 0.8
(close to T;) and 0.1 (far away from T;), whereas
£, =,,,/Q, has been kept constant at a value of 0.8.
The line shapes are displayed on a normalized frequency
scale (0 —Q4)/Q,. The line shape for §;=0.1 practically
corresponds to the static case of Eq. (36), which exhibits
two edge singularities of unequal intensities, the larger
being centered at ®={,. As in the linear case, thermal
fluctuations destroy the static shape close to T;. Figure
4(b) shows the dynamic line shapes obtained as the w,=0
cross sections of the 2D spectrum [Eq. (39)]. The param-
eter £] has again been varied between 0.8 and 0.1 and
£,=0.8 has been used. As in the linear case, a change in
the linewidth is observed.

V. RESULTS AND DISCUSSION

A. *'Rb NMR in Rb,ZnCl,

A 2D separation of interactions experiment has been
performed on the ¥Rb +— —1 transition in an ultrapure
Rb,ZnCl, crystal at an onentatlon alH,, <c,Hy=122".
At this particular orientation there are two 87Rb lines,

fwltleA[mloclllX @ty P H1=X)]

) i 44 3/2y2{—x2
“"ltle [oa 1 X" H (@)t 77X (1-X )]
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0= Q=2 X0ty —[g 1, X2+ (@01, 21— X?)
f dt, f dt tye 2 20 loc1%2 loc2!2 ]

(38)

-
shape. Thermal phase fluctuations are again important
only in the close vicinity of T, where the dynamic line
shape is of comparable width to the static frequency dis-
tribution. All spectra are w; =0 cross sections of the 2D
spectrum [Eq. (38)].

The dynamic line shape for the case of a gapless
phason is shown in Fig. 3(b). £, is varied between 1 and
0.2 and &, is kept constant at 0.2. On the top spectrum a
comparison to a Lorentzian shape (dotted line) is made
where the two lines have been normalized to have the
same area. Due to its 372 dependence, the dynamic line
shape for the case of a gapless phason is narrower in the
center and has stronger wings than the Lorentzian line
shape. One should thus be able to discriminate between
these two possibilities by making precise measurements
of the inhomogeneous and dynamic line shapes using the
2D NMR separation of interactions technique.

The 2D line shape for the quadratic case [Eq. (30)] can

be treated in the same way using Eq. (35) for I(w). In the
case of a small phason gap (A, <<®; ) we obtain
(01 12 X @1ty P 2X 1= X))

(39)

I
originating from the two physically nonequivalent Rb

sites of the paraelectric unit cell. The 2D spectrum in the
incommensurate phase at 7=291.2 K is displayed in Fig.
5. In the w, domain the two lines show typical incom-
mensurate shapes with continuous frequency distribution
limited by edge singularities—shown in the projection
above the 2D spectrum. The domain is sensitive to both
the static and the dynamic parts of the quadrupole in-
teraction. Since, however, the spectrum has been taken
far below the paraelectric-incommensurate transition, the
dynamic parts of the quadrupole interaction has a negli-
gible effect on the line shape. The line shapes in the w,
domain are thus here purely static. The effect of phase
and amplitude fluctuations on the NMR line shape in the
vicinity of T, has been studied on the left line (centered
around ®,/2m=0 Hz). In the ®w; domain, the static
quadrupole interaction is eliminated from the spectrum,
which is determined by the dynamic quadrupole interac-
tion and the much weaker magnetic dipole interaction be-
tween ¥Rb nuclei. At the above orientation the expan-
sion of the resonance frequency in powers of displace-
ments [Eq. (15a)] is well described by the linear term
only.'®

A line-shape study in temperature steps of 0.2 K has
been performed in the vicinity of the paraelectric-
incommensurate transition. The positions v;,; of the
edge singularities obtained in the @, domain are shown in



50 THERMAL FLUCTUATIONS AND NMR SPECTRA OF . ..

Fig. 6. The full width at half height of the dynamic line
shape Avy obtained in the @, domain at the center of the
static line shape is also shown. On the same plot the
spin-lattice relaxation time T, is also displayed. In the
incommensurate phase T'; varies over the inhomogeneous
line shape with X =coskox =(w,—Qy)/Q,. It has been

shown!®?122 that the variation is well described by the
expression
1 1 1
—=X*——+(1-X)=, (40)
T, T, Ty,

where T} represents the amplitudon-induced and T 1‘4,1
the phason-induced spin-lattice relaxation rate. T, and
Ty, can thus be separately determined by measuring the
spin-lattice relaxation time over the inhomogeneous line

a) inhomogeneous line shapes b) dynamic line shapes

01

c =08 .
‘in i B
05
L 0.3
03 '
/k 0'1
02 1
101 -
Q

01 w-
Q

FIG. 4. Quadratic case. (a) Inhomogeneous line shapes close
to T for the case of a small phason gap (A, <<w; ). Line shapes
are the ;=0 cross sections of the 2D spectrum [Eq. (39)]. The
parameter £)=wj,;/{, has been varied between 0.8 (close to
T;) and 0.1 (far away from T;), whereas &=}, /2, has been
kept constant at a value 0.8. The line shapes are displayed on a
normalized frequency scale (o —,)/Q,. Thermal fluctuations
close to T; destroy the static line shape. (b) Dynamic (homo-
geneous) line shapes close to T for the quadratic case and small
phason gap (A, <<®; ). Line shapes are the @, =0 cross sections
of the 2D spectrum [Eq. (39)]. The parameter £ is varied be-
tween 0.8 (close to T;) and 0.1 (far away from T;). A fixed
£5=0.8 has been used. As in the linear case, the linewidth
changes with temperature.
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FIG. 5. Two-dimensional separation of interactions magni-
tude spectrum of the *’Rb 1 — — 1 transition in Rb,ZnCl, at an
orientation alH,, <c,H,=122°, T=291.2 K, and v,(*’Rb) =
88.34 MHz. The w, domain shows the inhomogeneously
broadened incommensurate line shape, reflecting the static and
dynamic parts of the quadrupole interaction. The ®, domain
shows the homogeneous line shape, determined by the dynamic
part of the quadrupole interaction and the magnetic dipole in-
teraction of ®’Rb nuclei. Projections on both frequency axes are
also shown. The spectrum is displayed in the magnitude mode.

-1350
A/"(NZ)

viuy(kHz)

RbyZnCl,

6
T(K)

FIG. 6. Temperature dependence of the spin-lattice relaxa-
tion time T, the full width at half height of the dynamic line
shape Avy, and the frequencies of edge singularities of the inho-
mogeneous line shape v;,, in Rb,ZnCl, in a narrow temperature
interval around 7;. T,, is the amplitudon- and T, the
phason-induced spin-lattice relaxation times. v,(*’ Rb) = 88.34
MHz, alH,, <c,Hy,=122".
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shape. From Fig. 6 it is seen that the width of the dy-
namic line shape Avy exhibits a maximum at 7, =304.4
K. T, in the paraelectric phase decreases on lowering
the temperature and a minimum value is obtained at T;.
Below T, T, splits into two branches: the temperature-
independent phason contribution T, and the critically
temperature-dependent amplitudon contribution
T, <V T,—T. The experimental variation of T, over
the inhomogeneous line is shown in Fig. 7 for
T;—T=0.1and 0.3 K. The temperature 7,=304.4 K is
obviously the phase transition temperature, where the
paraelectric soft mode condenses. In the vicinity of T7 its
frequency becomes so low that it affects the NMR line
shape. Thus a very accurate determination of the transi-
tion temperature T; can be made. The inhomogeneous
line shape, on the other hand, shows at T;=304.4 K no
typical incommensurate shape, limited by two edge singu-
larities. It rather retains its paraelectric shape and starts
to broaden with decreasing temperature. The incom-
mensurate splitting starts to be seen at T;—T=0.4 K.
The maximum in the dynamic linewidth and the appear-
ance of resolved phason and amplitudon relaxation rates
occur at the same temperature, which is different from
the temperature where one starts to observe the incom-
mensurate splitting of the inhomogeneous line shape. It

0 1 1 L
-2 -1 0 1 2
X (normalized frequency)

0L Ty -1=03K
Tip = 6.4ms
g Tia=75ms
~— 6__
[y
Z._.
0 1 1 1
-2 -1 0 1 2

X (normalized frequency)

FIG. 7. Variation of the spin-lattice relaxation time T, over
the inhomogeneous incommensurate line shape at 7; — 7 =0.1
and 0.3 K in Rb,ZnCl,. The orientation is the same as in Fig. 5.
Circles represent measured values of T'; fits (solid line) are
made with Eq. (40).
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is obvious that there exists a critical region below T; —as
determined from the dynamic-line-shape maximum—
where the phase and amplitude fluctuations affect the in-
homogeneous line shape and destroy its static incom-
mensurate shape. The width of this region is here about
0.4 K. The experimental and theoretical inhomogeneous
line shapes close to T, are shown in Fig. 8(a). At
T,—T=0.1 and 0.3 K the inhomogeneous line shape is
smeared out by fluctuations so that it exhibits the
paraelectriclike shape. At T;—T=0.5 K, a typical in-
commensurate shape with two edge singularities becomes
observable. The theoretical fit represents the w; =0 cross
section of the 2D spectrum Eq. (37b). The inhomogene-
ous line shape is not sensitive enough to discriminate be-
tween the case of a large [Eq. (37b)] and the case of a
small phason gap [Eq. (38)] and both expressions fit the
experimental line shape equally well. A discrimination
between the two possibilities can be made, however, by
comparing the experimental and theoretical dynamic line
shapes, which are shown in Fig. 8(b) for the same temper-
atures. The solid lines represent the fits with Eq. (37b)
corresponding to a phason with a large gap whereas the
dotted lines represent fits with Eq. (38) valid for a gapless
phason. Both fits are w,=£), cross sections of the 2D
spectra where (), is the position of the absorption line in
the paraelectric phase. The fit with a large phason gap
reproduces the experimentally observed homogeneous
line shapes better than the fit without a phason gap. As
can be seen from Fig. 8(b) the difference in the two
theoretical fits is not very large. In a good signal-to-noise
experimental spectrum it is, however, possible to discrim-
inate between the two cases. The line shape of the
gapless-phason case deviates measurably from the
Lorentzian form. The evaluation of the phason gap from
the line shape is not possible, however. The theory can
just discriminate whether the gap is much larger or much
smaller than the nuclear Larmor frequency. In Fig. 8(c)
the observed inhomogeneous ®’Rb line shapes are shown
in a larger temperature interval.

On moving away from T; the dynamic line shape be-
comes narrower, demonstrating the decreasing impor-
tance of order-parameter fluctuations. Thus the
dynamic-linewidth maximum at T in Fig. 6 is well repro-
duced. Here it should be noted that, on approaching T
from above, the increasing dynamic width is a conse-
quence of the softening of the paraelectric soft mode.
This is a doubly degenerate opticlike mode, with its fre-
quency being described by wgy*V T—T;. Figure 9
shows the temperature variation of the parameters (,,
Wyoe1> and oy, determined by a comparison of experi-
mental and theoretical line shapes. Fits of both the inho-
mogeneous and dynamic line shapes were made simul-
taneously with the same set of parameters. The parame-
ter Q,« Ax1/T;—T has been determined from the
splitting of the edge singularities in a large temperature
interval. Q, has been then extrapolated into the critical
region close to T}, where the inhomogeneous line shapes
show no edge singularities. The refined 2, values after
the fit procedure agreed within 10% with respect to the
starting values. The temperature dependence of (1, is in
the general case described by Q,«<(T,—T)? and the
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(a) (b)

Intensity (arbitrary units )
Intensity (arbitrary units)

0.5K
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FIG. 8. (a) Experimental (open circles) and theoretical (solid line) inhomogeneous incommensurate line shapes of ¥’Rb in Rb,ZnCl,
close to T}, representing static incommensurate line shapes convoluted with the dynamic ones. Theoretical fits represent the ;=0
cross section of the 2D spectrum [Eq. (37(b)]. The temperatures are 0.1, 0.3, and 0.5 K below 7. (b) Experimental (open circles) and
theoretical dynamic line shapes of *’Rb in Rb,ZnCl,. The temperatures are the same as in (a). Solid lines represent the fits with Eq.
(37b), corresponding to the case of a phason with a large gap, whereas dotted lines represent fits with Eq. (38), valid for a gapless
phason. The large-phason-gap model calculation fits the experimental line shapes better than the gapless-phason calculation. (c) Ex-
perimental inhomogeneous line shapes in a large temperature interval. The orientation is the same as in Fig. 5.



9740
P~ — 25
I \\ﬁ\ N
~E 20
\\i .
. ], &
N —415 x
\% 1 B
N ~
\\\ 110 >
\ G
%\J 0.5
\
N | TR R SR RS T B T PR BT 0.0
-4 -12 -10 -08 -06 -04 -02 00
T-T{(K)
| -
200 £
1 e
«
1150 o~
) 3
3
100 g
~
. ~
& 1% $
Wioc 2 ]
| | | | L | L | L 1 L 0
-05 -0.4 -03 -0.2 -041 00

T-Ti (K)

FIG. 9. Temperature dependence of the parameters /2w,
®yoc1 /27, and @y, /27 obtained by comparing experimental and
theoretical inhomogeneous and dynamic line shapes. Dashed
line represents a least-squares fit Q,<(T;—T ) with 8=0.5.
Solid lines represent fits with Eqs. (24a) and (24b). The inset
shows the normalized quantities £, = woc; /2 and &= wjoe2 /1,
which measure the relative sizes of the fluctuating and static
parts of the order parameter. Moving away from T, &; and £,
tend to zero.

determination of the critical exponent B strongly depends
on the choice of T;. In Rb,ZnCl,, NMR measure-
ments>?° yielded a nonclassical value of 8=0.35. It has
been shown recently that the §=0.35 result is generally
found in one-dimensionally modulated incommensurate
crystals.?> These results were obtained from NMR stud-
ies of the temperature variation of the order parameter
over a large temperature interval. Our calculations are
based on the Landau theory which uses the classical criti-
cal exponent f=0.5. The fit with Q,<(T,—T)%% is
shown as a dashed line in Fig. 9. This fit is made over a
temperature interval AT=1.6 K close to T; and in this
interval the value §=0.5 reproduces rather well the ex-
perimental data. In a larger temperature interval
B=0.35 has to be used for a proper fit. The fit parameter
®),.; behaves as T/V'T;—T, in agreement with Eq.
(24a). The solid line represents the fit with the ansatz
@16c1=CT/V'T;—T and the constant C is found as
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C=(1.11£0.1) s7! K72 @, is also consistent with
the prediction of Eq. (24b), since it is found to decrease
very weakly in a temperature interval AT=0.5 K below
T,. The fit (solid line) was made with the ansatz
®2=DT and the constant D is found as
D=(0.99+0.05) s"! K~!. The inset in Fig. 9 shows the
normalized quantities

£,= W1oc1 o T
1 Q] TI_T

and

g — Dyoc o« T
2 Ql (TI_T)I/Z ’

which measure the relative sizes of the fluctuating part of
the order parameter with respect to the average value of
the order parameter. At T,—7=0.1 K, &, amounts to
0.31 and £,=~0.1. On moving away from T into the in-
commensurate phase, &, and £, tend to zero, showing the
decreasing importance of phase and amplitude fluctua-
tions.

The values of §;,=0.31 and £,=0.1 at T;,—T=0.1 K
indicate that the fluctuating and the static parts of the or-
der parameter become of comparable size at that temper-
ature. An interesting question arises when one considers
how close to the phase transition temperature T, the
above treatment—based on the Landau theory—can be
applied. It is well known that the Landau theory is appli-
cable in the range where the order-parameter fluctuations
are small compared to the static part of the order param-
eter. Thus approaching T, one necessarily violates the
above condition. From the normalized quantities £, and
&, one can see that the parameter (), —a measure of the
magnitude of the static order parameter—and parame-
ters @, and w;,.,—measures of the fluctuating parts of
the order parameter —become of comparable size 0.1 K
below T,;. The above treatment thus does not apply at
temperatures closer than 0.1 K to T7.

B. ¥ K NMR in K,SeO,

A similar effect of thermal fluctuations as in Rb,ZnCl,
has been observed also in the quadrupole-perturbed *K
NMR spectra of K,SeO,. The *K 1 — —1 transition has
been measured at the Larmor frequency 12.6 MHz
around the paraelectric-incommensurate transition tem-
perature T7,=125.2 K. The orientation of the crystal
(alH,, <c,H,=100") has been chosen in such a way
that the expansion of the frequency in powers of the dis-
placements [Eq. (15a)] is linear. The *°K inhomogeneous
spectra are shown in Fig. 10(a) for a set of temperatures
below T;. Care has been taken to decrease the tempera-
ture gradient across the sample to less than 0.1 K by
proper thermal isolation in the cryostat and by waiting at
least thirty minutes before the measurement was started
after the desired temperature has been reached. The in-
homogeneous spectrum at T;—T=0.4 K preserves its
paraelectric shape, whereas the spectra between
T,—T=1.6 and 3.4 K gradually transform into the stat-
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FIG. 10. (a) K }— — 1 inhomogeneous NMR line shapes in
K,Se0, in the vicinity of T;=125.2 K [vo(* K) = 12.6 MHz,
alH,, <c,Hy=100"]. (b) Theoretical inhomogeneous line
shapes in the vicinity of T; [Eq. (28)], derived for the case of a
small phason gap. The spectra are displayed on a normalized
frequency scale X=(0—Q)/Qy; £=0.1 and
E=B/VI(T,—T)/T;.

ic incommensurate shape. The central peak arises from
the parts of the modulation wave which fluctuate fast on
the linewidth scale. Another explanation for the central
peak could be a distribution of 7 values due to impuri-
ties in the crystal lattice. As we are dealing with a nomi-
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nally pure crystal, we believe that this alternative descrip-
tion is not appropriate in our case. The two possibilities
cannot, however, be discriminated solely from the spec-
trum shape. The line shape at T;—7=6.2 K corre-
sponds to the static modulation wave, where thermal
fluctuations are no longer important. Experimental line
shapes have been reproduced theoretically [Fig. 10(b)] by
the adiabatic inhomogeneous-line-shape formula [Eq.
(28)]. As pointed out already in the Rb,ZnCl, case, the
inhomogeneous line shape is not sensitive enough to
discriminate between different combinations of parame-
ters £, =1 /0 and £, =y, /R OF £, =B, /2. The
fits with Eqgs. (28) are thus qualitative only. In our fits £,
assumes a small constant value 0.1 and &, is chosen in the
form &,~B/V/(T;—T)/T; with a dimensionless con-
stant B=5X10"2. From Figs. 10(a) and 10(b), it can be
seen that the temperature region—3 K —where thermal
fluctuations affect the line shape is substantially broader
in K,SeO, than in Rb,ZnCl,.

VI. CONCLUSIONS

The obtained results show that the adiabatic incom-
mensurate line shape is given by the Fourier transform of
(G)=(G,G,) and not just G, as tacitly assumed so far
in nearly all NMR studies of incommensurate-
paraelectric phase transitions. This fluctuation correc-
tion, which is similar to the Debye-Waller factor in x-ray
scattering, determines the form of the NMR spectrum in
the vicinity of the N-I transition. The 2D NMR separa-
tion technique allows for a separate observation of the
static and dynamic line shapes. The latter has maximum
width at T, thus allowing for a precise determination of
T;. This is important, since order-parameter fluctuations
change the shape of the static incommensurate spectrum
in such a way that the edge singularities of the static line
shape disappear in a narrow temperature interval below
T, thus masking the onset of the I phase.

One should note that the above fluctuation corrections
are evaluated for an ideal defect-free crystal and that the
NMR line shape close to T; will be greatly influenced by
impurities.
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