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Phonon-assisted tunneling from a two-dimensional emitter state
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We present a theory of phonon-assisted tunneling in GaAs/A1As double-barrier structures, which

treats the electrons in the emitter as a two-dimensional electron gas. A complete set of eonfined and in-

terface optical-phonon modes is calculated using a dielectric-continuum model, and we derive a general
expression for the electron-phonon Hamiltonian valid for all optical-phonon modes in an arbitrary het-
erostrueture. The eleetronie wave functions relevant to phonon-assisted tunneling are found by self-

consistently solving the Schrodinger and Poisson equations in both the well and the emitter. Five
different phonon modes are predicted to dominate the phonon-assisted tunneling current: three LO-like
interface modes, the half-space modes in the emitter, and the confined modes in the well.

I. INTRODUCTION

Phonon-assisted tunneling (PAT) in double-barrier
structures has attracted a great deal of experimental'
and theoretical interest over the past few years.
From a device standpoint low levels of PAT are desirable
in order to increase peak-to-valley current ratios, while
from a fundamental view phonon-assisted tunneling mea-
surements provide a means for testing models of localized
optical phonons and associated electron-phonon interac-
tions in quantum-well structures.

While there are numerous theoretical studies of PAT
in double-barrier structures, few of these make de-
tailed comparisons to experiment. Some do not include
localized phonons in the calculations, while others simpli-
fy too drastically the dynamics of electrons in the emitter
region of the device. Usually, the electrons in the emitter
region of a double-barrier device are modeled as a three-
dimensional electron gas in equilibrium. However, this is
inappropriate for many devices, which often contain un-
doped spacer layers outside the two barrier layers. The
introduction of spacer layers has been shown to improve
the peak-to-valley ratio of devices through the formation
of a two-dimensional electron gas in the emitter. To ac-
curately model the PAT curve at low temperatures in
realistic double-barrier structures, it is therefore essential
to treat both the two-dimensional electron gas in the em-
itter and the localized phonons.

Recently, Turley et al. compared experimental
current-voltage curves frotn a GaAs/AIAs double-barrier
structure to model calculations which included both lo-
calized phonons and a two-dimensional emitter state. In
that paper, close agreement between theory and experi-
ment was demonstrated, confirming the existence of in-
terface modes in a double-barrier structure. The phonon
properties were treated using the dielectric-continuum
model, a simple macroscopic model of localized optical
phonons in which the phonon properties are described in
terms of the bulk dielectric properties of the various
semiconductor layers.

In this paper we describe in detail the model used in
Ref. 9 for calculating the PAT current from a two-

dimensional emitter state with all localized optical-
phonon modes included. In Sec. II we describe the calcu-
lation of the electronic wave functions and discuss the
basic PAT current formula for a two-dimensional elec-
tron gas irr the emitter. In Sec. III we use the dielectric-
continuum model to derive a general expression for the
electron-phonon Hamiltonian valid for all localized
optical-phonon modes in an arbitrary heterostructure. In
Sec. IV we calculate the PAT current using a method
which is more computationally efficient than those de-
scribed in previous papers. ' ' The results of these cal-
culations are presented and discussed in Sec. V.

The experimental double-barrier device that we are
modeling consists of an 80-A GaAs well, surrounded by a
33-A A1As barrier on one side and a 45-A A1As barrier
on the other. Asymmetric structures have been shown to
give large PAT peaks relative to the resonant tunneling
peak. ' ' Detailed descriptions of the spacer layers and
growth procedures are given in Ref. 9. We assume that
the temperature is low enough (typically T=4 K for the
relevant experimental results) to make the approximation
T=O.

II. ELECTRONIC STATES

In the phonon-assisted tunneling process, electrons are
transferred frotn the emitter of the double-barrier struc-
ture to the well by the emission of an optical phonon.
The phonon emission rate can bc calculated using the
Fermi golden rule:

(2.1)

where the Hamiltonian H, h describes the interaction be-
tween the electrons and the optical phonons, E,. is the en-

ergy of the initial electronic state, E& is the energy of the
final electronic state, and fur is the energy of the phonon.
The total initial state ~i ) has one electron in state 4; with
no phonons, while the total final state

~f ) consists of one
electron in the state 4& plus one emitted phonon.

In the absence of a magnetic field the initial and final
electronic states are written

0163-1829/94/50(12)/8423(10)/$06. 00 50 8423 1994 The American Physical Society



8424 P. J. TURLEY AND S. W. TEITSWORTH 50

i'll rll

%,(r}= —y, (z)
A

(2.2)

and

e
'

ll 'll

0'f(r)= —yf(z),

where A is the cross-sectional area of the entire struc-
ture, y, (z) and yf (z) are the z-dependent parts of the
wave function, and rII and kII are, respectively, the posi-
tion and wave vector projected onto the plane of the in-
terfaces, i.e., k=kII+k, z. (k is the total momentum of
the electron and z is the unit vector in the z direction. )

The emission rate is summed over all available initial
and final states to calculate the current. For a two-
dimensional electron gas in the emitter, the current is
given by

J( V) =—' f ""iIf "kII lV( & ~f ' V }g ("iI }g ("II}

gyro, =n +n, , (2.4)

where n, is the charge density in the emitter, 6, is the
magnitude of the electric field in the collector barrier, ~0
is the static dielectric constant in the barrier, and co is the
permittivity of free space.

Because the electron-electron scattering time ( = 100 fs)
is much shorter than the lifetime of electrons in the well
or emitter (=5 ns in this structure), the distribution of

Xf (kII)[1 f (kII)j

where g, (kII)=2(A/(2m. ) ) is the density of electronic
states in the emitter, g„(kI'I)=( A /(2n. ) ) is the density of
available electronic states in the well (the factor of 2 is

dropped because the electrons do not change spin during
phonon emission), A is the cross-sectional area of the de-
vice, f, (kII) is the distribution of electrons in the emitter,
and f (kI'I) is the distribution of electrons in the quantum
well. The Il —f (kI'I)] factor in this equation accounts
for the reduction of current due to the Pauli exclusion
principle.

We determine the z-dependent parts of the wave func-
tion by simultaneously solving the Schrodinger and Pois-
son equations in the well and emitter. We only look at
contributions from two states, the lowest energy quasi-
bound state in the well, and the lowest energy quasi-
bound state in the emitter, both of which are effectively
two-dimensional. At low temperatures the higher energy
states in the emitter are essentially unoccupied, and in
GaAs/A1As double barrier structures current from the
higher energy emitter states is only detected at higher
temperatures.

The total charge in the well is given by the formula
n =J~, where n is the charge density in the well, J is

the current, and ~ is the lifetime of carriers in the well.

The hfetime of carriers in the well is determined by the
rate of tunneling through the collector barrier, and is cal-
culated using a simple one barrier tunneling formula.
Once the charge ia the well is known, the charge in the
emitter is calculated using
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FIG. 1. Calculated initial wave function, final wave function,
and conduction-band-edge profile using a simultaneous
Schrodinger-Poisson solution: (a) The wave functions plotted
on a linear scale (gray lines) and the potential profile (solid line).
(1) The wave functions plotted on a logarithmic scale and an ex-

panded view of the potential profile. The two horizontal solid
lines denote the energies of the initial and final states with

respect to the potential profile.

electrons is given by a Fermi distribution with a well-
defined electron temperature. Because the acoustic-
phonon emission time ((0.1 ns) is also much shorter
than the electron lifetime, it is reasonable to assume that
the electron temperature is the same as the lattice temper-
ature, though this assumption may not be valid in struc-
tures with thinner barriers.

We self-consistently solve the Schrodinger and Poisson
equations to determine the z energy of the initial state E„
the z energy of the final state E,f, and the z-dependent

parts of the wave functions. The current may then be
calculated using Eq. (2.3). The total voltage drop is
determined by adding the voltage drop across the collec-
tor (calculated using the depletion layer approximation)
to the voltage drop across the barriers, well, and emitter
(calculated using the Schrodinger and Poisson equations}.
The results from the first current calculation are used to

recalculate n and n„and the procedure is repeated until

convergence is satisfactory, which generally requires no
more than 12 iterations.

Figure 1 shows two plots of the wave functions and po-
tential profile calculated using a simultaneous solution of
the Schrodinger and Poisson equations. Figure 1(a}
shows the wave functions plotted on a linear scale (grey
lines) and the potential profile (solid line}. Figure 1(b}
shows the wave functions plotted on a logarithmic scale
with an expanded view of the potential profile. The two
horizontal solid lines denote the z energy of the initial
and final states. The z-energy separation between the two
states LE, has also been noted in the figure. It is impor-
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tant to realize that the initial and final wave functions
overlap in the emitter in addition to the barriers and well.
Most previous calculations ignored the overlap of the
wave functions in the emitter, including those presented
in Ref. 9, but we find that the overlap in the emitter can
be crucial in determining which phonon modes contrib-
ute to the PAT current.

III. ELECTRON-PHONON HAMILTONIANS

The electron-phonon interaction in semiconductor mi-
crostructures has been described using a number of
theoretical techniques. Several microscopic approaches
have been developed which look directly at the forces
among the lattice atoms 9 but the results of these cal-
culations are often too complicated to incorporate easily
into an electronic transport calculation. For transport
purposes it is advantageous to use a macroscopic continu-
um picture. Accordingly, we adopt the dielectric-
continuum model, which calculates the polar-optical pho-
non modes in terms of the corresponding bulk dielectric
properties of the difFerent material layers. Recent micro-
scopic calculations have shown that this model provides
an accurate description of the phonon modes in quantum
wells, especially for longer wavelength phonons which
are most important for electron scattering. '

Although numerous derivations of the electron-phonon
Hamiltonians within the dielectric continuum model ex-
ist, most of these are rather complicated and specific
to a particular type of heterostructure. For this reason,
we include a straightforward derivation of a general ex-
pression for the electron-localized phonon Hamiltonian
which is applicable to arbitrary heterostructures.

In polar semiconductors, optical phonons polarize the
semiconductor, generating an electromagnetic field.
Since induction e8ects are quite small for the phonon
wavelengths of interest, the electric field due to the pho-
non is well described by a scalar potential 4(r). ' The in-
teraction energy of an electron with charge e in the pho-
non field is then written H, h

=e4(r ). It has been
claimed that the use of a scalar potential is inappropriate
and that the vector potential A p interaction should be
used instead. 8 However, it is easy to show that the sca-
lar and vector potential representations lead to nearly
identical results at the frequencies of interest, as one
would expect from the principle of gauge invariance.

A more serious objection is that this approximation ig-
nores the mechanical boundary conditions at the inter-
faces. Indeed, a straightforward application of the dielec-
tric continuum model leads to a discontinuity in the ionic
displacement field at the interfaces, which is not con-
sistent with the microscopic phonon models. However,
calculations of scattering rates in quantum wells show
that this discrepancy does not lead to significant errors,
so that the dielectric continuum model is well suited for
transport calculations. '

In calculating the electron-phonon Hamiltonian, we
will assume that the widths of the collector and emitter
barriers are the same. However, experimental
structures —including the one we are modeling here—
frequently have barriers of unequal width. It is possible

X „=—,'w —
—,'coTw +—,'eye„V@V@—yw. V@ . (3.1)

Here w(r)=p' u(r), where u(r) is the displacement
from equilibrium of the positive ions less that of the nega-
tive ions, p is the reduced mass per unit volume, eo is the
permittivity of free space, and y is defined by

e()(KO K~ )coT 'EpK~(coc c0T ) q (3.2)

where K„and Kp are the high- and low-frequency dielec-
tric constants, respectively, and NL and Nz are the longi-
tudinal and transverse optical phonon frequencies, re-
spectively. It is important to note that the quantities K„,
Kp NL N T' and y are independent on the material type
(e.g., GaAs or A1As), and are thus functions of z.

The Euler-Lagrange equation for the potential 4 gives
the Poisson equation with a z-dependent dielectric func-
tion e,(co;z):

V Ie(co;z)V@) =0

where e(c0;z) is given by the standard form

N NL
2 2

e(co;z)=co@„
N NT

(3.3)

(3.4)

Since we have translational invariance in the x-y direc-
tion, the potential due to the phonons can be expanded in
the form

q;z)e
@(r)=g P(q)() (3.5)

where
q~~

is the momentum of the phonon in the x-y
plane, p(ql) is an expansion coefficient, and f(q~~, z) de-
scribes the phonon potential in the z direction and
satisfies the equation

d . d . 2 (3.6)

Equation (3.6) may also be written in an integral form:
2

dz =0, (3.7)

where the integral extends over the entire z axis.
The dispersion relations and phonon potentials are

found by solving Eq. (3.6).' For a double-barrier struc-

to calculate the electron-phonon Hamiltonians for asym-
metric double-barrier structures (the formulas are consid-
erably more cumbersome than for symmetric structures)
but the dispersion relations and the phonon potentials for
the 33-80-45-A structure are not significantly diS'erent
from those presented here. ' For the purposes of calcu-
lating the phonon properties we use the emitter barrier
thickness on both sides of the well. Since the initial and
final wave functions do not possess significant overlap in
the collector barrier (see Fig. 1), this is a good approxi-
mation for the purposes of calculating the PAT current.

We start with the Lagrangian density of the phonon
fi ld. 42 —44
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ture there are four heterointerfaces and a total of 14 lo-
calized phonon modes. These are the LO-like and TO-
like confined modes in the well, the LO-like and TO-like
confined modes in the two barriers, and eight interface
modes. Four of the interface modes are symmetric with
respect to the center of the well, while the other four are
antisymmetric.

For the LO-like confined modes, f (q~~, z ) is given by

f(ql,'z ) =sin(a„z), (3.8)

where c., is the dielectric constant of the well and spacer
layers (GaAs), and ez is the dielectric constant of the bar-
riers (AIAs). To obtain dispersion relations for the an-
tisymmetric interface phonons, simply replace
tanh(q~~d, /2) by coth(q~~d, /2) in Eq. (3.9). In the long-
wavelength limit (q~~~0) the energies of the interface
phonons converge to bulk LO- and TO-phonon energies.
We can therefore classify interface phonons as TO-like or
LO-like depending on their long-wavelength value of en-

ergy. It is important to realize, however, that both the
LO-like and TO-like interface phonons can interact with
electrons, though typically the LO-like phonons have a
stronger effect.

The function f (q~~~,
'z )—which describes the electrostat-

ic potential created by the phonon —has been written out
for the case of double-barrier symmetric and antisym-
metric interface modes in Ref. 45. In Fig. 2 we plot

f(q~~, z) for the four LO-like interface phonons for a
structure with an 80-A well and 33-A AlAs barriers. A
distinction between the two symmetric interface phonons
is immediately evident. The potential profile of the pho-
non in Fig. 2(a) peaks at the outer interface, and we ca11
this the outer symmetric interface phonon. In the long-
wavelength limit it has the energy of the bulk GaAs LO
phonons: 36.2 meV. The potential profile of the phonon
in Fig. 2(b) peaks at the inner interface, and we call this
the inner symmetric interface phonon. In the long-
wavelength limit it has the energy of the bulk A1As LO
phonons: 50.1 meV. Similarly, the mode depicted in Fig.
2(c) is called the inner antisymmetric interface phonon
and has an energy of 36.2 meV in the long-wavelength
limit, while the phonon mode depicted in Fig. 2(d) is
called the outer antisymmetric interface phonon and has

where z is measured from the left side of the confining re-
gion and a„=nor/d, where d is the width of the confining
region with n =1,2, 3, . . . . The dispersionless frequency
is given by e(co;z) =0, as for the bulk case, where e(co;z)
is the dielectric function for the confining region. Thus
the LO-like confined modes in the well have the energy of
bulk LO phonons in GaAs, fico=36.2 meV, while the
LO-like confined modes in the barriers have the energy of
bulk LO phonons in A1As, fico=50. 1 meV. The TO-like
confined modes do not couple strongly with electrons,
and are not considered here.

The dispersion relation for the symmetric interface
phonons is given by' '

eztanh(q
~~

1z ) +E &ez[tanh( —,
'
q

~~

d
&

) + 1]

+e, tanh(q~~dz)tanh( —,'q~~d& ) =0, (3.9)
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FIG. 2. The function f(q~~~, z) for the LO-like interface pho-
nons: (a) the outer symmetric interface phonon, (b) the inner
symmetric interface phonon, (c) the inner antisymmetric inter-
face phonon, and (d) the outer antisymmetric interface phonon.

an energy 50.1 meV in the long-wavelength limit.
The electron-phonon Hamiltonian is given by

H ph e 4, where e is the charge of the electron and 4 is
the phonon potential. A form of this Hamiltonian valid
for all localized modes is derived in the Appendix and is
given by

(3.11)

It is interesting to note that Eqs. (3.10) and (3.11) for the
electron-localized phonon Hamiltonian apply not only to
double-barrier structures but also to arbitrary hetero-
structures. Note the similarity between the definition of
p(q~~ ) and the phonon dispersion relation as expressed in

Eq. (3.7). Because the phonon potential term f(qi, z)
occurs in both the Harniltonian, Eq. (3.10) and the
definition of p(q~~), Eq. (3.11), the overall normalization
of f(q~~, z) is not important. We can multiply f(qi, z) by
any function of

q~~
and while the form of the Hamiltonian

may appear completely different, any physical quantities
that are calculated will be unaffected.

For the confined phonons, p(qt~ ) can be reduced to
I /2

2e A (3.12)
Be(co)

d( z+ z)

H, &=+ —e ' f(q~~', z)[a(qi)+a (
—

q~~)], (3.10)

where a (
—

q~~) and a(qi) are the creation and annihila-
tion operators for the phonons, and the coupling
coeScient P(q~~ ) is given by

—1/2

dz .
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where d is the length of the confining region. For explicit
formulas for the electron-interface phonon Harniltonians
in a double-barrier structure, see Ref. 45.

Figure 3 plots the value of P(q~~ ) for all localized pho-
non modes for a double-barrier structure with an 80-A

0
GaAs well and two 33-A AlAs barriers on a logarithmic
scale. In order to obtain a proper sense for which modes
are more important, we have calculated P(qi) using a
normalized version of f(qi, z) which satisfies ff dz=l
and gives p(qi ) in dimensions of (energy} (length) ~ . The
interface phonon modes are labeled according to the no-
tation of Kim et al. , which is summarized in Table I.
In Fig. 3(a) we show P(q~~) for the antisymmetric inter-
face modes. Note that the two LO-like modes co,2+ and
co„have the largest values of P(qi ) at low qi. In both

P(qadi}" (I/qadi}
~ ' ' ll v iu f

qadi
"e 'wo

TO-like modes co,2 and co„+are not nearly as impor-
tant at low q~~.

In Fig. 3(b) we show P(q~~ ) for the symmetric interface
modes and the confined modes of the system. The LO-
like outer symmetric mode co, &+ is largest over most of
the range of q~~. It diverges as 1/qi at low values of q~~.

The TO-like outer symmetric mode co,2+ is also quite
strong, and diverges as (1/qi)'~ at small values of q~~.

The two inner symmetric modes are weaker, with the
TO-like mode going to zero proportional to

qI~
at small

values of q~~. The two confined modes are almost con-
stant as a function of

q~~
since, for the range covered here,a„)qi. The confined mode in the well (co,„)is stronger

than the confined mode in the barrier (co,b) because the
a„for the confined mode in the well is larger than the a„
for the confined mode in the barrier.

It is important to realize that we cannot immediately
decide from this graph which localized modes will con-
tribute the most to the PAT current. In Sec. IV we shall
find that the current due to PAT is roughly proportional
to P (qi }(A,(qi)(, where A,(qi) is an overlap integral be-
tween the phonon potential and the electronic states.
The overlap integral is largest for the LO-like inner sym-
metric mode and the confined modes in the well, which
raises their contribution to the current, while for the
LO-like outer symmetric interface mode the overlap in-
tegral is very small, dramatically reducing the current
due to this mode.

The properties of the interface modes are summarized
in Table I. In the first and second columns we have
designated the phonons using the notation of Kim et al.
and Mori, Taniguchi, and Hamiguchi. ' In the third
column we have given the energy of the phonon in the
long-wavelength limit. We then can define the phonon
mode as LO-like or TO-like. In the fifth column we show
the dependence of the coupling coefficient P(q~~) on the
phonon wave vector

q~~
in the long-wavelength limit, i.e.,

as
q~~

0. Since most of the phonons emitted by the tun-
neling electrons have q~~d, &1 and q~~d2 &1, this limit
strongly determines which type of phonon will contribute
most to the PAT current.

In addition to the localized phonon modes just dis-
cussed, we should also consider the bulk LO phonon in
the GaAs contact regions. Because these modes cannot
penetrate the A1As layer, they are typically called half-
space modes as they exist on only one side of the inter-
face. For PAT, the half-space modes in the collector
region are of no importance. The initial and final elec-
tronic wave functions barely penetrate into the collector,
and the overlap integral between the electronic wave
functions and the phonon potential will be negligible.

On the other hand, the half-space LO modes in the em-
itter can be very important in many structures, and they
should be included in any calculation of PAT. One
method of doing this is to treat the half-space modes as
confined modes in the emitter, with a„=nn/L„wher.e
L, is the length of the emitter. One can then let L,~ 00

and convert the sum over n to an integral. However,
since most of the overlap with the electronic wave func-
tions occurs within 200 A of the emitter barrier, in our

0
structure we can simply let L, =500 A, sum over n from
one to 20 and obtain a very close approximation ( & 1%
error) to the L,~ 0e calculation.

~)0
E

e10
CF

10
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IV. CALCULATION OF PHONON-ASSISTED
TUNNELING CURRENTS

Inserting the electron-phonon Hamiltonian Eq. (3.10)
and the electronic states Eq. (2.2) into the Fermi golden
rule Eq. (2.1) yields the emission rate:

FICx. 3. The coupling coefficient P vs q~~d„(a) for the an-
tisymmetric interface phonons, and {b) for the symmetric inter-
face phonons and confined phonons.

W(i~f)= P (qi)~A(qi)~ 5„„,5(E; Ef fico), — —

(4.1)
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TABLE I. Summary of interface mode properties.

Kim et al.

sl-
s1+
s2+
s2-
a1+
&a1-
a2—
a2+

Mori, Taniguchi,
and Hamiguchi

So
So
S1+

S,

h co(qii ~0)
33.1 meV
36.2 meV
44.8 meV
50.1 meV
33.1 meV
36.2 meV
44.8 meV
50.1 meV

TO-like
LO-like
TO-like
LO-like
TO-like
LO-like
TO-like
LO-like

Name

inner symmetric
outer symmetric
outer symmetric
inner symmetric
outer antisymmetric
inner antisymmetric
inner antisymmetric
outer antisymmetric

qli dependence of
P(q~~ ) as

q~~
~0

( 1 yq )1/2

constant
constant
( 1 yq )1/2

( 1/q )1/2

where fico is the phonon energy, which is a function of qii
for the interface modes and is constant for the confined
phonons. A, (q~~ ) is the overlap integral of the phonon po-
tential with the electronic states

A(q~~)= fyf'(z)f(qi ,z)q;('z)dz . (4.2)

This rate may then be inserted into the current formula
Eq. (2.3) to yield

kiiFf ~1 f (kii)~dkiif d&f "'kidkii~'(qi~)l~(qadi)l'~« —Ef —~~) (4.3)

where P is the angle between k~~ and ki~ as shown in Fig. 4.
In previous papers we integrated first over kI in order to
obtain an expression for the scattering rate W(ki). '

If we are only interested in calculating the current, how-
ever, it is more efficient to integrate over ki first. Using
conservation of energy and momentum

and

kF+g if kF' ~kF+g
k'

lmax k&2 f k'2& k2+gF 1 F — F

if kF ~g
k'

iimin k&2 f k&2 & PF ~ F —b ~

(4.7)

(4.8)

E; E fico= —— (k —k' ) (fico bE, )=0— —(4.4)

and

q'„=k „+k,',
2 —2k„k

i~
cos(P), (4.5)

where hE, is the z-energy difference between the emitter
state and the well state, we can integrate over the initial
electronic states to yield a central result of this paper:

7r iimaxV)= ' f deaf
' '""ii ki~~~'(Qii)l&(Q

Ilmin

The limits of the integration are given by

where kF is the Fermi wave vector of the initial (emitter)
state, kF is the Fermi wave vector of the final (well) state,
and

2m
(b,E —fico) . (4.9)

The quantities Q~~
and Ki are the wave vectors of the

emitted phonon and the initial electron for a given final
electron wave vector k

i~

and angle P, and are specified by

Q2ii k ii2+K2ii 2k iiKiicos((t ) (4.10)

(4.11}

FIG. 4. Dynamics of the phonon emission process projected
into the x-y plane; P is the angle between the incoming electron
and the scattered electron projected onto the plane of the inter-
faces.

Equation (4.6) for J(V) is a general formula for the
current due to PAT, valid for all confined and interface
phonon modes. It represents a considerable
simplification over previous expressions in that only (a
maximum of) three numerical integrations need to be per-
formed. It also clearly expresses the fact that the PAT
current is proportional to the coupling coefficient P(Qi )

and the overlap integral A.(Qi ).
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The voltage dependence of J( V) enters into the formu-

la most strongly through the dependence of the b,E, in

Eqs. (4.9) and (4.11) on the voltage. On the other hand,
the overlap integral A,(Qi) has a relatively weak depen-
dence on the voltage. For the interface modes, K~~ and

Qi are related in a nontrivial manner through fico( Q~~ ),

and thus Eqs. (4.10) and (4.11) must be solved simultane-
ously for a given final electron wave vector kI and angle
P. For the confined phonons i)ico is dispersionless (not a
function of qi), so, using the functional form of P(qi ) [Eq.
(3.12)], we can integrate Eq. (4.6) to find an analytical ex-
pression for the current due to the confined modes:

ey, A,„m'
J(V)=g

4n. dpi a„
2 1/2 '2 1/2 '

(4.12)

where A,
„

is the overlap integral, which now depends sole-

ly on n, and the y, is defined by
' 1/2 1/2

2A'e fuoe 1 1
(4 13)

Be(co ) eo K Ko

Typically, the contribution from the lowest-order
confined mode with n =1 is stronger than the higher-
order modes. A simple and reasonably accurate
( & 10% error) approximation to Eq. (4.12) can be
made by assuming a„))~(2m '/A )(%co b,E, )

~

an—da„»k ~~,„,„,which is equivalent to setting
a„+qi

=-a„in Eq. (3.12).' This yields the remarkably
simple result

2 2ey, m A,
„

(k ](max k ([min 1X
2irdA' „a„ (4.14)

This simple analytical expression can be used to compare
the strength of different confined modes. It is a very good
approximation for voltages near the peak of the PAT
current (where Rco= b E,), but breaks down at high volt-

ages where fuu «hE,

V. DISCUSSION

Figure 5 shows a graph of the PAT current due to each
optical-phonon mode. For simplicity we have set
f (k~[):0in these calculations, so that the eFects of Pau-
li exclusion and charge buildup in the well are not includ-
ed. The effects of these processes on calculated current-
voltage curves are shown in Ref. 9.

Figure 5(a) shows the currents plotted on a logarithmic
scale, so that the smaller contributions can be seen. The
current due to the confined modes in the collector barrier
(labeled co,b, ) is very small due to the very small overlap
of the wave functions in the collector barrier. The
current due to the confined modes in the emitter barrier
(labeled co,b, ) is larger, but the overlap of the wave func-
tions in the barriers is still too small for the confined
modes in the barrier to have much effect on the current.
This observation appears to be true for almost any

double-barrier structure that can be designed, and previ-
ous authors who claimed to have observed tunneling as-
sisted by phonons in the barriers were actually looking at
interface phonons. '

It is not surprising that currents due to TO-like inner
syinmetric phonons (co, i }, and TO-like outer antisym-
metric phonons (co„+)are small. As shown in Fig. 3,
both types have small p(q1} over the entire range of qi
values. It is more surprising that both the LO-like and
TO-like outer symmetric phonons (co„+)and (co,z+) do
not contribute much to the current. Here the overlap in-
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FICx. 5. Contributions to the phonon-assisted tunneling
current from each of the phonon modes: {a) The current on a
logarithmic scale with the smaller contributions labeled. {b)
The current on a linear scale with the larger contributions la-
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tegral is critical. As
q~~ goes to zero, the potential func-

tion of the outer symmetric phonons f(q~~, z) goes to a
constant, independent of z (see Fig. 2). The overlap in-
tegral A,(q 1

) is then approximately proportional to

fdz pf(z)y;(z). Since the initial and final electronic
states are eigenfunctions of the same Hamiltonian, how-
ever, they are orthogonal, and the overlap integral must
vanish as

q~~
0. For finite values of

q~~
the overlap in-

tegral is still quite small, and the contributions to the
overall current from these two modes are negligible. In
order to model this effect correctly, it is imperative to do
two things: first, we must construct properly orthogonal
electronic states, and, second, the overlap integral must
be extended over both the well and the emitter of the de-
vice. If these two steps are not taken, the current due to
the outer symmetric modes may be greatly overestimat-
ed."

Note that the TO-like inner symmetric mode (co,2 )

makes the largest contribution of any of the TO-like
modes. As seen in Fig. 3, this mode has a very low cou-
pling coefficient at small q~~, but for large

q~~
its coupling

coefficient is the largest of any of the antisymmetric
modes. This behavior is refiected in the I-V curve. At
low voltages, where b,E, =fico and

q~~~
is small, the co,2

mode does not make a large contribution to the current.
At higher voltages, however, where bE, &%co and

q~~
is

larger, the co,2 mode contributes much more strongly to
the current.

The other five types of phonon modes —the two LO-
like antisymmetric modes, the LO-like inner symmetric
modes, the confined modes in the well, and the half-space
modes in the emitter —all make sizable contributions to
the PAT current, as seen in Fig. 5(b). The LO-like inner
symmetric mode makes one of the largest contributions,
mainly because the overlap between its potential profile
and the electronic states is particularly favorable in this
structure. Figure 5 plots the contributions from each
phonon mode separately in order to see which modes
dominate the PAT current. To find the total PAT
current through the double-barrier structure, the contri-
butions from each phonon mode are simply added togeth-
er. To compare with experiment, however, both the
broadening of the electronic states and the buildup of
charge in the well must be taken into account as de-
scribed in Ref. 9.

In Ref. 9, the overlap integral between the phonon po-
tential and the electronic wave functions was calculated
for the well and barrier alone, i.e., the contribution to the
overlap integral from the emitter region was not includ-
ed. This does not significantly affect the calculated
current due to the confined modes in the well and the
inner symmetric interface phonons. On the other hand,
neglecting the emitter region in the overlap calculation
leads to a substantial overestimation of the PAT current
due to LO-like and TO-like outer symmetric modes,
while the current from the antisymmetric phonons is un-
derestimated. To understand why a strong contribution
from the LO-like and TO-like outer symmetric phonons
was not observed in experiment, it was previously specu-
lated that screening of phonons by electrons in the em-
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APPENDIX: THE DERIVATION
OF THE ELECTRON-PHONON HAMILTONIAN

In this appendix we derive Eqs. (3.10) and (3.11) for the
electron-phonon Hamiltonian. Using the Lagrangian
density Eq. (3.1) we form the canonical momentum densi-

ty ~(r) we write the Hamiltonian density:

% „=—,'m + —,'coTw —
—,'eoic„V4V4+yw. V@ . (Al)

The phonon potential and the lattice displacement field
are not independent variables, but are related through the
Euler-Lagrange equations for w:

(A2)

or, assuming harmonic time dependence,

yV4
(q„)

so that the Hamiltonian density may be written as

[ 2(q )
2 ]2

(A3)

(A4)

Here co(q~~ ) is the frequency of the phonons and is given

by the solution to the appropriate dispersion relation.
Expanding in normal coordinates, both the displace-

ment field and the canonical momentum density can be
written in a manner similar to the electrostatic potential:

'qual'll

w(r) =g ui(qi)g(qi, z )e(qff z ) (A5)

itter might reduce the strength of these modes. After in-
cluding the overlap integral in the emitter, however, the
strength of the outer symmetric phonons is greatly re-
duced, and we no longer need to appeal to screening to
suppress the contributions from these two modes. Of
course, if a structure is designed so that the electron den-
sity in the well or emitter is large, or the electron gas in
the emitter is effectively three dimensional, we would ex-
pect screening to be important.

In conclusion, we find good agreement between theory
and experiment in both forward and reverse biases by
adding up the contributions of all the phonon modes,
with the effects of charge buildup in the well and
broadening of the electronic states included. We have
also looked at other GaAs/AIAs double-barrier
structures —with different well and barrier
thicknesses —and found good agreement between the
measured PAT currents and theoretical calculations.
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and

e'qll'll
ir(r) =g m(qII)g(qII, z )e(qII, z ) v'W

qual

(A6)

X ~ qll)~ -qII +-,'~'
qII ~ qll

+-,'~(q„)~(—qI, )

[~'(qII ) —~'T 1'
X c coz g qll z z

y'

where ir(qII) =c)io qII) ' qII'z is the polarization vec-
tor, and g (qII, z ) is a normalized function (i.e.,
f Ig(qII;z )I dz =1) which characterizes the z dependence
of the ionic displacements. Integrating over all space
yields the "bare" phonon Hamiltonian:

n~(qII)~( —
qII) df

'
c, z;co qll + z . (Al 1)

This expression is equivalent to the alternate form of the
dispersion relation Eq. (3.7), and it is therefore equal to
zero.

Since the last term in Eq. (A7) drops out for both
confined and interface modes, the Hamiltonian can gen-
erally be expressed in the form

Hph g z~(qII)~( —qII)+ 2~'(qII)~(qII)~( —
qII) .

qll

We can express H h quantum mechanically by writing

m(qII) and ici(qII) in terms of phonon creation and annihi-
latio~n operators:

' 1/2

ir(qII) = —. [a(qII) —a (qII)] (A13)
fico(qII )

r4 2f2+ df
CO NT dz

' 2 1/2

(A8)

Squaring both sides and integrating over all space yields

2 y2f Y 2f2+ f2 d f
(~2 ~2 )2 II dzQ) COT

dz . (A9)

It is important to remember that y and ruz are both func-
tions of z, and cannot be taken outside the integral. %'e
can combine Eqs. (AS) and (A9) to find

For the confined modes, since s(co) =0 over the region of
interest the last term is easily seen to vanish. For the in-
terface modes, more work is required. Using the expan-
sion of the phonon potential [Eq. (3.5)) and the expansion
of the displacement field [Eq. (A5)], we derive the follow-
ing relation:

and

(qII) =
2co(qII )

1/2

[a (qII ) +a ( qII )], (A14)

so that H h is expressed in the standard form

H „=QAa)(qII)[ "(qII) (qII)+ —,'] .
qll

(A15)

H, h=eg

N NN NT

2 2

2f2+ df 1/2

dz,

Now that we have the bare phonon Hamiltonian, we
can go back and derive the electron-phonon interaction.
The interaction Hamiltonian can be written
H, h=e4(r), where 4(r) is the electrostatic potential as-
sociated with the phonons. Expanding the phonon po-
tential as in Eq. (3.5), and using the relation between
(r}(qII) and w(qII) presented in Eq. (A9), we have

W(qII)

'2
nr' 2f2+ df

(
2 2 )2 qll dz

(A10)

qll'll
X (A16)

where rl is a constant [basically the integral in Eq. (A9)]
which depends only on the norinalization off(qII, z ). Us-
ing Eq. (A10) we can now rewrite the last term of the
phonon Hamiltonian of Eq. (A7) in the form:

Using the standard form for the dielectric function [i.e.,
Eq. (3.4)], and expression io(qII) in terms of the creation
and annihilation operators as in Eq. (A14), we arrive at
the general expression for the electron-phonon Hamil-
tonian valid for all localized phonons and given in Eqs.
(3.10) and (3.11).
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