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A quantum-mechanical theory of the influence of disorder on the motion of free particles is pre-
sented. Taking into account the dominant pair correlations of the potential fluctuations an analytical
formula is derived for the asymmetrically broadened and shifted spectral function. The results are
in agreement with a complete numerical treatment of disorder. The theory is applied to excitons in
quantum wells with rough interfaces. We show that mainly the center-of-mass motion is influenced.
Both the effect of the correlation and the strength of the accompanying potential fluctuations on the
optical absorption are discussed. We clarify the relationship between the asymmetry, the shift, and
the width of exciton lines. In the limit that these effects are only due to static interface disorder,
an analytical relation between potential strength and correlation length is suggested.

I. INTRODUCTION

Crystal-growth techniques together with nanometer
lithographic techniques have made it possible to fabri-
cate various semiconductor quantum structures, which
have great technological and scientific importance.}
Among them are quasi-two-dimensional (2D) quantum-
well and superlattice structures, but also quantum-wire
and quantum-dot systems with quasi-one-dimensional
(1D) or quasi-zero-dimensional (0D) character. Despite
the progress in atomic-layer epitaxy, as in molecular-
beam epitaxy, the fabricated interfaces are far from per-
fect. Structural disorder on the atomic scale occurs at
the growing surface which becomes the interface.? The
resulting nominally flat interfaces exhibit islands and ter-
races, their lateral extent depends on the growth condi-
tion. Furthermore, interdiffusion takes place.

Consequently the disorder, or more strictly speaking
the interface roughness, can be traced back at least to two
origins in the case of III-V compound interfaces, such as
GaAs/Ga,Al;_,As (001) ones. First, the island growth
produces steps the heights of which are clearly related
to monolayer thickness ag/2 (ag is the bulk lattice con-
stant). The process gives rise to fluctuations in the well
thickness L, of quantum-well structures. Since the lat-
eral extent of the resulting islands is larger than aq/2,
atomically “rough” heterointerfaces appear. The second
type of interface disorder is related to atomic interdiffu-
sion, e. g., the cation exchange in the GaAs/Ga,Al;_.As
case which occurs for thermodynamical reasons. That
means, the simple interpretation of interface disorder
only in terms of an island size is too naive.® A completely
different situation occurs for the etched surfaces of free-
standing wires or dots! or buried wires and dots fab-
ricated by laser-induced cation interdiffusion.* However,
the influence of the strong geometrical and compositional
fluctuations is reduced due to the smoothing action of the
band bending.
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The spectroscopies of optical interband transitions
across the band gap, in particular photoluminescence and
optical absorption, are powerful tools to study semicon-
ductor microstructures. The optical processes near the
absorption edge are determined by the excitons. The ex-
citons give rise to remarkable probes of the interface dis-
order. A common feature of the 2D systems is the large
inhomogeneous broadening of the exciton transitions,
compared with those in pure bulk materials, mainly by
the random fluctuations in the well thickness.?® In 1D
wire systems opposite tendencies can be observed de-
pending on the technology of the wire fabrication.*$7

The random potentials, arising mainly from local
thickness fluctuations in 2D quantum-well structures and
affecting the motion of both electrons and holes, give rise
not only to an inhomogeneous broadening of the exciton
lines. Besides the asymmetric line shape, the interface
roughness should result in a shift of the lines depending
on the emission or excitation character of the optical pro-
cess. A remarkable Stokes shift between exciton lines in
absorption and luminescence spectra is observed at low
temperatures (cf. Ref. 5 and references therein). Obvi-
ously, the optical line shape of excitons in semiconductor
microstructures is not only determined by static disorder
effects, but also by inelastic scattering processes.®

Disorder phenomena play an important role in vari-
ous fields of physics. They not only influence the optical
properties but also thermodynamic, acoustic, and trans-
port properties. Despite their random nature accompa-
nied by fluctuations on a microscopic scale, they may
cause a quite deterministic behavior in the measurable
macroscopic quantities. Hence, a theoretical understand-
ing is of great interest. However, a detailed microscopic
or quantum-mechanical description is complicated,® since
one has to deal with quantities such as displacement fields
and wave functions which can be only calculated for a cer-
tain configuration. Moreover, the macroscopic quantity
is not simply obtained by a superposition of results of dif-
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ferent deterministic microscopic systems. Attempts!®1!

at a closed theoretical description are restricted to one
dimension and limiting conditions with respect to the
type of disorder. Recently, such studies have been sup-
plemented by computer simulations of molecular-beam-
epitaxy growth of quantum-well wires on a vicinal sur-
face.

A theory of exciton line broadening in terms of
monolayer fluctuations has been developed by Weis-
buch et al.'? and, in particular, by Singh, Bajaj, and
Chaudhuri'® for 2D quantum-well systems. Their pic-
ture of weighted interference of luminescence lines is,
however, somewhat too naive. A full specification of the
interface roughness spectrum is needed for a consistent
interpretation of both photoluminescence and structural
data.? Zimmermann and co-workers!%% have treated the
effect of the layer-thickness variations in quantum-well
structures on the exciton linewidth in more detail. The
Schrédinger equation for the center-of-mass motion in a
disordered potential is solved and the consequences for
the broadening and dephasing are discussed for a Gauss-
ian distribution of the random potential. For decreas-
ing temperature he suggested a transition from a ther-
mal to a topological exciton line shape. The later one
is governed by disorder effects. The broadening problem
is completely classically attacked by Yang et al.> and
Wilkinson et al.'® It has been shown that the coefficient
of proportionality between the Stokes shift and the ex-
citon absorption linewidth is a constant, independent of
the material parameters.

A particular problem of the description of exciton spec-
tra in 2D concerns the inhomogeneity of the broadening.
The classical treatment of the particle motion is unable to
explain the asymmetry of the lines.5® Generally, there
are fundamental difficulties to solve the problem in 2D.
Therefore, other authors'” have taken the results from
1D as a motivation for a heuristic asymmetric line-shape
model of quantum-well excitons. The wave-vector conser-
vation is broken and a certain distribution of wave vectors
around the zero value is introduced. Similarly the reduc-
tion of the linewidth in quantum-wire and quantum-dot
systems fabricated by laser-induced interdiffusion is ex-
plained in a more phenomenological way.!%19

The major objective of the present paper is to develop
a quantum-mechanical theory of asymmetric line shapes
that explains the effect of disorder on the line broaden-
ing itself, the asymmetry of the broadening, and the line
shift on the same level of approximation. In Sec. II, we
derive analytical results for the spectral function of a sin-
gle particle in a random potential, only assuming dom-
inant pair correlations of the potential fluctuations. A
successive procedure for the treatment of the particle dis-
persion and for the inclusion of line-shape asymmetry is
given. The validity of the results are checked by compar-
ison with numerical results in 1D and the self-averaging
limit. In Sec. III, the theory is applied to the excitons
in semiconductor microstructures with rough interfaces.
The 2D case of quantum-well structures with strong con-
finement is explicitly treated. The line shape of optical
absorption spectra is computed. Finally, in Sec. IV, a
brief summary is given.
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II. TREATMENT OF RANDOM POTENTIALS:
SINGLE-PARTICLE PROBLEM

A. Random potential and configuration average

We try to find the spectral function for a particle in a
volume 2 obeying the Hamiltonian

H=H,+V(x), (1)

where V(x) is a random potential due to, e.g., a more
or less random arrangement of the atoms in the sample
or certain regions of the sample. Hy denotes the Hamil-
tonian of the ordered reference system without random-
ness. In the practical applications of the theory we re-
strict our considerations to the nearly free motion of a
particle with the effective mass m*. The particle motion
may be in three, two, or one dimensions. Correspond-
ingly the space-point vector x and space elements in the
integrations have to be interpreted.

The statistical properties of the random potential
are completely characterized by its correlation functions
(m=1,2,3,...)

Ui (X15- o3 Xm) = (V(X1) - V(X)) ()

where (---) stands for the configuration average. With-
out loss of generality, the averaged potential is assumed
to be zero, i.e., (V(x)) = 0. That means, only fluctua-
tions are taken into account, whereas the average value
is already included in the Hamiltonian Hy. In the self-
averaging limit the configuration average (---) can be
replaced by a spatial average. For large average vol-
umes (2 the macroscopic homogeneity ¥,,(x;,...,Xmn) =
V(X1 — Xmy -+ -y Xm—1 — Xy,) is obvious with the con-
sequence that the correlation functions depend only on
(m — 1) space-point differences.

The configurationally averaged quantities, which are
most important for the characterization of the random-
ness in the system, are the probability density P(w), that
in a certain space point x a random potential with a cer-
tain energy Aw is realized,

P(w) = (§[Aw - V(x)]), 3)
and the binary correlation function (¥, = ¥)
¥(x1 - x2) = (V(x1)V(x2)), (4)

respectively. In the case of macroscopic homogeneity the
probability density P(w) does not depend on the space
coordinate.

B. Green’s function

The Hermitian Hamiltonian H allows the introduction
of a left-hand-side resolvent operator for a given complex
number z. The corresponding configurationally averaged
quantity, the Green’s function

G(x,x';z) = <(hz—-fI)‘16(x—x')> (5)
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is represented in terms of eigenstates | k) of the unper-
turbed Hamiltonian Hy characterized by sets of quantum
numbers k and energies (k). We neglect off-diagonal el-
ements induced by the random potential and consider
only diagonal matrix elements G(k,z) = (k |G(2)| k) of
the Green’s function (5). The unperturbed Green’s func-
tion, i.e., that for vanishing random potentials, is diago-
nal and has the form g(k, z) = [hz — (k)] "

The full Green’s function is expanded in a Taylor series
with respect to the matrix elements V(k—k’) = (k|V|k'),
which corresponds to the spatial Fourier transforms of
the random potential. It follows

G(k,2) = i g™ (k,2), (6)

m=0

G™(k,z)= Y (g(k,2)V(k—ki)g(ks,z) -
ki..km_1

xg(km-1,2) V(km-1 —K)g(k,2))  (7)
with the Fourier-transformed correlation function (2).
J

G (k,z) = g(k, 2),

GA(k,2) = g°(k,2) > ¥(k — ki)g(ki,2)/g(k,z),
ky
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They are calculated approximately. According to Wick’s
theorem all possible contractions V' (k; — k3)V (ks — ky4)
of two appearing matrix elements are taken into account
and are replaced by the configurationally averaged val-
ues. Assuming their statistical independence for dif-
ferent index pairs it holds (V(k; — k2)V (ks — ky4)) =
Ok, —ka ke—ks P (Ky — k). Within the Hartree-Fock ap-
proximation the statistical properties of the disordered
system are completely traced back onto the pair corre-
lation of the potential fluctuations. As a consequence
the even-numbered terms in Eq. (7) can be expressed by
the Fourier transform of the binary correlation function
1Il(x1 - xz),

F(k) = é /n dx e~ Hxy(x) 8)

whereas the odd-numbered terms vanish automatically.
The expansion coefficients can be calculated in this way
for arbitrary powers m. One obtains in each order (m —
1)!! contributions. Here we write down only the first
nonvanishing-order terms (m = 0,2,4,...)

GW(k,2) = g°(k,2) D [¥(k —ks) + ¥(k; — kz)g(k — ki1 + k2,2)/g(k, 2) + ¥ (ks — k)g(ki, 2)/9(k, )]

ki k2

x ¥ (k — ka)[g(ks, 2)/g(k, 2)]g(k2, 2)/g(k, z) . (9)

A consequence of the decoupling of the higher correlation
functions concerns the probability density (3). Since only
one and the same space coordinate appears the higher
even-numbered correlation functions give rise to (m—1)!!
equal contributions [¥(0)]™/2. Summing up one obtains
a Gaussian function
P) = s e B
w) = e 20
V2ra?

o? = ¥(0), (10)

the variance of which is governed by the autocorrelation
at zero distances.

C. Broadening function

The configurationally averaged Green’s function of the
random system can be generated by a convolution

+oo
G(k,z) = ﬁ,/ dw A(k,w) g(k, 2z + w) (11)

of the unperturbed Green’s function g(k, z) and a spec-
tral function A(k,w). This spectral function represents
the full information about the randomness in the system

r

by a distribution of the spectral weights from that of
the Dirac § function over the whole spectrum. In the
limit of vanishing random potentials V', it holds that
A(k,w) = 6(w). Shifting the argument by the unper-
turbed one-particle energy e(k), one immediately sees
that the function A [k,w —e(k)/A] also represents the full
spectral function of the electron and, hence, contains the
full information about the electronic system. Expanding
the unperturbed Green’s function in expression (11) with
respect to the frequency, i.e.,

Gk,z) = Y An(k)[g(k,2)]""",

m=0

A (k) = B! / +°°dww"‘A(k, w), (12)

the moments A4,,(k) of the broadening function appear.

Unfortunately an exact analytical representation
cannot be generally generated from Eq. (9), neither for
the moments nor for the broadening function. In the limit
of dispersionless particles with g(ki,z)/g(k,z) = 1 such
a result follows immediately when comparing Egs. (9)
and (12). One finds
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m/
Am(k) = { (()m — )N [W,(0)]™/ igi :;iln;n (13)

Consequently, the spectral function is Gaussian broad-
ened. In the limit of heavy particles with dispersionless
energies it is identical with the probability density (3)
to find a certain energy value in the potential fluctua-
tions, i.e., A(k,w) = P(w). In agreement with the start-
ing approximation the spectral function is independent of
the energy of the considered particle. We mention that
a Gaussian-broadened function A(k,w) also results for
particles with dispersion but in the special case of long-
range potential fluctuations, i.e., ¥(x; —x2) = ¥(0) and
‘i’(kl —k2) = 0i,x, ¥(0). For the solution of the prob-
lem in the opposite limit of white Gaussian noise with
¥(x1 — x2) ~ 0(x1 — x2) and ¥(k; — k) = const, the
reader is referred to the paper of Halperin.!!

The well-known result of Gaussian broadening (see
e.g., Ref. 14) can be successively improved, considering
the energy dispersion of the particle in all orders. From

|

(m—-1)No™

Ap(k) = {

and A;(k) = 0. The resulting spectral function repre-
senting the inhomogeneous broadening can be written
with Eq. (10) as

K.3 d3

Ak, w) = [1 - ?W] P(w). (17)

We emphasize that within the approximations made the
first correction to the broadening function remains inde-
pendent of the considered state |k). Moreover, its coef-
ficient obeys the same expression (15) for any arbitrary
dimensionality of the particle motion. The interesting
point of expression (17) is that the inhomogeneous line
broadening is explained by the same random mechanism
as the homogeneous one, at least, looking at the static
topological contribution to the line broadening. In the
light of Eq. (15) the inhomogeneous contribution results
from the interference of the particle motion with a finite
mass and modulation of this motion due to the potential
fluctuations. Meanwhile, the same solution (17) has been
found independently by Zimmermann.2®

From expression (17) we can derive a condition for the
validity of the linear approximation with respect to the
particle dispersion. It is valid for frequencies close to the
energy of the unperturbed particle, that means

fflé%;;gigan<< 1. (18)

For vanishing dispersion, i.e., m* — oo and k — 0 the
correction to the homogeneous Gaussian-type broadening
vanishes. The condition (18) also tells us that the pertur-
bative treatment of the particle dispersion is only valid
for a randomness of the potentials far from the white

Fm —2)1Y(m - 1)mo™ 3k* for m = 3,5,
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expression (9) we derive, assuming ¥ (k) = ¥(|k|) and
even m (m > 2),

G™(k,z) = [g(k,2) ]! [(m —1)!e™
+%(m — 1)m(m + 1) o™
xk3g(k,z) + - :I , (14)

with the autocorrelation of the field strengths related to
the random potentials

K= e(k)¥(k) =

k

ﬁ2

2m*

(VV)]-[VV(x¥)) . (15)

After rearrangement of the powers of the unperturbed
Green’s function in Eq. (14) and comparison of expres-
sions (6) and (12) one finds for the moments in first order
in K

for m =0,2,4,...
5,7,... (16)

Gaussian noise, i.e., a spatial dependence of the binary
correlation function of ¥(x; — x2) ~ §(x1 — X2).

D. Example

In order to verify the analytical results we carry out
numerical calculations for Gaussian fluctuations of the
random potential. We assume

F(k) = y2e 32K (19)

with ). the correlation length of the potential fluctua-
tions and v as a parameter characterizing the strength of
the potential fluctuations. For expression (19) the vari-
ance of the probability density (10) and the asymmetry
parameter k3 (15) are given for the motion in N dimen-
sions (N = 1,2,3) in a volume Q = LV by

ﬁZ

2 =90 —
7 ©, 2m*A2’

k3 = NY(0)

and (20)

Unfortunately, a random potential is not characterized
in a unique way by the binary correlation. Therefore, for
the numerical treatment in the self-averaging limit we
explicitly apply a Fourier representation of the form
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V(x) =Y e (k)T (k)3 (21)

k

The coefficients c(k) denote statistically independent
random numbers, equally distributed on the unit circle
in the complex plane. Since the random potential is real,
the restriction c(k) = c¢*(—k) holds. Potentials of the
type (21) describe Gaussian noise, because their Fourier
amplitudes have a Gaussian distribution with standard
deviations independent of the wave vector. The statisti-
cal properties of these potentials are completely charac-
terized by the first and second moments, i.e., (c(k)) =0
and (c(k)c(k')) = Ok, —x-

In the numerical calculations we have restricted our-
selves to the one-dimensional case and used atomic units,
Bohr radius ap and Rydberg energy Ep of the single
particle in the corresponding semiconducting material.

2.0 T

12

0.8

™ EB A(O, (JJ)
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0.0 4.0 8.0
hw/ Ep

FIG. 1. Spectral function of a particle with zero kinetic
energy moving in one dimension in a Gaussian random field
according to Eq. (19). The length of the normalization inter-
val L = 4 x 10%ap and the correlation length of the potential
fluctuations A; = ap are fixed. The strength of the poten-
tial fluctuations is varied: v = 0.5 (1), 1.0 (2), 1.5 (3), and
2.0x107?Eg (4). Solid lines indicate results from the full nu-
merical calculation, whereas dashed lines follow the approxi-
mate expressions (10) for dispersionless levels [upper part (a)]
or (17) where dispersion is included in the first nonvanishing
order [lower part (b)].

Typical values are ag=10 nm and Ep=4 meV, as found
for GaAs with the effective reduced mass of a heavy-hole
exciton. We calculate the spectral function A(0,w) for
a particle with vanishing kinetic energy by nieans of the
method of finite elements with a dense real-space sam-
pling and a normalization length L large compared to the
characteristic correlation length A, of the potential fluc-
tuations. Explicitly we use 2!7 sample points on a length
L = 4x10%ap. The correlation length is fixed to be A\, =
ap and the strength of the potential fluctuations is var-
ied using v = 0.5, 1.0, 1.5, and 2.0 x 10~ 2Epg. For these
parameters we find ¢ = 0.6...2.5 Eg and k3 = 02Ep.
The condition for our approximation x3/0% < 1 is nearly
fulfilled, at least for the stronger potential fluctuations.
Results are shown in Figs. 1(a) and 1(b). For numeri-
cal reasons an additional small Lorentzian broadening of
0.1 Ep is introduced into these figures.

The full numerical solutions of the problem presented
in Fig. 1(a) as well as Fig. 1(b) as solid lines exhibit
the two pronounced influences of the random potential.
(i) The spectral function is broadened. Apart from the
smaller asymmetric contribution the full linewidth W
at half maximum is essentially given by the variance,
W = o0v/2In2. (ii) The maximum of the spectral func-
tion is shifted to lower energies. The redshift follows
nearly the law S = 1x®/0%. Neglecting the dispersion of
the particle energy [cf. Fig. 1(a)], the homogeneous line
broadening can be nearly reproduced but not the line
positions. However, after inclusion of the particle dis-
persion within the linear approach [cf. Fig. 1(b)], qual-
itatively the same features as in the exact solutions are
observed. For the considered parameters the agreement
of numerical and analytical curves is satisfying. This re-
sults from the fact that the first four moments of the
two curves A,,(k) (16) (m = 0,1,2,3) are identical. The
accuracy of this agreement is better for stronger poten-
tial fluctuations. With increasing v [see expression (19)]
the particle dispersion is of minor influence and the shift
follows the approximate expression, which itself is inde-
pendent of 4. The better agreement results from the fact
that the condition x3/03 < 1 for the validity of the per-
turbational treatment of the particle dispersion is better
fulfilled. In fact, in the curves (3) and (4) in Fig. 1(b) it
holds x3/0® = 0.53 and 0.40, respectively.

III. APPLICATIONS: EXCITONS IN QUANTUM
WELLS WITH ROUGH INTERFACES

A. Optical susceptibility

The optical susceptibility of a semiconductor mi-
crostructure near the fundamental absorption edge is
given by

2|ul? 1 N
x(z) = ——l:)l—ﬁ /dx/dx’ Ga(x,x,x',x';2), (22)

with the dipole matrix element p of the allowed optical
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transition in the underlying bulk semiconductor, which
is described within a two-band model, i. e., two parabolic
bands (conduction band and usually heavy-hole band)
with effective masses m. and m;, separated by a certain

~ A~
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energy gap E . £¢ denotes the vacuum dielectric con-
stant. In expression (22) the configurationally averaged
resolvent G, of the corresponding two-particle Hamilto-
nian H,

G2 (Xe,Xn, XL, X};2) = ([hz — H (X, x5)] 716 (x — xL) 6 (x, — x})), (23)

h? K2

H(xe,Xh) = Eg — _2—7_n—Ax° —_ m

is introduced. Electrons (e) and holes (k) interact via the
Coulomb potential v(|x|) that is simply screened by the
static electronic dielectric constant of the bulk material.
Apart from the Coulomb attraction the motions of the
two particles ¢ = e, h are influenced by additional poten-
tials U;(x;) + V;i(x:). For the considered microstructures
they are due to the spatial variation of the two band edges
near the interfaces. They are split into a systematic part
U;(x;) = (U;(x;)) and a random part V;(x;) fluctuating
around the average value, i.e., (Vi(x;)) = 0.

We restrict our consideration to narrow quantum wells
with interface normal vectors in the z direction. The
exciton peaks are energetically well separated. There-
fore, the two-particle wave functions factorize into con-
finement wave functions and functions of the remain-
ing in-plane motion in the zy plane with x; = (z;,¥;)
(¢ = e, h). The confinement wave functions are solutions
of 1D single-particle Schrodinger equations with steplike
confinement potentials U;(x;) = U;(z;) describing the av-
eraged spatial variation of the band discontinuities at the
interfaces. The form of the Hamiltonian in Eq. (24) can
also be used for the in-plane motion. The gap has to be
replaced by Es(,zD), i.e., Eg is enlarged by the confine-
ment energies of electron and hole in the considered sub-
bands, e.g., the first heavy-hole and electron subbands.
The Coulomb attraction v and the random potentials V;
now represent expectation values, w or W;, with the con-
finement wave functions and, hence, depend only on the
vectors X; in the zy plane. In the strong localization limit
the attractive interaction w can be again replaced by a
2D Coulomb potential v.2!

The treatment seems to be reasonable for the descrip-
tion of atomically rough interfaces interdiffused on a mi-
croscopic length scale and/or covered with islands due to
the formation of monolayer steps on the interfaces, whose
extent is not large compared to the Bohr radius ap of
the exciton. In the case of extended islands the excitons
feel only an effective well thickness and the exciton lines
split via the different confinement effects on Es(,zn) (see
Ref. 2 and references therein). This limit can be simply
described by a superposition of spectra for different well
thicknesses and should not be discussed here.

B. Influence of the random potential

For convenience, for all two-particle problems we in-
troduce 2D center of mass (cm) and relative coordinates

Ayx, —v(|xe — xp|) + Ue(xe) + Ve(xe) + Un(xn) + Va(xn), (24)

[
in the zy plane

m mp
R=_-°2 —
M(;,xe + Moxh

My =m.+my ;

T = Xe — Xp,
mo =memp /M. (25)

Without the random potentials W;(x;) the two motions
decouple exactly. Therefore, in the presence of the ran-
dom fields we expand the two-particle wave functions in
terms of the solutions @, (r) and e, (A is the set of quan-
tum numbers) of the 2D hydrogenic problem for the in-
ternal motion of the exciton. As a result of this procedure
only the expansion coefficients, which depend on the cm
coordinates, remain influenced by the random potentials,
more strictly speaking by their matrix elements with the
wave functions of the internal motion. Unfortunately, the
resulting equations of motion are coupled with respect to
different stages of the internal motion. Assuming weak
coupling we neglect the intermixing of different states ¢y
of the internal motion by the disordered interfaces and
take into account only diagonal elements

BR) = [dr for(o)P [We (R+ %)

+W, (R - ]"”4 r)} . (26)

0

The optical susceptibility (22) can be rewritten in the
form

x() = - 2L S a0 & [aR [aR GV R R
A
~(BED +ex)/H], (27)

by means of the single-particle Green’s function from
Eq. (5) configurationally averaged with respect to the
potential in Eq. (26). The prefactor |¢(0)|? character-
izes the Coulomb enhancement of the oscillator strengths.
Consequently, expression (27) represents an Elliott for-
mula for 2D (Ref. 22) generalized to the case of the pres-
ence of random potentials due to the nonideal interfaces
of the quantum-well structures.

The Green’s function appearing in Eq. (27) is deter-
mined by the single-particle Hamiltonian of the form
given in Eq. (1). However, the particle mass is now the
total mass My of the electron-hole pair and the random
potential depends on the internal motion of the electron-
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hole pair. Explicitly the 2D problem of the cm motion
can be described by the Hamiltonian

) w?

HY =—-——A Via(R). 28

LR+ H®) (28)

Applying the results of Egs. (10) and (17) and taking into
account the averaged vertical extent L, of the quantum
well, the susceptibility takes the form

2|#|2 2
=2 E lea(0) &
x(2) 2oLs 2 lea(0)]

+oo
X / dw
— 00
where the broadening function for vanishing kinetic en-
ergy of the cm motion has the form (1).

In the case of smooth random fields as, e.g., due to
charged impurities in heavily doped semiconductors, in-
stead of Eqgs. (26) and (27) another approximation is
more suitable.? In this case the potentials, W;(x;), can
be linearly expanded with respect to the relative coordi-
nates. An electric-field-induced broadening of the exciton
lines due to the Franz-Keldysh effect appears and an Ur-
bach tail of the absorption coefficient results instead of
the Gaussian form of Eq. (29).

Expression (29) means that the broadening of each ex-
citon peak, characterized by the quantum numbers A, is
different. Each peak has its own broadening function.
The corresponding variance and the characteristic asym-
metry parameter depend on the quantum numbers A. For
the explicit representation of these parameters we assume
that the spatial dependencies of the random potentials,
which influence electrons and holes, are the same, since
they have the same geometrical origins. Hence we write
We(x) = vWi(x) = 1V(x), where V(x) represents the
space dependence and v gives the ratio of the strengths
of the random potentials at the same space point for elec-
trons and holes. With the Fourier transform ¥(k) of the
binary correlation function of the potential V(x) from
Eq. (8) and the Fourier transforms of the squared wave
functions of the internal exciton motion

mm=/awmwfh, (30)

AN (0,w)
EézD) +ex— h(w+2) ’

(29)

one finds

P (21\7;1()‘2}- (31)
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These expressions are quite similar to those in Egs. (10)
and (15) for the single-particle case. However the inte-
grands are now modified by the Fourier transforms of the
probability to find an exciton in a certain internal quan-
tum stage in space. During the explicit computations of
the properties related to the excitons we have assumed
electron-hole symmetry, i.e., me = mp and v = 1. This
assumption considerably reduces the number of indepen-
dent parameters but hardly influences the effect of ran-
domness on the excitonic spectra.

Apart from the particular form of the Fourier-
transformed binary correlation function (8) the line shape
parameters o, and s, are mainly determined by the
Fourier-transformed probabilities py(k) (30) of the ex-
citon wave-function square. Because of the prefactor
|©(0)]? in expression (29) only s-like states with A = n,s
(n =1,2,...) contribute to the optical susceptibility. For
s-like states the Fourier transforms depend only on the
module of the wave vector k = |k|.

C. Limiting cases

The interface disorder related to the roughness due
to steps, island, or interdiffusion should be more or less
isotropic in both directions in the 2D space. In this case
the potentials W;(x;) and the correlation function ¥(R)
should exhibit a similar dependence on the two Cartesian
coordinates. However, for growth on vicinal (001) faces
one should expect the appearance of interface domains,
i.e., terraces where one direction is preferred. In this
case the above-mentioned functions depend only on one
coordinate. Here, we restrict ourselves to the first case.
The potential fluctuations are mainly due to the varying
thickness L,(x) of the quantum well under considera-
tion. The thickness fluctuates around the average value
L,. For this case, Zimmermann'* has given an explicit
form of the potentials, W;(x;) = [L,(x;) — L.]de;/dL.,
where ¢; denotes the confinement energy of the electron
(¢ =€) or hole (¢ = h) due to the confinement in z direc-
tion. Here, we apply again the Gaussian form (19) of the
binary correlation function. The strength v is now clearly
related to the thickness variation of the confinement en-
ergies and the mean-square deviation of the actual well
thickness from its averaged value. The correlation length
Ac of the fluctuations defines the characteristic distances,
for which the island growth (growth of steps) is corre-
lated. It comes in the range of the atomic diffusion length
at the growth temperature or smaller values.

Starting from the binary correlation function (19) it is
interesting to study two limiting cases. The first one oc-
curs if the flat interface regions due to the island growth
are uncorrelated, more strictly speaking, if their correla-
tion length is small compared to the Bohr radius of the
exciton, A. < ap. In this limit of white Gaussian noise
it holds ¥(x) = ¥ 24(x) with  as a characteristic area
now. The Fourier transform of the binary correlation
function is nearly a constant, \i'(k) = ¥. With electron-
hole symmetry one derives from Eq. (31)
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o2 = Z\ilQ/dr loa(®)]?,

R =389 [dr jor(o)f (-;M—A) oA (32)

This ¢* rule is already known!* for the squared vari-
ance of the Gaussian probability function. Quite dif-
ferent from the situation of single free particles, a finite
asymmetry parameter ) also occurs in the limit of white
Gaussian noise. This is due to the restriction of the
space integration by the exciton extent. Apart from the
strength ~ ¥ the magnitude of the line-shape parameters
is governed by the internal motion of the exciton.

The second limit is characterized by large correlation
lengths of the random potentials, more strictly speaking
by lengths larger than the spatial extent of the Ath ex-
citon, i.e., Ac > ap. Now the correlation function is
localized in k space, i.e., ¥(k) ~ dxo. One finds the
results presented in the single-particle case in Egs. (10)
and (15), which are independent of the considered exci-
ton state A, i.e., 02 = ¥(0) and 3 = 0.

The exciton-line broadening cannot be determined an-
alytically for arbitrary correlation lengths. However, this
can be done for binary correlation functions of Gaussian
type (19), at least for the most important 1s exciton
peak. In this case it holds p1,(3k) = [1 + (-2150,314:)2]"3/2
and the line-shape parameters can be calculated. We find

oty = ¥(0)zf(2) ,
3 A2 d
Kis = (M()A% \I’(G) 22 (—d—> f(Z) ’
A\’ 1 o
z—%(iB , f(z):é[l—z—zze El(——z)],

with the integral exponential function Ei(—z).

The two line-shape parameters in Eq. (33) govern the
redshift of the exciton lines S;, = %n? o/ afa and their (ho-
mogeneous) width Wi, = 01,(21n 2)% due to the same
type of interface disorder. Generally the ratio of both
quantities is a complicated function of the correlation
length in units of the exciton radius. However, in the
limit of a not too small correlation length, i.e., A\, = ap
and z > 1, which should be fulfilled for the considered
situation,?!* the line-shape parameters become indepen-
dent of the exciton extent.

D. Numerical results

In all practical cases, the limits of strongly correlated
or rather uncorrelated potential fluctuations are hardly
fulfilled. This fact is indicated in Fig. 2, where the pure
exciton influence on the line-shape parameters is indi-
cated. More strictly speaking, in this figure the ratios
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o%,/9(0) and k3, [—ML:F\IJ(O)] are plotted versus the cor-
relation length A.. The cﬁgure shows that for small corre-
lation lengths, i.e., for nearly white Gaussian noise, the
exciton ground state n = 1 is much more asymmetrically
broadened than the higher exciton states. In principle,
the disorder influence can be neglected for the excited
states. In the limit of long-range correlations the line
shapes of the different excitons lines approach each other
independent of the exciton radius.

Complete absorption spectra of excitons are shown in
Fig. 3 for a correlation length A, = 2ap fixed at the
radius of the 2D ground state. For numerical reasons
an additional homogeneous linewidth I' = 0.1Eg /% due
to lifetime broadening effects is assumed. Small (a) and
large (b) amplitudes of the potentials fluctuations are
considered. More exactly, the quantity Im x(w + ') is
plotted versus the frequency w. That means, the curves
represent optical absorption spectra in the region of the
exciton bound states. Neglecting temperature effects the
low-energy part of the spectra can be also identified with
the excitonic luminescence.

In the limit of small disorder effects [Fig. 3(a)] one
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FIG. 2. Exciton influence on the parameters of the asym-
metrically broadened Gaussian lines. The line-shape parame-
ters 02,/%(0) (a) and &3,/ [ML(;?\I'(O)] (b) are plotted versus
the correlation length of the potential fluctuations for the first
lowest s-type excitons n = 1,2,3,4, and 5.
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FIG. 3. Optical absorption spectra Im x(w + iT') in the re-
gion of the exciton bound states. The correlation length of
the potential fluctuations is fixed to be A = 2ag. A small
homogeneous lifetime broadening I' = 0.1E/# is taken into
account. The limit of small (a) and large (b) amplitudes of the
potential fluctuations is considered. In (a) different strengths
v = 0.0 (solid line), 0.2 (dashed line), and 0.4Ep (dotted line)
are considered. The value in (b) is v = 2E5.

observes mainly the 1s exciton peak. It is slightly broad-
ened and redshifted by the disorder effects. The red-
shift and the broadening increase with increasing poten-
tial fluctuations. Dramatic changes in the line shape of
the spectra happen in the case that the broadening ef-
fects are in the range of half the exciton binding energy.
One observes only one broad peak in the region of the
bound states. On the low-energy side it is accompa-
nied by an exponential tail with a quadratic frequency
dependence of the exponent. On the high-energy side
an additional peak appears. It is due to the Coulomb
enhancement of the optical oscillator strengths for scat-
tering states. Without disorder it represents a step at
the continuum edge, which is, however, unimportant be-
cause of its smallness. It is rather insensitive with re-
spect to disorder in contrast to the line strengths of the
bound states. Therefore, it becomes evident in the limit
of strong disorder.
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IV. SUMMARY

We have developed a method of calculation of the mo-
tion of single particles in random fields. The result-
ing spectral functions are exact for Gaussian-distributed
fields and dispersionless levels. They are Gaussian broad-
ened with the square root of the binary correlation func-
tion of the random potentials at zero distances as the
variance. The results are successively improved taking
into account the finite mass of the particles. As a conse-
quence the lines are not only homogeneously broadened
but become asymmetric and redshifted. The mechanism
that is responsible for the asymmetry and the redshift is
in principle the same as that for the homogeneous broad-
ening, the pair correlation of the potential fluctuations.
However, it is superimposed with effects of the kinetic
energy of the particle.

The method developed for the disorder treatment is
applied to excitons in quantum structures with atomi-
cally rough interfaces, in particular to narrow quantum
wells with slightly interdiffused and stepped interfaces
with characteristic lengths of the order of or smaller than
the Bohr radius of the excitons. However, it can be also
applied to other quantum structures with more compli-
cated interfaces and, hence, other interface disorder of
Gaussian type. The influence of the fluctuating poten-
tials can be reduced to that on the motion of the center
of mass of the electron-hole pair. The random potentials
depending only on the center-of-mass coordinates repre-
sent, however, matrix elements between wave functions
of the internal motion.

Neglecting the off-diagonal elements, the problem of
the exciton in rough quantum wells is traced back to
the motion of a single particle, i.e., the center of mass,
in an effective random potential. However, because of
the appearance of matrix elements, the binary correla-
tion function is everywhere weighted by the square of the
probability to find the exciton in a certain space point in
a certain quantum stage of the internal motion. Gener-
ally, correlation lengths of the potential fluctuations of
the order of the exciton radius are assumed. However,
the two cases of weak and strong potential fluctuations
are discussed in more detail. In the first limit the exciton
lines remain well energetically separated but are slightly
inhomogeneously broadened and redshifted. In the case
of strong disorder a qualitatively new spectrum appears.
One observes a wide asymmetric main peak with an ex-
ponential tail at the low-energy side. A new structure
appears at the continuum edge since the disorder hardly
influences the Coulomb enhancement of the scattering
states is contrast to the bound states.
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