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Theoretical and experimental results are presented for high-resolution frequency scans of 45' oblique-
incidence far-infrared reflectivity spectra of FeF2 in the vicinity of the antiferromagnetic resonance fre-

quency. The magnetic field is vertical and the plane of incidence horizontal. Calculations are presented
and illustrated numerically for an arbitrary angle 8 between the crystal c axis and the magnetic field Ho.
The main point of principle is that the equilibrium spin configuration and therefore the magnetic suscep-
tibility depend on 8. The reflectivity 8 is nonreciprocal, i.e., R( —Ho)WR(HD). For 8=0 magnetic
features are seen only in s polarization (E field vertical), but otherwise they are seen in both polariza-
tions. Except for 8=0' and 90' weak s to p and p to s reflections are predicted. We discuss the instru-

mental developments required for the high resolution that is necessary for this spectroscopy. Experi-
mental results for 8=45' are presented (8=0' and 90' are in a previous publication). The whole range of
spectra, including the s to p and p to s reflections, are accounted for with the same set of parameters as
were used previously to fit the 8=0' and 90' results.

I. INTRODUCTION

In order of increasing wavelength the spin-eave excita-
tion spectrum of magnetic systems can usually be divided
into exchange, dipolar (magnetostatic}, and retarded
(electromagnetic) regions. The first two have been exten-
sively studied both experimentally and theoretically.
However, despite a substantial theoretical literature'
there have been relatively few experimental studies of the
retarded region. We have recently developed a high-
resolution Fourier-transform far-infrared (FIR) spec-
trometer suitable for such studies in the frequency range
from 10 to 500 cm '. This includes many antiferromag-
netic resonance frequencies as well as the exchange and
higher resonances of ferrimagnets. The retarded regions
associated with most of these resonances are up to now
almost totally unexplored. In addition to the early mea-
surement of antiferromagnetic resonance previous work
on uniaxial antiferromagnets includes zero-field, low-

resolution frequency-scan reflectivity measurements on
FeF2 and CoF2, ' a magnetic-field scan of reflectivity off
MnF2 (Ref. 7} and a study of transmission through thin
(15—800 pm) samples. This latter study, like Ref. 7,
used a magnetic-field scan with a fixed-frequency (FIR
laser) source. The most substantial experimental work in
recent years on magnetic resonances in this spectral re-
gion has been a sustained study of the rare-earth orthofer-
rites. ' In a long series of papers, spectral features due
to electronic transitions in the rare-earth ions as we11 as

the ferromagnetic and antiferromagnetic resonances were
identified. However, the experimental geometry was re-
stricted to normal incidence and little of the work in-
volved applied magnetic fields.

Our first investigation was of FeF2, which has a reso-
nance frequency at the convenient value of around 50
cm '. It has the tetragonal rutile structure" with sublat-
tice orderings along the c axis. Much of the theoretical
literature is concerned with surface magnetic polaritons
and the associated spectroscopy of attenuated total
refiection (ATR). However, our experience of similar
spectroscopy on semiconductors' is that the simpler
technique of oblique-incidence reflectivity yields a consid-
erable amount of useful information. We, therefore, used
this technique with an angle of incidence / =45' although
we plan to introduce ATR later.

Both reflectivity and the propagation of surface polari-
tons are governed by the frequency-dependent magnetic
permeability tensor p(co). This takes a gyrotropic form
with nonvanishing off'-diagonal elements that are propor-
tional to the magnetic field Ho. ' Most calculations of
p(co} assume that the c axis is along Ho. An important
point of principle is that if the c axis is turned away from
Ho the Zeeman energy, tending to align all spins along

Ho, competes with the exchange energy, which favors an-
tiparallel alignment of the sublattice moments. Conse-
quently for a general angle 8 between the c axis and Ho
the sublattice moments are not exactly antiparallel. Since
the equilibrium configuration depends on 8, p, (to) also de-
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pends on 8. Fortunately the very laborious calculations
required to find p(co) for general 8 have already been car-
ried out by Almeida and Mills. ' One important conse-
quence of the form of p, (co), even for 8=0, is that the
reflectivity R is nonreciprocal, R ( —Hc)AR (Hc). A full

discussion of nonreciprocity is given in Ref. 1.
A brief report on our experimental results, together

with theoretical comparisons, for the simple geometries
of c axis along and transverse to Ho (8=0 and 90') has al-

ready appeared. ' The reBectivity has a sharply defined
feature at the position of the antiferromagnetic (AF) reso-
nances. For 8=0 in zero field we measure the AF reso-
nance frequency and linewidth from 4.2 up to 30 K, i.e.,
about half the Neel temperature Tz. As is well known
from earlier AF resonance experiments ' ' the frequen-

cy decreases and the linewidth increases sharply as the
temperature increases. The values we obtained for the
linewidth' are very close to those obtained by Sanders
et al. It may be noted also that Rezende and Hone'
carried out a Green's function calculation of the tempera-
ture dependence of the magnon dispersion and related
quantities arising from magnon-magnon interactions and
this method could be applied to a calculation of the tem-
perature dependence of the dynamic susceptibility. Re-
turning to our previous experimental results, application
of a field for 8=0 results in a Zeeman splitting of the res-
onance line; both this splitting and the predicted nonre-
ciprocity of the reflectivity are seen very clearly in the
spectra. All the 8=0 spectra are taken in s polarization
(E field transverse to the plane of incidence), since there
is no coupling to the resonant elements of p(co) in p po-
larization. For 8=90' the theoretical expression for p(co)
(Ref. 14) shows that resonances at different frequencies
should be seen in the two polarizations. This indeed
proved to be the case.

In this paper we give a fuller account of the theory
(Sec. II) and the instrumentation (Sec. III) than have ap-
peared previously. In addition to the 8=0' and 90' re-
sults already reported, ' we have measured spectra for
8=45', these are presented and discussed in Sec. IV.
Conclusions are given in Sec. V.
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FIG. 1. Sublattice orientations for general angle 8 between
the applied field Ho and the easy axis. A further explanation of
this figure is given in Sec. II of the text.
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should be replaced by yM, throughout. The form of P
for the special case 8=0' is well known' and the form
for 8=90' is quoted in Ref. 14. For calculation of
refiectivity it is necessary to include damping, and we do
this by the replacement Q~Q+i I In Re. f. 14 g is given
for axes with z along the easy direction. In our equip-
ment, however, Ho remains vertical and the crystal is ro-
tated through angle 8 so the first stage of our calculation
is a tensor rotation of y to the x'z' axes defined in Fig. 1.
Our subsequent calculations are in terms of the permea-
bility p= 1+y.

The derivation of the expressions for the reQectivity in-
volves a sequence of steps familiar from ordinary optics.
The notation is defined in Fig. 2. Since for the general

II. THEORY

Following Almeida and Mills' we show in Fig. 1 a
schematic diagram of the sublattice orientations for a
general angle 8 between the magnetic field and the easy
axis. The Hamiltonian is written as a sum of exchange
with field KE, single-ion anisotropy DS„zeeman energy
in the static field Ho and linear coupling to the rf field
h exp( iQt). Wit—h the last term omitted the equations
for equilibrium lead to coupled nonlinear equations for
the angles a, and ab defined in Fig. 1; the numerical
solution of these is straightforward. The linear response
of the spin system to h gives the elements of the rf sus-
ceptibility tensor y in the usual way. The full expres-
sion' is too lengthy to be quoted here. For general 8 all
components of y are nonzero and although it is not obvi-
ous from the formulas numerical evaluation of the ele-
ments of y shows that it is Hermitian. It should be noted
that the formulas in Ref. 14 contain a trivial misprint: y

(E'
y

aX15)

FIG. 2. Notation for reflectivity calculation. Axes (xz) and
(x'z') are the same as in Fig. 1; y and y' coincide and are the
normal to the surface. Angles of incidence aud refraction are P
and P&. Incident, reflected and refracted waves have wave vec-
tors k, k„and k2.
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case p has no zero elements the FeF2 crystal is
birefringent with two possible values of wave number k2
and angle of refraction P, . For each wave these are relat-
ed by Snell's Law (conservation of parallel wave vector
component):

kzsinP, =k sin1I) .

C=q (C1+Cz+C3)

with q =@co /c, where e is the dielectric constant of the
crystal and

Cl Px'x'(P'y'z'Pz'y' Py'y'Pz'z')

The electromagnetic wave equation in the crystal leads to Cz Px'y'(Py'x'P 'z' Py'z'Pz' ')

k2 —Akq —D =0,
where

(2)
C3 =Px'z'(Py'y'Pz'x' Py'x'&z'y') .

and

A =[(p, —p, „)k sin P

2(' q & px'x'py'y'+ py'y'pz'z'

Px'y'Py'x' Py'z'Pz'y') ]/Py'y'

Tl —f' ~(
~I x'x'Pz'z'+I y'z'I z'y' I x'z'I z'x'

py. —p, , )k sin P+ C ] /p, (4)

The two values of kz are given by (2).
Consider first an s polarized incident beam,

E=(O, O, EO). Because there are two refracted beams,
there are also two refiected beams, one s polarized and
one p polarized, with E fields (O, O, R,Eo) and

(SzEO S E Diane/c os(t10), respectively. The elec-
tromagnetic boundary conditions lead to four linear
equations in the reflection coefficients R, and S, and two
transmission coefficients T+ and T . Solution of these
gives expressions

0 (A. k+p cosP)(o+k cosP+p+) —cr+(A+k+p+cosP)(cr k cosP+p )

R, =
cr (A, k+p cos1I))(cr+k cosp —p+) cr+(A+—k+p+cosp)(cr k cosp —

p )

for the s-to-s refiection and

20+o (A, +p
—

A, p+)k cos P
S, =

cr (Ak+p, cos1)I )(cr+k cosP —p+ ) —o+(A, +k+p+cosP)(cr k cosP p)—
for the s-to-p reflection. The quantities appearing are

q (kz —k sin 1')' [P, (kz —k sin p)' —ip. ..k sin I)]1+q (p,„yp„P,,p, y
)—

(kzz qzp. .—)[qzp„. i(k, z
——k s—in P)' k sing]+q p„,p, y

q A, +
(k+— —k sin P)'

q p, o+(kz —k sin P)'

qz[l p, ,, k sing —P, (kz— —k sin p) ]
—icr.1 (kz qp„)k sinp—

(1O)

(12)

(13)

Similar calculations for incident p polarization give

R =T++T —1 (14)

for p to p reflection and

S =T+/2++T /A,

for p-to-s reAection. T and T, which are in fact the two transmission coefficients, are given by

(15)

+2kA+cr+(o+A+k co,sP —p+A, +, )
T

A+o+(A+k+p+cosg)(0. A, k cosP pA, ) —A, —o (A, k+p cosP)(cr+A+k cosP —p+k+)

The special cases of these formulae for 0=0 and 90
were used previously' for comparison with the experi-
mental spectra. For these high-symmetry orientations
the "cross refiections" (s to p and p to s) vanish.

The appearance of a term k sing in A, + and I, and
elsewhere is an indication that the above expressions im-

ply nonreciprocal reflectivity. In either polarization the
behavior of all the reflection coefficients under sign
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U( —8)= U(8),

U( —Ha)P U(Ha),

U( —P)AU(P), (19)

U( —Ha, —P)=U(Ha, g) .
This last result implies that reversing H0 is equivalent to
reversing the angle of incidence P, which is consistent
with a discussion of nonreciprocity based on symmetry. '

We now give computed reflectivity curves to illustrate
some numerical implications of the reflectivity formulae
for FeF2. First we recall from Ref. 15 that for 8=0 the
magnetic features are seen only in s polarizatio d'on an

ere Ls no s-to-p reflection. For 8=90' resonances at two
different frequencies are seen in both s and p polarization
but there is no s-to-p or p-to-s reflection. Figure 3 shows
computed reflectivities (square moduli of the amplitude
expressions given above) for Ha=3 T and a range of an-

gles 8 from 0' to 90'. The magnetic parameters (reso-
nance frequency co!,z!2n c =52.45 cm ' dcm, amping

(20)

changes of 8, p, and Ha may be summarized as follows

( U stands for any one ofR„R,S„and S ):
I i2m!mc —0.05 cm and dielectric constant a=5.5) are

—1

the same as gave the best fit to the 8=0' d 90'
t42 K" an spectra

at 4.2 K. These parameters are only slightly different
from those used by Sanders et a/. in their transmission
studies of FeF2 crystals.

The nature and field dependences of the resonances for
8=0' and 90 are very different. The 8=0' s-to-s spec-
trum, Fig. 3(a), shows a simple Zeeman splitting together
with a marked asymmetry between the upshifted and
downshifted features. For 8=90', however, there is no
Zeeman splitting but the spectra show a weak quadratic
dependence on Ha, numerically 5' /2mc =7.2X10 H

~ ~

r 0~

where Hp is in Tesla and the frequency shift is in cm
These predictions, derived from the Almeida-Mills sus-
ceptibility tensor, were confirmed experimentally in Ref.
15. The evolution of the s-to-s spectrum as 8 is changed
is illustrated with the computed spectra of Fig. 3(a).

The p-to-p spectra for the same values of 8 are shown
in Fig. 3(c). As mentioned, there is no coupling to the
magnetic resonances for 8=0' and as 8 is increased a
Zeeman split spectrum develops and strengthens. The
frequency splitting decreases as 8 increases until at

=90' a single strong feature is seen. This has the weak
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quadratic dependence, verified experimentally in Ref. 15,
5co„/2m e =—l. 6 X 10 H o.

A distinctive characteristic of the reflectivities away
from the high-symmetry directions 8=0' and 90' is the
appearance of weak s-to-p and p-to-s reflections as given
by (7) and (12). Curves to illustrate these are shown in
Figs. 3(b) and 3(d); as might be expected these cross
reflections are a maximum around 8=45'. It will be seen
that the p-to-s reflections are stronger than the s-to-p ones
by a factor of about 4. %e have carried out a detailed ex-
perimental study of all the spectra for 8=45' and the re-
sults are presented in Sec. IV.

III. INSTRUMENTATION

An NPL (National Physical Laboratory) far-infrared
cube interferometer' has been modified for this work by
adding a hydraulically controlled moving mirror arm
with a scan length of 1 m and a single mode He-Ne laser
to monitor the optical path difFerence so that measure-
ments can be made with a nominal resolution of 10
cm '. The specimen is located between the poles of a 7-
T magnet. The instrument is shown schematically in Fig.
4, and the main features are described below.

The moving mirror is mounted on a high-precision
slide and scanned continuously at a constant speed of
—16 pm/s. In the fixed arm of the interferometer the
end mirror is vibrated at —167 Hz in a direction normal
to the incident beam to provide phase modulation ' ' for
the infrared beam. For the present work the amplitude
of vibration is set at -50 pm to provide optimum modu-
lation of the infrared beam at frequencies near 50 crn
the antiferrornagnetic resonance frequency of FeF2, and
the infrared radiation is detected using a liquid-He-cooled
Si bolorneter and a lock-in amplifier system.

The He-Ne laser beam passes along the optical axis of
the instrument and the laser fringes are detected using a
photodiode placed immediately after the beam divider.
The laser beam is reflected from a small fixed mirror to a
fixed, but adjustable, side mirror, so that it is not incident
on the vibrating mirror. However, the laser fringes are
modulated (at -500 Hz) by the continuous variation of

the optical path difFerence resulting from the motion of
the moving mirror and, by using a voltage discriminator,
they are counted and used to measure the optical path
difference between the two beams and determine the sam-

pling intervals for the infrared beam. Cross talk in the
infrared channel due to modulation from the continuous
scan of the moving mirror is rejected, since the slower
modulation frequency ( —1 Hz) is rejected by the lock-in
amplifier. Interferograms are coadded until a satisfactory
signal-to-noise ratio is obtained.

In this interferometer the advantages of phase sensitive
detection of the infrared beam and high-precision optical
sampling of the interferogram are achieved simultaneous-

ly. A major improvement in the signal-to-noise ratio,
S/N, is obtained due to the large reduction in the noise
bandwidth by the phase sensitive detector; with a time
constant of 100 ms, as used in this work, the improve-
ment is -45 dB. A further improvement in S/N, as re-
quired, is then achieved by coadding interferograms.
Consequently, data can be obtained more rapidly than by
using the scanning mirror to modulate the far-infrared
beam and coadding interferograms.

The far-infrared output beam from the beam divider is
focussed on to the sample, which is located between the
poles of a 7-T magnet in a liquid-He cryostat, and the
beam reflected from the sample is subsequently focussed
on to the bolometer operating at 4.2 K. A Spectromag
SM6 magnet and cryostat from Oxford Instruments Ltd. ,
with the field vertical, are used for this work and the
plane of incidence is horizontal.

The output beam from the interferometer is strongly s
polarized in the vertical plane due to the Fresnel
reflectivity of the Mylar beam divider, so that measure-
ments on the specimen can be made straightforwardly in

s polarization. It is not possible, however, to make p-
polarized measurements with an acceptable signal-to-
noise ratio in a reasonable time using the direct p-
polarized output component from the beam divider (the
ratio of the intensities of the s and p components is

s:p -6:1);neither is it possible to reorient the cryostat
and magnet for such measurements. Instead, the s-

polarized beam from the beam divider is utilized, and a
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FIG. 4. Schematic diagram of the Michel-
son interferometer set up for p-polarized mea-
surements.
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combination of a roof-top mirror and free-standing wire
grid polarizer is used to rotate the plane of polarization
by 90' before the beam enters the cryostat. This is satis-
f t f r most measurements, but, as will be seen later,ac ory or
the eSciency of a wire grid polarizer is only about o,

0.5

at the wavelengths of the present work, and this leads
to significant polarization cross talk in some of the mea-
surements.

IV. EXPERIMENTAL SPECTRA

In this section we present theoretical and experimenta l
results for the refiectivity at angle of incidence /=45' for
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cidence 45 . Experimental resolution 0.06 cm . e
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(c) H, = —3 T.

FIG. 6. Experimental (solid lines) and theoretical (dashed
lines) p-to-p reSectivities at 4.2 K for 8=45' and angle of in-
cidence 45 . Experimental resolution 0.06 cm '. The
linewidths are instrumental: (a) Hp=0 T, (b) Hp =+3 T, and
(c) Hp= —3 T.
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the case when t e ang eh 1 0 between the c axis and the field
f 0=0' and 8=90' have been publishedis 45', results for = an

at 4.2 K.sl .' All the spectra shown were taken atprevious y.
m the formulasThe theoretical curves are calculated from

of Sec. II with the same numerical parameters as were
used for the 0=0' and 90' spectra.

Th fi ctivity for s-to-s polarizatio n is shown in Fig.
a e to that5. In zero field it has a similar asymmetric s ap

seen for 8=0'. As in the case of the 0=0' spectrum, ap-
lication of a magnetic e pfi ld produces a Zeeman splitting

as Fi . 3 shows, the splitting here is smaller.
in the d'ff ent forms of theThe nonreciprocity is evident in the i eren
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spectra for k3 T.
Figure 6 shows the corresponding p-to-p reflectivity

curves. The 0 T curve is similar in form to that found for
8=90'; there is no 8=0' refiectivity for comparison. For
+3 T, however, the present curves show a Zeeman split-
ting, whereas there is no splitting in the 8=90'
reflectivity, only the weak shift, quadratic in the field,
mentioned previously. Associated with the Zeeman split-
ting is a pronounced nonreciprocity between the +3 T
curves.

In Sec. II expressions were derived for the weak s-to-p
and p-to-s reflectivities predicted away from 8=0' or 90'
and some illustrations of computed curves were given in

Figs. 3(b) and 3(d). Despite the weakness of these
reflections we have succeeded in measuring them at
8=45'. Figures 7 and 8 show s-to-p and p-to-s curves, re-
spectively, in fields of +3 T. All the curves show a weak
nonzero background outside of the magnetic resonance.
The background levels are due to leakage through the
grid polarizer of the unwanted incident polarization, and
the magnitude is in quantitative agreement with predic-
tions based on the exact theory of grid polarizers. We
have chosen not to substract off this background from the
experimental curves.

For the weak signals in Figs. 7 and 8 we do not have
very good agreement in all cases between the magnitudes
of the experimental and theoretical curves. However,
there is good agreement over all the qualitative features.
The general scales do agree, and, in particular, the p-to-s
refiectivity is significantly stronger than the s-to-p. The
expected nonreciprocity is also clear.

V. CONCLUSIONS

In this and our previous paper' we have presented an
extensive study of far-infrared reflectivity ofF the uniaxial
antiferromagnet FeF2. Although related work on anti-
ferromagnetic resonance in FeF2 dates back as long as 30
years, we have been able to find a number of new efFects
by working in oblique incidence. The evidence for nonre-
ciprocal reflection in the 8=0' spectra adds substantially
to that previously published. As far as we are aware,
there have been no previous publications of spectra away
from 8=0'. Our results at 8=90' (Ref. 15) and 45' (Sec.
IV) provide a detailed test of the modification of the mag-
netic susceptibility tensor P resulting from the reorienta-
tion of the sublattice moments. Our refiectivity calcula-
tions (Sec. II) together with Almedia and Mills's formu-
las' for y leads to theoretical curves that agree in all par-
ticulars with the experimental spectra. The main points

in addition to the general nonreciprocity are as follows.
Although there is no coupling to the magnetic resonance
in p polarization at 8=0', coupling does occur for 8%0'.
For 8=90 resonances occur at difFerent frequencies in s
and p polarization. These are not Zeeman split by an ap-
plied field; instead they show only small shifts quadratic
in Ho and of opposite sign. For values of 8 intermediate
between 0 and 90' both s and p spectra are Zeeman split,
although the extent of the splitting is smaller than that
for s polarization at 8=0'. For these intermediate values
the symmetry is suficiently low that weak s-to-p and p-
to-s reflections are seen.

Despite the antiquity of studies on uniaxial antifer-
romagnets, we believe that there is still scope for further
work. Much of the theory that has been done' is con-
cerned with surface antiferromagnetic polaritons and
particularly their nonreciprocal propagation. However,
there has been no experimental work. We plan to rectify
this by the development of an ATR stage. A notable om-
ission in our work to date is the investigation of spectra
in nonzero field at higher temperatures than 4.2 K. Al-
meida has pointed out recently that even for 8=0' the
calculation of y at nonzero temperature is a subtler
matter than at zero temperature. The decrease with tem-
perature of the moment of the sublattice aligned with the
field is slower than that of the other sublattice. Conse-
quently care is needed over the definitions of the ex-
change and anisotropy fields and therefore of the reso-
nance frequencies and ultimately the susceptibility. It
should be possible to incorporate these considerations
within the Green's-function formalism of Rezende and
Hone. '7 The corresponding calculations for higher tem-
perature and 8%0' have not yet been carried out.

The choice of a bulk FeFz crystal for our first investi-
gation with a new instrument was partly because of the
wealth of existing theory on the uniaxial antiferromag-
nets. We now plan to carry out studies on a range of oth-
er magnetic materials, both bulk and low dimensional, in
which resonances in our spectral region are expected.
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