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Measurement of up-conversion energy-transfer probabilities in Ho:Y3A150,z anti 'fm+3&i5O, 2
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The probabilities for up-conversion involving two nearest-neighbor Ho'+('I7) ions and Tm +('F4)
ions in Y3A150» have been determined. The final states are 'I5 and 'I6 for Ho'+ and 'H4 and 'H5 for
Tm'+. A rate-equation model has been used to obtain an expression for the concentration dependence
of the up-conversion-rate constant in the migration-limited regime. We have also measured the reverse
cross-relaxation probabilities for two of the processes with Ho'+('I&) and Tm'+{'H4) as donors. The re-

sults fit well to the energy-gap law for phonon-assisted energy transfer. They also show evidence that
there may be a correlation between the deviations from the energy-gap law for opposite processes.

I. INTRODUCTION

Up-conversion involving excited ionic species in crys-
tals has been a subject of considerable interest for over
two decades now. ' For the most part the experimental
investigations in this area have been of a qualitative na-
ture. The growing importance of up-conversion-pumped
lasers, in the strict sense as well as the broad
sense, and high-storage-density solid-state lasers
in recent years has provided an impetus to seek a more
quantitative understanding of this type of process. To
this end, we embarked on a systematic experimental
study of up-conversion involving the first excited state in
Ho:Y3A150&2 and Tm:Y3A150,2. The two ions chosen
have similar simple energy-level structures for the
lowest-lying states and therefore provide the opportunity
for a comparative examination of the data.

In our experiments the up-conversion processes were
studied by direct pumping of the metastable first excited
state with short laser pulses. The subsequent emissions
from higher-lying states as well as the pumped state were
then analyzed in the quasi-steady-state regime. This was
done at a number of dopant concentrations for each of
the two rare-earth ions. Rate equations taking into ac-
count all significant energy transfer and relaxation path-
ways were employed to obtain the state-specific up-
conversion rate constants. This procedure necessitated
the measurement of a number of multiphonon and cross
relaxation rates first. This was accomplished by direct
excitation of the states involved with pulsed lasers at the
appropriate wavelengths.

The theoretical tools needed to describe an elementary
up-conversion process, i.e., the interaction of tmo initially
excited ions at a fixed distance resulting in an upward
nonradiative transition for one of them and a downward
one for the other, are the same as those for the opposite
cross relaxation process. These theories are reasonably
well developed, and have been supported by experiments
in some instances. ' ' Ho~ever, to our knowledge no
comprehensive description of up-conversion taking into
account the possibility of excitation migration has been
o8'ered till now. Models for migration-limited cross re-

laxation' ' are not applicable here, since in up-
conversion both donor and acceptor ions must be excited.
In this paper we propose a model for migration-limited
up-conversion based on a rate equation approach to the
excitation migration process. Our model fits well the ex-
perimentally determined up-conversion rate constants.
From such fits nonradiative transition probabilities for
up-conversion and excitation migration were inferred.

II. MIGRATION-LIMITED UP-CONVERSION MODEL

We start by presenting a microscopic model of the up-
conversion process. In this model it is assumed that up-
conversion can take place only between nearest-neighbor
ions. It will be argued later that this is a good assump-
tion except at very low dopant concentrations. We con-
sider the collection of dopant ions that occupy nearest-
neighbor sites in the host crystal. These nearest-neighbor
(NN) pairs can contain no excited ion, one excited ion, or
two excited ions. For the experimental cases of interest
here we will be concerned with two like excited ions.
Each pair is imagined to exchange excitation with the
surrounding at a characteristic rate. The task is then to
find the density of NN pairs in which both ions are excit-
ed.

Let the densities of NN pairs with no excited ion, one
excited ion, and two excited ions be denoted by N 0, %~i,
and %~2, respectively. We assume that the ion which is
promoted to a higher excited state as a result of the up-
conversion process relaxes instantaneously back to its
original state. Then X 0+%,+N 2=%, the total densi-
ty of NN pairs, and all ions in the system are either in the
ground state or in the excited state which undergoes up-
conversion. Let the densities of excited and unexcited
ions be X, and X, so that X,+X =X, where X is the
total density of dopant ions in the crystal. Vfe assume
that the rate constant for excitation transfer is indepen-
dent of whether it is from an excited ion in a NN pair to
the surrounding or vice versa and is also independent of
the degree of excitation of a NN pair. Then one may
write the following rate equations:
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dX p —2kN, Np0+(kN + A)N, ,
dt

dX,
=2kN, N 1]

—(kN + A +kN, )N,
dt

maximum number of nearest neighbors possible (the
number of sites in the first coordination sphere). If we
take the view that an ion with n nearest neighbors is
equivalent to n NN pairs, then

tl p

+(2kN +2A+U)N 2,

dX2
=kN, Np]

—(2kN +2A+U)N 2,dt

nc„=n pc
n =-1

(3) together with Eqs. (6) and (8), lead to

(10)

where A is the radiative rate of the metastable state, k is
the phenomenological rate constant for excitation
transfer between the ion pairs and the surrounding, and
U is the up-conversion probability per unit time for a
doubly excited NN pair. Note that while the relative ex-
citations of the NN pairs and the surrounding may not be
equilibrated, the excitation within the surrounding itself
is assumed to be always equilibrated in this model. Thus,
for each ion in the NN pair the surrounding can be
represented by a single ion, located at a characteristic dis-
tance R, away, whose probability of being in the excited
state or the ground state bears the ratio N, /N . If a
dipole-dipole interaction is assumed, one can find the
phenomenological rate constant k from

2N,

c2+C2

where

Cp
U

2C N,

and X, is the dopant ion density for c = 1. In writing Eq.
(ll) we have made use of N =n0c N, /2 and n0=4 for
Y3A150,2.

' The volumetric up-conversion rate then is

simply UN&2. In the limit that c ((I, Eq. (11) is obtained
without any assumption about the role of clusters with
more than two ions.

where C is the microparameter for excitation migra-
tion. ' For a purely statistical distribution of the ions
and low fractional concentration of NN pairs, R, can be
construed to be the average distance between closest ions
given by'

1/3
1

RQ

Then one obtains

k=C N.
In steady state, Eqs. (1)—(3) can be solved subject to the
condition X p+Xp&+X&2=&z to give

2kN, N
(7)

2k{N, +N + A/k) +(2N, +Nr+ A/k)U

For N ((N, and N, and A /k (&Ng, one may write

N(N+ U/2k)

We note that this steady-state solution would still be val-
id if the time derivatives dX, /dt are small compared to
the terms containing the respective N, in Eqs. (2) and
(3).

For a purely statistical distribution of dopant ions
among the available sites, the concentration of ions with
n nearest neighbors is given by

c„= c"+'(1—c) '
n!(n0 —n)!

III. MACROSCOPIC RATE EQUATIONS

Experimentally the extent of up-conversion is inferred
from emission from the up-converted states. Therefore,
in order to interpret the data one must write down a set
of rate equations relating the densities of the up-
converted states to the density of the up-converting state.
The densities in these macroscopic rate equations are
overall densities without regard to the immediate envi-
ronment of the ionic species. As we will show below, the
explicit inclusion of the up-converted states in the macro-
scopic rate equations does not necessarily contradict our
assumption in the preceding section that they may be
disregarded in the rate equations for the NN pairs.

The lowest four levels in Ho:Y3A1,0» and
Tm:Y3A150» are shown schematically in Fig. 1. In the
case of Ho:Y3A1~0», levels 0, 1, 2, and 3 are Is, I7, I6,
and I5 with energies of 0 cm ', 5228 cm ', 8733 cm
and 11320 cm ', respectively (for the lowest Stark level
in each multiplet). For Tm:Y3A150]2 they are I&, F4,
Hz, and 04 situated at 0 cm ', 5556 cm ', 8339 cm

and 12607 cm '. With reference to the state-specific
processes indicated in Fig. 1, we obtain the following rate
equations:

dX)
dt

= —2( U]2+ U]3)N] —A ]11

+(2C2]N0+M21+ A2] )N2+(2C3]N0+ A3] )N3

(12)

dX&

dt U]2 1 (C2]N0 ™21+A 21+ A 20)N2

where c is the total dopant concentration and np is the +(M32+ A32)N3, (13)
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FIG. l. Schematic of the four lowest-lying energy levels in
Ho'+ or Tm'+ showing the radiative and nonradiative process-
es used in our model. Each level represents a multiplet com-

posed of a number of Stark sublevels.

dt
= Ui3Ni —(C3iNii+M32+ A32+ A3i+ A3ii)N3,

(14)

where N,. is the density of level i, U; the up-conversion-
rate constant from i to j, C;~ the cross-relaxation rate
constant from i to j, M,

&
the multiphonon relaxation rate

from i to j, and A;J the radiative decay rate from i to j.
In these equations all the cross-relaxation processes are
assumed to occur with superfast migration, while the up-
conversion processes are allowed to be migration limited
by making the U; 's concentration dependent quantities.

In steady state these equations lead to

and

C3iNo+Q~
(15)

1

CziNo+Qz

M32+ A 32U2+ U3 Ni
C31 0+ 3

where Qz =M&, + Az, + Azo and Q3 M3$+ A3$+ A3i
+ A 30. The quadratic dependence of Nz and N3 on N, is

expected, given the assumed quadratic nature of the up-
conversion process. As before, these results are valid
even in the quasi-steady-state regime, where dN2/dt and

dN3/dt are small compared with the terms containing N2
and Ni in Eqs. (13) and (14), respectively. Note that the
determination of U&3 and U&2 requires not on1y

knowledge of the radiative, multiphonon, and cross-
relaxation rates, but also the absolute densities of the lev-
els involved.

%'e must now reconcile the macroscopic rate equations
with those for the NN pairs. In the former we allowed
for the possibility of up-conversion to two states, while in
the latter to only one. This would not cause any difhculty
if up-conversion to the second state is either negligible or
followed immediately by the reverse cross relaxation pro-

cess. As will be seen later, one of these conditions is
satisfied for up-conversion to I5 in Ho:Y3A1&O&2 and the
other condition for up-conversion to H4 in

Tm:Y3A1~0,2. Also, one is justi6ed not to take into ac-
count in the rate equations for the NN pairs the up-
converted states if the total density in each of the up-
converted states is small compared to that of the up-
converting state. This condition again is always satis6ed
under our experimental conditions. Thus, as far as the
interpretation of our data is concerned there is no conliict
between the two sets of rate equations. Combining the
two views and recognizing the equivalence of N, and N &,

we find the relationship
c2

Ui2= (17)c'+c' N,

where U is the probability of up-conversion per unit time
for a doubly excited NN pair to give one ion in 2 and one
ion in 0. If we let U' be the corresponding probability
per unit time for up-conversion to 3, it is clear from our
model that it must be related to U, 3 by

U
c 2U'

+, N,

where co is the same as that in Eq. (17). Thus the elemen-
tary up-conversion transition probabilities can be found
from the macroscopic up-conversion rate constants.
Note that according to Eq. (17) the average rate of up-
conversion to 2 for a single excited ion is given by
U, 2N, =no Uc, /2, where c, is the concentration of excit-
ed ions, in the limit of superfast migration (c »co).

IV. EXPERIMENTAL DETAILS

The crystals used in our measurements were grown by
the laser heated pedestal growth technique. They typi-
cally measured just under I mm in diameter and several
hundred microns in thickness. The small diameter was
necessitated by the desire to maximize excitation density
with the available laser energies, and the small thickness
to ensure axial uniformity of excitation to less than 10%
variation as well as to minimize the effect of edge
difFraction. The dopant concentrations were determined
by absorption spectroscopy and were found to be close to
the expected concentrations from the compositions of the
starting mixtures. The samples were polished to an opti-
cal fatness on both ends.

The various laser sources were all driven by a 1-J, 10-
nsec Nd: YAG laser or its second harmonic. They includ-
ed a Hz vibrational Raman laser at 1.91 pm for the
pumping of the I7 level in Ho +, a HD vibrational Ra-
man laser at 1.73 pm for the pumping of the F4 level in
Tm +, a H2 rotational Raman laser at 1.14 pm for the ex-
citation of the I6 level in Ho, and a Ti:sapphire laser
operating at 872 nm, 767 nm, and Raman shifted to 1.2
pm for the excitation of Ho +( I&), Tm +( H4), and
Tm +( H5 ), respectively. The spatial profile of the beam
was found to be smooth for each of the laser sources.
Only the central portion of each of the beams was used to
ensure uniformity of excitation to +10% across the di-
ameter of the crystal.
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The evolution of the various excited-state densities in
time was monitored via their fluorescence, which was col-
lected by a lens and detected after passage through ap-
propriate 61ters and/or a —,'-m monochromator. For the
multiphonon and cross relaxation measurements only the
shapes of the time-dependent fluoresence signals were
needed. For the up-conversion measurements the abso-
lute densities of the states involved had to be determined.
For the up-converting state the initial signal level corre-
sponded directly to the density calculated from the mea-
sured absorbed energy and the known volume of the crys-
tal. For the up-converted states the Auorescence had to
be calibrated against that obtained from the direct excita-
tion of the same state with a known laser energy and us-

ing an identical geometry. A11 the measurements were
made at room temperature.
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V. Ho:Y3Al&O» RESULTS

For the measurement of multiphonon and cross relaxa-
tion rates of Ho +( I6) the 1.14-pm source was used.
The time-dependent emissions from 3%-, 5%-, and
10%-doped samples were monitored near 1.2 p,m. In
each case the decay was found to be purely exponential.
Within experimental errors the decay rate was the same
for all three concentrations. From these results we obtain
a multiphonon rate of Mz, (Ho +)=(2.2+0. 1)X 104

sec ' and an upper bound for the cross relaxation rate
constant Cz&(Ho +)(2X10 ' cm sec

Similar measurements were made on the relaxation of
the I

&
state using the pulsed Ti:sapphire laser operating

at 872 nm. The decay signals can again be fitted very
well to pure exponentials for all the concentrations stud-
ied. The decay rates for the di8'erent Ho + concentra-
tions are plotted in Fig. 2. From the best straight-line fit
the cross relaxation rate constant and the multiphonon
relaxation rate are found from the slope and the intercept
to be C&&(Ho +)=(7.8+0.8)X10 ' cm sec ' and
Mzz(Ho +)=(7.6+0.8) X10' sec

For the up-conversion measurements more than 20 mJ
at 1.91 was available from the H2 Raman laser. Howev-
er, only a few millijoules near the center of the beam were
used to ensure radial excitation uniformity. The absolute
densities of the various states were determined using the
procedure outlined in the preceding section. Thus, for
example, the I5 density was obtained by comparing the
fiuorescence signal near 900 nm from up-conversion with
the initial signal at the same wavelength following direct
excitation by a known amount of laser energy at 872 nm
under identical detection arrangements. The signals from
I7 and either I5 or I6 produced by the same incident
1.9l-pm beam energy were analyzed in pairs. The densi-
ty of 'I~ or I6 at a given time after the excitation pulse is
plotted against the density of I7 after the same time de-
lay. Such a plot for I6 density vs I7 density for a 2%
Ho:Y3A150,z sample is shown in Fig. 3(a). The plot in-
cludes the results from several pairs for di6'erent incident
1.91-pm beam energies. The range of time delay used for
each set is from 200 @sec to 10 msec. It is seen that a
good fit to a quadratic dependence of %2 on X, is ob-
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FIG. 3. Quasi-steady-state density of Ho'+ ('I6) plotted
against that of Ho'+ {'I7) for {a) 2.1% Ho:Y3A1501, and (b)
17% Ho:Y3A1~012.
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FIG. 2. Total exponential decay rate of Ho'+ ('I, ) vs Ho'
concentration.
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tained. A similar plot for a 17% sample is shown in Fig.
3(b).

When the procedure is applied to X3 vs N&, the same
result is obtained at low concentrations, as shown in Fig.
4(a). However, at higher concentrations the data can no
longer be Stted to a single slope 2 line. A good 6t can
only be obtained by using a sum of the slope 2 and slope 3
lines. This is shown in Fig. 4(b) for the 17% sample. We
interpret this as an indication that at high Ho + concen-
trations and high I7 densities a three-ion up-conversion
process begins to play a role. ' Such a process would
likely involve the excitation of one of the ions to the I4
state and the deexcitation of the other two to the ground
state. The I4 state then rapidly decays to I5, contribut-
ing to the fluorescence from the latter.

The up-conversion-rate constants U» and U, z for each
dopant concentration were calculated using Eqs. (15) and
(16). Except for A,o, which was measured, the radiative
rates needed were calculated under the Judd-Ofelt ap-
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FIG. 5. Measured rate constants for up-conversion from
Ho + ('I7) to Ho'+ ('I5) for different Ho'+ concentrations and
their best fit to the model.

10 14

10 13

10 12-

10"

10 16

2.1'/o Ho:Y3AISOt2

I r Density (em }

19

proximation, ' with the necessary reduced matrix ele-
ments and intensity parameters taken from tables. The
results for up-conversion to I5 are shown in Fig. 5. For
the higher concentrations, U» is derived from the slope-
2 part of the $3-vs-Ni data. The concentration depen-
dence of U, 3 was then fitted to Eq. (18). The points for
the two lowest concentrations were not used in the fit, as
the up-conversion model is believed to be less accurate
for the lower concentrations. This follows because in-
teractions between next-nearest-neighbor pairs become
relatively more important at low concentrations, and
they are not included in our model. (See further discus-
sions in the final section. } The best fit was obtained for
U'=(1.0+0.3}X10 sec ' and co=0.065.

Once U» was known U&z could be determined with
the use of Eq. (16). The results are shown as squares in
Fig. 6. The best fit to Eq. (17), leaving out the two
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17 /o Ho:Y3A1~01~.
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FIG. 6. Measured rate constants for up-conversion from
Ho + ('I7) to Ho'+ ('I6) for different Ho'+ concentrations and
their best fit to the model.
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lowest concentration points, yielded U=(1.7+0.4) X 10
sec ' and cp=0.064. The agreement between the two
values for cp found from the concentration dependences
of U, 3 and U, 2 is better than we have reason to expect,
given the relatively large error bars for the data points.

Nevertheless, it gives an additional measure of confidence
in the validity of our data. The up-conversion rate con-
stant U&z can be obtained from the decay curve of X,
alone under the assumptions that A3; «C3}NQ, M32 and
A 2 C2~%0 &&M2~ ~ Then one finds

A, ON)(0)
N, (t)=

( UJ2 + UI3 )[exp( A &Ot )
—1 ]N, (0)+ A &oexp( A &&t)

where

C N+Q
(19')

10 19

-1
C

sec

V

fA
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Cl

10 18

4.7'/o Ho:Y3AI50, 2

10 17

0.00 0.01 0.02

Time (set:}

FIG. 7. Decay of Ho'+ ('I, ) for a 4.'7% Ho:Y,A1,0» sample
when up-conversion loss is significant. Curves drawn according
to Eq. (19) are shown for three di8'erent values of U»+ U».

A representative fit of the decay curve of ~I7 to Eq. (19)
for a 4.7% sample is shown in Fig. 7. The up-conversion
rate constants U&2 obtained in this way are shown as cir-
cles in Fig. 6. It is seen that the agreement between the
values found using the two difFerent procedures is quite
satisfactory.

It remains to be shown that the quasi-steady state ap-
proximations made in the solutions of the macroscopic
rate equations as well as those for the NN pairs are
reasonable. The values of dN2/dt and dN3/dt can be
found directly from the slopes of the experimental decay
curves for N2 and N3. For the range of time delays for
which the data in Figs. 3 and 4 were taken they never
exceed 10% of the terms containing Nz and N3 in Eqs.
(13) and (14), respectively. Therefore, the use of Eqs. (15)
and (16) is justified. To check the validity of the steady-
state assumption in the solution of Eqs. (1)—(3), the
difFerential equations were solved numerically using the
rates determined above and densities appropriate to our
experimental conditions. It was found that dN, /dt and

dN z/dt amount to less than 1% of the terms containing

N~, and E&2 in Eqs. (2) and (3), respectively, after the first
50 @sec for all samples except the 1% crystal. In the
latter case, dN~, /dt remained at approximately 10% of
(kNg+ A +kN, )Nzi after the first 50 @sec The.se results
justify the use of Eq. (8). Furthermore, since U~3 is only
6% of U, z, the neglect of up-conversion to N3 in Eqs.
(1)-(3)is also justified.

UI, Tm'V3A150]2 RESULTS

Relaxation of the 'H4 level of Tm'+ was studied with
excitation at 767 nm. Only the initial portion of the de-
cay curve was found to be exponential, indicating that its
cross relaxation is migration limited. '" The early part of
the signal is associated mainly with Tm +

( H&) ions
with nearest-neighbor Tm + ground-state ions. The trail-
ing portion has exp( y&t ) dep—endence and is due to
Tm +

( H~) ions whose closest neighbors are not nearest
neighbors (Forster decay). Such a bimodal decay for an
8% sample is shown in Fig. 8(a). For higher concentra-
tions the exponential part becomes more and more dom-
inant, as illustrated by the decay signal from a 17% sam-
ple shown in Fig. 8(b). The decay rates of the exponential
portions are plotted against the concentrations of the
samples in Fig. 9. The straight line is the best fit going
through the calculated total rate of radiative and multi-
phonon relaxation for Tm +

( H4), which on the scale
of Fig. 9 is essentially zero. The C„on the vertical axis
in Fig. 9 is the microparameter for the cross relaxation
process and the summation is over all possible Tm + sites
in the Y3Al&O&2 lattice. Using the known R s and their
coordination numbers, we And from the slope of the line
C„=(1.6+0.4) X 10 cm sec '. The probability for
cross relaxation between NN Tm + ions is then
W'(Ro)=C„/R06=(6. 4+1.5) X 10 sec '. One can also
determine C„ from the trailing portions of the decay
curves. Using the expression for y given in Ref. 17, we
find with this latter procedure a C„which is about 20%
smaller than the one just given.

An attempt was made to study the decay kinetics of
Tm +

( H, ) by excitation at 1.2 pm. However, our
detection system was not sensitive enough to give us a
signal for any of the dopant concentrations. This is not
surprising, since the calculated quantum eKciency for
Tm +( H5) is only 3X10 '. Given the large multipho-
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non relaxation rate of Tm +
( Hz) and the large energy

difference between H5~ I'4 and H6~ I'4, it is reason-
able to assume that Cz, N, «M».

Since the up-converted fluorescence from Tm +
( H~ )

was not detectable, we had to resort to the fitting of the
Tm +

( F~) decay curve according to Eq. (19) to extract
U, 2. Even the latter approach was limited to a small
concentration range of between 8% and 13% only. At
lower concentrations, for the 1.73-pm pump energy avail-
able there was insufficient absorption to produce an ob-
servable up-conversion effect. At higher concentrations,
there was significant shortening of the lifetime of the F4
state, presumably due to impurity quenching, ' and it was
again not possible to extract U&2. The best fit to the data
obtained, shown in Fig. 10, yielded U=(3.2+0.8)X10
sec ' and c0=0.043. %e also show in Fig. 10 the value
for U, 2 determined by Bowman, Quarles, and Feldman
for a 6% sample. 3 The closeness of that point to the ris-
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FIG. 9. Cross relaxation rate of Tm + ('H4) obtained from
the initial exponential portion of the decay curve vs Tm'+ con-
centration.
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ing portion of the curve gives us a measure of confidence
in the credibility of the fit.

In the determination of U», the quasi-steady-state N&

was plotted against N, as in the case for Ho +. A quad-
ratic dependence was found for all concentrations, as il-
lustrated in Figs. 11(a) and 11(b). The nonexponential
cross relaxation of Tm +

( H~), however, poses a prob-
lem in the application of the macroscopic rate equations.
When the rate constant found from Fig. 9 was used for
C3] the values of U» shown in Fig. 12 were found. The
concentration dependence of U» deduced in this manner
is clearly not the same as what was found in the earlier
cases. The discrepancy is not surprising, however, since
for low concentrations the C» adopted applies only for a
small fraction of the 3H~ ions. This explains the greatly

10

17'/o Tm:Y3AISO(2
6.0 x 10

~e TAl:YsAlsOi2

4.0 x 10

CO -18
3.0 x 10

V

cv
-18

2.0x 10

-18
1.0 x 10

.01
.01

0.0
10 15

Time (@sec}

FIG. 8. Bimodal cross relaxation of Tm +
( H4) in (a) 8%%uo

Tm:Y3A150&2 and (b) 17% Tm:Y3A150&2. Plotted on the verti-
cal axis is the negative logarithm of the fluorescence signal nor-
malized to its initial value. Note the lengthening of the initial
exponential decay portion with concentration.

Concentration (at. %)

FIG. 10. Measured rate constants for up-conversion from
Tm +

( F4) to Tm +
( H5) for different Tm + concentrations.

The point without error bars was taken from Ref. 32 and was
not used in the curve Stting.
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exaggerated values of U» thus determined at low concen-
trations. At higher concentrations our procedure is
better justified. For the point with the highest concentra-
tion (34%) more than 90% of the cross relaxation of
Tm +

( H4) is exponential. Therefore, we chose to deter-
mine U' by making Eq. (18) go through that single point,
using the value of cp found from the U&z data. The value
of U' extracted in this way was (9+3)X 10 sec '. The
correct concentration dependence of U» for
Tm:Y3A1~0&2 is therefore given by the curve in Fig. 12
and not by the points shown (except the one for the 34%
sample).

In the case of Tm:Y3A150&2 the two up-conversion
transition probabilities U and U are comparable in mag-
nitude. One may wonder with good reason whether this
situation in any way invalidates the whole analysis pro-
cedure. Once a Tm +(3H~) ion is formed, it can cross re-
lax within the NN pair, migrate out of that particular
NN pair, or undergo radiative or multiphonon relaxa-

10 14

-18
8.0x 10

-18
6.0 x 10

Tm:Ys Als0, 2

18 I I
40x10

20x10

0..0 I ' ' I ' ' ' ' I

0 5 10 15
I ' ' ' '

E
' ' ' ' I

20 25 30 35

Concentration (at. %)

FIG. 12. "Rate constants" for up-conversion from Tm'+
('F4) to Tm + ('H4) obtained by assuming that all the Tm'+

( F4) ions cross relax with nearest-neighbor ground-state ions.
In fact this assumption holds only for the highest concentration
point. Hence, the correct concentration dependence is given by
the curve drawn through the latter using the value of C0 found
from Fig. 10.

E
V

N
C
O
O

10 13

10 12

tion. The last possibility is negligible compared to the
first two. Cross relaxation within the same NN pair
clearly has no impact on our model. Migration of H4
produces a negligible effect on our results so long as

&&Eg Therefore, the assumptions made in Eqs.
(1)—(3) still hold, and the use of Eq. (11) is again justified.

VII. DISCUSSION

1p 11

10

10 '4

~ ~ ~ \ I

10
18

F4 Density (cm )

10
19

In our up-conversion model we have assumed that only
NN pairs can interact. The validity of this assumption
can be checked by a simple calculation. For dipole-
dipole interaction and uniform distribution of the second
ion the total probability of transfer per unit time is given
by

: 21 W'(c)=c g
l

(20)

E
V

CO

Q
10

10 12

10
18

~ ~ '
~ ~ % ~

g 19
10

F4 Density {cm )

~ ~ ~ ~

20
10

FIG. Il. Quasi-steady-state density of Tm'+ ('H~) plotted
against that of Tm +

( F4) for (a) 1.9% Tm:Y3Al„-0» and (b)
21% Tm:Y3A15012~

where c is the dopant concentration, C;„, is the micro-
parameter for the interaction, R; is the distance to the
(i+1)th closest neighbor and n; is the corresponding
coordination number. For Y3A1~0,z we find that the
diff'erence between taking all terms in Eq. (20) and just
the first term (i =0) is only a factor of 1.34. Therefore,
a small error is made by considering only the NN interac-
tions. For up-conversion, however, one must also take
into account the fact that the probability for a NN ion to
be excited is smaller than that for a non-NN ion under
migration limited conditions. Therefore, the relative im-
portance of non-NN interactions can be significantly
greater at low concentrations. For this reason, in fitting
the up-conversion-rate constant vs concentration data we
did not use the points for the lowest concentrations.
From these considerations we would also conclude that
the up-conversion transition probability determined using
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W,"(c=1)=C; N, , (21)

where W,
' is defined in Eq. (20). The probability that we

seek is then just the first term in the sum divided by no.
The probabilities for energy transfer to a single nearest-
neighbor ion for all the processes studied are listed in
Table I.

One can also estimate the migration probabilities for
the metastable states by Gnding C through the use of
Eq. (11'}. The probability for a metastable ion to
transfer its energy to a nearest-neighbor ion is then sim-

ply C /RO6. This probability is found to be 4.6X107
sec ' for Ho +

( I7}and 1.9X10 sec ' for Tm +
( Ii4).

Note that these results depend critically on the interpre-
tation of the characteristic distance R, which appears in

Eq. (4) because of the inverse sixth power dependence,
and should therefore be regarded only as estimates.
However, the values of U and U' found earlier are not

Eqs. (17) and (18) might be 30% or so larger than what

they should be.
We have also assumed in our model that the surround-

ing with which the NN pairs exchange excitation is al-

ways equilibrated. This is equivalent to saying that the
difFusion length V 2D~, where D is the metastable state
diffusion coefficient and v its lifetime in the absence of
up-conversion, is much larger than the average distance
between NN pairs. One may take the latter to be
(3/4nN~)'~, where N~ is as before the density of NN

pairs. For Tm +
( F4) in a 10% doped crystal, for exam-

ple, one calculates &2Dr=2. 4X10 cm (Ref. 33} and

(3/4 nN~)' =7.7X10 cm. One can therefore con-

clude that the metastable Tm + ions are indeed uniform-

ly distributed (except where the ions have nearest neigh-
bors when up-conversion is migration limited}. There is
no available data on the diffusion coefficient for the Ho +

( I7) metastable state. But from the numbers for Tm +

( I"4) just given, one sees that even if the difFusion

coefficient were two orders of magnitude smaller, the
diffusion length would still be much larger than the aver-

age distance between NN pairs for dopant concentrations
of a few percent or higher. Therefore, in all likelihood,
the assumption was a good one in the case of Ho + also.

To place our results in the context of existing theories
on phonon assisted energy transfer, it is helpful to express
all of them in terms of energy-transfer probabilities. This
has already been done for all but the cross relaxation of
Ho +

( I5). For the latter the energy-transfer-rate con-
stant can be converted to transfer probability by the use
of

108.

10 7.-

10

10

104 .-.

102
-3000 -2000 -1000

I I I I

1000 2000 3000 4000 5000

affected by any such changes. Furthermore, even if the
interaction for energy migration is not of a dipole-dipole
nature, our results for U and U' would still be approxi-
mately correct because the concentration dependent U&2

and U» data approach their asymptotic values in all

cases.
For comparison, the migration probability inferred

from earlier studies in the case of Tm3+ (3F4) ranged
from 6X10 sec ' (Ref. 33) and 9X10 sec ' (Ref. 34) to
3X109 sec ' (Ref. 35). The smallest and largest results
are from grating decay measurements using two different
data reduction procedures. Earlier determinations of the
cross relaxation probability for Tm +( H~) can also be
found in the literature. Becker et al. reported a micro-
parameter of 1.8X10 cm sec ', which yields a proba-
bility of 0.7X10 sec '. They did not give any details
on how the determination was made. Using the decay

AE (cm-~)

FIG. 13. The "energy-gap law" applied to the results ob-
tained in this work for Ho:Y3A1&O» and Tm:Y3A150». The
probability per unit time is for energy transfer between two
nearest-neighbor ions (RO=0.37 nm). The processes corre-
sponding to the points labeled by the letters are given in Table I.
The absolute values of the two slopes differ by 1/(kT).

TABLE I. Energy-transfer probabilities for nearest-neighbor ion pairs.

Energy-transfer process

A. 2Tm +
( F4)~Tm +

( H4)+Tm +
( H )

B. 2Ho +
( I7)~Ho +

( I5)+Ho3+ ( I )

C. Ho'+ ( I, )+Ho + ('I, )~2Ho + ('I7)
D. Tm +

( H4)+Tm +
( H6)~2Tm +

( F4)
E. 2Ho + ('I7)—+Ho +

( I6)+Ho +
( I8 )

F. 2Tm +
( F4)~Tm +( H5)+Tm + ( H6)

hE (cm ')

—1495
—864

864
1495
1723
2773

8' (sec ')

{0.9+0.3)X 10
(1.0+0.3)x 10'
(2.0+0.2) x 10'
(6.4+1.5) x10'
(1.7+0.4) X 105

(3.2*0.8) x 10'
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curves they show in Fig. 2, we found that those for the
7X10' cm sample and the 4X10 cm sample could
be fitted well to exp ( —yt t ) and gave microparameters
of 4.6X10 crn sec ' and 1.4X10 cm sec ', re-
spectively. The latter is almost identical to what we
found from the trailing portions of our own decay curves.
Armagan et al. reported a microparameter of 2.7 X 10
cm sec '. Our analysis of their curves yielded values
ranging from 1.3 X 10 cm sec ' to 4.6 X 10
CIQ sec

According to the Miyakawa-Dexter theory, the proba-
bihty of phonon-assisted energy transfer may be ex-

pressed as'

W(b, E ) = W(0)exp( Pb E—), (22)

where AE is the difference between the transition energy
of the donor and the transition energy of the acceptor,
usually referred to as the energy gap. The parameter P is

related to a similar one a for multiphonon relaxation by

13= ted r, — (23)

y =(irtco) 'In(1+gb/g, ) . (23')

In the last expression fico is the energy of the phonon
mode which provides the most "assistance" and g, and

gb are electron-lattice coupling constants for the donor
and acceptor transitions. The energy-transfer probabili-
ties given in Table I are plotted against their respective

energy gapa (calculated using the lowest Stark level in

each manifold) in Fig. 13. The end points of the horizon-
tal bars give the extreme values of b,E that one finds

when combinations of highest- and lowest-lying Stark
levels in the initial and 6nal states, or vice versa, are used.
However, since only the thermally populated initial Stark
sublevels can participate in the interaction, the horizontal
bars should really be truncated to the right of the points

when they are larger than -2 kT. When a fit to Eq. (22)
is made (not taking into account the spread in b,E) for
the hE )0 points, one finds for the P parameter a value

of 2. 1X10 cm. The a parameter for multiphonon re-
laxation in Y3A150&2 is 3.1X10 cm. If the assump-

tion g, =gb is made, one finds from Eqs. (23) and (23')
that the phonons that make the greatest contributions to
energy transfer in Y3A150&2 have an energy of 690 cm
This is to be compared with the maximum phonon ener-

gy of 700 cm ' for Y3A150,2 given in Ref. 37.
Equation (21) applies only when b,E)0. If the states

are unsplit, from detailed balance one must have

W = W(0)exp[ —(/+ 1/kT)
~
hE~ ], (24)
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when bE &0. The line to the left of DE=0 in Fig. 13
was drawn using Eq. (24) and the value of P determined
earher from the AE &0 points. It is seen to fit well our
experimental data with hE &0. The overall fit is good to
about an order of magnitude, which is typical of the va-

lidity of the energy gap laws for phonon mediated nonra-
diative processes. One notices, however, that corre-
sponding probabilities for opposite processes show more
or less the same deviations from the best fit (i.e., 8 and C
are both slightly below the lines, and A and D both he
high above the lines). Thus, if the probability for one of
the processes is known, one may be able to estimate the
probability for the opposite process with considerably
better accuracy than order of magnitude with the help of
the energy-gap law plot. Further experiments to substan-
tiate this correlation in Y3A150,z as well as other crystals
will be of interest.
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