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General potential linearized-augmented-plane-wave computations using the generalized-gradient ap-
proximation (GGA) of Perdew and Wang (PW-II) show excellent agreement with the measured equa-
tions of state of bcc and hcp phases to over 300 GPa, the bcc to hcp phase transition pressure, and the
bcc magnetic moment. The results are a significant improvement over the local-spin-density approxima-
tion and the earlier PW-I GGA functional. The bcc phase is mechanically unstable at high pressure
with respect to a tetragonal strain, and is thus unlikely to exist in the earth s inner core.

The phase diagram of iron at very high pressure and
temperature is of considerable geophysical interest be-
cause the earth's liquid outer core and solid inner core
are composed primarily of this element. Thermal and
compositional models of the core and the overlying man-
tle, which receives much of its heat from the core, are
strongly dependent on our knowledge of the phase stabili-
ty of iron and its alloys. ' The melting curve of iron con-
strains the geotherrn at the inner core-outer core bound-
ary near the center of the earth (5150 km depth or 329
GPa). The subsolidus phase diagram at higher pressures
(329—364 GPa) determines the crystalline structure and
physical properties of the inner core, including the as yet
unexplained elastic anisotropy of this region. The con-
tinued growth of the inner core, by freezing of the overly-
ing outer core, is a major energy source in the earth s in-
terior and is primarily responsible for the Quid motions
which produce the geomagnetic field. Despite recent ex-
perimental progress toward measuring the iron melting
curve by both static and dynamic ' techniques, and
the possible discovery of a new, as yet uncharacterized,
high-pressure phase, ' the phase diagram of iron is still
highly uncertain at extreme pressures and the crystalline
structure of the inner core remains essentially unknown.
To better understand the physics of solid iron and to
place constraints on its phase stability under core condi-
tions, we have performed first-principles density-
functional calculations of bcc, fcc, and hcp phases en-

compassing the entire pressure range of the earth.
Density-functional theory yields exact ground-state

properties in principle. However, the exact exchange-
correlation energy functionals are unknown. The most
widely used approximation, the local-density approxima-
tion (LDA), has enjoyed considerable success. It is not
universally successful however. Among its deficiencies in
condensed-matter applications are overestimated binding
energies and bulk moduli and underestimated volumes of
3d solids. Of its most widely studied shortcomings is the
incorrect prediction of a close-packed nonmagnetic
ground state for iron rather than the ferromagnetic bcc
structure.

There have been many attempts to go beyond the
LDA. A Taylor-series expansion in the charge-density
gradient, of which the LDA represents the first term,
yields poor results because leading-order terms violate
the sum rules for the exchange-correlation hole which
LDA satisfies. ' Generalized-gradient approximations
(GGA's) go beyond the LDA while maintainin~ the sum
rules which appear central to its success. " ' Among
the most widely used are those of Perdew and Wang
[PW-I (Ref. 12), PW-II (Ref. 13)]. PW-II is based on an
entirely real-space analysis of the fluctuation hole cutoffs,
treating exchange and correlation functionals on an equal
footing. It also obeys known bounds and limits on the ex-
change functional. ' '

The relative energies and equations of state of the
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TABLE I. Equation-of-state parameters determined by
Stting an Eulerian Snite strain expression (Ref. 32) to the com-
puted binding energy curves. Experimental data from Ref. 23
( Vo Ep zero-pressure volume, and bulk modulus, respectively)
and Ref. 33 (Ko, pressure derivative of the bulk modulus).

Eo
(Ry)

Vo

(bohr )

Eo
(GPa) Eo

Bcc

Fcc

Hcp

LSDA
GGA
Expt.
LSDA
GGA
LSDA
GGA

—2541.0948
—2546.3001

—2541.0988
—2546.2890
—2541.1046
—2546.2947

70.73
76.84
79.51
65.06
69.32
64.74
68.86

245
189
172
340
288
344
291

4.6
4.9
5.0
4.4
44
4.4
4.4

phases of iron represent an important test of gradient-
corrected functionals. It is well known that the
Langreth-Mehl and Perdew-Wang functionals predict
ferromagnetic bcc to be more stable than fcc iron. '

However, the global ground state of these functionals for
iron is not well established, since most studies have not
considered the hcp structure. The energetics of the hcp
structure in GGA is an important issue for several
reasons. First, predictions can be compared with experi-
mental observations of the bcc to hcp phase transition,
which provides a stringent test of the predicted energy
difFerence between these two phases. Second, since hcp is
nonmagnetic, the bcc-hcp energy difference tests the de-
gree of magnetic stabilization in GGA. Third, measure-
ments of the hcp equation of state to inore than 3 Mbar
(300 GPa} provide an opportunity to compare theory
and experiment over a nearly twofold range of compres-
sion.

We investigated the energetics of bcc, fcc, and hcp
structures with the PW-II functional using the general
potential linearized-augmented plane-wave (LAPW}
method. 5 The LAPW method is free of shape approxi-
mations to the charge density or the potential. This is
significant because shape approximations such as the
mufiin-tin or the atomic-sphere approximation
(ASA)' ' ' ' have been shown to result in errors in the
bcc-fcc energy difference of approximately 4 mRy, com-
parable to the energy difference itself. ' ' The only pre-
vious investigation of the hcp structure using gradient-
corrected functionals used the LMTO-ASA method and
assumed the ideal hcp structure. ' Here we investigate
distortions of the hcp lattice away from the ideal c/a ra-
tio since this is a source of energy potentially comparable
to the small bcc-hcp energy difference.

Explicit forms for the PW-II functional appear in Ref.
13. The form of von Barth and Hedin~ was adopted for
local-spin-density approximation (LSDA) calculations.
Ferromagnetic bcc and nonmagnetic bcc, fcc, and hcp
structures are investigated over a range of atomic
volumes, V =40-90 a.u. We focused on nonmagnetic fcc
and hcp states since these are more stable than the corre-
sponding magnetic states at nonnegative static pres-

sures. ' ' Lattice distortions of hcp and cubic struc-
tures are investigated by varying the c/a ratio. Core
states are treated self-consistently using the full Dirac
equation for the spherical part of the potential, while
valence states are treated in the semirelativistic approxi-
mation which neglects spin-orbit coupling. 3s, 3p, 3d, 4s,
and 4p electrons were treated as valence bands for all
volumes. To eliminate problems with Fe p-like ghost
states, the LAP% basis set was augmented with extra lo-
cal functions so that a single energy window can accu-
rately treat all the band states. The local orbital exten-
sion eliminates linearization errors in the Fe d bands and
potential problems due to nonorthogonality to the upper
core states when small muffin-tin spheres needed for
high-pressure studies are used.

We used a 16X16X16special k-point mesh, yielding
140, 408, and 240 k points in the irreducible wedge of the
Brillouin zone for bcc, fcc, and hcp structures, respective-
ly, and a 12X12X12 mesh (159 points) for tetragonally
strained bcc states. The product of the muffin-tin radius,
R MT and the maximum reciprocal space vector,
RMTj',„was set to 9.0 for tetragonally strained bcc cal-
culations and 10.0 for the other structures. For
V=50-90 a.u., R T=2.0 a.u. and from V=40—60 a.u.,
RMT=1. 86 a.u. and 1.83 a.u. for GGA and LSDA cal-
culations, respectively. Careful convergence tests showed
that, with these computational parameters, relative ener-
gies are converged to better than a few tenths of a mRy
and magnetic moments to better than 0.05@/pii.

Binding energy curves show that PW-II correctly pre-
dicts the ferromagnetic bcc structure as the ground state
(Table I, Fig 1). W. e find, in agreement with previous re-
sults, that bcc is more stable than fcc.' We also find
that bcc is more stable than hcp, calculated to be the
minimum energy close-packed structure at all volumes, in
agreement with high-pressure experiments. The gain in
energy due to distortion of the hcp lattice is non-
negligible (1 mRy) although even ideal hcp is more stable
than fcc in both LSDA and PW-II at all volumes. The
minimum energy c/a ratio (ranging from 1.58 at 0 GPa
to 1.60 at 400 GPa) agrees well with experiment. The
slope of the common tangent to the bcc and hcp binding
energy curves yields the equilibrium phase transition
pressure We fin. d this to be 11 GPa in PW-II, in excel-
lent agreement with experiments, which show
significant hysteresis but bracket the transition between
10 and 15 GPa. The properties of the transition are very
similar to those found in LMTO-ASA calculations with
the PW-I functional. '

Equations of state in the PW-II approximation show
substantial improvement over LSDA. The equilibrium
volume and bulk modulus of bcc di8'er from experiment
by 3 and 9% respectively, compared with 12 and 35%
discrepancies for LSDA. Similarly good agreement has
been found before for PW-I (Refs. 16—19, 21, and 22) and
PW-II (Ref. 20) functionals, although the two approxi-
mations give somewhat different results. In contrast to
PW-II, PW-I overcorrects for the shortcomings of
LSDA, producing an overexpanded equilibrium bcc lat-
tice and bulk modulus somewhat smaller than observed.
Incorporation of zero-point and thermal contributions,
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which have been neglected here, would further improve
agreement between PW-II and experiment while degrad-
ing the comparison for PW-I. The significant differences
between the two PW approximations suggests that a sys-
tematic investigation of transition metals with the more
recent functional may be desirable. The pressure-volume
relations are in good agreement over the measured pres-
sure range. GGA pressure-volume curves differ from ex-
periment by less than 3% for bcc and 1% for hcp at the
highest experimental pressures (Fig. 2).

PW-II and LSDA yield very similar results for the
magnetic moment of bcc over the entire volume range
(within 0.2@~, Fig. 2). This is consistent with previous
results over more limited ranges of volume. At their
equilibrium lattice constants, the two methods yield 2.174
and 2.044ps, respectively, approximately 3% smaller
than LMTO results, and in excellent agreement with
the experimental value (2.12@~). Both PW-II and LSDA
show a vanishing moment at the highest pressures (Fig.
2).

Our results support a general pattern in which
gradient-corrected functionals predict larger lattice pa-
rameters and stabilize magnetic structures relative to
LSDA. The magnetic stabilization does not originate in
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F1G. 2. GGA pressure-volume relations for bcc (dashed
line), fcc (dotted line), and hcp (solid line). Hcp data: open cir-
cles (Ref. 24) and open squares (Ref. 23), bcc data: solid squares
(Ref. 23). Inset: magnetic moment of bcc in GGA (solid
squares, solid line) and LSDA (open squares, dashed line), and
the GGA magnetic stabilization energy (crosses; nonmagnetic-
ferromagnetic).
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a larger magnetic moment, since PW-II and LSDA pre-
dict similar moments at all volumes, In the case of iron,
the magnetic stabilization energy for PW-II (Fig. 2) is
essentially that required to reproduce the observed bcc-
hcp transition pressure. This shows that overstabilization
of magnetic structures is not a general feature of PW
functionals. Evidence for over-stabilization comes from
calculations on Fe3Ni with PW-I, where the magnetic
stabilization energy is found to be too large to permit the
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FIG. 1. Total energy vs volume in GGA (top) and LSDA
(bottom) for bcc (solid squares), fcc (open squares) ideal hcp
(open circles), and distorted hcp (solid circles). Inset: bcc to
hcp transition region in GGA. For LSDA, only ideal hcp cal-
culations were performed.

I

09 1.0 1.2
c/a

I

1.3
I

1.4
I

1.5

FIG. 3. Energy vs c/a ratio for Fe for GGA (solid curves)
and LSDA (dashed) at two volumes, 70 a.u. (upper curves) and
50 a.u. (lower curves). The c/a ratios of the bcc and fcc struc-
tures are indicated.
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standard explanation of the invar eff'ect in terms of nearly
degenerate low- and high-spin states. Other evidence
comes from calculations on Cr which show that PW-II
correctly predicts an antiferromagnetic ground state, un-
like LSDA or Langreth-Mehl GGA functionals, but
overestimates the magnetic moment. However, this is-
sue is complicated by the fact that the observed ground
state of Cr is an incommensurate spin-density wave. We
believe it significant that our results, which argue against
magnetic overstabilization, are based essentially on
ground-state energies and that they suggest a more exten-
sive investigation of magnetic stabilization in Perdew-
Wang-type functionals.

We find that the bcc phase is mechanically unstable
with respect to a tetragonal strain (space group
I4lmtrtm ) at pressures above approximately 100 GPa in
both GGA and LSDA approximations (Fig. 3). At low
pressure, GGA and LSDA correctly show mechanical
stability of the bcc and fcc phases. Temperature-induced
restabilization of the bcc phase at high pressure by anhar-
monic lattice modes is possible in principle but unlikely
because of the magnitude of the instability in iron. The
bcc structure is also highly unfavorable energetically rela-
tive to the close-packed structures at pressures compara-
ble to those in the earth's inner core (Fig. 1). The energy
difFerence between bcc and hcp (8000 K per atom)

exceeds even the highest estimates of the thermal energy
available in the inner core. ' Because of the energetic un-

favorability and mechanical instability of bcc, it is highly
unlikely that the inner core is composed of this phase, as
has frequently been proposed. '

We have found exceptional agreement between first-
principles calculations using the PW-II GGA functional
and experiment over a nearly twofold range of compres-
sion. This represents the widest compression range over
which theory and experiment have been successfully
compared for a transition metal. The results are a sub-
stantial improvement over the LSDA and are in better
agreement with data than those obtained with PW-I. We
hope that the success of the PW-II functional for iron
will stimulate further work on iron and other transition
metals. The bcc phase is found to be energetically un-
favorable and mechanically unstable at high pressures,
making it a highly unlikely constituent of the earth' s
inner core.
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