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Computer simulation is used to study Andreev reflection in nanoscale normal-metal—superconductor de-
vices. Back-focusing of hole waves through quantum point contacts is demonstrated. The electron-hole con-
version efficiency is shown to depend on the diffraction of the electron wave at the quantum point contact.

Present-day technology has opened the possibility of
studying superconducting transport in mesoscopic conduc-
tors. For superconductors several length scales play a role. In
treatments of inhomogeneous superconductors such as
normal-metal-superconductor (N-S) devices it is usually as-
sumed that the Fermi wavelength \ ¢ is much shorter than the
BCS coherence length and the London penetration depth. If
the relevant dimensions of the N-S device are of the same
order of magnitude as A, the physics on the scale of Az can
be described by the Bogoliubov—de Gennes equations.'
These equations have recently been used to study a super-
conducting quantum point contact, i.e., a contact with a
width on the scale of A . It was predicted that the supercur-
rent carried by the contact increases stepwise with increasing
width in much the same way as the normal conductance
increases.”

A very elegant way to study Andreev-reflection®* in the
classical ballistic limit has been introduced by Benistant
et al.® A point contact is placed on a very pure, silver crystal
which is backed by a superconducting lead film, as depicted
in Fig. 1(a). Electrons emitted by the contact travel ballisti-
cally to the superconductor, where they are converted into a
hole which retraces the path of the incoming electron and is
absorbed by the point contact leading to an enhanced con-
ductance of the point contact. The enhanced conductance as
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where ¢/(r,t) and ¢(r,2) denote the electron and hole wave
function, respectively, m* is the effective mass, p is the mo-
mentum operator, e is the charge, A=A(r) is the vector
potential corresponding to an external magnetic field, V(r) is
the potential defining the geometry of the device, Ef is the
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a function of voltage across the emitting contact is a direct
measure of the energy-dependent Andreev reflection coeffi-
cient at the Ag-Pb interface.

In this paper we present a theoretical analysis of nano-
scale N-S devices. The relevant length scales in such devices
are of the order of a few Ap. Accordingly, a description in
terms of (semi-) classical ballistic transport cannot be used.
A calculation of the charge (electron and hole) transport
through the device requires a full quantum-mechanical treat-
ment of the problem. We assume a two-dimensional electron
gas with a very high mobility. A quantum point contact
(QPC) with a width W= \[. is positioned in front of a super-
conductor [see Fig. 1(b)]. Part of the electron wave passes
through the constriction, the remaining part being reflected.
The electron wave leaving the QPC is scattered in various
directions. At the N-S interface the expanding electron wave
is Andreev reflected. The interplay of the diffraction of the
electron (and hole) wave by the QPC and the Andreev
mechanism is of much less importance in one-dimensional
mesoscopic N-S junctions® than it is in the two-dimensional
devices studied here.

The results presented below have been obtained from the
numerically exact solution of the time-dependent
Bogoliubov—de Gennes equations’’
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Fermi energy of the electron gas, and A(r) is the gap func-
tion (pair potential) which is chosen to be real.

Simulation of a particular device consists of specifying
the potential V(r), the gap A(r) (i.e., the geometry of the
device), and the vector potential A(r), setting up the initial
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state [i.e., an electron wave function (r,t=0) normalized
to one, and ¢(r,t=0)=0 because there is no hole at t=0],
and solving Eq. (1) for times as long as needed to obtain the
physically relevant behavior. From the time-dependent
electron-hole wave function all physically relevant informa-
tion can be extracted. In addition, much insight into the be-
havior of the electron and hole wave can be obtained by
simply looking at the time development of the probability
distribution.

The numerical method that we employ to compute the
solution of Eq. (1) is based on Suzuki’s fractal decomposi-
tion of the time step operator® and is described elsewhere.’
The algorithm is correct up to fourth order in both the time
step 7 and the mesh size § and is unconditionally stable,
accurate, and efficient. For all practical purposes our results
are numerically exact. A typical simulation run takes ap-
proximately 13 h of CPU time on a CRAY YMP, using a grid
of 1024 X513 points, 6=\r/10, 7=0.031254/E  where Ep
is the Fermi energy, and 8192 time steps.

The results reported below are for a device of dimensions
34 pumX1.7 pum with the following characteristics:
Er=21 meV, m*=0.067m,, A=A(r)=0.067E; (unless
explicitly stated otherwise), and A\r=335 A. These values
apply to GaAs heterostructure devices and superconducting
Nb. For simplicity we will assume an idealized model
system in which the Fermi levels and the effective masses in
the metal and the superconductor are the same. The (ideal)
QPC is represented by rectangular potential barriers of
height 100Ey. The vector potential is taken to be
A=A(x,y)=(—[}B,(x,y")dy',0,0) corresponding to a
magnetic field B=(0,0,B,(x,y)) perpendicular to the plane
of motion.’ Inside the superconductor B=0. For practical
purposes, it is expedient to express energies and distances in
units of Er and \p, respectively, and we will do so in the
sequel.

According to the standard one-dimensional analysis, per-
fect Andreev scattering, i.e., 100% conversion of electrons
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FIG. 1. Layout of the experimental setup to study Andreev re-
flection. (a) Classical ballistic transport, (b) quantum ballistic trans-
port.

into holes, requires that |[E|<A where E is the energy of the
incoming electron wave relative to Ey, and that A<E.>*
In a simulation, the initial wave packet is always confined to
a finite region in space and therefore its spread in energy
or # 0. Accordingly, (nearly) perfect Andreev scattering de-
mands that oy <<A<E[, conditions that can only be met by
using simulation boxes not smaller than the size indicated
above and a wave packet which is as broad as possible. A
systematic simulation study for devices without QPC’s (not
shown) reveals that if the widths of the initial, normalized
Gaussian wave packets 0,= 0, =10\ g, more than 99% of
the electron intensity returns as hole intensity. From an ex-
perimental viewpoint this is an acceptable conversion level.

The gaps of conventional superconductors, e.g., Nb com-
pounds, satisfy the condition A<E. In some of the high-
T, cuprates A~0.1E.!° Therefore, but mainly out of curi-
osity, it is of interest to solve the Bogoliubov—de Gennes
equations for the case where A is of the same order of mag-
nitude as E. A typical result is shown in Fig. 2 where we
have taken A =FE . The energy of the incident electron E=0
and 0,=0,=10\p. Part of the electron wave is reflected
instead of converted into hole intensity. Only 80% of the
incident electron intensity is returning as hole intensity.

For the present purposes the initial Gaussian wave packet
that we use is a very good approximation to a plane wave.
Accordingly, an approximate solution of (1) can also be ob-
tained by reducing the two-dimensional problem to a one-
dimensional time-independent scattering problem (see be-
low). The solution of the resulting 4 X4 scattering matrix
problem predicts that about 17% of the electron intensity will
be reflected at the interface, in fair agreement with the simu-
lation result (20%). It is important to recognize that the
theory given in Refs. 3 and 4 cannot be used to compute this
intensity because this theory is only valid in the Andreev
limit A<E.

Simulation results for several N-S QPC devices with
A=0.067Er, W=1.6\p, and L=5\ [see Fig. 1(b) for
the layout] are shown in Figs. 3-5. In all cases the electron
wave packet starts from the left of the QPC, in the direction
perpendicular to the interface, and is partially reflected by the
QPC. The momenta and energies of all initial wave packets
are |k| =kp=2m/\p and E =0, respectively. The part of the
electron wave that emerges from the QPC is spreading out
rapidly while it moves towards the N-S interface. The occur-
rence of diffraction is obviously related to the dimensions of
the QPC and is absent in the case of classical ballistic
transport.” In the superconductor, (part of) the electron wave
is converted into a hole wave. The hole wave travels to the
left and upon leaving the superconductor, is focused back
into the constriction.

According to the common lore, quantum mechanics
forces wave packets to expand, not to contract. However,
hole waves generated by the Andreev mechanism clearly do
contract if the electron wave that caused the hole wave was
expanding. This feature is implicit in the Bogoliubov—de
Gennes equations (1). From (1), it immediately follows that a
hole moves exactly like an electron, except that it moves
backward in time with a slightly different absolute value of
the momentum normal to the interface.!’ The presence of an
external magnetic field breaks the electron-hole symmetry
and indeed, our simulations (not shown) demonstrated that
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FIG. 2. Two views of a snapshot of the electron (upper part) and
hole (lower part) intensity taken at t=160%/E for a hypothetical
superconductor with gap A=FE . Both the electron and hole wave
are moving to the left. Initially, at #=0, the electron wave moves to
the right, in the direction perpendicular to the interface. Normal
metal: dark gray area; superconductor: light gray area.

(a)

(b)

FIG. 3. Snapshots of the electron (upper part) and hole (lower
part) intensity taken at different times. (a) t=160%/Eg; (b)
t=256#/E. Normal metal: dark gray area; superconductor: light
gray area; quantum point contact: white structure. Device param-
eters [see Fig. 1(b)]: A=0.067Er, D=20\p, W=1.6\g,
L =5\p. Intensities left and right of the QPC are scaled differently
for visualization purposes.

FIG. 4. Same as Fig. 3(b) except that D=\

then there will be no back-focusing of the hole into the QPC.

The back-focusing of the hole is most clearly demon-
strated in Figs. 3(a) and 3(b) where we show the electron and
hole intensity at different times ¢. For visualization purposes,
the intensities at the left- and right-hand side of the exit plane
of the QPC are scaled differently. Therefore, Fig. 3(b) gives
the impression that there is still a considerable amount of
electron (hole) intensity between the QPC and the N-S inter-
face but in fact, the integrated intensity in this part of the
device is very small and therefore negligible. The back-
focusing itself does not depend on the distance D between
the QPC and the N-S interface, as shown in Fig. 4. However,
for the device considered here, D is also of the order of A g
and may be expected to have an influence on the electron-
hole conversion efficiency.

Results for the electron and hole current through devices
with different D [see Fig. 1(b)] are given in Table I. For
small D/\g, the conversion of electrons into holes is close

FIG. 5. Same as Fig. 3(b) except that at the N-S interface, a
tunnel barrier of width 1\ and height 1.2E is present. The hole
(electron) intensity in the superconductor is larger (smaller) than in
the region between the QPC and the tunnel barrier. For visualization
purposes the hole and electron intensities at the left- and right-hand
side of the exit plane of the QPC are all normalized to one, giving
the false impression that there is no hole intensity between the QPC
and N-S interface.
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TABLE I. Electron (J,) and hole (J,) current through the QPC,
for the devices shown in Figs. 2—-4. Currents in units of
JO = ﬁkF/m * .

D=\, D=5\ D=20\p
Jog 1.02 1.05 1.05
JulTo 0.99 0.98 0.91
ToHID, 1.97 1.93 1.87

to perfect: The third row of Table I indicates that only 1.5%
is missing [the theoretical limit is (J,+J,)/J,=2]. The loss
of conversion efficiency increases with D. For D =20\ this
efficiency is reduced by approximately 6%. The dependence
on D of the conversion efficiency is directly related to the
diffraction that takes place at the exit plane of the QPC and
cannot be accounted for by the standard theory of Andreev
reflection.>*

A simple, approximate theory for this phenomenon can be
constructed as follows. First consider an infinitely long N-S
interface (without QPC) and a plane (electron) wave incident
on the interface. The angle of incidence (measured with re-
spect to the normal on the interface) will be denoted by 6.
For this geometry Eq. (1) can be reduced to a
one-dimensional ~ problem by  substituting  yAr,t)
= f(x)explitk,y—Et/#)] and (r,1)=g(x)explitk,y—Et/A)]
yielding

2
Pewr AW
2m f(x) f(x)
2 =E
p 8(x) g(x) |
A ——
(x) S T
2
where the effective chemical potential u*=Fg

—(2m*)_‘ﬁ2k3. Solving Eq. (2) by the standard wave
matching method but without making the usual
approximations®* yields the intensity of the reflected holes
R,=R,(u*,A). For |k|=kp, u*=E gcos?é.

Diffraction by the QPC leads to an angle dependence of
the hole intensity, even if the direction of the incident elec-
tron wave is perpendicular to the interface. Adopting the
standard expression for the angular distribution

P(8)=[sin(7W sind)/7W sin6]* of the electron wave leav-
ing the slit (the QPC) of width W we estimate the hole cur-
rent transmitted through the QPC device [see Fig. 1(b)] for
D — from

J, [™2,d6 P(6)R,(E rcos’6,A)cosd
Je [™,d6 P(6)

Numerical evaluation of the right-hand side of Eq. (3) for
W=1.6\g and A/Er=0.067 yields (J,+J,)/J,~1.91, in
fair agreement with the simulation result for large D (see
Table I). For D=0 and normal incidence diffraction effects
are unimportant and (J.+J,)/J,=2, in reasonable agree-
ment with the simulation data for small D. Thus, due to
diffraction at the QPC, the electron-hole conversion effi-
ciency changes with D.

Additional simulations'? lead to the conclusion that the
back-focusing phenomenon itself is extremely robust with
respect to changes of device characteristics, such as the gap
A (not shown), distance between the QPC and the N-S in-
terface (Fig. 4), width of the QPC (not shown), idealness of
the interface (Fig. 5), corrugations of the interface (not
shown), the angle of incidence of the incoming electron
wave (not shown), the presence of impurities in the region
between the QPC and the N-S interface (not shown), etc. On
the other hand, on the basis of the arguments given above,
the electron-hole conversion efficiency may be expected to
depend on specific device properties and this is also corrobo-
rated by our simulation data.

Our conclusion is that in the absence of a magnetic field,
the properties of (ideal) nanoscale N-S devices cannot en-
tirely be described by the standard theory of Andreev
reflection®* but can still be “predicted” in terms of the an-
gular distribution of the electron wave impinging on the in-
terface and the notion that all hole intensity entering the
metal will be transmitted through the QPC.
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FIG. 1. Layout of the experimental setup to study Andreev re-
flection. (a) Classical ballistic transport, (b) quantum ballistic trans-
port.



FIG. 2. Two views of a snapshot of the electron (upper part) and
hole (lower part) intensity taken at t=160%/E for a hypothetical
superconductor with gap A=E ;. Both the electron and hole wave
are moving to the left. Initially, at =0, the electron wave moves to
the right, in the direction perpendicular to the interface. Normal
metal: dark gray area; superconductor: light gray area.



(b)

FIG. 3. Snapshots of the electron (upper part) and hole (lower
part) intensity taken at different times. (a) r=160%/Er; (b)
t=256h/E . Normal metal: dark gray area; superconductor: light
gray area; quantum point contact: white structure. Device param-
eters [see Fig. 1(b)]: A=0.067Er, D=20Ap, W=1.6Ap,
L =5\ Intensities left and right of the QPC are scaled differently
for visualization purposes.



FIG. 4. Same as Fig. 3(b) except that D=\p.



FIG. 5. Same as Fig. 3(b) except that at the N-S interface, a
tunnel barrier of width 1\ and height 1.2E is present. The hole
(electron) intensity in the superconductor is larger (smaller) than in
the region between the QPC and the tunnel barrier. For visualization
purposes the hole and electron intensities at the left- and right-hand
side of the exit plane of the QPC are all normalized to one, giving
the false impression that there is no hole intensity between the QPC
and N-S interface.



