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The complete set of material parameters of a top-seeded solution-grown BaTi03 crystal has been
determined by numericaOy evaluating available measurements and using additional measurements
presented in this work. The parameters were determined at room temperature and consist of the
low-frequency clamped dielectric constants e;~, elastic stiffness constants at constant electric field

c, &&, piezoelectric stress coefBcients e;~g, elasto-optic tensor at constant electric field p, &&, and

clamped electro-optic coefn.cients r, I, .

I. INTRODUCTION

Oxygen octahedra ferroelectrics are important mate-
rials because of their electro-optic and nonlinear-optic
as well as acoustic and acousto-optic properties. ~ Crys-
tals with the simplest structure in this group of materi-
als belong to the perovskite class, with SrTi03, BaTi03,
and KNb03 the most widely studied members. The lat-
ter two crystals are especially interesting for nonlinear-
optical applications because of their large values of spon-
taneous polarization at room temperature and the high
packing density of oxygen octahedra. They undergo a
series of phase transitions &om the high-temperature cu-
bic phase to the tetragonal, orthorhombic, and to the
low-temperature rhombohedral phase.

Barium titanate is an extensively used photore&active
material because of the large electro-optic coefficients. 2 s

In recent papers the necessity of considering the elasto-
optic contribution to the refractive index changes in pho-
tore&active experiments was pointed out. Besides the
re&active indices and the clamped (strain-&ee) electro-
optic coefficients r; I„the piezoelectric stress tensor e;st„
the elasto-optic (Pockels) tensor at constant electric field

pP~„„andthe tensor of the elastic constants at constant
electric field cP~&& must be known in order to calculate
effective electro-optic coefficientss that describe the opti-
cal indicatrix changes under the influence of the electric
field grating. Unfortunately, the material properties of
most photorefractive crystals which are necessary in or-
der to evaluate the re&active index changes have not been
known completely. Only recently has a complete set of
material constants of KNb03 crystal been determined.

In this paper we will focus on the room-temperature
elastic, elasto-optic, dielectric, piezoelectric, and electro-
optic properties of tetragonal BaTi03 crystals. We first

review the published data and present our measurements
of material responses. From this information the com-
plete set of material parameters is extracted by a fitting
procedure.

II. OVERVIEW OF PUBLISHED DATA AND
ADDITIONAL MEASUREMENTS

T;; = c,,-I„Sq~—eI.;,.E
SD. = e &yS&g + EpE;&E&,

and

S
& Sij It„lTIcl + dlc &EIc

E

TD; = d;~gT~I, + ~p~;~E~.

(3)

(4)

Summation over repeated indices is assumed throughout
this paper. The set of independent variables in (1) and

The point group symmetry of tetragonal BaTi03 is
4mm and we use a coordinate system with axes 2:, y,
and z aligned along the crystallographic axes aq, a2, and
c. The tetragonal c axis is parallel to the spontaneous
polarization; therefore the positive direction of z is the
direction of the electric field used to pole the crystal.

In describing the response of a piezoelectric crystal to
external electrical and mechanical fields one can choose
different sets of independent variables. s Each set con-
sists of one mechanical variable (stress or strain) and one
electrical (electric field strength or electric displacement)
variable. The materials constants describing the response
in each of these sets depend on the selection of indepen-
dent variables. The elastic and dielectric response in two
di8'erent sets is given as

0163-1829/94/50(9)/5941(9)/$06. 00 50 5941 1994 The American Physical Society



5942 M. ZGONIK et al. 50

(2) consists of the elastic strain tensor Sg~ and the vector
of the electric field strength E;, while for (3) and (4) the
elastic stress tensor TI, l is used instead of Skl. The dielec-
tric response is given by the clamped (zero strain) dielec-
tric constant e,--- in the first case and by the unclamped

(zero stress) dielectric constant e, in the second case.
The tensors c,-.&l and s,--&l are the elastic stiffness and
compliance tensors at E = 0, while eI„.

&
and dA. ;~ are the

piezoelectric stress and strain tensors, respectively. Ma-
terials constants in different sets can be related through
thermodynamic reasoning. Here we give three relations
that will be used later. They are

'je~g(/(&p& ),
T S

ep(e, , —e,,) = e,i d, t

(5)

(6)

and

A. Dielectric, elastic, and piezoelectric
measurements

The complete data set on dielectric, elastic, and piezo-
electric properties of BaTi03 at room temperature was
erst determined by Berlincourt and Jaffe and later in the
whole tetragonal phase by Schaefer et al. Top-seeded
solution-grown crystals used for the measurements pub-
lished in 1986 (Ref. 10) are of better quality than the
previously investigated crystals grown by the Remeika
method. The two published sets of data still agree
rather well at room temperature but we consider only
the later results. From Ref. 10 we see that a minimum
number of different measurements was performed which
allowed the determination of the whole set. Here we
list the results of these measurements because only these
(raw data) can be used in our evaluation.

We start with a discussion of dielectric constants which
were recently determined also by Nakao et al. We also
measure the dielectric constants in a range from 100 Hz
to 13 MHz as a test of the quality of every sample we
investigate by using a HP-4192A impedance analyzer.
We use evaporated gold or silver paste electrodes which
give the same results within the experimental inaccuracy.

Ee,~I = clmqkd'lm.

Previously measured materials constants of BaTi03
are reviewed in this section. We have also performed sev-
eral additional experiments in order to complete the data
sets. In addition, improvements in the accuracy of some
earlier data could be obtained because of the improved
optical quality and larger size of the crystal samples that
are available nowadays.

The crystals we used in this work were all nominally
undoped top seeded solution grown and were produced at
the Massachusetts Institute of Technology, Cambridge; at
Sandoz Optoelectronique, Huningue; and at the Institute
of Physics, Chinese Academy of Sciences, Beijing. The
samples were light yellow in color and were all carefully
poled to be single domain. Only the best samples were
selected for the measurements.

B 2+ 4g2

with QL standing for quasilongitudinal and QT for qu-
asitransverse polarization. The crystal mass density p
= 6020 kgm, and the coefficients A, B, and C that
appear above are expressed with the elastic stiffness con-
stants, with piezoelectric stress coefFicients e;~~, and with
clamped dielectric constants as

E E 2 S SA = ciiii + cisi3 + (e311+e131) i[Ep(Eii + E33)], (9)

E E 2 S SB = cssss + cisis + (esss + eisi) /[ep(&ii + ~ss)], (10)

The measured capacitances at low frequencies are con-
stant over three decades from 100 Hz to 100 kHz, they
show mechanical resonances in the range Rom 100 kHz
to a few MHz, and are constant at higher frequencies,
where the crystal can be considered to be mechanically
clamped. The ratio between the free (low-frequency) and
the clamped (high-frequency) values of the dielectric con-
stant was taken as a gauge of the quality of the single-
domain state of the crystal as discussed in Ref. 12. Only
the crystals satisfying this criterion were used for further
studies. Therefore all our measurements were performed
on crystals &ee &om 180' domains.

The values for e33 obtained in different groups are quite
consistent and are e33 130 + 5 for the &ee dielectric
constant and e33 56 6 3 for the clamped. The values
of ~11 vary more from crystal to crystal because this di-
electric tensor component diverges when approaching the
phase transition &om the tetragonal to the orthorhom-
bic phase, normally taking place at 6 'C. Small variations
in the phase transition temperature in different samples
also affect the values of this dielectric constant at room
temperature. Taking an average over all available data
measured at 23 'C and being a little conservative in inac-
curacy estimation we determine the &ee and the clamped
dielectric constants perpendicular to the polar axis to be

Ell = 4400 + 400 and E'll: 2180 6 300 These values are
also listed in Table I where we collect all the measured
quantities that we consider in our work.

From the resonance frequencies of differently cut sam-
ples three components of the elastic compliance tensors,

1111~ 83333~ d 1313 were determined. Three further
results of resonance measurements are expressed as a
linear combination of several components of the elastic
compliance tensor. The measured quantities and the re-
sults are listed in lines 5—10 in Table I.

Additional data on the elastic properties of BaTi03
at room temperature were measured by Ishidate and
Sasaki. They investigated spectra of Brillouin scattered
light and determined the following elastic stiffness con-

E E D Dstants: cl 111 ~ 1313& 3333& 1313 and c1212. Their values
are listed in lines 11—15 in Table I. Because of an error
in their analysis of the angular dependence of the sound
velocities of the two acoustic waves which propagate in
the plane (010) and are polarized in this plane, we use
their velocity data here. The velocities of these two waves

propagating along the [101] direction are given by
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and

(e333 + e131)(e311+ e131)
C C1133 + 1313 + S S'&(e» + '»)

From the measured velocities vga ——6800 ms and

vqT ——2500 ms the values for the quantities pv&L and

pvT were calculated and are listed in lines 16 and 17 of
Table I.

Plate resonance measurements mentioned above and
additional dielectric measurements were used in the past
to determine the piezoelectric coefBcients. In our Ta-
ble I, in lines 18 and 19, we have included two additional
measurements~a that give the ratio ds2&&/(s fzzzeo) and the
square of the piezoelectric coupling constant k33.

Optical interferometry was used by Ducharme et al.
to determine the piezoelectric coefficient d3$] Their
value of +28.7 pm/V, however, is not included in Ta-
ble I. Their positive sign is in contradiction with all other

results ' and also with the dependence of the lattice
constant a on the spontaneous polarization. The dielec-
tric (spontaneous) polarization is the principal driving
term of crystal modifications in the ferroelectric phase.
An increase of the dielectric polarization —achieved ei-
ther by reducing the temperature or by applying an elec-
tric Geld parallel to the original poling Beld results in a
reduction of the lattice constant a.

We have repeated the interferometric measurements of
the signs and of the values of the two piezoelectric strain
coefBcients d333 and d311. We used two samples for these
measurements with evaporated gold electrodes on the c
surfaces. The samples were block shaped with typical
dimensions of 5 mm. A difference &om the measurement
performed by Ducharme et al. was that we glued one
of the sample surfaces on a thick glass plate which was
fixed in a mirror mount. The light beam was reflected
from the other surface only and interfered with the beam
from the second arm of the Michelson interferometer. In

TABLE I. Measurements used in the evaluation of material constants of top-seeded solution-grown BaTi03 crystals.

1
2

3
4
5

6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

Measured quantity
T

T
33
s
s
33
E

S1111
D

S3333
E

S1313
0.5s1111+ 0.5s1122 + 0.25s1212E E

0.78s1111+ O.pls3333 + 0.21s1133 + 0.105s1313E

( 1111+ 1122)/[ + 1122/( 1111 1122)]
E E E E E

ECllll
D E 2 g S

C3333 = C3333 + 8333/ 60 633

C1313
D E 2 / S

C1313 —C1313 + &131/ &0&11

C1212
2

PVqi,
2

pvq T
311/(sllll o)
2 E
2 = 2 T E

~33 d3333/(~0~33 s3333)
~311
d333

(Pl

ill�)

E E 2
(Pl

ill�/P2211)

E E 2
(P1111 /P331 1 )

2 E S S 2
(P3333) (73333 333r& e/330~33)

(P3333/71133)
r$$3 2(n —1. )d53$$ /n
r333 2(n, —1.5)d3 jj /n,

T
+131

r~~~/[r~~3 2(n 1.5)dory] /n ]
r 333/[r333 —2(n, —1. )5d qq3n/, ]

S / T
+131/ +131

Reference

10, 12, this work

10, 12, this work

12, this work

12, this work
10
10
10
10
10
10
13
13
13
13
13
13
13
10
10
this work
this work
this work
this work
this work
this work
this work
this work, 14, 23
this work, 23
this work, 23
this work
this work
this work
14, 24

4400+400
130+5

2180+300
56+3

7.35+0.02 '

10.0+0.07 "
4.55+0.02 '

5 06+005 '

6.76+0.06 '

6.13+0.06 '

22.3 + 1
24.0 6 1

6.2 6 0.3
12.1 k 0.5
13.4 + 0.6
27.8 6 1.5
3.8 + 0.2

17.1yp. 1 b

0.303 "
—32.5+2

90+5
0.24+0.03

22.6+2
52+5

0.055+0.01
13.6+2

11.2+1.3
113+5

1300+150
0.83+0.07
0.38+0.03
0.56+0.05
3.6+0.2

4380
129

2200
56

7.37
5.6
4.11
4.86
6 ' 7
6.17
22.2
24.0
6.1
12.1
13.4
28.0
3.8
17.1
0.54

—33.4
90

0.25
22.5
52

0.055
13.6
12.1
110
1300
0.84
0.37
0.56
3.7

Measured value Fitted value Units

1p
—12 2N —1

1p
—12 2N —1

1p
—12 2N —1

1p
—12 2N —1

1p
—12 2 N

—1

1p
—12 2N —1

1P'0 Nm
—2

1P'
1010 Nm
1010 Nm
1010 Nm
1P" Nm-'
10 Nm

1P
—'

10-"CN-'

1p
—12 V—1

1p
—12

1p
—12

Experimental accuracies were not given in the original publication but have been communicated by H. Schmitt, Universitat
des Saarlandes, Saarbriicken, Germany.

10'Fo standard deviations were used in the fitting procedure.
These two measurements are not used as constraints in the final fitting procedure because of large discrepancy with the results

of the fit. For both measurements the same, possibly incompletely poled sample was used.
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the case of measurement of d333 the sample was glued
with the silver paste and the light was reHected from the
other gold electrode. For the measurement of d311 one a1
sample surface was painted black and then glued onto the
support with optical cement. The other a1 surface of the
sample was used as the mirror inside the interferometer.
Measurements were performed at different frequencies in
the range from 10 Hz to 50 kHz to check and eliminate
the possible contributions of mechanical resonances of the
sample support. The results for dsqq

——(—32.5+2) pm/V
and d333 —(+90+ 5) pm/V are included in Table I. The
absolute value of the d311 is quite close to the previous
result 28.7 pm/V. ~4 The signs agree with the tempera-
ture dependence of the lattice constants. The negative
sign of d311 was also confirmed later in our electro-optic
measurement as explained in the next subsection.

B. Elasto-optic and electro-optic measurements

S E= &;;~&~ + &;;«~~((n ),,
(12)

with r,,I, the electro-optic strain-free coeKcients, p,,&&
the

elasto-optic coef6cients at constant electric field, and the
elastic deformation described by the symmetrized strain
tensor SI,~. A longitudinal sound wave propagating along
the x axis induces no electric field in the crystal. There-

Material tensors of BaTi03 which are important for
electro-optical and acousto-optical applications are r,~I„
the electro-optic coefBcients, and p;~I, ~, the elasto-optic
coefficients. The elasto-optic coefficients p;~g~ of BaTi03
crystal were determined in the cubic phase between
131'C and 170'C by Cohen et al. 6 In the tetragonal
phase, however, they have not been determined up to
now to our knowledge.

For the measurements of this tensor we used the Dixon
and Cohen method~r which consists of a measurement of
diffraction of light off the gratings produced by pulses of
ultrasonic waves. We send a pulse of longitudinally polar-
ized ultrasonic waves through a reference material, which
is a slab of fused silica, and through the BaTi03 sample
which is attached with benzophenone at the end of the
reference material. The ultrasonic pulse is partially re-
flected from the interface between the two materials and
from the end face of the sample. The measurements are

performed in two block-shaped samples with all the sur-

faces optically polished. Both samples with all the edges
longer than 5.5 mm are large enough to avoid overlap
of the light pulses diffracted off the counterpropagating
ultrasonic pulses.

The data on BaTi03 which are necessary to evaluate
these measurements are the sound velocity with the val-

ues 6100 m s
—1 and 6300 m s

—1 for the waves propagating
along the a and c crystallographic axes, and the refrac-
tive indices are n = 2.412 and n = 2.360 for the light
polarized along the a and c axes, respectively.

In the case of purely longitudinal waves propagating
along the crystallographic axes of BaTi03 the change of
the inverse of the dielectric constant at optical frequen-
cies is given as

fore three components of the elasto-optic tensor at zero
electric field can be determined directly. We have Grst
determined the absolute value of the coefficient p1111 by
sending a light beam through the crystal along the z and
also along the y direction. The light polarization in these
measurements was along the x axis. The other two coef-
ficient, p2211 and p3311 were measured ~~l~t~~~ly to p1111
The values are listed in lines 22—24 of Table I.

With the sound wave propagating along the z axis
a longitudinal electric field is generated because of the
piezoelectric coupling through the e333 tensor element.
In this case one measures the effective elasto-optic tensor
components p,'"33 They are related to the elasto-optic
tensor at zero electric field by

S
E ii3

Pii33 Pii33
~0~33

(13)

2x 2K
AC = 6 (n; —no)I = ——[LAn; + (n, —no)AL],

Ao
'

Ao

where ni is the refractive index of the crystal, no is the
refractive index of the surrounding medium (air or index-
matching liquid), and Ao is the wavelength of light in vac-
uum. L is the length of the geometrical path of the beam
inside the crystal. Both n; and L change in general un-

der the inHuence of the electric field. Ducharme et at.
separated both contributions in their electro-optic mea-
surements. In the case of an electric Geld E3, with a fre-

quency below the piezoelectric resonances of the BaTi03
sample, applied along the z axis the total optical phase
change for a beam propagating along the a1 axis can be
written as

vr s T 2(n; —no)A4 = ——, n- r-. — '
d311 L E3,xx3 n30

where ni can be either the refractive index n or n„
depending on the beam polarization, r,,3 the appropriate
unclamped electro-optic coefBcient, d311 the piezoelectric

The measurements with the sound propagation along the
z axis appeared to be more difficult because of the appar-
ently higher absorption of the ultrasound in this direction
or stronger inHuence of crystal inhomogeneities. More
measurements were done to determine these two coeffi-
cients p1133 and p3333. The absolute value of p3333 was
first determined and the relative measurement of both
coefBcients was repeated many times. The values are
included in Table I in lines 25 and 26.

In the case of electro-optic measurements the avail-
able data are more numerous but no recent measurements
of the clamped values have been reported and the only
available data are almost thirty years old. '2 There are
three recent sources of data on the stress-free coefficients:
Ducharme et al. , Jullien et al. , ' 3 and Holtmann.
All recent data were obtained by interferometric tech-
niques.

The total optical phase change of an optical beam AC
in a crystal subjected to an external electric field is



50 DIELECTRIC, ELASTIC, PIEZOELECTRIC, ELECTRO-. . . 5945

strain coefficient, and L the length of the crystal along
the a1 axis. The effect of the index-matching liquid, if
used, is to reduce the piezoelectric contribution as seen
from Eq. (15).

As mentioned before, the sign of d3$$ determined in
Ref. 14 and used in the evaluation of the interferomet-
ric measurements in Refs. 14 and 24 was wrong. When
one uses the positive value of dsii ——+28.7 pm/V, the
piezoelectric contribution to the measured electro-optic
coefficient —the second term inside the brackets of Eq.
(15)—is calculated to be negative. For the crystal in air
this contribution amounts to approximately —5.9 pm/V.

New experiments to remeasure the signs and also the
values of all the EO coefficients seemed to be neces-
sary. We first carried out an evaluation of the stress-&ee
electro-optic coefficients r 13 and r333 at a wavelength of
633 nm.

A Michelson interferometer was used with the crystal
placed inside one of the arms. The crystal is immersed in
a cuvette with index-matching oil with an index of re&ac-
tion n = 1.5 to reduce Fresnel reHection at the surfaces
and to reduce the infiuence of the piezoelectric contri-
butions. The beam propagates along one a crystal axis.
An ac field (amplitude 1—10 V/cm) at several frequencies
(102—10s Hz) is applied to the BaTiOs probe along the
c axis. A photodiode with a broadband amplifier (dc,
100 MHz) is used to measure the light intensity behind
a pinhole which selects a small part of the interference
pattern. The phase difference 4 between the two inter-
fering waves is adjusted to be exactly m/2 (inodulo 2z).
The applied field on the crystal induces small-amplitude
(ACh « 1) phase changes of one wave which in turn gener-
ate intensity oscillations in the interference pattern whose
amplitude hI is given by

bI 1
(16)

where AI is the difference between maximum and min-
imum intensity reached by the interference by changing
the phase Ch from 2m+ to (2m+ 1)vr, where m is an arbi-
trary integer. The signal is then fed to a lock-in amplifier
&om where we get the amplitude of the light intensity
oscillations in phase with the applied field. By selecting
the light polanzation perpendicular and parallel to the
c axis the value of the expression in the square bracket
of Eq. (15) is determined for i = 1 and 3, respectively.
These values are included in Table I in lines 27 and 28.

The signs of both terms in Eq. (15) were determined
to be equal and positive. To double-check the sign of the
piezoelectric contribution, the measurements described
above were performed also with the crystal in air, be-
cause the piezoelectric contribution is proportional to
crysta] surrounding. Light polarization along x was se-
lected in order to decrease the first term in Eq (15). .
In this way we increased the relative importance of the
second term. Consistently larger values than the one
reported in line 27, Table I, were measured in this case,
demonstrating that both terms in Eq. (15) have the same
sign and therefore proving that d3$$ Q 0.

We can compare our results with the measurements of
Ducharme et al. if we subtract the piezoelectric contri-

bution of —5.9 pm/V from their results for r+iis and rs+ss.
The value of ri+is —5.9 pm/V = 13.6 pm/V agrees with
our measurements performed in air to within 5%%u&'&. Their
measured value for rs+ss is 20% lower than ours. Jullien
et al. published their values for r113 and r333 without
subtracting the piezoelectric contribution. Their value
for r+iis = 12 pm/V corresponds to our raw measurement
within the experimental inaccuracy. Their values for the
other coefficient in undoped crystals are more scattered;
however, the average value of 115 pm/V lies very close
to our result.

The measurement of the so-called ofF-diagonal element
of the electro-optic tensor r&&& was carried out by mea-
suring the field-induced birefringence. An ac field is ap-
plied along the a1 axis of the crystal and the beam enters
the crystal through the c surface, propagating in the c-ai
plane. The internal angle between the beam propagation
direction and the c axis is a. The light entering the crys-
tal is polarized at 45' &om the incidence plane to have
the intensities of the two eigenpolarizations inside the
crystal approximately equal. The phase difFerence A4
between the two light components, one polarized parallel
to a2, the other lying in the a1-c plane, is then detected
by a crossed analyzer in &ont of the same phase-sensitive
detection system previously described. The phase diKer-
ence is given by the following formula:

~n T
3

A4: 2T131 cos A sin cx
Ap

2(n, —n )
ne3

efr

L,
cos A

(17)

where n, is the index of refraction for the extraordinary

polarization n, = n, n /r/ns cost o -h ns sin n, nis the,
ordinary re&active index, r&3& is the coefficient we want
to measure, L, is the length of the crystal along the c
direction, and d,g is an eHective piezoelectric coefFicient
which depends on d$3$ and on the mechanical mounting
of the crystal. Because of the small difference between
the re&active indices, the piezoelectric contribution can
be neglected, which we tested by mounting the crystal
in diferent ways and performing the measurements with
different frequencies and propagation angles. Our value
of r+isi = (1300 + 150) pm/V —included in Table I—
lies within the experimental inaccuracies of the published
data. 23

A second method to determine simultaneously both
clamped and unclamped electro-optic coefficients con-
sisted in applying the field in the form of a square wave
(amplitude 2—20 V/cin, frequency 500 Hz) with short rise
time (& 10 ns) instead of using sine waves. 2 The same
Michelson interferometer and the single-beam interfer-
ence cou6gurations as described before were used in the
measurements. But in this case the measurement of bI
was not taken &om the lock-in but was directly read with
a digital oscilloscope, typically averaging the signal over
1000 pulses.

When a steplike electric field is applied to the crys-
tal the electro-optic response of the bound electrons and
optical phonons shows up instantaneously on a nanosec-
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ond time scale. The electro-optic response due to the
piezoelectric contribution, however, is delayed. The crys-
tal starts ringing in its mechanical resonances which are
clearly seen in Fig. 1. These resonances are finally
damped in approximately 0.1 ms and the crystal is in
a completely stress-free (unclamped) state. As seen in
the figure, both regimes can be distinguished rather well.
The first step in the response gives the clamped value
of the electro-optic coefficient while the free value of
the electro-optic coefficient with the piezoelectric con-
tribution included is given by the value at longer times.
With this technique we determined the ratios between
the clamped and the free response and we include these
data in Table I, lines 30—32. The electro-optic response
of the free crystal was also absolutely determined with
this technique. It gave us the same results within the
experimental inaccuracy as the ac modulation method.

There is another measurement that we include in Ta-
ble I that is related to the photore&active applications
of BaTi03. When the photore&active grating vector is
aligned along the z axis the efFective electro-optic tensor
is given by '

efF S + ~ii33e
ii ii3 E

~3333

where the index i takes the value of 1 or 3. The ra-
tio between the two components of this tensor rss/rii
can be measured relatively precisely in beam-coupling or
diKraction experiments when the &inge spacing of the
photorefractive grating is large so that beam polariza-
tion is approximately parallel to the z axis when using
extraordinary polarized beams. The measured ratios of
3.56 in Ref. 14 and 3.7 in Ref. 24 lie within the experi-
mental inaccuracy of each other. The value of 3.6 with
an estimated inaccuracy of 0.2 is included in Table I.

III. DETERMINATION OF THE COMPLETE SET
OF MATERIALS PARAMETERS

To analyse the set of measured data and to determine
the values of all the material constants we resort to a
least-squares fit approach. Each experimental result with
its estimated uncertainty represents a constraint on the
values of the material parameters. The constraint is ex-
pressed as an algebraic relationship involving some fun-
damental physical constants and a subset of the whole set
of independent material parameters. As the complete set
of independent material tensors describing the mixed di-
electric, elastic, and optical properties, we have selected
6,', , c;Ski, e;2k, T,2k, and J,akl, that ls, the applied electric
field strength E; and the crystal deformation S;~ are the
independent variables. The material response is then cal-
culated by the strain-free (clamped) dielectric constants
and EO coefficients, by the zero electric Geld elastic stiff-
ness constants and elasto-optic coefficients, and by piezo-
electric stress coefficients. The values of the parameters
that were measured in stress-&ee conditions and the pa-
rameters evaluated at constant dielectric displacement
were also treated in the numerical procedure by express-
ing them in terms of the basic set.

A. Determination of the constraints

I

20
I I

40 60
Time (iis)

I

80 I 00 f (ai a„)=y;, i =1 k, (19)

The set of all constraints is given by equations of the
form

FIG. 1. Intensity change bi (solid line) of the Michelson
interferometer output due to the crystal response to a step
change of the applied field (dotted line with independent
scale). The upper curve shows the measurement in the first
few microseconds, the first step of the curve corresponding
to the electro-optic response of a clamped crystal. Evolution
of the signal at later times is presented in the lower picture.
The oscillations show the damped mechanical resonances of
the crystal. The stationary value reached after approximately
100 ps corresponds to the unclamped equilibrium state of the
crystal. The curve shown was taken with the electric field
E3 and the light polarization along the c axis. The quotient
between the first step and the stationary value gives in this
case the ratio r~~3/[razz —2(n —1.5)dqii/n, ].

where y, is the value of f; that was determined in the
experiment number i and aq a is the complete set of
n material parameters.

In the simplest case, where a material parameter was
measured directly, the function f;(ai . . -a ) reduces to
the value of one parameter a~ and the constraint has the
simple form

a~ = gi.

This is the case for the measurements listed in lines 3, 4,
11, 13, and 15 in fable I. To find the residual constraints
we first solve Eq. (7) analytically to explicitly express the
piezoelectric strain tensor in terms of the piezoelectric
stress tensor e;~k and the elastic constants c;-k& to get



50 DIELECTRIC, ELASTIC, PIEZOELECTRIC, ELECTRO-. . . 5947

and

E E
C3333~311 Cl 133~333

311 E E E(Cllll + 1122) 3333 ( 1133)
E E i E

(Cllll + C1122) 333 1133

( 1111+ C1122)C3333 ( 1133)

(21)

"»1 = '»1/( 'isis). (23)

E,D E,D g E,Dy2
E,D Cll22C3333 —

~C1133
1122 E,D E,D E)D 2 E)D E,D E,D

(Clll1 —
1122)[2(C1133) —C3333(C1111+ C1122)]

E,D
1133 (26)

E,D E,D
E,D Cllll + 1122

2( E,D)2 E,D( E,D + E,D)' (27)

81212 = 1/(4C1212)~ (2S)

and

ED ED
1313 1/(4C1313) ' (29)

We then use the di8erence between the elements of the
elastic stiffness tensor CD~&&

—
CE~&& (5) to express all the

residual acoustic and piezoelectric measurelnents (lines
5—19) with the basic set only.

The results of the elasto-optic measurements presented
in lines 22—26 can be directly related to the basic set
and give additional five constraints. In order to define
the constraints by using the electro-optic measurements
from lines 27—32 we insert the analytical solutions for
the elements of the piezoelectric strain tensor (21)—(23)
in the following relation

S E
&ij Ic ~ij Ic + I ~g~~~kl~s

which connects the stress-free with the strain-free electro-
optic coefficients. The last photorefractive measurement
from line 33 is related to the basic set through Eq. (1S)
and completes the list of constraints.

Expressions (21) and (22) define two additional con-
straints imposed by the measured values from lines 20
and 21 of Table I.

The analytical solutions for the d,)), coeKcients are
introduced in relation (6) connecting the clamped and
unclamped dielectric constants to get two constraints im-

posed by the measurements of the dielectric constants eT

in a free crystal, lines 1 and 2 in Table I.
Elastic compliance tensors 3;)s~ (E=O, and D=O) are

expressed in terms of the elastic stiffness tensor c;~g~

through the following relations:

E)D x2 E,D E)D
E,D 1133) Cllll 3333

E,D E,D E,D 2 E,D E,D E,D
(Cii'il —C1122)[2(C1133) —C3333(C1111+ C1122)]

(24)

B. Pitting

The number of constraints k = 33 is larger than the
number of parameters n = 20; therefore it is possible to
find the optimum values of the parameters that fulfill the
set of constraints given in Table I by a least;-squares pro-
cedure. The analysis was performed using a commercial
application for numerical fitting on an Apple Macintosh
computer. The Levenberg-Marquardt algorithm is used
which is described in Ref. 26. The algorithm finds the set
of parameters that minimizes the sum g2 of the squared
deviations of the function values f,(al a„)from the
measured values y;:

(31)

where Ay; is the standard deviation of the data value y;.
The standard deviation Ay, is generally assumed to be
the inaccuracy of the data point y; as given in Table I.
The standard deviation can also be increased in order to
reduce the weight of a particular measurement in the fit.

In order to determine the accuracies Aaz of the pa-
rameter az a matrix G~g is calculated from the standard
deviation of the data points and from the partial deriva-

TABLE II. Basic set of the material parameters: dielec-

tric (e;~), elastic stiÃness (c, z&), piezoelectric stress (e,~q),
elasto-optic (p, ~&), and clamped electro-optic (r; &) tensor
elements of BaTi03 as determined by 6tting the experimen-

tal data in Table I. All materials constants are given at room
temperature (23'C) at the wavelength Ao ——633 nm where

the refractive indices are n = 2.412 and n, = 2.360.

Parameter
s
s

E33
E

C1111
E

C1122
E

C1133
E

C3333
E

C1313

C1212

&311

&333

&131
E

P1111
E

P1122

P1133
E

P3311
E

P3333
E

P1313
E a

P1212s
T113
s

r333
s

F131

Value

2200
56

222
108
111
151
61
134
—0.7
6.7
34.2
0.50
0.106
0.20
0.07
0.77
1.0

10.2
40.6
730

Accuracy

+200
+3
+10
+18
+8
+7
+3
+6

+0.6
+0.3
+1.8
+0.04
+0.01
+0.014
+0.007
+0.04
+0.2

+0.6
+2.5
+100

Units

1P' Nm-'
109 Nm 2

10 Nm
10 Nm
].09 Nm
109 Nm

Cm
Cm
Cm

10—&&

10—»
10 mV

The only missing value of the complete set: the elasto-
optic tensor element p1212, is less important for applications
and could not be determined from the existing measurements.
Other experimental methods or sample cuts will be necessary
to determine it.
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tives of the function with respect to the parameters as

1 Bf; Of,
(Ay;)2 Ba, BaI,

(32)

Then the so-called covariance matrix M = G the
inverse of G—is determined and the inaccuracy Aa~ is
given as a diagonal element of the covariance matrix M,
that is, Aa~ = M~~.

The numerical procedure was very stable and the re-
sults converged after only a few iterations. Two con-
straints, however, produced systematically large discrep-
ancies of the fit. These two measurements given in lines
6 and 19 of Table I—were made unimportant for the fi-
nal fit by increasing their standard deviation to infin-
ity. We believe that these two measurements which were

performed in the same sample are less reliable. The
inaccuracy could be explained by the incomplete poling
of the crystal and by the inaccuracy of the experimental
method itself.

The final set of parameters and the corresponding stan-
dard deviation obtained using our procedure are dis-
played in Table II. It is encouraging to note that all the
other values obtained by the fitting procedure lie very
close to the available measured values. Table III displays
the calculated values of the additional material parame-
ters derived from the basic set.

IV. CONCLUSIONS

TABLE III. Additional material parameters of BaTi03
crystal: stress-free dielectric tensor t,~, elastic stiffness ten-
sor at constant dielectric polarization c, I,&, elastic compliance
tensor at constant electric 6eld S, .

A. &, elastic compliance tensor
at constant dielectric polarization s, &&, piezoelectric d, ~A,. ten-

sor, and stress-free electro-optic tensor r; I, . These materials
constants are calculated from the basic set given in Table II,
therefore also describing the properties at room temperature
(23'C) at the wavelength Ao ——633 nm.

Parameter

33
D

C1.111
D

C1122
D

C1133
D

CSSS3
D

C1313

$11.11

$3SS3
E

$1122

$11S3
S1212

B a
$131S

D
$1111

D
sssss

D
S11 22

D
$1133
D a

S1313
d311
dsss
d131

T
+113

Trsss
T

+131

Value

4400
129
223
109
102
240
121
7.4
13.1
—1.4
—4.4
1.9
4.1
6.4
5.6

—2.3
—1.7
2.1

—33.4
sp
282

8
105

1300

Accuracy

+400
+5
+10
+5
+5
+10
+5

+0.3
+1.5
+0.3
+0.5
+0.2
+0.4
+0.3
+1

+0.4
+0.3
+0.4
+2
+5
+20
+2
+10
+100

Units

10 Nm
10 Nm
10 Nm
10 Nm
10' Nm-'

10 " 'N
1p

—12 2N —1

1p
—12 2N —1

1p
—12 2N —1

10
—»

p
—12 2N —1

1p
—12 2 N

—1

1P-»
1p

—12 2N —1

10—12 2 N
—1

1O-» t-N-'

1p
—» t„N—1

10—12 V
—1

10—12 V
—1

Note that we strictly use the tensor notation which is much
more practical than the matrix contracted notation and helps
avoid errors in computer calculations. Factors of 4, 4s,~,~ =
spy, and 2, 2d,~, = d;q, relate the above tensor elements to
the matrix.

Measurements on high-quality samples of top-seeded
solution-grown crystalline BaTiOs have been performed
in order to complete the set of data necessary to de-
scribe the optical response of this material to electric
fields and elastic deformation. Improvements in the ac-
curacy of some previously published results have been
obtained because of better optical quality and larger size
of the crystal samples that are available nowadays. The
most important results are the values and the signs of
the piezoelectric strain coefficients d3ii and d333 the ab-
solute values of the elasto-optic coefficients, and all the
electro-optic measurements. Both low-kequency electro-
optic measurements in a stress-&ee sample and measure-
ments in the inertia-clamped samples using a steplike
electric field were used to correct the previous results.
The complete set of materials parameters of the BaTi03
crystals at room temperature has been determined af-
terwards by a numerical fitting procedure. Each exper-
imental result with its estimated uncertainty is used as
a constraint on the values of the material parameters.
The numerical procedure is very stable. The signs of the
elasto-optic coefficients are also determined with great
confidence. We propose that the calculated values pre-
sented in Table II be used as a consistent set of materials
parameters of the BaTi03 crystal, in particular for de-
scribing its photorefractive properties, that is, to calcu-
late its effective electro-optic and dielectric properties.
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