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Impurity states in a spherical GaAs-Gat Al„As quantum dot:
EfFects of the spatial variation of dielectric screening
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We calculate the binding energies of shallow donors and acceptors in a spherical GaAs-All „Ga,As
quantum dot for both a finite barrier and an infinitely high barrier using the variational approach, in-

cluding the spatial variation of dielectric screening. The results show that when the spatial variation of
dielectric screening is considered, the impurity binding energies increase noticeably, especially when the
radius of the quantum dot is small. The results also show that the e8'ects of spatial variation of dielectric
screening on acceptors are larger than those on donors. The dielectric mismatch in this structure is also
discussed.

I. INTRODUCTION

Recent developments in the art of microfabrication
have made it possible to confine the carriers in all three
dimensions (quantum dots or quantum boxes}. ' These
structures may create many new phenomena and they
show great potential for device applications in the future
in laser and optical-modulation technology. " The im-

purity states in these quasi-zero-dimensional structures
have been investigated extensively. Zhu, Xiang, and
Gu have obtained the exact solutions of donor states in a
spherical quantum dot by a numerical method, using
different series forms in different regions of the radial
equation. Chuu, Hsiao, and Mei have calculated the
eigenenergies of an impurity in a spherical quantum dot
by means of the Whittaker function and scattering
Coulomb wave function. Recently, Porras-Montenegro
and Perez-Merchancano studied the impurity states in a
quantum dot using the variational approach. The results
showed that there is a stronger confinement and a larger
binding energy for a hydrogenic impurity in a zero-
dimensional system than those in the comparable two-
dimensional quantum well and one-dimensional quantum
wire.

Ho~ever, the spatially dependent screening of an im-

purity ion caused by the valence electrons and the dielec-
tric mismatch between the barrier material and well ma-
terial are usually disregarded. These topics have been
discussed by many researchers' for the quantum
wells and quantum wires but, where the spatial variation
of dielectric screening or the dielectric mismatch is con-
sidered independently, they found that the spatial varia-
tion of dielectric screening and the dielectric mismatch
are important. In this paper, we investigate the donor

and acceptor states in a spherical quantum dot for both
finite barrier and infinitely high barrier, including the
spatial variation of dielectric screening. The dielectric
mismatch in this structure is also included. In our previ-
ous papers, ' the results have shown that the effects of
impurity ion image potential due to dielectric mismatch
on impurity binding energies are much larger than those
of electron image potential, and only the impurity ion im-

age potential is considered in this study. Also, the
effective-mass approximation and variational approach
are used in our calculation. In Sec. II, we outline the
theoretical framework. Results and discussion are
presented in Sec. III.

II. THEORY

When an impurity ion with positive charge e is placed
at the center of a GaAs quantum dot with a Ga& „Al„As
barrier, the following expression can be obtained by
means of electrodynamics:

IfD.dS=4me,

where

D=e(r}E

is the vector of electric displacement. If the dielectric
function is assumed to be a spherical symmetry, the elec-
tric field is given by

The impurity potentials inside and outside the quantum
dot are as follows:
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As in Ref. 9, the ground electronic wave functions of
the Hamiltonian in the absence of the impurity are as fol-
lows:
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where Rp is the radius of the quantum dot. The form of
dielectric response adopted in this paper is the same as
that proposed by Hermanson,

where No is the normalization constant, and the parame-
ters

(r)=e& +(1—E'& ) exp( r/a), —

ez '(r) =@2 '+(1—e2 ') exp( r/a—),
(5a)

(5b)

g, p=(2 m, E, p/A' )'i

y&p=[2m2(Vp E)p)/R ]

(12a)

(12b)

where a=1.1 a.u. is the screening parameter, " ' and

ei =13.leo

e2 = [ 13.1( 1 —x ) + 10.lx ]ep

(6a)

(6b)

are the static dielectric constants for GaAs and
Ga& „Al„As, respectively, ' with ep the vacuum static
dielectric constant. Here, e,(r) and ez(r) are substantially
different from e(r)

The Hamiltonian of the hydrogenic impurity in the
spherical quantum dot can be written

H(r)= '

2

+ V(r), r &Rp
2m)

2

+ Vp+ V(r), r ~Rp,
2m2

(7)

where m, and m2 are the electron-band effective mass in
the GaAs and Ga, „Al„As; Vp is the electron-confining
potential in the quantum dot, which is equal to the
conduction- or valence-band discontinuity between the
barrier material and well material. Since the alloy com-
position range we studied was such that the alloy was
direct (x (0.45), both the effective mass m2 and the
conduction- or valence-band ofFset Vo were deter-
mined's' using the k=0 values in Ga, „Al,As, that is,
we take

The ground electronic level E&o is determined by using
the appropriate current-conserving boundary conditions
for the wave functions at the interfaces. It must satisfy
the following relation:

m& m&
R p tan(g, pRp) .

(13)

The smallest radius for the existence of a bound state can
be obtained from Eq. (13),

2 "1/2
~2/2 $2 m zR = + —1

8m) Vo 2m2Vo m)
(14)

The trial wave function of H(r) that we take is analo-
gous to that used in Ref. 9 and is written for the ground
impurity state as

$(r) =Ng, p(r) exp( r/A, ), — (15)

E; =E,p
—min( P(r) ~K(r)

~ P(r) ) . (16)

where N is the normalization constant and A, is the varia-
tional parameter.

As usual, the impurity binding energy is defined as the
energy difference between the bottom of the electronic
conduction band without the impurity and the ground
level of the impurity state in the quantum dot, that is

m ) =0.067mo

m2 =(0.067+0.083x)mp

The above integrals were calculated numerically.
8a

(8b)

Vp =0.65Eg"(x)

for conduction band, and

1 2 0 0m 0

Vp=0 46E "(x).

(8c)

(9a)

(9b)

EEg"(x)= 1.155x +0.37x eV . (10)

for valence band with the mixing of the light- and heavy-
hole bands neglected, where mo is the free-electron
mass and hE "(x) is the difference between the
Ga& Al„As and GaAs band gaps at the I point, which
is given by

III. RESULTS AND DISCUSSION

In this paper, the two cases of infinitely high confining
potential and composition x =0.4 for the barrier material
are considered. The impurity binding energies for donors
and acceptors in the spherical quantum dot, excluding
the spatial variation of dielectric screening obtained by
us, agree well with the results in Ref. 9, as shown in Fig.
1. The impurity states including the spatial variation of
dielectric screening and neglecting the dielectric
mismatch are also discussed, as shown in Fig. 2, where
E') =E'2= 13.leo and m, =m2 =m with m the electron-
band efFective mass in the GaAs.
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FIG. 1. Variations in impurity binding energy with the radius of the quantum dot for composition x =0.4 and infinitely high bar-
rier, where the impurity is placed at the center of the quantum dot. (a) Donor. (b) Acceptor.

From Fig. 2, it is apparent that when the spatial varia-
tion of dielectric screening is included, the impurity bind-
ing energies change markedly, especially when the radius
of the quantum dot is small. In Fig. 2, we can also see
that the effects of spatial variation of dielectric screening
on impurity states for infinitely high barrier are much
larger than those for composition x =0.4, and the corre-
sponding effects on acceptors are larger than those on
donors. For infinitely high barriers, when the radius of
the quantum dot is Ro=250 A, the differences hE; be-
tween the impurity binding energies of the cases includ-
ing and excluding the spatial variation of dielectric
screening are nearly zero and 1.56 meV for donor and ac-
ceptor, respectively, which tend to the corresponding
values in the bulk GaAs; when the radius of the quantum
dot is reduced to Ro =20 A for the donor and Ro = 15 A
for the acceptor, the corresponding differences hE,. reach
5.89 and 36.66 meV for donor and acceptor, respectively.
For composition x =0.4, when the radius of the quantum
dot is Ro =250 A, the differences hE; between the impur-
ity binding energies of the cases including and excluding
the spatial variation of dielectric screening are nearly the
same as those for the infinitely high barrier; when the ra-
dius of quantum dot is reduced to RO=20 A for the

0
donor and Ro =10 A for the acceptor, the corresponding
diff'erences b,E, are 2.03 and 13.34 meV for the donor and

acceptor, respectively. In addition, our results indicate
that the effects of spatial variation of dielectric screening
on impurity binding energy in the quantum dots are
larger than those in the quantum wells' and quantum
wires. "

Figure 3 shows the difference between the impurity
binding energies including and excluding the spatial vari-
ation of dielectric screening, where the dielectric
mismatch between the barrier material and well material
is also considered. Comparing the results in Fig. 2, we
can easily see that the spatial variation of dielectric
screening enhances impurity binding energies more ap-
parently in Fig. 3, especially when the radius of the quan-
tum dot is small, and the effects of dielectric mismatch on
impurity states is important. Also, the corresponding
effects for an infinitely high barrier are much larger than
those for composition x =0.4. For an infinitely high bar-
rier, when the radius of the quantum dot is Ro =250 A,
the differences hE; between the impurity binding ener-

gies of the cases including and excluding the spatial vari-
ation of dielectric screening are 1.67 and 2.86 meV for
the donor and acceptor, respectively; when the radius of
the quantum dot is reduced to RO=30 A for the donor

0
and Ro=20 A for the acceptor, the corresponding
differences hE, reach 15.61 and 35.98 meV for the donor
and acceptor, respectively. For composition x =0.4,
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FIG. 2. Variations in the differences between the impurity binding energies of the cases including and excluding the spatial varia-

tion of dielectric screening with the radius of the quantum dot for composition x =0.4 and infinitely high barrier, where the impurity
is placed at the center of the quantum dot. (a) Donor. (b) Acceptor.
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FIG. 3. Variations in the dilerences between the impurity binding energies of the cases including and excluding the spatial varia-
tion of dielectric screening with the radius of the quantum dot for composition x =0.4 and inSnitely high barrier, where the dielec-
tric mismatch is also considered and the impurity is placed at the center of the quantum dot (a).Donor. (b) Acceptor.

when the radius of the quantum dot is Re=250 A, the
differences hh; between the impurity binding energies of
the cases including and excluding the spatial variation of
dielectric screening are 1.33 and 2.67 meV for the donor
and acceptor, respectively; when the radius of the quan-
tum dot is reduced to Rtt=20 A for the donor and

Rc =10 A for the acceptor, the corresponding difFerences

hE; are 9.41 and 37.83 meV for the donor and acceptor,
respectively.

Summing up, we have calculated the effects of spatial
variation of dielectric screening on impurity binding en-

ergies in a spherical GaAs-Gat „AI„As quantum dot for
both a finite barrier and an infimtely high barrier The.
results show that the spatial variation of dielectric screen-

ing enhances the impurity binding energies considerably,
especially when the radius of the quantum dot becomes
small, and the dielectric mismatch between the barrier
material and well material is also important. Because of
the heavier effective mass and smaller efFective Bohr ra-
dius for the hole (mt, =0.3mc, a =22 A) than those for
the electron (m, =0.067mc, a'=100 A) in the GaAs,
the efFects of spatial variation of dielectric screening on
acceptors are larger than those on donors. The results
also show that the effects of spatial variation of dielectric
screening on impurity binding energies for an infinitely
high barrier are much larger than those for composition
x =0.4 due to the stronger confinement of electron in the
quantum dot with infinitely high confining potential.
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