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Thin superconductors in a perpendicular magnetic ac field. II. Circular disk
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The electromagnetic response of a thin type-II superconductor disk of constant thickness d to an
applied perpendicular magnetic field is calculated and compared with the response of a thin strip
and of bars and cylinders in a longitudinal field. The strip and disk are characterized completely by
their sheet resistivity, which may be either nonlinear and static or linear, complex, and frequency
dependent. The equations of motion for the sheet current in the strip and disk are derived and
discussed. Iterative and numerical-solution methods are presented that account for the infinities of
the integral kernel and of the ideal screening current. The linear Ohmic response, realized during
Bux Bow or thermally activated Bux Bow, is calculated for a jump in the applied field and for an ac
field. Simple approximate expressions for the complex ac susceptibilities of an Ohmic strip and disk
are given and compared with longitudinal geometry. The penetration of perpendicular fiux into an
Ohmic strip or disk is not a usual diffusion since a logarithmic infinity of the perpendicular-field
component occurs at the edges at all times t and the sheet current always flows over the entire
surface. Near the edges, the sheet current has a universal profile, with a maximum which initially
penetrates with constant velocity v = 0.77D/d and decreases as 1/QC (D = p/po, where p is the
resistivity). At large times t )) ro the current and magnetic moment decrease as exp( —t/ pr), where

ro ——0.2492 ad/D for a strip with half width a and ro = 0.1815ad/D for a disk with radius a.

I. INTRODUCTION

In a previous paperi (in the following quoted as Ref.
1) the theory of a superconducting or normal conduct-
ing thin strip in a perpendicular time dependent mag-
netic field is developed. The strip, with thickness d, half
width a )) d, and length L )& 2a, is characterized by its
sheet resistivity p/d, which may be arbitrarily nonlinear
(current dependent) or linear (complex and frequency de-
pendent). In superconductors, the resistivity p is caused
by moving Abrikosov vortices which may be bound elasti-
cally to pinning centers or may depin by a strong current,
by thermal activation, or by tunneling. The present pa-
per extends this theory to thin circular disks of radius a
and compares both geometries. Square and rectangular
plates will be treated in a forthcoming paper (part III).

The geometry of flat specimens in a perpendicular
magnetic field is realized in most experiments which
measure the magnetic response of high-T, superconduc-
tors. If the plate is sufEciently thin, d « a, the mag-
netic moment in = —fj x rd r, the dissipated power

fpj d r, and the magnetic field outside the specimen
are determined completely by the sheet current J(y, z) =

f & 2j (x, y, z) dx . The distribution of the current den-

sity j(x, y, z) over the specimen thickness d is irrelevant
for its static response. For example, the sheet current
equals the jump of the tangential field H~~ at the speci-
men surfaces; if no parallel field is applied, one has

( d
Hii +—,y, z = +—J(y, z) x x

)

(x = unit vector normal to the surface). In the area
where no perpendicular flux has penetrated because of
flux pinning, this longitudinal field may establish a usual
(longitudinal) Bean critical state with the flux lines ori-
ented parallel to the surface and with, e.g. ,

gC

gC

for zi ( lxl ( x2,
«», ( lzl (d/2, (1.2)

yielding a sheet current J = (4z2 —2zi —d)j, . Such a
critical state will be established if d » A and J & 2H, q

(A = magnetic penetration depth, H, i ——lower critical
field). In thin films or for J ( 2H, i the current is a
Meissner screening current,

J(y, z) cosh(z/A)
2A sinh(d/2A)

'

which flows in two surface layers if d » A or is nearly
constant if d ( A. In the area where perpendicular flux
has penetrated, H (y, z) g 0, the current is the Meissner
current (1.3) plus the current caused by the curvature
of the flux lines, by the terms BH„/Bz and BH, /Bx in
j=V'xH.

For the static nonlinear problem, explicit analytical ex-
pressions for the current and field distributions following
from the Bean assumption j = const were obtained re-
cently for the disk and strip. Also analytically solved
are the similar problems of a strip with transport current
and with transport current and perpendicular fiekI; see
also the numerical solutions for a strip" and for disks of
finite thickness.
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J.(y t) = H-(t)2y/(u' —y')"' (st»p) (14)

Jo(r, t) = H (t) r/(a' —r—')'~' (disk) (1.5)

(r2 = z2 + yz, t =time). This ideal screening limit is
reached not only when u » 2p/(pod ), corresponding to
b « d, but already at lower &equencies, ur » r
2z'p/(goad), both for the strip with width 2a Refs. (14—
17) and the disk with radius a.is'ir The correct ac sheet
current J(y, z, u) determined for the strip in Ref. 1 and
for the disk below in Sec. VII then deviates from the ideal
screening current (1.4) or (1.5) only near the specimen
edges, up to a distance )7 = a/(6urr) —p/(pond) from
the edge; cf. Eq. (7.4) and Fig. 9 of Ref. 1.

Since the ideal screening current (1.4) and (1.5) is in-

dependent of u && ~, the current distribution across
the thickness enters the ac losses only via a f'requency
dependent complex sheet resistivity

p sinh(d/b) + sin(d/b')

4b sinh (d/2b) + sin (d/2b)
(1.6)

For the dynamic problem, when the electric field in-
duced by the changing magnetic fiux becomes impor-
tant, the current distribution j(x, y, z) enters the mag-
netic response when the frequency ur/2z of the applied
ac field is so high that the skin depth h = (2p/go~) )'

for Ohmic resistivity, or the modulus of the complex pen-
etration depth A, = (p, /iurpo)i) 2 for oomplex linear
resistivity p, Refs. (12,13) [see also Eqs. (1.10) and
(1..15) in Ref. 1], becomes smaller than the specimen
thickness d. In the general linear response case, the
current distribution is given by (1.3) with the (London
or Ginzburg-Landau) penetration depth A replaced by
the complex length A, ; for Ohmic resistivity p one has
A, = (p/i~go) ) = (1 —i)h/2 and A,i = (1+ i)b
At large frequencies, when b (( d, the electric field is not
constant over the specimen thickness and, therefore, the
derivation of the equation of motion for J presented in
Sec. II is no longer valid. However, this is not disturbing
since in this case the sheet current is known because the
strip or disk screens the applied ac field H (t) from its
interior completely like in the Meissner state and one has

J(y, z, t) = Jo(y, z, t) with

Ps;,i, = —(H (t) ) ln(11.3~&).
16 2 pa
7r d

(1.8)

Comparing this with the losses of a strip with length
L » a in the same frequency range, Eqs. (2.31), (5.7),
and (6.3) of Ref. 1,

P„„p= 2(H (t) ) ln(16.2cur),

II. STRIP AND DISK GEOMETRY

In this section the equations for the sheet current and
magnetic field in a thin strip and circular disk are de-
rived and compared. As in Ref. 1, the strip or disk
occupy the volume ]z~ & d/2, ~y] & a, ]z~ & I/2, or

(y2 + zz)i~2 & a, Fig. 1. If the sheet current

J(y) (chosen along —z) or J(r) (circling clockwise) is
known, the perpendicular magnetic field in the yz plane,
H (y, z) = H(y) or H(r), follows from Ampere's law,
which for the strip and the disk in a constant perpen-
dicular field H explicitly reads (the integrals have to be
taken in the sense of Cauchy's principal value)

we see that the losses of a disk formally equal the losses
of a strip of length L 8a/z'. The losses of short strips
and squares are dealt with in the forthcoming part III.

The organization of the paper is as follows. In Sec.
II the equations for the magnetic field and sheet current
in strips and disks and the four integral kernels occur-
ring in these equations are presented. A formal solution
and limiting expressions for the ac susceptibility at low
and high frequencies are given in Sec. III. An effective
method to evaluate integrals with singular kernels and
solve these integral equations numerically is developed
in Sec. IV. As an example, the current and field and the
relaxing magnetic moment, induced in an Ohmic disk
by a jurnp in the applied perpendicular field, are calcu-
lated in Secs. V and VI. For comparison, Sec. VI gives
also the magnetic moment of Ohmic slabs, cylinders, and
bars with rectangular or square cross section in parallel
field and discusses its relaxation at short and long times.
Fourier transforming these magnetic moments one ob-
tains the complex ac susceptibilities in Sec. VIII. The ac
sheet current and magnetic field for the strip and disk
are given in Sec. VII. Finally, the results are discussed
and summarized in Sec. IX.

with d/h = (ud2p /2p)i)'z cf. Eq. (2.25) of Ref. 1. This
gives p, = p/d for h & d and p, = p/2h for h « d. The
power dissipated in the disk in a perpendicular ac field
with u » r i is obtained by integrating Jo(r) p, d over
the disk area. This yields

H(y) = H + — J(u)
~

—
~

du, (2.1)
1 p 1 1

2a o
I y —u y+u&

H(r) = H + —/ J(u)( —
) du, (2.2)

Pg;,), = —(H (t) )a p, ln
1r 2eL (1.7)

where ( . .) means time average and the diverging integral
over Jo(r) was cut off at r = a —A. For r
2p/(pod ) the cutoff width b, is obtained in Sec. VI below
yielding

with k = (4ru) ) /(r + u). In (2.1) the symmetry
J(—y) = —J(y) of the induced current was used. In
(2.2) the complete elliptic integrals E(k) and K(k) orig-
inate &om integration over the angle P = arctan(z/y)
Note the similarity of Eqs. (2.1) and (2.2). The integral
kernels in (2.1) and (2.2) also look very similar (Fig. 2)
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(2.5)

X

for the sheet current is e-quation of motion
niagnetic }}ux (t'(u)

electric field y& —
} d t denotes 0/Bt)of this areaalong the boundary

and (2.2) one ge s the integro-Inserting here Eqs
t ) nd J(r, t) (disk),differential equations «»(y& )

J(y t) = r 2xy„(,)~f j(., &)K(w)~",

„}ardisk b««ni) '" tr
sal xnagnetic e
the strip or radius of the disk. J r t = r 7rrH (t) + J(u t)Q(r u)du, (27)

0

and may be written as

17with the relaxation time

r = @pad/(27(p) . (2.8)
1 2'u

S(y, ) =
y —u y+u y —u

(2.3) s. 2.6 and (2.7) the strip half width or disk radius
a is c o

'
h d the integral kernels area is chosen as unit lengt an e in

E(k) K(k)
(2.4) K(y, u) = S(y', u) dy' = ln

0
(2 9)

1.0 (2.10)

0.5

(v) = — J) (u)) u) du).
1

(2.11)
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The functions p (v) and q (v) may be tabulated and inte-
grated with high precision by a method which accounts
for their infinities at v = 1 (Appendix).

Equations (2.6) and {2.7) are very general. They apply
also when d and p depend on y or r (if the cross section is
not rectangular, e.g. , elliptical) and when the specimen
is inhomogeneous or when p depends on the spatially
varying Hux density or current density. In this case the
constant v is replaced by v(y) or 7.(r). A possible nonlin-
earity of p(T, B,J) is fully accounted for in Eqs. (2.6) and
(2.7), which may thus be used to calculate flux creep by
inserting some model resistivity, say, p(J) = exp(J/Ji)
or p(J) = exp( —J2/J), where JI and J2 are constants.
The model p(J & J,) = 0, p(J ) J,) =const yields the
Bean critical states derived for perpendicular geometry
in Refs. 2—7.

In the case of linear resistivity, a possible dispersion
of p = p, ((d) is not accounted for in the time depen-
dent formulation (2.6) and (2.7). In this case the fre-
quency dependent formulation is appropriate. Writing
H (t) = Ho exp(i(dt), and J(y, t) = J(y) exp{iut) or
J(r, t) = J(r) exp(iut), one gets the integral equations
for the complex amplitude of the sheet current in a strip
or disk,

FIG. 3. The integral kernels K(y, u) (2.S), (4.7) for the
strip and Q(r, u) (2.10), (4.8) for the disk which occur in Eqs.
(2.6), (2.7) and (4.13), (4.14), plotted for the same values
u = 0.142, 0.374, 0.587, 0.767, 0.904, and 0.984 used in Fig.
2 with N = 100 and the substitution (4.1). In the depicted
discrete functions the logarithmic in6nities are replaced by
the finite values P~y (4.7) and Q~~ (4.8). Also shown are the
inverted matrices K (y7u) and Q (t'7u) required in Eqs.
{4.15), (4.16). The two inverted kernels coincide within line
thickness. Their zigzag shape indicates that K ' and Q
approximately pick out the second spatial derivative of J in
(4.15), (4.16).

1

J(y) = iuw((d) 27ryHo + J(u) K(y, u) du, (2.16)
0

Z(r) = iwr(w) xr77o i- f J(a) Q(r, u) du, (217)

with 7'(u)) = poad/[27rp, ((L)) j. The solutions J(y, t) or
J(r, t) for arbitrary time dependence of H (t) are ob-
tained from (2.6) and (2.7) by hnear superposition since
for linear resistivity J depends linearly on H .

Next I discuss some limiting cases where the solutions
of (2.16) and (2.17) are known. At low frequencies, &ur «
1, the induced sheet current (eddy current) is small such
that the integrals in (2.16) and (2.17) can be disregarded.
One then gets

2

0:-

J(y) = 27ri err(o)) yH(),

J(r) = ~i~~(~)rH().

For Ohmic p this means

(2.18)

(2.19)

(2.20)

(2.21)

At high frequencies, ~v && 1, the term in brackets in
{2.16) and (2.17) has to vanish. This is solved by the ideal
screening current Jo{y,t) (1.4) or Jo{r,t) {1.5), since one
has fory&1orr &1,

FIG. 4. The tabulated functions p(v) (2.5) and q(v) (2.11)
from which the integral kernels for the disk are interpolated
as explained in the Appendix. The nonequidistant tabu-
lation points (N = 80) are indicated by the circles along
q(v). The dashed curves give the corresponding functions
p(v) = 2/(1 —v ) and q(v) = ln i(v + 1)/(v —1)i from which
the integral kernels for the strip may be calculated.

1

$(y, u) du = —7r, (2.22)

(2.23)
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f
1

K(y, u) du = —my,
1 —D2 1/2 (2.24)

formally may be expressed by the series [for brevity I
omit the factor Hp exp(icut) ]

2 II2 1
~~~~

~

1
7l.. . Q(r, u) du = —r—. (2.25)

J(y, t) = H (t) yad/A,
J(r, t) = H (t) ra d/2A

(2.26)

(2.27)

More general solutions of (2.16) and (2.17) may be ob-
tained by iteration, yielding an expansion in powers of cd

(Sec. III), or numerically (Sec. IV).

The useful relationships (2.22)—(2.25) can be proven by
physical arguments (screening of H ) or by some lengthy
calculations. They will be used below to check the accu-
racy of numerical integration methods.

For purely imaginary p = icdpoA, occurring for rigid
pinning or in the Meissner state, the &equency drops
out &om the prefactor iver(u) = ad/(2nA2), and thus
Eqs. (2.16) and (2.17) become time independent inte-
gral equations for J(y) and J(r). The time dependence
may thus be separated and H (t) and J(y, t), H(y, t) or
J(r, t), H(r, t) are now exactly in phaae, in contrast to
Eqs. (2.20) and (2.21) and to the skin effect. Two limit-
ing cases may occur:

For A2 « ad the expressions in brackets in (2.16)
and (2.17) have to vanish because of the large prefac-
tor ad/(2+%2). The solution is then the ideal screening
current (1.4) and (1.5) as discussed above.

For A » ad the sheet current becomes so small that
the thin film cannot screen the ac field completely. The
second term in the brackets in (2.16) and (2.17) may then
be dropped, like in the low-&equency limit, and one gets

1 1

M= 4za iver dyy y+iurr duK(y, u) u+
0 0

oo 1
= 4+a' ) dy y (K"y)

n=o
(strip), (3.7)

1 1

M= x a iver drr r+iun drQ(r, u)u+

OO

= m'as ) dr r' (Q"r)
n=o

(disk), (3.8)

where KPy = y, QPr = r This. yields

2Cd7 Cd 7
M =4+a + + ~ ~ ~

3 2
(strip), (3.9)

2 2
ICd7 4Cd 7M=+ a + + ~ ~ ~

4 15
(disk) . (3.10)

Here I have used

f
1 1

yu ln]y —u] dy du = —1,
—1 —1

4
r uq —

~
dydu = —.

p p lu 15

(3.11)

(3.12)

For ideal screening (u ~ oo) one has M = Mp where
Mp ——era (strip) and Mp ——8a /3 (disk) are obtained
by inserting the ideal screening current Jp (1.4) or (1.5)
into M (3.5) or (3.6).

Defining the complex susceptibility by

III. ITERATIVE SOLUTION METHOD
M(~)

p, ((u) = 1— = P 'lP )
Mo

(3.i3)

The integral equations (2.16) and (2.17) are formally
solved by a power series in cd,

J(y) = 2vrHpiur [y+iurKy+ (iver) K y+ ), (3.1)

J(r) = +Hpi~r [r +iurrQr + (i~r) Q r+ ], (3.2)

P = 1 —2cd 7

2
/

p = 1 ——cd
10

(I 4
P = —CdT

3
2

II 37t
P

(strip), (3.14)

(disk) . (3.i5)

one gets from (3.9) and (3.10) for &ur « 1

with the abbreviations

1 1
K".y = dy& dy~K(y, yi) K(yn —1 q y~) yn

0 0

The corresponding expressions for cd~ && 1 may be ob-
tained from the short-time behavior of M(t) (Sec. VI)
and from the dissipation (1.8) and (1.9), which is related
to p"((u) by

1 1
Q" r = dr, dr„Q(r, rg) . . Q(r„g, r„)r„.

0 0

(3.4)

P = Mp (u p" (ur) pp (H (t) ), (3.16)

with Mp ——era or Mp ——8a /3 from above. This yields
for wr )) 1 (see also Sec. VIII)

The complex ac magnetic moment rn, written as 2 ln(16.2~r)
P 'K Cd T

3 ln(11.3~r)
P

Cd 7

1

%Cd'

3
2' Cd'T

(strip), (3.17)

(disk) . (3.18)

a
m= xMI, , M =2— y J(y)dy

0
(strip), (3.5)

a
m= —xM, M =sr r J(r)dr

0
(disk), From Eqs. (3.14)—(3.18), useful approximate expressions(3.6)



50 THIN SUPERCONDUCrORS IN A. . . . II. 4039

for the ac susceptibility and ac losses (3.16) in the entire
&equency range will be constructed in Sec. VIII, which
deviate &om the computed results by less than 1% and
exhibit the correct asymptotic behavior at low and high
&equencies.

IV. NUMERICAL SOLUTION METHOD

=3 13
X = —Z ——X

2 2
15 5 3 15

u(x) = —z —-z'+ —z',
8 4 40

iv(z) = —(1 —z ),=3 2

2

~(z) = —(1-*')' (4 2)
8

(4 1)

All integrals are then computed as

1 N

f(u) du = f[u(x)]m(z) dz = —) f(u;) iv;. (4.3)
0 0

Note that even when the integrand f(u) has an infinity
(1 —u) i~2 at u = 1, the new integrand f[u(x)] u'(z)

does not exhibit an infinity but is constant at 2; = 1 or
even vanishes as (1 —x)i~2 when the substitution (4.1)

The numerical evaluation of the integrals in (2.1),
(2.2), (2.6), (2.7), (2.16), and (2.17) requires some care
since at large &equencies or short times the sheet current
J(u) is sharply peaked near the specimen edges; cf. the
ideal screening currents (1.4) and (1.5). Furthermore, the
integral kernels K(y, u) (2.9) and Q(r, u) (2.10), and for
the disk even the Ampere's-law kernel P(r, u) (2.4), have
logarithmic infinities at y = u or r = u, as may be seen
from the expansions of p (v) (2.14) and q (v) (2.15). For
simplicity and for rapid computation, it is desirable to
avoid interpolation of J(u) and of the kernels during the
integration and iteration but rather use the tabulated
values directly. In such computations the searched for
function J(u) is a vector J, = J(u;) (i = 1, ..., N) and
the kernels are matrices, e.g. , Q(r, u) m Q,~

= Q(r;, rz);
the integration then corresponds to a matrix multiplica-
tion, e.g. , fQ(r, u) J(u) du ~ N i P Qv J~.

All these requirements are met by the computation
method presented in Sec. IIIB of Ref. 1 for the strip
geometry. For the circular disk, this rapid computation
method has to be modified in three points.

(a) The kernel P(r, u) (2.4) has now both an odd and
an even (logarithmic) infinity at r/u = 1; cf. the first two
terms in the expansion (2.14).

(b) Both kernels P(r, u) and Q(r, u) for the disk are
calculated &om a tabulated function (Appendix).

(c) The accuracy of the numerical integrals depends
on the precision of the constants 4 and 0.07944 in the
expansions (2.14) and (2.15) around v = 1.

This computation method is based on three ideas.
First idea. The tabulation points y; = r; = u; are

taken &om a substitution function y(z) = r(z) = u(z)
whose derivative u'(z) = m(z) (weight function) vanishes
at u = 1. For convenience we chose u(0) = 0 and u(l) = 1
and equidistant points z; = (i —2)/N (i = 1, . . . , N),
writing y; = r; = u, = u(x, ) and iv, = u'(x, ). Odd
functions give better accuracy. Two such functions are

or (4.2) is used, respectively.
The boundary u = 0 in all our integrals is not a real

boundary and does not infiuence the numerical accu-
racy because all the integrands in this paper are even,

f (—u) = f (u); (4.3) may thus be written as 2i f f (u) du

The integration method (4.3) yields thus high accuracy
even for small N = 20, . . . , 100.

Second idea. If the integrand f(u) has an infinity
(u —y) = (u~ —u;), maximum numerical accu-

racy is achieved by omitting in the sum (4.3) the (infinite)
term j = i. This is because (u —y)

i is an odd function
near u = y. As opposed to this, a logarithmic infinity

ln~u —
y~ = 1n~uz —u;~ is an even function. There-

fore, omission of the term j = i would yield noticeable
inaccuracy. As shown in Ref. 1 [Eq. (3.11)], maximum
accuracy is achieved if in the integration sum the term
ivi ln~u, —u~~ at j = i is replaced by uti ln(ivy/27rN).
Here to~/N = 2(u~~i —ui i) is the efFective distance of
the integration points; the constant ln(1/27r) follows &om
the requirement that the sum exactly equals the integral
in the particular case where the integrand is just the log-
arithm and the integration boundaries are extended to
infinity. A possible constant part inc of the integrand at
u = y has to be treated separately. The general replace-
ment prescription for i = j is thus

iv, 1n(c~u; —u, () -+ w, ln(civ, /27rN) . (4.4)

In particular, with the notation y + u;, r ~ u, , u ~
ui and with the expansions (2.14) and (2.15), the above
integral kernels S(y, u), P(r, u), K(y, u), and Q(r, u) in

matrix form read

2u~ QJ~

(u2 —u2) N ' S,, =o, (4 5)

u;&

u, N (u, )

tU~ 8)g
(4.6)

u~ —u~ tU~ tU~
K;g~ ———ln, K~~ = —ln

N u;+u~ ' N 4xu~&V
(4.7)

(u, )
N (u~)

0.923 63ut~

N 2vru N

The factor 0.92363 = exp( —0.07944) in (4.8) originates
&om (2.15). The correct numerical factors in the diag-
onal terms of (4.6)—(4.8) are important to achieve high
accuracy as can be checked by means of the known in-
tegrals (2.22)—(2.25). With a wrong choice of constants,
the numerical error decreases only slowly as N with
increasing number N of integration points, while with
the correct constants it decreases as N or faster. For
example, the sums g,. i f~K;z and P,. i f~ Q;~ with.
f~ = uz(1 —u ) i~2 deviate &om their analytical values
—mu; (2.34) and —(m2/4)u; (2.35) by root mean square
deviations b = 17(4.3) x 10 s or h = 24 (6.6) x 10 for
N = 50 (100) with the substitution (4.1). The larger de-
viation in the disk geometry is due to the fact that the
kernel Q;~ is interpolated from the tabulated function
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q(ir) (Appendix).
Interestingly, a very small deviation b' = 2 x 10 s (for

N = 100) is achieved if the substitution function u(x) is
chosen as the linear combination 0.835 times u(x) (4.1)
plus 0.165 times u(x) (4.2). This observation suggests the
interesting mathematical problem to find the optimum
substitution function u(x) that minimizes the numerical
deviation b for a given ¹

An alternative method to chose the diagonal terms K;i
and Q;; is to require that the matrix version of the re-
lation (2.24) or (2.25) hold exactly. This condition is

satisfied with

N

J; = zldr((d) 2'rl Hpu; + ) K;j Jj
j=1

N

J, = irdr(rd) xHpu; + ) Q;; J,

(4.17)

(4.18)

r(T, B,J) in general may depend on position and time
implicitly via its dependence on B and J meaning that
7. = ri(t). In a homogeneous material with linear resis-
tivity, r is constant.

To conclude this section I give here also the matrix
form of Eqs. (2.16) and (2.17) in frequency space, which
will be required in Sec. VII,

vrui + Kij uj ui ) (4 9)

2'Ir

q;, = ——~, +).q;, ~.)l~ (4.10)
V. PENETRATION OF A FIELD JUMP

This choice yields similar accuracy as (4.7) or (4.8).
The basic equations (2.1), (2.2), (2.6), and (2.7) in

matrix form explicitly read [writing H(y;) = H(r;) = H;
and J(y;) = J(r;) = J;]

Hi =H. +—1
27r

N

) SiJi, (4.11)

Hi=H +—1
27r

N

) P,,J, , (4.12)

J,(t) = 2~ r H. (t) + r ) K;,J,(t),
2=1

J;(t) = ~rH. (t) +r) Q;, J, (t).

(4.13)

(4.14)

Third idea. In the equations of motion for J(y, t) (2.16)
and J(r, t) (2.17) the time derivative J is on the "wrong"

side such that a direct numerical time integration is not
possible. However, in the matrix forms (4.13) or (4.14)
the time integration poses no problem since these equa-
tions may be solved for the vector J;(t) by just inverting
the matrix K;~ ~ K; or Q;i ~ Q, . The resulting
linear differential equations

In this section I consider the example of an Ohmic disk
to which a suddenly switched on field H (t) = e(t) is
applied [O(t ( 0) = 0, O(t & 0) = 1]. The corresponding
problem for the strip is treated in Sec. IV of Ref. 1. The
sheet current J(r, t) induced in the disk by this field jump
and decaying due to Ohmic dissipation follows &om Eqs.
(1.5) and (2.7). Choosing the disk radius a as unit length,
one has to solve the equations

J(r, t) =0
J(r, t) = (4r/~)(1 —r')

1

J(r, t) = r J(u, t) Q(r, u) du for t & 0,
p

fort&0,
fort=0, (5.1)

with Q(r, u) from (2.10). At large times t » 7 the circu-
lating current decreases exponentially as

J(r, t » r) = cgfp(r) exp( —t/rp), (5.2)

where cg ——1.663 is obtained by numerical integration of
(5.1). As with the strip, the function fp (r) here is normal-

ized to f fp(r)2 dr = 1. The relaxation time rp ——7/Ap
follows &om the lowest eigenvalue Ap of the eigenvalue
problem obtained by inserting (5.2) into (5.1),

N

J;(t) = ) K,, '[J,(t)/r —2z H (t) u, ],
j=l

N

J;(t) = ) Q,—,'[J,(t)/r —~H. (t) u, ]

(4.15)

(4.16)

1

f„(r) = —A„ f„(u) Q(u, r) du.
0

(5.3)

Solving (5.3) iteratively by the matrix method of Sec. IV,
we get Ap = 0.876867... . The fundamental relaxation
time of an Ohmic disk is thus

are easily integrated by a Runge-Kutta method starting
with the known vector J;(0) at t = 0; see Sec. V for an
example. This numerical integration is stable if the time
step dt is sufficiently small, dt ( 5/N or dt ( 10/Ns
if the substitution (4.1) or (4.2) is chosen, respectively,
or dt ( 2/N if u = x is not substituted. For general
substitution one should try dt ( 10(1—y~) where y~ is
the tabulated point closest to the specimen edge.

Note that in (4.15) and (4.16) the relaxation time

rp = T/Ap ——0.18150 adpp/p . (5 4)

This relaxation time is smaller than the relaxation time of
an Ohmic strip rp = 0.249 24 adpp/p (Ref. 1) by a factor
0.638 57/0. 87687 = 0.728. As with the strip, the higher
eigenvalues are A —Ap + n for all n = 0, 1,2, 3, ... .

The lowest eigenfunction (fundamental mode) fp(r) is
shown in Fig. 5 together with the corresponding field
profile. The slope fp is fp(0) = 3.120 at the disk cen-
ter and diverges logarithmically at the disk edge; this is
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FIG. 5. The lowest eigenfunctions fs(y) [dashed line, Eq.
(4.5) of Ref. 1] and fs(r ) [solid line, Eq. (5.3)], which describe
the pro6le of the sheet current in an Ohmic strip or disk
long time after a change of the applied magnetic Seld (funda-
mental relaxation modes). Also shown are the corresponding
magnetic Seld proSles Ks(y) (dashed lines) and Ho(r ) (solid
lines) obtained by inserting the sheet current fo(y) into (2.1)
or fs(r) into (2.2) and putting H = 1. The amplitudes of fo
and Hs have no physical meaning since fs is normalized.

evident from Eq. (5.3) since the kernel (2.10) has a log-
arithmic infinity (2.15). One has fo(1) = 0.7839 and a
maximum fo ——1.2929 at r = 0.650. For the magne-

1tization we shall need below J'o fo(r) r2 dr = cf = 0.3704.
The fundamental modes fo(y) and fo(r) for the strip and
disk are approximated with root mean square deviation
6 = 0.0019 (for both strip and disk) by the polynomials

0
0.0 0.2 0.4 0.6 0.8 1.0 1.2

FIG. 6. Decaying sheet current J(r, t) and the penetrating
magnetic field H(r, t) in an Ohmic disk after a sudden jump
of the applied perpendicular field H (t) = O(t). Parameter
is the time t = 0, 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 1, 1.2, 1.5, 2 in
units of r = ad/2nD, D = p/ps. The inset shows the time
dependence of the slopes J'(y, t) and J'(r, t) of the current
proSles in the center of the strip (y = 0) or disk (r = 0). The
slopes have a maximum at t = 0.43 or t = 0.30, respectively.

fo(y)- 2.7267y —2.0156y + 0.6137y —0.3132y

(5.5)

fo(r) 3.1239r —3.1045 r + 1.163lr —0.3867r

(5.6)

Remarkably, with the appropriate normalization for the
disk f f„(r)sr dr = 1 one has the boundary value0 A

f„(1) = 1 (for n « N, like with the strip) and the
orthogonality J'o f (r)f„(r)rdr = b „as opposed to

f f (r)f„(r) dr = b „for the strip.
The sheet current J(r, t) induced in the disk by a sud-

den Beld change of unit amplitude and the local perpen-
dicular field H(r, t), obtained by integrating Eqs. (5.1)
and (2.1) by the matrix method of Sec. IV, are shown
in Fig. 6. As for the strip, at finite times t & 0 the
(1 —r ) / infinities of J(r, t) and H(r, t) at the edges
are removed: The infinity of J(r, t) gets rounded such
that initially the peak moves away from the edge with
constant velocity v = 0.77p/(pod). This velocity depends
only on the thickness d of the conductor but not on its
form (strip, disk, rectangle, etc.). In H(r, t), a weak log-
arithmic infinity at the edges occurs at all times. Clearly,
all these infinities are smeared when the finite specimen
thickness d is accounted for.

FIG. 7. Self-similarity of the sheet current near the edge of
an Ohmic strip or disk, and of thin conductors of any shape,
at short times after a jump of the applied perpendicular mag-
netic Seld. By scaling the sheet current according to (5.7),
(5.8) the current proSles for times 10 x t = 4, 10, 21, 33,
47, and 62 (solid lines with diferent symbols) collapse into
one curve Eq(z); see also Fig. 15. The curve (2/a) ~ indi-
cates the ideal screening current. Also shown is the function
Es(x)(2x) (solid line) and the same curve compressed along
x by a factor of 10.
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The sheet current at short times t « r exhibits scaling
behavior, like with the strip [Eq. (7.3) of Ref. 1],

(5.7)

(5.8)

Here Es(z) is a universal function shown in Fig. 7, with
Es(0) = 2.51, a maximum Es „= 2.787 at z
0.123, and with Es(z) = (2/z)i/2 for z » 1. The func-
tion Es(z) (z/2)i/2 has a maximum value 1.11 at z = 0.82
and approaches unity for z » 1. The factor 2/z' in
(5.8) originates from the different amplitudes of the ideal
screening currents (1.4) and (1.5).

The slope J'(0, t) of the sheet current at the center of
the strip or disk (inset in Fig. 6) initially takes the value
2 (4/m), then increases as the sheet current penetrates,
and reaches a maximum value 1.070 x 2 (1.049 x 4jm) at
t/r = 0 43 (.0.30); at t » r this slope relaxes as J'(O, t) =
5.94 (5.18) exp( —t/ro) with the ro for the strip or disk.

VI. MAGNETIZATION AFTER A FIELD JUMP

The relaxing negative magnetic moment of the Ohmic
disk M(t) (3.6) calculated from the sheet current J(r, t)
is shown in Fig. 8. At t = 0 one has ideal diamag-
netic screening with M(t = 0) = M(u -+ 0) = Mo ——

(8/3)asH (or Mo ——8/3 in reduced units). At short
times t « r, M(t) has a logarithmic cusp, like with the
strip,

M(t)/Mp = cM exp( —t/rp), (6.3)

with cM = 2cfcg/vr = 0.7982, rp = 0.249ad/D for the
strip and cM = 7rcf cg s = 0.7255, rp = 0.182ad/D for the
disk. Both cM values are close to the corresponding pre-
factors in parallel geometry, namely, cM = 8/z 2 = 0.811
for slabs, cM ——0.692 for cylinders, and cM = 64/z'4 =
0.657 for bars with square cross section; see below.

For comparison I give here 6rst the penetrating mag-
netic field H(z, t) and H(r, t) and the relaxing negative
magnetic moment (or averaged magnetization) M(t) for
a slab of thickness d and a cylinder of radius R in longi-
tudinal field H (t) = O(t). The current density in these
cases is simply j (z, t) = H'(z, t) and j (r, t) = H'(r, t).
One has for the slab (cf. Sec. II of Ref. 1),

4 .cos[—„(2n + 1)]Hz, t =I —— —t/~„

; (—1)"(2n+1) (6.4)

This cusp originates Rom the higher eigenmodes f (r) of
(5.3). One has the exact values ci ——2/vr for the strip
and ci ——3/z2 for the disk; cf. Eqs. (3.17) and (3.18)
and Sec. VIII below. Numerical fits to Eq. (6.2) yield
c2 ——25.0 for the strip and c2 ——17.7 for the disk. The
logarithmic time dependence of M(t) (6.2) leads to the
1/ur behavior of the complex susceptibility p(&u) (3.17)
and (3.18) at large frequencies. The more pronounced
square root cusp M(t) —1 Qt in the longitudinal ge-
ometry leads to p(u) (1 —i)/vtid which is typical for
diffusive behavior and will be discussed below.

At large times t )& 7.0, one has

M(t)/Mo 1 + cit ln(t/c2r),

M(t)/Mo —ci (1 —ln c2) + ci ln(t/r) .

(6.1)

(6 2)
M(t) = —,) (2n+1) 'e '/ -,8

n=o
(6.5)

1.0
with r„= rp/(2n+ 1), rp ——d /(vr2D), D = p/po (dif-
fusivity of flux and current).

For the cylinder a similar expansion of H(r, t) in terms
of Bessel functions Jo(z) yields

0.9 ) .2 Jp(k„r)
z„Ji(z„)

(6.6)

0.8 M(t) =4) z„e
n=o

(6.7)

2
t/r,

FIG. 8. Magnetization M(t) (3.5), (3.6) of an Ohmic strip
(dashed line) and disk (solid line) after a sudden jump of
the applied perpendicular field. Shown is M(t) exp(t/ro) as
a function of t/ro where 70 is the relaxation time of the strip
(Tp = 0.2492ad/D) or disk (rp = 0.1815ad/D) (5.4). The
inset shows the time derivative dM/dt as a function of the
natural logarithm of t/r where r = ad/2n D For short times.
these curves are straight lines (6.2) of slope —2/z' (strip) and
—3/z' (disk) as indicated by the dotted lines.

where 7„=1/(k2D) = R2/(z2D), k„= z /R, and z
are the zeros of Jo(z), e.g. , zo ——2.4048, zi ——5.5201,
z„--z.(n+ 4) + 1/[8z(n+ 4)]. Thus, ro ——Rz/(zoD) =
R /(5. 783D). In particular, at t = 0 one has H(r, 0) = 0
for r & R (ideal screening) and M(t) = 1 since g z„
1/4. At short times t « ro one gets in this longitudinal
geometry for slabs and cylinders,

(6.8)

(6.9)

1 M(t) (tD/vr) / —4~ / (tjro)I—4
d

4~-'j'
1 —M(t) —(tD/~) ' = (tjro)

R 5.783
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The cusps (6.8) and (6.9) may be derived noting that
at short times the surface shielding current j((,t)
(zDt) i~2exp( —f /4Dt) (( = d/2 —

~z~ or $ = R —r)
diÃuses away kom the surface and Hows at an average
depth (() = (4Dt/x) ~ in slabs and cylinders. Note,
however, the different definitions of M for cylinders (or
disks) and slabs (or strips); cf. Eqs. (3.3) and (3.4). The
current along a large flat surface (or edge) counts twice
since it has to perform a U turn at the two faraway
ends which gives the saxne contribution to the magnetic
moment as the surface current. For the slab the dif-
fusion reduces both contributions equally: During dif-
fusion, the current along the Hat surface keeps its size,

fo j(x, t) dh = H = 1 for t « ro, but flows closer tod/2

the central plane of the slab; in contrast to this, the U-
turn current keeps its (large) distance &om the center of
the slab but its path length is reduced. Both reductions
of M have to be equal because of divj = 0.

At large times t » ro, (6.6) and (6.7) yield M(t) =
cM exp( —t/Tp) with cM = 8/z' = 0.811 (slab) and cM =
4/2. 4052 = 0.69166 (cylinder) as stated above.

Finally I give here also the results for an Ohmic slab or
bar with rectangular cross section d x b filling the space
0 & z & d, 0 & y & b, —oo & z & oo. In a jump-
ing longitudinal field H (t) = e(t), the penetrating field

H(z, y, t) and the negative magnetic moment per unit
volume M(t) = 1 —(H(x, y, t)) „are derived straight-
forwardly &om the difFusion equation H = DV' H with
D = p/po. This yields

16 . sin &" sin
H(x, y, t) = 1 ——) ) e ~", (6.10)

p v
P V

(6.11)

(6.12)

The sums are over all positive odd integers p, , v
1,3, 5, ... . The relaxation time of the fundamental mode
p=v=lls

~0 ——1/[Dx2(d 2 + b 2) j. (6.13)

For 5 » d, Eqs. (6.10) and (6.11) reproduce the results
(6.4) and (6.5) for the infinite slab, and for d = b they
describe the Geld penetration into a bar with square cross
section. The magnetization of the square rod (6.10) and
of the long cylinder (6.7) are quite similar; cf. Fig. 8. The
relaxation time 70 ——d2/(2z D) of the square bar and
70 = R2/(5. 783 D) of the cylinder coincide if R = 0.54d
or mB = 0.92d .

The magnetization of a rectangular bar exhibits an
interesting relaxation law at large times. Note that
M(t) = M„,t(i) (6.11) may be written as a product of
two factors M, i b(t) (6.5) describing the penetration of
Bux along x and y, or into slabs of width d and b,

M„,t(t) = M, i b(t) x M, i b(t d /b ) . (6.14)

This means that with increasing aspect ratio 5/d the limit
of a slab with thickness d is reached very slowly since the

second factor in (6.14) is not exactly unity but varies
considerably due to its square root cusp (6.8) at t = 0.
As a consequence, at large but still finite ratio b/d »
1, the relaxation of M in principle occurs in two steps,
the prefactor being first cM, i b = 8/vr2, and then slowly
changing to c~,~„„=(8/z'z) . At short times one has

M(t) 1 — 2( ) (6.16)

VII. ac CURRENT AND FIELD

When a transverse ac field H (t) = exp(iut) is applied
to the strip or disk, the complex sheet current J(y, u) or
J(r, u) can be calculated by iterating the integral equa-
tion (2.16) or (2.17) or their matrix version (4.17) or
(4.18), starting with J = 0. This numerical procedure
is equivalent to the summation of the power series (3.1)
or (3.2) in u. It converges rapidly for A&7. & 2n if a
convergence factor c ( 1 is introduced by iterating not
the original equation J = I"(J) but a modified equation
J = (1 c)J+cF—(J) Asmall v. alue c « 1 has to be used
when the integration points y; or r; are closely spaced,
i.e., when X is large or the substitution (4.2) is used.

At larger &equencies uv & 2x a faster convergence
is achieved if one iterates the inverted equation. This
means, instead of solving the matrix equation (4.17) or
(4.18) for the vector J;, one inverts the integral kernel K
or Q as required also in Eq. (4.15) or (4.16), and then
iterates the equivalent equations

1
J, (ur) —2z u,.

ltd'
(7.1)

1
J, ((u) —vr u,.

l(d7
(7.2)

starting with the ideal screening solution Jo(y, t) (1.4)
or Jo(r, t) (1.5). In the range 3 & uw & 10 where both
xnethods converge well, the obtained solutions are iden-
tical as it should be. Alternatively, the J;(ur) may also
be calculated by direct inversion of a matrix &om (7.1)
and (7.2), or as a sum over the eigenfunctions of Eq.
(5.3) with &equency dependent amplitudes. The latter
method will be used in a projected paper on the linear
ac response for coxnplex resistivity.

The ac sheet current J(r, ur) = J' + iJ" in the disk
obtained by this iteration and the corresponding perpen-
dicular field H(r, ~) = H'+iH" are shown in Figs. 9
and 10. Here J' and H' are the in-phase components,
and J" and H" are out of phase by n/2 with respect to
the applied field H (t) = exp(iut). One can see that the

d+b tD ~/2 4 d+b g ~/2
1 —M(t) =4

db 7r 7r r' (d2+ b )i&2 7.0

(6.15)

For long bars with arbitrary cross section one finds &om
a skin-depth argument immediately after a longitudinal
Geld juxnp,



J(y ~) = (~7)'~'r (
~7.

a

J(r, ur) = ((u7.)'~ F—
a

(7.3)

where F4~x~ is a universal complex function shown in
the inset in Fig. 9; cf. also Eqs. (5.7) and (5.8), and Eq.

a, a su ciently large fre-
quencies of the perpendicular ac field h e
current near the edges of a Bat Oh

ar ac e, t e complex sheet
mic conductors of ar-

current and fieM profiles for the d k 1r e is ook very similar
o t ose for the strip (Figs. 9 and 10 of Ref.

real art J'&
o e. 1j. The

p (y, u) looks similar as J(y, t) in Fig. 6, but

The
'

H'(y, u) penetrates more slowly than II( t)
he imaginary parts J"(y, &u) and II"~ cui de e

nica y on cu as does the dissipative part p" of the
ac susceptibility.

Close to the s ecimp imen edge the sheet currents of the
strip and disk at large &equencies scale as

J(y, ur) = iu~ J(y, t) e ' 'dt,
0

(7.5)

~, ~, is e sheet current induced by awhere J(y, t), or J r t is t
eld jump cf. Sec.ld p ( . . ~'I, one obtains a relationship between

the profiles Fs(x) [(5.7) and (5.8)] and F

F4(z) =i F (
—
) u '~ e '"d

0
u e u. (7 6)

In particular, one has at the very edge (x = 0)

bitrary shape and constant thickn d hic ness as a universal
prof. e 4(z) with 2: = distance from the ed e timesom e e ge times

w ich equals 1/(2') for both the strip and the circul

The factor 2/vr in (7.4) is the ratio of the ideal
shielding currents (1.4) and (1.5 . From the general re-

F4(0) = (xi)'~'Fs(0) = (1+ i)(n/2)' 'F 0

J(0, (u) = (1+i)(m(ut/2)'~' J(0, t).
(7 7)

(7.8)

This means thehe real and imaginary parts of J0

of J&r cu at t e specimen edge are equal: The complex
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FIG. 9. Comomplex ac sheet current J~&r, ~ = J'
is in perpendicular ac field of unit am litude

equation (4.16) or (7.2). Dor .2 . Depicted are the real and ima i-

.6, and 10. The dashed curve gives the ideal screenin

se similarity, of the shl y& sheet current near the ed' e of the disk
at large frequencies. Thq s. The plotted curves for uw = 46.4 ~s l d
lines) and ~r = 21.5

'T = . ysol

universal sc
dashed lines) nearly coinc d t

caling function E4(~) = E4 +iE" define
ci e in o one

(7.4); see also Fig. 15.
i 4 e ned by (7.3).

u7 =0.1 0.22 0.46
/ /

2.

0. 1

4.6
10

FIG. 10. CoComplex ac magnetic field H(r, cu) = H'+ H"
in an Qhlnic disk in erperpendicular ac field of unit am litud
Depicted are the rhe real and imaginary parts and the mod

o aine y inserting the sheet current J(r, u) of
Fig. 9 into (2.2) for uv. = 0.1 0.22 0 46 , 1, 2.2, 4.6, and 10.
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current density has a phase shift of vr/4 not only at the
surface of Ohmic conductors in longitudinaL ac field (the
well known skin effect), but also at the edge of flat con-
ductors in perpendicular ac field.

The universal function F4(z) = F4+ iF4 obtained nu-

merically is shown in the inset of Fig. 9 for uv = 21.5 and
cu7 = 46.4; due to the scaling property, both curves coin-
cide within line thickness. One has F4(0) = 3.15(1+i);
F4(z) has a maximum value 3.363 at z 0.074 and
approaches (2/z)i/ for z )) 1; F4'(z) changes sign at
z = 0.80 and approaches zero &om below for z &) 1.

20
) 7c =

9

(8.3)

II 32 2~2z/3
3vr2z ln(z2 + 1) + 4.85

z = err. (8.4)

functions p'(ur) and p" (ur) of the disk in perpendicular
geometry in the entire &equency range —oo ( cu ( oo

(cf. the dashed lines in Fig. 11),

VIII. COMPLEX ac SUSCEPTIBILITY

The ac susceptibility p(ur) = p' —ip" (3.13) is cal-
culated as follows. The complex magnetic moment
M(ur) (1.3) of the disk may be obtained by integrating
nr2 J(r, u) (3.6) over r for many u values. However, for
nondispersive p a much faster method exits. One may
calculate y, (ur) &om the real magnetization M(t) of Sec.
VI using the relation

M(~) = i ~ M(t) exp( —i(ut) dt,
p

which with p(ur) = 1 —M(ur)/Mp (3.13) yields

(8 1)

1
p, (ar) = — M(t) exp( —isn't) dt.

Mp p
(8.2)

The resulting susceptibility p, (u) = y,
' —ip" is shown in

Fig. 11; p" has a maximum p" = 0.4411 at u
1.025/r = 1.169/rp = 6.440p/(@pad).

The limiting expressions of y, (u) for small and large u
are given for the disk by Eqs. (3.15) and (3.18). From
these asymptotes I construct useful analytic expressions
which have the correct asymptotic behavior and fit the

II 7r'X

4z ln(z + 1) + 5.57.
z = err. (8.6)

The success of the interpolation formulas (8.3) and
(8.4) suggests the following construction of approximate
susceptibilities p(u) = p' —i y,

" &om the limiting expres-
sions for high and low &equencies, pi' (ur) and p&, h(u):
namely,

The constant c = 20/9 = 2.22 in (8.3) is related to the
integral (3.12) which determines the curvature of p'(ur)
(3.15). The simple expressions (8.3) and (8.4) deviate
from the exact p' by ( 1.6 x 10 and &om p" by
& 1.1 ~ 10 only. They do not contain any fitting pa-
ran1eter apart &om the constant 4.85 = 2 ln11.3 which
was adjusted at cu ~ oo.

For comparison I give here also the complex suscep-
tibilities for the strip in perpendicular field and for the
slab, cylinder, and rectangular bar in longitudinal field.
For the Ohmic strip a similar (and even more accurate)
approximate expression for p(ur) = p,

' —ip!' was con-
structed &om its asymptotic behavior in Ref. 1,

p'((u) = [I —c+ (c'+ m2u)'r')'/2] ', c = x'/4, (8.5)

(8.7)

The real part IJ,'(tu) may then be obtained &om the
Kramers-Kronig dispersion relation

0.5
p X

(8.8)

0.0 I I I I I I I I I I

2 3 4 5
Q7

FIG. 11. The ac susceptibility y,(u) = p' —ip" for the
Ohmic circular disk plotted versus ~r with r = ad/2nD, '

D = p/po. Also shown are the approximate expressions (8.3)
and (8.4) (dashed lines). The inset shows p'ur and p"ur
(solid lines) together with the approximations (8.3) and (8.4)
up to large frequencies. Note the excellent fit.

If the condition p'(0) = 1 holds, it may be used to im-
prove this approximation further.

The expression (8.7) is exact for the Debye law p(u) =
(1+ i~r) i and is an excellent approximation in per-
pendicular geometry. In longitudinal geometry such fits
are not needed since exact solutions are available for the
general rectangular cross section and for the cylinder.
Fourier transforming the various expressions for M(t) in
Sec. VI according to (8.2) and noting that Mp ——1 in
longitudinal geometry, one obtains the following complex
susceptibilities in longitudinal ac Geld.

For a slab of thickness d one gets &om (6.4) and (6.5),
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H(x, u)= cosh(x/A, )/ cosh(d/2A, ),
(H(x, (u)) tanh u

P, (d
H n

(sinh v + sin v) —i(sinh v —sin v)

v(cosh v + cos v)

(8.9)

(8.10)

1.0

Clef

are bar
d X 4d

with A, = (1 —i)b/2, u = d/2A „and v = (1 —i)u =
(&ud Itp/2p) / where b = (2p/cpu) / is the skin depth,
or v = ((drp7lz/2)i/z = d/b where rp ——dz/(+AD) is the
relaxation time of the fundamental mode of the slab. The
average (H(x, t)) is taken over the specimen volume.

For a cylinder of radius R one has Rom (6.6) and (6.7),
0.0

0.4

H(r, ur) = Ip(r/A, )/Ip(R/A, ),
(H(r, (u)) 2 Ig(u)

H uIp(u)
'

(8.11)

(8.12)
n 0.3

t-
3

0.2
where u = R/A, = (1+i)R/b and Ip(x) and It(x) =
Ip(x) are modified Bessel functions. This yields for
M7 p &( 1, p = 1 —0.609 65 4J 7p q

p" = 0.722 88 (d7p,
and for mrp )) 1, p,

' = p" = b/R = 0.58808(urp)
the maximum p" „=0.37745 occurs at avp ——1.09375.

For a bar with rectangular cross section d x 6 in parallel
ac field one gets &om (6.11),

64 p v
p((d) = 1 —2(drp —) )~4 M M p2 + p V2

p, v + ~~7o1+1
(8.13)

64 . p, v
p(ld) = 1 —2i(harp —) ) . , (8.14)

'7t p + 2$(dTp + v

where P = dz/bz and 7p
——(7r D) i(d z + 6 z) i, and

p, , v = 1,3, 5, ... . In particular, for a bar with square
cross section (p = 1) one gets

0. 1

0.0
—2 —1 0 1 2 3 4 5

I p(rdrp)

FIG. 12. The ac susceptibility p(&u) = p' —ip" for various
longitudinal geometries (slab, cylinder, square, snd rectangu-
lar bar) snd transversal geometries (strip and disk) plotted
on s linear scale versus In(harp). Note that with the different
rp as time scale (see Table I) the maxima of p"(&harp) nearly
coincide for all geometries.

with rp ——dz/(27rzD). For b )) d, Eq. (8.13) can be
shown to coincide with the result (8.9) for the slab.

The sum over y„, v = 1, 3, 5, ... in (8.13) converges
rapidly and is easily evaluated on a PC. For uvp (Q 1
one has for the square bar p" = 0.6937207p and
~' = 1 —0.663360~2~p', a maximum ~".„=0.36587O

TABLE I. The magnetic response of Ohmic conductors in various geometries: slab, cylinder, bar with square cross section,
and bar with side ratio 4 in parallel ac field, and strip and circular disk in perpendicular ac field. Listed are the relaxation time
7p (the time unit in this table), the relaxing magnetization M(t) = cMM(0) exp( —t/rp) at times t )) rp after a field change,
the real snd imaginary parts of the ac susceptibility p(&u) = p,

' —ip" at small snd large frequencies, and the height snd position
of the maximum in p". The Ohmic (Sux Sow or TAFF) resistivity p determines the 6ux diffusivity D = p/pp. Some of the
tabulated numbers are given explicitly by 8/s', s' /120, vr /12, ~2/7r (slab); 64/7r, 2/vr (square bar); 1/2mAp, 1/z Ap, 2/7r Ap

(strip, Ap ——0.638567521); 1/2zAp, 3/2zAp, 3/7r Ap (disk, Ap ——0.876867).

Longitudinal field Transversal field

Relaxation time 70

Slab
width d

rt /D

Cylinder
radius R

R /D
5.783

Square bar
dxd

d /D
27r2

Rect. bar
d x 4d

rt /D
1.0625vr ~

Strip
width 2a

0.24924ad
D

Disk
radius a

0.18150ad
D

&)) 70

v ((70

») &0

(1 —p )/(u rp

P /Cal Tp

(corp) P'
(~rp)'"~"

PmBx P (+mBx )
&max&0

0.81057

0.81174
0.82247

0.45016
0.45016

0.41723
1.0295

0.69166

0.60965
0.72288

0.58808
0.58808

0.37745
1.0937

0.65702

0.66336
0.69372

0.63662
0.63662

0.36587
1.1183

see text

0.69783
0.73618

0.54590
0.54590

0.39192
1.1139

QJ70P

4PTp P

0.7982

0.81554
0.85142

0.49848
0.31734 x

In(10.3 ~rp )
0.4488
1.108

0.7255

0.75887
0.81134

0.54451
0.34664 x
ln(9.9 carp)

0.4411
1.169
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occurs at ufo ——1.11833. If plotted versus 4J7p where
70 is the relaxation time of this geoxnetry, the suscepti-
bilities for all geometries (strip, disk, slab, cylinder, and
square and rectangular bars) look qualitatively similar
fol' 4JTp & 2, in Particular, all P"(id) have a maximum of
height = 0.40 near ld'To = 1; cf. Table I and Fig. 12. One
might expect that the susceptibility of the cylinder looks
similar to that of the square bar, but interestingly, the
Ii(idTp) of the cylinder and of a rectangular bar with side
ratio b/d = 2.3 (p = 1/5) almost coincide (the difference
is & 1%). The p(idT, p) of a rectangular bar with b/d = 4
approximately falls into the middle between the curves
for the square bar (p = 1) and the slab (p = 0 or p = oo);
cf. Figs. 12 and 13 and Table I.

The behavior at idTp )& 1 in general differs for vari-
ous geometries. Whereas for the slab p' and p" nearly
coincide for hp7o + 2, for the cylinder or square bar
p' and p" stay different up to rather large frequencies
&Tp 50, ..., 200; cf. Fig. 13. From (8.13) one obtains for
rectangular cross section in parallel field at (dTp » 1,

1 —i (2'/'/n) (b+ d)

(idTp) 1/2 (b2 + d2) 1/2 (8.15)

For long bars with arbitrary cross section in parallel field
one obtains from (6.16) at large frequencies, with skin
depth b = (2D/id) i/,

1 —i surface
p 4J tat '

2 volume
(8.16)

0. 1

Remarkably, from the longitudinal susceptibility the ac
losses are obtained also in perpendicular geometry if the
frequency is low enough, idTp « 1 where Tp is the relax-
ation time of the considered geometry. This is a relatively
large &equency range when the specimen is thin. For ex-
ample, the low-frequency ac losses in a bar, cube, disk,
or film with rectangular cross section d x b and length or

thickness L parallel to the field are obtained from (3.16)
and (7.15) as

P = id P Pp(H (t) )d bL f(d /b ),
64 1
g4 ~ ~ p2p2( 2 + p2)p

p v

(8.17)

(8.18)

In particular, for a square bar or square disk one has
b = d and f(1) = 0.03514429. For a slab or strip with
b )) d one finds f(0) = 1/12; the limit b « d decribes
the same slab (with z and y interchanged) since f(p »
1) = 1/(12p) = b2/(12d2).

IX. DISCUSSION AND SUMMARY

The universal profiles of the sheet current near the
edges of thin Ohmic conductors in transversal ac mag-
netic field [Eqs. (5.7), (5.8), (7.3), and (7.4)] should be
compared with the current density profiles near surfaces
exposed to a longitudinal ac field; cf. also Eqs. (7.1)—
(7.4) of Ref. l. A switched-on parallel field H (t) = O(t)
initially penetrates a Hat or weakly curved surface of an
Ohmic conductor, or a superconductor in the Hux How or
thermally assisted Hux How (TAFF) state, digusivety,
such that the current density j((,t) = BH((, t)/8$ is

j ((, t)= (nDt) / exp( —( /4Dt) =l Fi(f/I, ),
(9.1)

Fi(z)= (2/s') / exp( —z /2)) l= (2Dt) /

Here ( is the spatial coordinate perpendicular to the sur-
face, e.g. , ( = d/2 —~z

~

for slabs or ( = R T for cylinde—rs,
and l is the diffusion length with D = p/pp.

A parallel ac field Ho(t) = exp(i~dt) induces a surface
current density within the skin depth b,

j(f, td)= A,'exp( —(/A, ) = b 'F2((/b),
(9.2)

F2(x)= (1+i)e +', b = (2D/id)

The universal functions Fi(z) and F2(z) = F2 + iF&' are
depicted in Fig. 14 together with the current profile in the
Bean critical state, j(() =j, for ( & H /j, and j (() = 0
for ( ) H /j„where j, is the critical current density.
For better comparison, we put H = j, = l = b = 1 in
Fig. 14; all three curves then cover unit area since

f Fi(2:)dx = F2(x) d2: = l.
0 0

(9.3)

0.01
0. 1 10 100

NTO

FIG. 13. The ac susceptibility p(id) = p' —ip" for various
longitudinal and transversal geometries plotted on a log-log
scale versus m+0. Same data as in Fig. 12 and same geometries
as in Table I. The asymptotic behavior p,

' = p,
" ~ in

longitudinal geometry and ii' id, p" &u 1u(nu) in
perpendicular geometry is clearly seen in this plot.

Thus in longitudinal geoxnetry the total surface current
equals the applied field, and the depth of the current
carrying layer is +t, 1/~is, or 1/j For t = 0, .
u = oo, or j, = oo the surface current in this idealized
picture Qows in an infinitely thin layer.

In transversal geoxnetry the current profiles are difer-
ent. At t = 0, co = oo, or j = oo the ideal shielding sheet
current now depends on the shape of the Bat Ohmic con-
ductor; for a strip or disk it is given by Jp(y) (1.4) or
Jp(T) (1.5). At finite t, id, or j~ the infinity of the sheet
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i I I

FIG. 14. Self-similarity of the current density near the sur-
face of a long cylinder, slab, or bar in parallel field. At short
times after a sudden field change the scaling (9.1) yields the
universal profile Fi(x). At large ac frequencies the scaling
(9.2) yields the universal profile Fz(x). Real and imaginary
parts of F~ are shown as solid and dashed lines. The rectangu-
lar profile (dashed line) gives the current density of the usual
Bean critical state; see text. The figure shows how finite time,
frequency, or critical current density smear the ideal screen-
ing current, which in longitudinal geometry Bows in a surface
layer of zero thickness (or thickness A « a).

y &b,
(9.4)

b& fy/ &a,

c = (1 —b /a ) ~ = tanh(mH /J, ) . (9.5)

For a disk the same expression holds with y replaced by
r and with c = tanh(2H /J, ).2'i@'zo Expanding (9.4) for
H (( J one obtains near the edges of a superconductor
strip or disk with constant thickness d (or more generally,
with constant J,) the universal scaling law in increasing
field,

(9.6)

current near the edges is smeared and initially (at small t
or large u) scales according to Eqs. (5.7) and (5.8) or (7.3)
and (7.4). The universal current profiles Es(x) and F4(x)
are shown in Fig. 15 together with the universal profile
Fs(x) of the sheet current in the perpendicular Bean crit-
ical state occurring near the edge of a superconducting
film with constant critical sheet current J, = j,d. s The
sheet current J(y) in a strip in increasing field H iss

6 = a —b = mH/2 J, '

b, =a —b=2H /J,
(strip),
(disk).

(9.8)
(9.9)

Here il is the distance Rom the edge, il = a —
~y~ or

g = a —r.
The scaling law (9.6) applies to films of arbitrary

shape since the prefactor is expressed in terms of J,. In
terms of H, the prefactor becomes shape dependent;
for the strip one has J,~2/m = (a/6)i~zH, yielding

J(il )) 6) = (2a/rj) i H, and for the disk one gets

J ~~/~ = (2/~)(u/&)'"H- »eiding J(~ » &) =
(2/x')(2a/il)i~zH . In Fig. 15 the units are such that
the penetration depth 6 = 1 and 0 = 1, implying that
J, = z /v 2 for the strip.

All three profiles in Fig. 15 have the same asymptotics,
Fs(x) = F4(x) = Fs(x) = (2/x)i~ for x )) 1, and the
areas above and below the ideal-shielding curve (2/x) ~

are equal,

FIG. 15. Self-similarity of the sheet current near the edge
of an Ohmic strip or disk, and of thin conductors of arbitrary
shape, in perpendicular magnetic field. At short times after a
sudden field change the scaling (5.7), (5.8) yields the universal
profile Fs(x), Fig. 7. At large ac frequencies the scaling (7.3),
(7.4) yield the universal profile F4(x). Real and imaginary
parts of F4 are shown as solid and dashed lines. The func-
tion Fs(x) (9.7) gives the sheet current of the Bean critical
state in perpendicular field. The figure shows how finite time,
frequency, or critical current density smear the ideal screen-
ing current, which is shown as the dash-dotted line (2/x)'
Note that Fs and Re{F4) exhibit a maximum at some dis-
tance z = 0.123 and 2: = 0.074 from the specimen edge z = 0,
whereas the corresponding profiles Fi and Re(Fz) in longi-
tudinal geometry (Fig. 14) have a maximum directly at the
specimen surface z = 0.

with the universal function f [F'(x) —(2/x)' 'l "x = 0
0

for i = 3, 4, 5. (9.1O)

~2 arctan(x —1)
Fs(x) =

x&1,
0&x&1,

and the shape dependent penetration depth

(9.7)

Thus, in transversal geometry, finite t, u, or j, smear the
x /' infinity of the sheet current at the specimen edge
in a similar and universal way which for weak penetration
does not depend on the specimen shape.

The characteristic data of the ac susceptibility p(u) =
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p,
' —ip," in various geometries are compiled in Table I,

namely, the curvature of p,
' and slope of p,

" at u = 0, the
asymptotic behavior at large frequencies, and the height
and position of the maximum of p"(u), which determines
the maxiinum possible ac losses (3.16) in a given geome-
try. Interestingly, the tabulated numbers differ only lit-
tle for different geometries. The main difference between
longitudinal and transversal geometry is the behavior of
p,

' and p" at high &equencies [Eqs. (3.17), (3.18), and
(8.16)]. This different asymptotic behavior is clearly seen
in the log-log plot of Fig. 13 and may be derived &om
the short-time relaxation of the magnetization after a
field jump, Eqs. (6.16) and (6.1).

An interesting result in parallel ac field is that the com-
plex ac susceptibility of the cylinder (8.12) nearly coin-
cides with that of a rectangular bar (8.13) with cross sec-
tion d x 2.3d; at large u the two susceptibilities exactly
coincide when the side ratio is b/d = 2.42627. . . .

The complex susceptibility of an Ohmic disk with el-
liptical cross section in transversal Beld was calculated
recently in Refs. 21, 22. These results for the flat ellip-
Soid in general do not agree with the results obtained
in the present paper for strips and disks with constant
thickness, i.e., with a rectangular cross section. At large
frequencies, when the skin depth is much smaller than
the thickness of the disk, the susceptibility follows &om
an ideal-screening argument; cf. Sec. II E of Ref. 1 and
Eqs. (1.6)—(1.9) above. In this limit the susceptibilities of
Refs. 21 and 22 essentially agree with our results (3.17)
and (3.18); however, the logarithmic factors are different
due to the different cross section. With an elliptic cross
section inserted, Eqs. (2.6) and (2.7) or (2.16) and (2.17)
reproduce the susceptibility of the fiat ellipsoid in Ref. 21.
Note that our method is quite general and allows for arbi-
trary specimen cross section and for arbitrary nonlinear
or linear and complex resistivity. For a useful compila-
tion and discussion of various nonlinear susceptibilities
derived from the Bean model, see Ref. 23.

If the shape of a thin superconductor or conductor is
not an infinite strip or circular disk, one cannot derive
one-dimensional integral equations of the type (2.6) and
(2.7). In the general transverse geometry one has to re-
sort to a method described in Ref. 24, which requires two-
dimensional spatial integration. This spatial integration
and the time integration or iteration are performed very
efficiently by the matrix method described in this paper.
Work on this is under way.

At lou frequencies, the susceptibility and ac losses of
a rectangular disk in transverse field follow from Eqs.
(8.17) and (8.18) above. At high &equencies, the ideal
screening current and the losses in principle may be ob-
tained for any shape of the disk by conformal mapping.
Prom the two limiting expressions at low and high ~ the
ac losses in the entire frequency range may then be ob-
tained by the interpolation (8.7), which works well in
transverse geometry; cf. Fig. 11. An alternative method
to obtain p(u) for arbitrary shape of films or disks is
to calculate the relaxation time 70 of the magnetization
M(t )) 'rp) = CMM(0) exp( —t/'ro) and then insert this
To into the known p(ld'rp) for the strip (8.5) and (8.6)
or disk (8.3) and (8.4), which differ only little; cf. Fig.

13 and Table I. When expressed as functions of td7 p, the
susceptibilities of the disk, strip, square, and rectangle
in perpendicular ac field are thus expected to coincide
closely.

For Ohmic resistivity p, the Maxwell equations de-
scribe the diffusion of the current and Bux with diffu-
sivity D = p/po. In perpendicular geometry, this diffu-
sion becomes nonlocal and obeys the integral equations
(2.6) (strip) and (2.7) (disk). In the case of nonlin-
ear resistivity p(J), these equations describe fiux creep
in perpendicular geometry. Flux creep in perpendicu-
lar geometry may be called nonlinear nonlocal diffusion
and has features similar to the usual local but nonlinear
diffusion which occurs during Hux creep in longitudinal
geometry ' and leads to a self-organized critical state.
This will be the subject of a forthcoming paper.
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APPENDIX A

( ) = [
—( — )'1' *( ) = —( — "')'"

for0&z&1, 0&v&1, (Al)

v(z) = [1 —(1 —z)4] 2, z(v) = 1+ (1 —y ) ~

for 1 & z & 2, 1 & v & oo. (A2)

Next, the table p; = p [v(z;) ] is calculated at equidistant
pointsz; = (i—2)/N, i =1,2, . . . , 2N (N 80, . . . , 200).
Then the function q[v(z)] is tabulated at the same
points z; by direct integration of the table p, as follows.
For 1 & i & 6 (corresponding to small v & 484/N2) the
values q; = q [v(z;)] are taken &om the expansion (2.12).
The remaining q; for 7 & i & 2N follow from the recur-
sion

1 2 5
q, v' = q'-iv'-i ——g'-2+ g —1+ g12 3 12

(A3)

with g; = p;v;iv;, v; = v(z;), iv; = v'(z, ) (weight func-
tion). The sum (A3) calculates the integral

a(e)
q (v) = v '

p [v(z)] v(z) v'(z) dz
0

(A4)

by approximating the integrand by a parabolic spline.
This yields high accuracy in spite of the infinity at x =
v = 1. For example, with N = 150 the relative numerical
error of q (v) = 0.0044. . . at v = 19 is 1 x 10

The functions p (v) (2.5) and q (v) (2.11) may be inter-
polated and integrated with high precision from a table
as follows. First, substitute the variable v = v(z) such
that v(0) = 0, v(1) = 1, v(2) = oo with v(z) varying
smoothly near v = 0, v = 1, and v = oo. A good such
choice is
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After this integration is performed, the largest values
of the tabulated p; near i = N (v 1) should be reduced,
e.g. , by multiplying the p; by a factor

[1—exp( —b, )], b, = — N y ——i (A5)

which replaces p (1—U) by p (1—v)/[(1 —v) +e ]
with e = 32/N4. Without this reduction, the extremely

large and rapidly varying values q, = +8% for i = N +
z p &

and q; = +(8/81)N for i = N + z p z may lead
to noticeable errors in the interpolation procedure when
the kernel P(r, u) (2.4) is calculated. This would cause
"numerical noise" in the otherwise smooth magnetic field
H(r) (2.2). Interestingly, the accuracy of the integration
sum (A3) is not affected by the large p; values; a cutoff
which does not conserve the sum over the p; would rather
reduce the accuracy of the q;.
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