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We use the numerical self-consistent mean-field method to examine the ground-state configurations of
finite-size multilayers constructed from ferromagnetic films which are antiferromagetically coupled. At
intermediate fields, a surface spin-flop state, as suggested by Keffer and Chow, has been found for even

numbered multilayers, but not for odd numbered ones. These are confirmed by experimental observa-

tions on systems such as Fe/Cr. A simple macroscopic approach has been devised in calculating the
spin-wave excitations for the various field-induced ground states. Special emphasis is placed on the
influence of interfilm dipolar couplings on the spin-wave spectrum. We note, for example, that there are
substantial differences for the two cases k~~D &&1 and k~~D & 1, with D the thickness of the finite super-

lattice, and k~~ the wave vector of the spin waves parallel to its surface.

I. INTRODUCTION

It is now possible to synthesize magnetic superlattice
structures from diverse constituents. The resulting ma-
terials can display unique properties not realized in con-
ventional bulk crystalline magnets. An example is provid-
ed by the phenomenon of giant magnetoresistance, re-
ported first in Fe/Cr superlattices by Pert and co-
workers. '

In this paper, we explore the theory of the static mag-
netic structure and spin dynamics realized in a very in-
teresting superlattice structure synthesized recently at
Argonne National Laboratory, by Fullerton and his col-
leagues. z These are also Fe/Cr superlattices, but are
grown on a MgO(110) substrate. The exchange coupling
mediated by the Cr layers can be either ferromagnetic or
antiferromagnetic in nature, depending on the Cr thick-
ness, very much as in the samples explored in Ref. 1. The
new feature here is the presence of a twofold in-plane an-
isotropy, present by virtue of the imprint provided by the
MgO(110) substrate. We show here that the anisotropy,
in combination with the interfilm exchange, endows these
superlattices with a particularly rich magnetic phase dia-
gram. This is the case when the interfilm coupling is an-

tiferromagnetic in the superlattice. Indeed, the materials
allow one to explore a phenomenon discussed in the
theoretical literature on antiferromagnetism over two de-
cades ago: the surface spin-flop transition. ' Our calcu-
lations show that, for a finite structure, the state realized
is richer in physical content than realized by the early au-
thors. We comment briefly on the earlier literature be-
fore we proceed.

Much of our understanding of antiferromagnetism in
bulk crystals comes from the study of the classical two-
sublattice antifcrromagnet MnF2, or closely related com-
pounds. The magnetic structure of MnF2, below its Neel
temperature and in zero external magnetic field, is illus-
trated in Fig. 1(a). One has two interpenetrating magnet-
ic sublattices, one directed along +2', and one along —P.

The structure is stabilized by a twofold anisotropy (of di-
polar origin), which makes f an easy direction. Applica-
tion of a magnetic field parallel to f can induce a first-
order phase transition to the spin-fiop phase, in which
each sublattice is canted with respect to P, as illustrated
schematically in Fig. 1(b).
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FIG. 1. (a) Magnetic structure of the antiferromagnet MnF2,
illustrating the A and B spin sublattices. (b) Orientation of the
A and B total sublattice magnetic moments, when the external
magnetic field Ho is strong enough to drive the system into the
spin-flop phase. (c) The low-field state of the Fe/Cr superlat-
tice, when the interfilm coupling is antiferromagnetic in charac-
ter. Each Fe film may be viewed as a ferromagnetic spin sheet
exchange coupled to neighboring spin sheets, very much as is
the case for the (100) planes of spins in (a).
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In the theoretical literature some years ago, the
infiuence of a surface on the properties of such material
was explored. For example, Saslow and Mills examined
the low-temperature properties of a MnF2-type antifer-
romagnet with a (100}surface. They found a surface spin
wave, which in the long-wavelength limit lies within the
frequency gap below the lowest bulk antiferromagnetic
spin-wave frequency. The (100) planes of spins in the
MnF2 structure form ferromagnetically coupled spin
sheets, notice. It was found that application of a magnet-
ic field antiparallel to the surface moments drives the sur-
face spin wave "soft," at a field well below that required
to generate the bulk spin-flop transition: this implies the
system must undergo a surface spin-flop transition at the
field where the surface wave softens.

Mills presented a theoretical description of the surface
spin-flop phase, which was later modified importantly by
Keffer and Chow. These authors noted that additional
terms must be retained in the analysis, and these modify
the earlier picture. Ke8'er and Chow concluded that, in
the semi-infinite antiferromagnet, the bulk spin-Bop
phase is nucleated on the surface. According to their
analysis, one realizes the surface instability at the critical
field discussed earlier, ' but with increasing field, the sur-
face phase expands in depth, to envelope the entire crys-
tal at the bulk spin-flop field. Very near the end of their
paper, in brief comments, KefFer and Chow discussed
the nature of the surface instability in an antiferromagnet
with a finite number of (100) spin planes. The calcula-
tions presented here confirm the striking picture en-
visioned in these terse comments, and in fact show the
surface spin-Qop phase of the finite structure to be much
richer than envisioned by Keffer and Chow.

There were unsuccessful attempts to verify the predic-
tions just discussed, on the surface of antiferromagnets of
the MnF2 type. For such attempts to be successful, the
demands on surface quality are severe. For example,
both the surface spin wave described by Saslow and Mills,
along with the surface spin-flop phase (at fields in the
near vicinity of the surface spin-flop transition), were pre-
dicted to be confined to the outmost ten atomic layers or
So.

The Fe/Cr structures grown on MgO(110) are iso-
morphic to the MnFz antiferromagnets with a (100) sur-
face. We have sheets of ferromagnetically coupled spins
in planes parallel to the surface, with antiferromagnetic
coupling between planes; there is a twofold anisotropy
axis in plane. Recent experiments have explored magne-
tization curves of finite Fe/Cr superlattices, and have un-
covered clear and unambiguous evidence for the surface
spin-fiop transition. The purpose of this paper is to dis-
cuss the theory of the spin configuration realized in these
materials, as a function of an externa11y applied magnetic
field. We also present the theory of the collective spin
waves in such structures. It should be remarked that a
brief discussion of some of these results has been present-
ed elsewhere.

This paper is organized as follows. In Sec. II, we dis-
cuss the spin configuration realized by the finite superlat-
tice, in a spatially uniform external magnetic field. In-
cluded in the section is a description of the hysteresis

loops associated with these systems. Section III discusses
the collective spin-wave excitations of the superlattice
structure. Here (dipolar} magnetic fields generated by the
spin motions are an important source of interfilm cou-
pling, as in earlier studies. We describe a simple means of
including these couplings, in the limit that the ferromag-
netic films in the superlattice are very thin.

II. THE INFLUENCE OF A MAGNETIC FIELD
ON THE SUPERLATTICE STRUCTURE

The angle convention used here is illustrated in Fig. 2.
Note that a1 is positive when film 1 is canted towards the
+x direction, while a2 is positive when film 2 is canted
towards the —x direction. The convention on the pa-
rameters in Eq. (1) is the following. If all terms are multi-
plied by f,M„with M, the saturation magnetization of
each ferromagnetic film and f, the fraction of the
superlattice's volume occupied by the ferromagnetic con-
stituents, then we have the energy per unit volume associ-
ated with the magnetic interactions. In magnetic-field
units, HE is the efFective field experienced by a given film,
when both its neighbors are in the antiferromagnetic
state, where a11 difFerences aI —aI+1 equal m.

HE[(1—5&, }sin(a, , +a&)+(1—
5& ~)sin(a&+, +a&)]

=H~ sin2aI +2HpsinaI, (2)

We consider a finite superlattice of ferromagnetic films,
with antiferromagnetic interfilm coupling of strength HE,
so that in zero magnetic field we realize the ground state
illustrated in Fig. 1(c). The film magnetizations here are
aligned along an easy axis in the plane, present in the
structures that motivated the analysis described here by
virtue of their growth on the MgO(110) substrate.

Application of a suSciently strong magnetic field will
initiate spin canting, and the angle between the magneti-
zation of the 1th film and the magnetic field Ho will be
denoted by a&. While the magnetization of each film wi11

be canted away from the easy axis, reminiscent of the
spin-Bop phase in bulk antiferromagnets, it will very
clearly be confined to the plane of the film. If the magne-
tization is tilted out of plane, to acquire a component Mj
normal to the film surfaces, elementary magnetostatics
informs one that an internal demagnetizing field —4aM&
antiparallel to Mi itself must be present. Clearly, in this
circumstance, the magnetization of each film lies in
plane.

The energies of the system are then controlled by the
interfilm exchange coupling, the anisotropy, and the
external magnetic field. For the example we have in
mind, the intrafilm exchange coupling is so strong that a11

moments within a given film are locked rigidly into a fer-
romagnetic array. In magnetic-field units, we write the
energy of the system, suitably normalized, in the form

HE N 1

E= g cos(ai+a, +, )
— g cos ai2

2
/ 1 1=1

N

Ho g cosa& .—
1=1
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FIG. 2. Arrangement of magnetic moments in the Snite su-

perlattice, in the canted state. This illustrates the conventions

used in Sec. II.

and verify that the solution is in fact an absolute
minimum of the energy.

We remark that in earlier work Nortemann and co-
workers ' have carried out very similar analyses, for
closely related materials. These authors confined their at-
tention to the case where H„=O,to find that in finite su-

perlattices the presence of the two surfaces influences the
moment distribution significantly. We agree, of course,
and argue that the presence of the twofol'd anisotropy
makes the magnetic phase diagram very rich, for reasons
discussed in Sec. I.

To appreciate this point, consider a finite superlattice
with N ferromagnetic films. If N is odd, and the sample
is placed in a weak external field, the state of lowest ener-

gy will be an antiferromagnetic arrangement of the film

magnetizations. The two end films have magnetizations
parallel to each other, and also parallel to the external
field. As the field is increased, a spin-flop transition is in-

duced. In the spin-flop phase, the arrangement of the
moments is as envisioned in Ref. 10; each end film is ex-
change coupled only to one nearest neighbor, whereas the
interior films are each coupled to two neighbors. The end
films are thus more closely aligned with the external field

than those in the interior of the structure. The end
effects also lower the field required to enter the flop
phase.

If N is even, the situation is very different. Now the
magnetic moments of the end films are necessarily anti-
parallel; one of the two is thus antiparallel to the external
field. This is precisely the geometry envisioned for the
surface spin-fiop transitions, which will be induced by
the external field, at a critical field well below the bulk
spin-flop transition. The response characteristics of the
even and odd cases are thus very different.

We first begin with a summary of our recent study of
the surface spin-flop transition in the finite superlattice,
and the differences between the even and the odd case. In
one of the early papers, Keffer and Chow argued that
the surface spin-flop state evolves into the bulk spin-flop
state in a continuous manner, though they presented no
detailed calculations which describe how this occurs. We
illustrate this below. It should be remarked that a brief
discussion of these results has been presented elsewhere.

We begin with a discussion of the infinitely extended
structure. The antiferromagnetic ground state has all
even a&=0, and all odd al=~. The energy per film is

here just (—Hz+H„)/2, independent of Ho. In the
spin-flop phase, a& is independent of I, with cosa
=Ho /(2HE H„}.The energy per film in the spin-flop
state is then H—E/2 H—o/2(2HE H—„).The structure
thus enters the spin-flop phase when the external field
exceeds H,r=[H„(2Hz H—„}]'. This is a first-order,
magnetic-field-induced phase transition; the system mag-
netization (per film) jumps discontinuously from 0, to the
value M, HO/(2Hz Hz )—.

If the field continues to increase, there is a point where
cosa = 1 for all films. We are then in the fully aligned fer-
romagnetic state. One enters the saturated state when
the external field Ho =2Hz H„.—In bulk antiferromag-
nets, this is a second-order phase transition.

The description of the infinitely extended superlattice
just given coincides precisely with the discussion of the
magnetization as a function of magnetic fields for bulk
antiferromagnets, for the case where the temperature
T =0 and quantum effects such as zero-point motions are
ignored. In the superlattices of interest here, we are deal-

ing with the interactions between macroscopic moments,
so the classical theory is fully adequate.

Before we present our results for the finite superlattice,
we comment on aspects of the numerical analysis, be-
cause uncovering some of the subtle features displayed
below required demanding calculations.

One sees easily that Eq. (2) always has two trivial solu-
tions: the antiferromagnetic configuration I a,s& =0,
a,„,„=m),and the ferromagnetic configuration Ia& =0,
1=1, . . . , NI. These are the true ground states in the
low- and high-field regions, respectively.

At intermediate fields, we solve Eq. (2) for a nontrivial
configuration I a&, l = 1, . . . , N ) in the same spirit as
Camley and Tilley, " and also the later work of
Nortemann, Stamps and Camley. We start with the
configuration of an infinitely extended superlattice at the
given field, and solve for the effective field(s) acting on
each individual spin due to its neighbor(s) and then rotate
the spin in such a way as to minimize its energy. This
procedure is repeated until a self-consistent configuration
is obtained.

As argued above, there are striking differences between
superlattices with even and odd numbers of ferromagnet-
ic layers. For N odd, we have on physical grounds the
symmetry relation aI =nz+ i I. This applies at all fields.
Hence only (N + 1)/2 of the spins need to be examined
during each sweep. With increasing field, the antiferro-
magnetic ground state enters the "bulk" spin-flop state at
a field H„when its energy (N —1)Hx/2 N—H„/2—

Hp crosses that of the latter. As the field increases, the
canting angles close up, and eventually the spin-flop state
merges continuously with the ferromagnetic state at a
field H, 2 slightly below that of the bulk:
H,'2 '=2HE —0„.This is so because, in a finite struc-
ture, the surface spins experience weaker exchange fields
opposing alignment, as noted above.

For N even, as we have seen, the situation is more com-
plicated: At low fields, in the antiferromagnetic ground
state, if spin I = 1 is aligned with the external field, neces-
sarily the ¹h spin is in the opposite direction to the
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external Seld. We thus reahze the surface spin-Bop tran-
sition, at a critical Seld H, well below 0,&. Our numeri-

ca1 studies show, as noted in brief remarks on the finite
superlattice by Keffer and Chow, that the surface spin ro-
tates nearly 180', at fields just above the surface spin-fiop
field. There is a domain wall, initially off'center, between
two nearly antiferromagnetic regions, just above the sur-
face spin-fiop field. With increasing field, the wall "hops"
towards the center of the structure, producing spikes in
dM/dH, the derivative of the magnetization with respect
to the external field Ho. Along with its motion, the wall

also grows in width with increasing field, and eventually
engulfs the entire structure, to produce a continuous
transition to the symmetric "bulk" spin-flop state. This
is similar to a second-order phase transition. We denote
the field at which this occurs as H, 3. This picture has
been confirmed by experimental observations. s Similarly
to the odd N case, as the field is increased from H, &,

another continuous transition to the ferromagnetic state
happens at a field H, z slightly below that of the infinitely
extended superlattice.

These results are summarized in Fig. 3, which ap-
peared also in our earlier publication. s For clarity and
completeness, we repeat it here. In Fig. 3(a), we show the
magnetization as a function of external magnetic field, for
the case where the external field is parallel to the easy
axis. This is done for a superlattice with 15 ferromagnet-
ic films, and also for a superlattice with 16 films. The pa-
rameters are Hz =2.0 kG, and Hz =0.5 kG. These ap-
pear to describe the samples used in Ref. 8.

The magnetization curve for N =15 shows the "bulk"
spin-fiop transition just below 1.5 kG; there is a discon-

tinuous jump in magnetization here (first-order phase

8

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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Hp= 1.063kG

Hp= 1.094k G

Hp= 1.258kG

Hp= 1.492kG

FIG. 3. (a) Total magnetic moment, as a function of external
magnetic Seld, for (i) a 15-unit ce11, and {ii) a 16-unit cell of a
model Fe/Cr(211) superlattice. (b) For the 16-layer superlattice,
we show the arrangement of ferromagnetic moments, for vari-
ous applied Selds.

transition). For the infinitely extended superlattice, in
the spin-flop phase, the magnetization is strictly linear in
external field, for the present model. There is clear cur-
vature in the curve labeled N =15. This is most evident
just above the bulk spin-fiop field, in Fig. 3(a}. The cur-
vature has its origin in surface e5ects.

The curve for N =16 is very difFerent than that for
N =15. We see a jump discontinuity in the magnetiza-
tion near 0.9 kG, at a field roughly i/2 smaller than H„,
in agreement with the early discussions ' (which cen-
tered on the liinit H„«HE). Notice that the magneti-
zation curve is continuous in the near vicinity of 0,3.
This is because, as argued by Keffer and Chow, the sur-
face spin-fiop state evolves into the bulk spin-fiop state in
a continuous manner.

This evolution is illustrated in Fig. 3(b). The spin ar-
rangement labeled HO=1. 063 kG is that realized a bit
below the surface spin-fiop transition. We can view the
structure as one with a domain wall separating two near-
ly antiferromagnetic regions; the moment of the film on
the right end of the structure (antiparallel to the external
field in the low-field state) rotates by an angle very close
to 180' at the surface spin-fiop field.

With increasing field, there are discontinuous jumps of
the domain wall towards the center of the structure. The
spin array labeled Ho = 1.094 kG shows the configuration
after one such jump. The domain wall migrates to the
center of the structure (spin configuration labeled
HO=1. 258 kG), and broadens as the magnetic field in-
creases. The bulk spin-fiop arrangement, with end effects
noted earlier, evolves out of this configuration
(configuration labeled Ho = 1.492 kG).

The discontinuous domain wall jumps leave their sig-
nature on the magnetization curves, though this is
difficult to perceive in Fig. 3(a). We see these effects more
clearly in dM/dH, the derivative of magnetization with
respect to field. In Fig. 4(a), taken also from Ref. 8, we
show dM/dH for N =15. The sharp spike, in reality a 5
function for our model, marks the onset of the bulk spin-
fiop transition. In Fig. 4(b), we give dM/dH for N =16.
We see a sequence of spikes within the surface spin-flop
regime. These spikes are introduced by the domain wall

jumps. There is a very sharp cusp in dM/dH at H, 3, but
as remarked earlier the magnetization is continuous here.

Experimental studies at Argonne National Laboratory
for superlattices with N =20 and 21 provide dM/dH
curves in excellent accord with the above analysis,
though the data do not resolve the spikes introduced by
the domain wall jumps. Studies of the magnetization via
the magneto-optic Kerr effect reveal that the surface spin
Hop is indeed localized near one surface of the structure.
A discussion of these results is presented e1sewhere.

The "bulk" spin-Bop transition for the case where we
have an odd number of layers is a first-order magnetic-
field-induced phase transition. The same is true for the
surface spin-flop state in the even case. %e thus expect
hysteresis effects in the vicinity of ihe phase-transition
fields. The magnetization curves displayed above are all
calculated by finding the absolute minimum value of the
energy for each field. If, for example, we start with the
low-field antiferromagnetic state and increase the exter-
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nal field, the spin arrangement will remain locally stable,
i.e., stable with respect to small-amplitude spin Suctua-
tions, up to magnetic Selds higher than that where the
energy of the low-field state crosses that of a Sopped
configuration. Similarly, if we start with high fields and

decrease the Seld, a spin-Sop state will be locally stable
until a Seld below the energy crossing is reached.

We may construct a stability diagram and probe the
dynamical stability of a given state by studying the eigen-
values of the matrix

M,"=—8 E/Ba;Ba

HE
cos(a;+aj )(1 5—;,)/5; I+I

HE
cos(a;+a )(1—5;~)5;J.

+ ' Ho cosa;+H„cos2a;—
HE

[cos(a;+a; &)(1—5;,)+cos(a;+a;+, )(1—5; N)] '5;, ,

where i,j =1,...,N. A11 eigenvalues of the matrix M
must be positive for the state to be stable.

Note that it is clear that stability may be explored by
varying only the direction of magnetization of the various
films, keeping them always in plane. If we tilt the magne-
tization of a given film out of plane, an internal demag-
netizing Seld antiparallel to the out-of-plane component
of the magnetization will be generated, and this will

clearly increase the energy of the state above that associ-

ated with tilting the magnetization in plane through the
same angle.

In constructing a stability diagram, we start from a
stable equilibrium configuration, and increase or decrease
the external magnetic Seld until it ceases to be in stable
equilibrium. In this fashion, we construct the stability di-
agrams given in Fig. 5, for N =15 and X=16 layers.
The arrows indicate the path taken by the sample, if with
either increasing or decreasing field the material remains
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FIG. 4. Plots of dM/dH for (a) the 15-layer structure whose
magnetic moment is described in Fig. 3(a), and (1) the 16-layer
structure whose magnetic moment is described in Fig. 3(b).
The spikes in the surface spin-Bop region are introduced by
domain wall jumps.

FIG. 5. Stability diagrams, illustrating the limits of stability
for superlattices with an even and an odd number of layers, re-
spectively. We show stability diagrams for the cases (a) N =15
and {b)N=16 layers.
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in a given configuration throughout switching, passing
the point where its energy crosses that of a different
phase, until the absolute stability limit is reached. These
diagrams can be viewed as model hysteresis loops, pro-
vided the system indeed makes full excursions of the sort
just described.

Comments are necessary to describe how these dia-
grams are constructed. Several different phases are
found, as we now illustrate for the case where Jii is even.
We can begin with the low-field antiferromagnetic state,
whose energy is independent of the field Ho. It is
straightforward to increase Ho, until the stability thresh-
old is reached, by the criterion given above. Similarly,
one may begin with the high-field ferromagnetically
aligned state with Ho large, decrease Ho, and find the sta-
bility limit of the phase, keeping all moments aligned fer-
romagnetically. When this is done, at a field just a very
tiny amount higher than the stability limit of the saturat-
ed state, we find a symmetric state splits off, to fall lower
in energy. In the symmetric state, which is the
configuration we identify as the bulk spin-flop state, we
have at ——a&+, t. Note that the remarks just made im-

ply the presence of hysteretic behavior in the vicinity of
the field where, with increasing field, the system satu-
rates. This efFect leads to a very tiny loop, too small to
show in Fig. 5. We believe this to be a finite-size effect,
which vanishes as X~ Do, and which is too small to ob-
serve.

We may explore the stability limit of the symmetric
bulk spin-flop state with the above criterion employed,
and the constraint aI=—a&+, I imposed as the field is
lowered. The surface spin-flop configuration is asym-
metric as one sees from Fig. 3(b). A description of this
phase is generated by removing the constraint
al ——a~+& &,

' we find the asymmetric solution at lower
fields, and with increasing field its energy merges with
that of the symmetric state. Once one "locks onto" the
asymmetric state, its stability is again explored through
use of the same criterion. With decreasing field, the
asymmetric state becomes unstable at a very small but
nonzero field, for the example considered. This is
difficult to appreciate from Fig. 5(b).

This summarizes our studies of the magnetic phase dia-
grams of our model of the Fe/Cr(211) superlattice. We
have considered samples with fewer ferromagnetic films;
we shall not present the details of the studies here. The
calculations reported above are demanding from the per-
spective of numerical precision. As a consequence, we
have found it difficult and time consuming to explore
values of %greater than 16.

We turn next to an examination of the collective spin-
wave modes of the superlattices.

III. COLLECTIVE SPIN-%'AVE MODES
OF THE SUPERLATTICK

We discuss in this section the collective spin-wave
modes of the superlattice structure, in the various
magnetic-field-induced phases described in Sec. II. Be-
fore we turn to the details of the present treatment, some
general discussions will be useful.

A. General remarks

Our attention here will be confined to the limit where
the ferromagnetic film can be regarded as very thin. We
suppose the spins within a given film are linked together
by very strong intrafilm exchange, so when a spin wave is
excited, the precessing component of the magnetization
within a given film is uniform across the film. That is, in
film I, let m(1;x; t ) be the fluctuating component of the
magnetization when a spin wave is excited. Quite gen-
erally, with y the axis normal to the film surface (the easy
axis here is always in plane, and in the z direction, as in
Fig. 2), we have

m(l; x; t ) =m( l;y )exp(ik„x+ik,z i cot—)

when a spin wave is excited. The thin-film limit we in-
voke supposes m(l;y) to be independent of y. This ap-
proximation is valid so long as we consider films whose
thickness is thin compared to (D/co)'~, with D the spin-
wave exchange stiffness, and e a typical spin-wave fre-
quency. For Fe, this approximation is quite adequate un-
til the film thickness reaches the 100 A range.

The mathematics becomes quite complex when this ap-
proximation breaks down, as demonstrated by early dis-
cussions of the influence of exchange on the spin waves
excited near the surface of ferromagnets, and in thin fer-
romagnetic films. ' ' An extension of this formalism to
superlattices would lead to calculations of formidable
technical complexity. The approximation just described,
combined with our simple treatment of the interfilm dipo-
lar couplings, leads to a rather straightforwardly imple-
mented formalism.

Collective spin-wave excitations of the entire superlat-
tice structure result because the spin waves in the various
ferromagnetic films interact through two mechanisms.
One is the interfilm exchange, and the other is the
interfilm dipolar interactions of long range, with origin in
magnetic fields generated by the precessing magnetic mo-
ments.

The exchange couplings are the same which enter our
analysis of the magnetization curves. Our analyses of the
magnetization curves did not require the inclusion of di-
polar effects, because, as noted above, the magnetization
always lies in the plane; no demagnetizing fields are gen-
erated by reorientation of the magnetization so long as
the films are infinite in extent. This is the reason why
there is close correspondence between the analysis in Sec.
II and the very early discussions of the surface spin-flop
transition, ' which also ignored dipolar effects.

It was noted that Saslow and Mills found a "soft" sur-
face spin wave to be associated with the surface spin-flop
transition. Their analysis of the spin dynamics ignored
dipolar effects also; this is surely reasonable for the anti-
ferromagnetic crystals of interest to them, within which
the exchange fields are larger than dipole fields by
perhaps two orders of magnitude. The parameters which
characterize the Fe/Cr(211) superlattices fall in a very
different regime. We have seen that Argonne Laboratory
samples are characterized, in the language of Eq. (1), by
HE —=2.0 kG and H„=-0.5 kG. A measure of the
influence of dipolar fields is given by 4aM„which in Fe
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is 21 ko. Thus, in the superlattices of interest, the dipo-
lar fields are very much larger than the exchange. Dipo-
lar fields are generated when spin waves are excited, by
virtue of the elliptical polarization of the modes, which
necessarily generates a component of magnetization nor-
mal to the surface, and also by the resulting spatial
modulation of the magnetization. The spin dynamics of
the superlattice structure will thus difFer qualitatively
from that in the analysis of Saslow and Mills.

We shall consider spin waves with wavelength long
compared to a lattice constant in the present paper. The
dipolar el'ects can then be described macroscopically.
There are two distinct effects, which are illustrated by
considering a single, isolated film. Consider first a spin
wave with wave vector kl =0, the unifarm mode of the
film. As the magnetization precesses, an internal demag-
netizing field is generated, of strength 4@m—~(l)y, by the
component of the precessing magnetization normal to the
film surfaces. It is this field which upshifts the resonance
of the film from the value yHO to y [Ho(HO+4mM, ))'
This efFect has been well understood for many decades. '

When k~~ =0, within macroscopic theory, the demagnetiz-
ing field is confined entirely to within the film; there are
no interfilm dipolar couplings in a multifilm superlattice
in this limit.

Now when k~~ is nonzero, though the wavelength is still
long compared to a lattice constant, one encounters a
new effect. The dipolar fields generated by the spin pre-
cession in a given film are no longer confined to the film,
but instead they leak out. In the superlattice, we then
have interfilm couplings of dipolar origin. In our thin-
film limit, we shall always be assuming kid « 1, where d
is the film thickness. Then the dipolar fields outside a
single film with static magnetization parallel to z are easi-
ly shown to have components (in the region y & d/2)

from analyses such as that presented by Saslow and Mills.
The calculations reported below show, for example, that
in this regime there is no hint of their soft made.

Now in the regime kiD «1,Nd =N, the total number
of films in the lattice. A measure of the role of interfilm
dipolar coupling is provided by 4aM, kj~D, which for
k~~D &(1 can be small compared to both HE and H„.
The internal, intrafilm demagnetizing field remains al-
ways, of course. %e find below that the spin dynamics
which emerges when klD «1 is very similar to that dis-
cussed by Saslaw and Mills: there is a "soft" surface
spin-wave mode, whase frequency vanishes as the stabili-
ty limit of the low-field antiferromagnetic state is ap-
proached from belaw, with increasing external field Ho.

There are important experimental implications of these
remarks. The spin waves excited in light-scattering ex-
periments typically have wave vectors in the range of 10
cm ', and for the Argonne samples this places one in the
regime klD 1. We are in the regime where interfilm di-

polar couplings play a central role. On the other hand,
microwave resonance excites collective modes with

klD «1. This technique should allow study of the low-

frequency mode which softens as an external magnetic
field drives the system towards the surface spin-flop.
These points will be illustrated by the calculations
presented below.

B. The formalism

We begin the discussion of the collective spin-wave ex-
citations as follows. We suppase the 1th film has a mag-
netization we write

M(l;x;t ) =MD(l)+m(l;x;t ),
where, following the remarks above, the time-dependent
portion is written

h„' '=2mkld m i m—„exp[—kI(y —d/2)], (4a) m(l;x;t ) =m(l)exp(ik„x+ik,z idiot ), —

h,' '=2nk„d m +i exp[ kll y d/2)], (4b)

h,'d'=2nk, d m +i m„exp[—kI(y —d/2)], (4c)
II

where m„and m„arehere assumed ve}iy small. We omit
the trivial factors exp(ik„x+ik,z icot) from th—ese ex-
pressions. It is assumed that the film lies between
y = —d /2 and y =d /2.

A measure of the strength of the interfilm dipolar cou-
pling, noting it to be rather long range, is 4~M, ktdNd,
with N& the number of films which are linked by the
fields displayed in Eqs. (4). There are then two cases for
the finite superlattices explored here. The first is the re-
gime k~~D

~ I, with D the superlattice thickness. Then a
rough estimate of Nd is Nd 1/k~~d, and the influence of
the interfilm dipolar couplings is very large indeed, com-
parable to that of the internal demagnetizing field which
shifts the uniform mode frequency from yHO to
y[HO(HO+4nM, )]' . In this regime, the collective ex-
citations of the superlattice are very difFerent in character

in the limit where the spins in film l are rigidly locked to-
gether by strong intrafilm exchange. Here Mo(l) is the
static magnetization, whose orientation is found from cal-
culations such as those in Sec. II. The basic equation of
motion is

M(l;x;t)=yH, s(l}XM(l;x;t) .d
dt

%e shall linearize this equation with respect to m.
The quantity H,s(l) is the effective field which acts on

film l. It consists of several pieces. One has, of course,
the external Zeeman field zHO. The anisotropy energy
adds a contribution which we write zM, (l;x; t )/M„with
M, the saturation magnetization. There is then the
interfilrn exchange, followed by the dipolar contribution
H&(l). Thus we have

H~
H,s(1)=&HO+ 8 M(l; tx)

M,
HE

[M(l —I;x; t }(.1 —5i, )
S

+M( l + 1;x; t )( I —5, N ) ) +Hd ( 1} . (6}
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Our means of generating the dipolar field requires
some discussion. In the case of very thin films, we could
simply follow Nortemann et al. ' and evaluate the
relevant dipole sums in a microscopic manner, using
techniques introduced earlier. ' Here we introduce a
macroscopic approach, which captures the essential key
aspects, in the thin-film limit.

The dipolar fields generated by the spin motions can, in
the magnetostatic limit, be written as the gradient of a
scalar potential. %e suppose for the moment that the di-
pole field Hd is a continuous function of x and t, and then
make contact with the quantity Hd(l) in Eq. (6) later.
Thus

d2 —
kII 4(y) 4iri[k—„m„(l)+k,m, (l)]=0 . (9)

The most general solution of Eq (9) c.an be written as

4(y) = At tcoshkll [y —(l —1)d ]

+Bt tsiilhkII [y —(l —1)d ]

z [k„m„(l)+k,m, (l)] .
kII

(10a}

The geometry is as follows. The superlattice unit cell has
thickness d, and d i & d is the thickness of the ferromag-
netic films. Then film l is taken to occupy the region
(l —1)d &y & (l —1)d +d, . The nonmagnetic spacers
have thickness dz, so that d =d, +dz.

The expression in Eq. (10a) describes the magnetic po-
tential within film l. We need this same quantity in the
regions between the films, and we then link the various
coeScients through boundary conditions. Just above film

l, in the region (1 —1)d +d, &y & ld, we write

4(y) = At t+ icoshk
II
[y —d, —(l —1)d ]

+Bt t+isinhkII [y —d, —(l —1}d], (10b)

and just below the film, in the region (l —l)d —d2
&y & (l —1)d, we have

4 (y)= At i tcoshkII[y+dz —(l —1)d]

+B. . .sinhkll [y+dz (l 1)d (10c)

The boundary conditions at each interface are to re-
quire the continuity of N(y). This ensures continuity of
the tangential components of the dipole field. Then nor-
mal components of B are conserved; within the film
8 = —dN/dy+4mm . The boundary conditions applied
to the surfaces of film / then lead to a set of inhornogene-
ous equations which link the various coefBcients together:

Hd(x;t)= Vy(x;r—),
where, of course,

p(x; t ) =4(y)exp(ik„x +ik, z i cot ) .—

Inside film I, where xn is viewed as independent of y,
one has, with kll =k„+k,,

A( lcoshklld i+&I,Isinhklld&
—

A~ I+

[k„m„(l)+k,m, (l)],
klI

(1 la)

4m
di+Bt, tcoshkIId, Bt t—+i=

k
mY(l), (lib)

II

At i tcoshkIIdz+Bt i tsinhkIIdz At t

[k„m„(l)+k, m, (l)],
kll

and

(1 lc)

These relations apply formally to all the films,
l =1,. . . , l}l. In addition, the outermost surface of each of
the end films is matched to a scalar potential that falls to
zero exponentially with increasing distance from the
structure, as exp(+kIIy). Let the superlattice structure
extend from y =0 to y =D. Then for y & 0, we write the
potential as 4(y ) =c expk IIy, while for y )D, we have

4(y) =c exp[ —
kII(y D)]. Using —the above procedure,

we match the solutions at the outermost surface.
%e are then led to a set of 4N+2 inhomogeneous

equations in the coeScients A& &,8I I, etc. combined with

c & and c &. It is a simple matter of matrix inversion to
find a relation of the form

At t =g I'"'(l, l')m„(l')+g I' '(l, l')m~(1')

+g I"(I,l')m, (l'), (12}

and similarly for 8I I.
The dipolar field inside film / has in the general case a

dependence on y. In the thin-film limit that e is regard-
ed as independent of y, the spins sense only the auerage
field within the film. Thus, after carrying out the averag-
ing procedure, we generate an expression for the field
Hd(l) which enters Eq. (6). When kIId, «1, this relation
takes the form

Hd(l) = —
ikll At t yk IIB

4mk
II

II

kll

If one works entirely in a laboratory coordinate sys-
tern, then by this method one obtains a 3N X3N matrix
to diagonalize. In this matrix, N eigenvalues are identi-
cally zero, N are positive numbers, and N are negative
numbers. The 2N nonzero eigenvalues are the physical
spin-wave frequencies. The negative eigenvalues corre-
spond to waves which propagate across the structure in
the opposite sense to the positive set. Thus, if one com-
pares the set with a particular choice of k~~ with those
generated by the choice —

k~~, the positive- and negative-
frequency set are interchanged.

If one desires, one can reduce the size of the eigenvalue
problem to that of a 2NX2N matrix. This is done by

4mAt, tsinhkIId2+Bt i tc—oshkII12 Bt, t
=

k mt (l}
)I

(11d)
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erecting a local coordinate system in each film, with a lo-
cal z axis aligned along the magnetization. The two com-
ponents perpendicular to the magnetization only then
enter the discussion, and all 2NX2N eigenvalues are
nonzero. Since N is not very large in the examples con-
sidered here, we saw little motivation to do this.

C. Calculations of the collective spin-wave modes
of the structure

We now turn to the results of our studies of the collec-
tive modes of the finite Fe/Cr structures. We shall con-
centrate on the case where we have an even number of
layers, and the surface spin-flap transition thus develops.

In Fig. 6, we show the frequencies of the collective
spin-wave modes of the structure with 16 layers, whose
magnetization curve is illustrated in Fig. 3(a). For these
calculations, we have chosen kid=0. 05, with d the
thickness of the unit cell, which is 51 A for the structure
considered. Notice this means kiD =0.8, where D is the
thickness of the entire structure. We are thus in the re-
gime where, according to our earlier discussions, the
spin-wave spectrum of each film is influenced strongly by
interfilm dipolar interactions. We show both positive-
and negative-frequency eigenvalues.

First consider the low-field antiferromagnetic state,
which occupies the field region Ho(0. 9 kG. The first
thing one notices is that we have a very high-frequency
mode, split oF froin the various other normal modes of
the structure. This mode can be viewed as the uniform
mode of the entire structure. For this mode, the com-
ponent of precessing magnetization parallel to the sui-
face, m, has the same sign in each film, with magnitude
that varies modestly through the stack of Fe films. On
the other hand, m~ oscillates in sign. One can appreciate
that, for a system with antiferroinagnetic ground state,
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0.4

I

0.0

-D.B
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2.6 3.2 3.6 4.0

FIG. 6. Magnetic-field dependence of the spin-wave spec-
trum of the 16-layer superlattice where magnetization curve is
given in Fig. 3(a). The calculations assume k~td=0. 05, with d
the thickness of the unit cell. The propagation direction is per-
pendicular to the external magnetic Seld. Also, we have as-
sumed 4aM, =21 kG for each Slm. Each Fe Slm contains 25
atomic layers, and each Cr film contains eight atomic layers.

this eigenmode generates a dipolar field which couples
strongly to the spin motion, through the M,H and
M,H„terms in the equation of motion. In the antiferro-
magnetic state, M, alternates in sign as one moves from
film to film, so an oscillatory dipolar field generates a
coherent torque on the film in the system.

In the low-field state, there are in the spectrum two
surface modes of exchange character, one localized to the
left surface and one to the right surface. Recall that the
rightmost fllm is antiparallel to the external field. The
lowest-frequency mode, for both signs of ki, is rather
highly localized to the right-hand surface, where antipar-
allel alignment is responsible for the surface spin-flop
transition. The ninth mode, which at higher fields can be
seen to lie in a gap between "acoustical" and "optical"
standing-wave resonances in the structure, is localized to
the left-hand surface.

The lowest-frequency mode, the exchange mode local-
ized to the right surface, can be recognized as the analog
of the soft mode discussed in the early literature as the
surface spin-flop transition. ' We see that, as the surface
flop field is approached from below (this is indicated by
the vertical line near 0.9 kG), this mode softens only very
slightly. Dipolar stiffening, in this regime of wave vector,
suppresses the soft-mode behavior.

The surface spin-flop region lies between the vertical
lines just above HO=0. 9 kG and HO=1. 3 kG. As the
field increases, one sees discontinuous jumps in the fre-
quencies of the various modes. The discontinuities arises
from the field-induced domain wall jumps discussed ear-
lier.

We enter the symmetric bulk spin-flop state just above
an applied field of 1.3 kG. We see again a high-frequency
mode split oF from the mode spectrum of the structure.
With increasing field, this mode acquires the characteris-
tic of the well-known Damon-Eshbach mode associated
with ferromagnetic films. The negative-frequency inode
tends to localize on-the left surface, and the positive-
frequency mode on the right surface. The two nearly de-

generate modes of lowest frequency are exchange sueace
waves, which are symmetric and antisymmetric combina-
tions of eigenvectors localized on the two surfaces.

One can also notice the convergence of spectra at fields

around 2.4 kG. This is because the inner spins of the
structure are inaking an angle of nearly 90' with each
other, and the eFective exchange fields are inoperative.

In the high-field saturated state, the high-frequency
mode, split ol' from the band of standing-wave modes,
can be viewed as a uniform mode of the stack of films,
where all the film magnetizations precess in phase. Here
both m„and m„are roughly constant across the struc-
ture.

This summarizes the nature of the collective modes, in
the regime of wave vectors appropriate to Brillouin light
studies. We turn to the limit k~~D && 1 next.

As remarked earlier, when k~~D «1, the interfilm di-

polar couplings become negligible, and the dipolar cou-
plings lead only to the intrafilm dynamic demagnetizing
fie1d —4m.m y. In this limit, the dispersion in the spin-
wave spectrum of the structure is controlled only by the
interfilm exchange.
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In Fig. 7, we show the magnetic-field dependence of
the collective spin-wave spectrum when k~~

=0. One no-

tices that the very high-frequency mode presented in Fig.
6 is missing. At each field, the mode was split off from
the standing-wave resonances of the structure by the
interfilm dipolar couplings, which are now absent. Fur-
ther evidence of their absence is provided by the fact that
the negative-frequency eigenvalues are equal and opposite
to the positive-frequency ones. The nonreciprocity in-

duced by the interfilm dipolar coupling is now absent.
In the low-field state, the eigenvalues cluster into an

optical spin-wave branch, and an acoustical spin-wave
branch. This is most evident at the higher fields. In the
regime where, for example, HO-0. 5 kG, the highest
seven modes are standing resonances of optical magnon
character. The next mode down, which lies in the gap
between the optical and acoustical cluster, is an
exchange-dominated surface mode, localized near the left
surface, where film magnetization is parallel to the exter-
nal field M. odes 9-15 (counting down from the top) are
standing waves of acoustical character.

The lowest-frequency mode is also an exchange surface
mode, as before, localized at the surface whose film is an-

tiparallel to the external field. This mode softens more
substantially than its counterparts in Fig. 6 as the surface
spin-fiop field is approached from below, since the
"stiff'ening" provided by interfilm dipolar interaction is
now absent. We have followed the frequency of this
mode as the external field is increased beyond the surface
spin-Hop field, to the point where the low-field ground
state becomes unstable (see the model hysteresis curve in

Fig. 5). The frequency of the mode vanishes as the stabil-

ity limit is approached from below. This lowest mode is

thus the equivalent of the "soft mode" found earlier by
Saslow and Mills.

We have, in both Fig. 6 and Fig. 7, a mode that very

nearly goes soft, as the saturation field is approached
from either above or below (see near 3.5 kG). In the bulk

two-sublattice antiferromagnet, with dipolar couplings ig-

nored, one has a true soft mode at this field, which is a
second-order phase transition. We see that in the finite

superlattice the mode frequency remains finite. This is a
size effect. We also find a very small degree of hysteresis
in the transition from the bulk spin-Qop to the saturated
state, though this is too small to illustrate in Fig. 5.
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FIG. 7. Same as in Fig. 6, except now we have taken k~~
=0.

IV. CONCLUDING REMARKS AND DISCUSSIONS

This paper has discussed both the magnetization
curves and the dynamic response characteristics of
Fe/Cr(211) superlattices grown on MgO(110). The re-
sults suggest that it would be of great interest to compare
the response characteristics as probed by Brillouin
scattering studies with those in the microwave regime. In
the former case, we are examining collective modes with
wave vectors k~~ in the range of 10 cm ', while in the
latter we have ki ——-0. Thus, for reasons we have dis-

cussed, interfilm dipolar interactions inhuence the modes
probed by light scattering, but their infiuence will be
quite negligible in the microwave region.

It is our understanding that, at present, light-scattering
studies of the Fe/Cr(211) structures are under way. ' We
are presently generating theoretical descriptions of the
spectra. These results, along with a comparison with the
data, will be discussed elsewhere.

The studies presented here show that the Fe/Cr(211)
superlattices are rich systems, and we hope the calcula-
tions will stimulate further experimental study.
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