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Moriya s perturbation theory is applied to the distorted Ni02 and CuOz planes, and the effective spin

Hamiltonians are derived. Spin-wave theory is explored for the Hamiltonians, and the spin-wave excita-

tions are studied for nickelates and cuprates with low-temperature orthorhombic and low-temperature

tetragonal (LTT) structures. It is shown that in the cuprates the origin of the anisotropy responsible for
the spin-wave gaps is different for in-plane and but-of-plane modes: i.e., anisotropic superexchange for
the in-plane mode, and anisotropic direct exchange for the out-of-plane mode. This difference explains

the observed structural dependence of the spin-wave gaps in Lal 65Ndo 35Cu04. In nickelates, the single-

ion anisotropy is solely responsible for the spin-wave gaps, which are observed in La2Ni04. We discuss

the mechanism of the weak ferromagnetism; in the nickelates the Dzyaloshinski-Moriya (DM) interac-

tion causes the weak ferromagnetism in the LTT phase where an appropriate spin configuration is

prepared by the single-ion anisotropy. In the cuprates, where the single-ion anisotropy for preparing the

spin configuration is absent, the DM and pseudodipolar interactions themselves determine the spin

configuration: the weak ferromagnetism originates only from the competition between these two in-

teractions. It is proposed that a multiorbital effect is essential to explain the observed weak ferromagne-

tism in the LTT phase of Lal 65Ndo 35Cu04.

I. INTRODUCTION

The layered perovskite compounds, LazCu04,
Lap z y Ndy Srz Cu04, and LazNi04, exhibit a number of
crystal structures including high-temperature tetragonal
phase, low-temperature orthorhombic (LTO) phase, and
low-temperature tetragonal (LTT) phase, ' and associ-
ated with these structures a number of intriguing magnet-
ic behaviors have been observed. ' La2Cu04 shows
weak ferromagnetism in the LTO phase.
Lat 65Ndo35Cu04 shows weak ferromagnetism in both
LTO and LTT phases. LazNi04 shows weak fer-
romagnetism only in the LTT phase. ' The magnetic an-
isotropy is observed as the spin-wave gaps at the center of
the two-dimensional Brillouin zone. ' '" The spin-wave
gaps with in-plane and out-of-plane modes have been re-
ported to be 2.3 and 5 meV, respectively, for La2Cu04.
Structural dependence of the spin-wave gaps has been ob-
served in La, 6&Ndo 35Cu04 (Ref. 8) and LazNi04. ' in
both compounds the in-plane spin-wave gap depends sen-
sitively on the structural phase transition, but the out-of-
plane spin-wave gap does not. In La& 65Nd035Cu04, the
in-plane spin-wave gap of the LTT phase is about two
times larger than that of the LTO phase. In La2Ni04,
the in-plane spin-wave gap of the LTT phase is about one
half of that of the LTO phase. '

Several groups have recently studied the
Dzyaloshinski-Moriya (DM) interaction' ' in the dis-
torted Cu02 plane. ' ' Coffey, Bedell, and Trugman'
have pointed out that the spatial pattern of the DM in-
teraction must reBect the crystal symmetry correctly; an
effective spin Hamiltonian has been suggested and the
spin-wave dispersion has been calculated. The first at-
tempt of microscopic derivation of the DM interaction

has been made by Coffey, Rice, and Zhang they have
applied Moriya's perturbation theory' to the cuprates.
Shekhtman, Entin-Wohlman, and Aharony' have reex-
amined the Moriya's perturbation theory and have pro-
posed that the frustration due to bond dependence of the
anisotropies is the origin of the weak ferromagnetism in
the LTO phase of La2Cu04. Bonesteel' has discussed
the magnetism of YBazCu306 as well. In our previous pa-
per, ' we have claimed that the contributions from mul-
tiorbitals of the ligand ions are essential for the emer-
gence of weak ferromagnetism in the distorted Cu02
plane. Shekhtman, Aharony, and Entin-Wohlman have
pointed out the importance of the pseudodipolar interac-
tion of direct-exchange mechanism in describing magnet-
ic behaviors of cuprates. ' '

In this paper, we will ofFer a general understanding of
the Dzyaloshinski-Moriya antiferromagnets by making a
comparison of magnetic behaviors between cuprates,
La2Cu04 and La& 6sNdo 35Cu04, and nickelates La2Ni04.
The cuprates and the nickelates differ only in their spins
on the magnetic iona. Understanding of magnetic
behaviors of these systems provides a good opportunity
for clarifying the physics of weak ferromagnetism. We
will show the following. (i) In La&6&Ndo35Cu04, the
different structural dependence between the in-plane and
out-of-plane spin-wave gaps is due to the difference in
their origin: the in-plane spin-wave gap is provided by
the anisotropic exchange interactions of superexchange
mechanism whereas the out-of-plane spin-wave gap is
provided by the anisotropic exchange interactions of
direct-exchange mechanism. (ii) In La2Ni04 the single-
ion anisotropy controls the spin arrangement: the weak
ferromagnetism appears only if the spin arrangement is
such that the DM interaction can provide the energy
gain. (iii) The spin-wave gaps are provided solely by the
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single-ion anisotropy in La2Ni04.. this explains the
diferent structural dependence of the in-plane spin-wave

gap between nickelates and cuprates.
The essence of the Dzyaloshinski-Moriya antifer-

romagnetism manifests itself in the comparative discus-
sion on the magnetism of cuprates and nickelates. The
spatial pattern of the DM interaction is determined by
the crystal structure. The spin arrangement is fixed by
the single-ion anisotropy because the strength of the
single-ion anisotropy overwhelms the strength of the an-
isotropic exchange interactions of both superexchange
and direct-exchange mechanisms. The weak ferromagne-
tism is realized when the spin system can obtain the ener-

gy gain by laying the fixed spin arrangement in accord
with the determined spatial pattern of the DM interac-
tion. The weak ferromagnetism in ordinary
Dzyaloshinski-Moriya antiferromagnets, e.g., a-Fe203,
MnCO3, CoCO&, CrF3, etc., emerges in spin systems
which involve single-ion anisotropy. In the ordinary
Dzyaloshinski-Moriya antiferromagnets, the DM interac-
tion cannot be detected in the magnetic properties such
as weak ferromagnetism and spin-wave gaps if there is no
cooperation of the single-ion anisotropy.

The weak ferromagnetism of cuprates is quite peculiar
because the single-ion anisotropy does not exist in this
system. In this sense cuprate is not one of the ordinary
Dzyaloshinski-Moriya antiferromagnets; its weak fer-
romagnetism requires explanation from a different mech-
anism. The problem is to provide a mechanism of con-
structing the spin arrangement in which the DM interac-
tion can contribute to the gain in energy of the spin sys-
tem. We propose that the multiorbital effect is essential
for the emergence of the weak ferromagnetism in the
LTT phase of La, 65Nd0 35Cu04.

In Sec. II, we explore Moriya's perturbation theory in
the NiOz and Cu02 planes of the LTO and LTT phases,
and we derive the anisotropic exchange interactions of
superexchange mechanism. The anisotropic exchange in-

teractions of direct-exchange mechanism is derived for
the NiOz and CuOz planes in Sec. III. The single-ion an-

isotropy in the LTO and LTT phases of La2Ni04 are de-

rived in Sec. IV. In Sec. V, we calculate the spin-wave
spectra for the derived effective spin Hamiltonians. The
origin of the weak ferromagnetism in cuprates and nick-
elates is also discussed. Conclusions are given in Sec. VI.

II. SUPEREXCHANGE INTERACTIONS

In this section we derive the superexchange interaction
in the Ni02 and Cu02 planes by the perturbation theory.
The Ni ion has two holes in the 3d orbitals, x' —y' and
3z' r', in the Ni06 octahed—ron (see Fig. 1). The Ham-
iltonian for the holes in the Ni02 plane is written by tak-

(a) (b) zx, (yz)
0

3 12 )2

ing into account the spin-orbit coupling as follows:

H =HD+H, +HL~,

with

and

0 P em jmadjmv+ X ep pknnpkna
jma kna

+ g U .n n, ~ ,
jmm

'

H, = g g (t, „„d,~~p„„~+Hc ), . .
jmo k(j)na

(2)

(3)

where k(j}denotes the kth 0 site of the neighboring Ni
site j,d is the creation operator of a hole with spin o.

on the rnth 31 orbital of the jth Ni ion, e is the crystal-
field level of the mth 31 orbital, pk„ is the creation
operator of a hole with spin o on the kth 2p„orbital
(n =x, y, and z) of the jth 0 ion, e~ is the energy of the

&n

kth 2p„orbital, and n is the number operator for the

hole on the mth 3d orbital of the jth Ni ion. The energies
are measured from the lowest energy level of the Ni 3d
orbitals. U ~ is the Coulomb interaction constant be-
tween holes on the Ni site. tj kn denotes the transfer of
a hole between the mth orbital of the Ni ion j and one of
the 2p„orbitals of the neighboring 0 ions k; a number of
nonzero t kn appear due to lattice distortions. LJ and
L ' denote the orbital angular momenta with magnitude 2
at the j site. S' and S~' denote the operators of spin —,

' at
the j site. I and II are the superscripts for two holes on a
Ni ion. A. is the spin-orbit couplIng constant.

Let us apply the perturbation theory. In the first order
of A., we obtain the following Hamiltonian:

Xt2 yt2

FIG. 1. (a) The Ni06 octahedron and the x'y'z'-coordinate
system. Open circles indicate 0 ions forming the octahedron;
the Ni ion is located at the center. The shaded area is a section
of the Ni02 plane. (b) The crystal-field-level structure in the
x'y'z'-coordinate system. Two holes are indicated by arrows.
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with

L,' 0
Cjpkn & X jmkn

m &m

Lj' i
Cjl kn ~ P jmkn

m &m

(5)

where fr~ is the Pauli spin matrix, 0 and 1 denote x' —y' and 3z' r—orbital of the jth Ni ion, respectively, and
L' 0(L», ) is the complex conjugate of the matrix element of L between the nith and the ground (first-excited) state or-
bital of the jth Ni ion. We assume that U ~ is independent of rnfn by writing U, but we retain the subscripts in the
second term of Eq. (4) as Up, ( = U) for convenience. By examining the fourth-order terms with respect to the transfer
parameters f and C in Eq. (4), we find the superexchange interaction between the spins on the Ni ions:

H= y J~s; sq+ g ap(s;xsq)+ y s, rpsq, 6
&ij &pq &ij &pq (ij &pq

with

and

=4 g (fip kn fkn jq +Clp kn Ckn jq )gnn (fjq kn fkn'', ip +Cjq kn 'Ckn ip }
nn'

ij X f ip, kn knjq+ ip, kn' n, jq
' jq ' ', p+ j'q, " ',p'

nn'

(fip, kn knjq+Cip, kn Ckn jq }gnn'(Cjq, kn' kn', ip+ jq, kn' Ckn', ip))

ij P I(Cip, kn knjq+ ip, kn Cknjq }gnn'(Cjq, kn' kn', ip+ jq, kn' Ckn', ip }
nn'

+( jq, kn kn, ip+ jq, kn Ckn, ip }gnn'( ip, kn' kn', jq+ ip, kn' kn', jq }

l(Cipkn fknjq + fipkn kn jq )gnn'(Cjqkn'fkn', ip + fjqkn' kn', ip )) I

where p and q denote 0 or 1. The vector with the arrow ~ or ~ indicates that the inner product is taken with the spin
operator put in the direction of the arrow. 1 is a 3 X 3 unit matrix. g„„.is given by

1 1 1+—U ) U (s, —U»)
(n =n')

gnn'=
1 1 1 1 1+ +

(ep
—

Up, }(Ep Upi) U 2 (zp Upi) (sp, Upi) +c —
2UO&

(nAn') .
(10)

The two 1/2 spins in the Ni ion form a spin 1 because
of the Hund coupling. By restricting the magnitude of
the spin on the Ni ion to be 1, the effective superexchange
interaction between the neighboring spins on the Ni ion
is derived from Eq. (6) as follows:

H =g y S,'S, + g D,,'(S, xS, )+ g S;r;jsj,
&

'J'
& &

'J'
& &

'J'
&

with

(15)

pression of the superexchange interaction for the CuOz
plane:

H=J g S,'Sj+ g Dj (S, Xsj)+ g S,rjsj,
(ij & (ij& (ij &

with

(gpp+glp+ Jpl+gll )
1

4

D"=—'(D" +D' +D '+D")Ij 4 EJ iJ ij iJ

(12) and

(13)

J JOO

DOO
iJ iJ

r- =rfj ij

(16)

(18)

and

r. . = i(rm+r". . +rp. .'+r". ) .JJ 4 EJ iJ iJ sj (14}

If one eliminates the terms involving S,' and S'. in Eq.
(6}and puts Up, to be zero in Eq. (10), one obtains the ex-

Now let us consider the transfer parameters t and C,
and determine the expressions of the superexchange in-
teractions in Eqs. (11) and (15). The crystal structures of
the LTO and LTT phases are illustrated in Fig. 2. In the
LTO phase, the octahedra involving 3d magnetic ion ro-
tate alternately about the a axis, and in the LTT phase,
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FIG. 2. {a) La2Cu04-type crystal structure in the LTO phase.
The open arrows indicate the tilting of the octahedron. (b) The
M02 (M =Cu, Ni) plane of the LTO phase: the 0 ions indicat-
ed by an open (hatched) circle are tilted up (down) out of the
plane. (c) As in {a),but for the LTT phase. (c) As in(b), but for
the LTT phase. The checked circles indicate the 0 ions remain
in the plane.

in the LTO phase, and by

Ip. &=lp. &,

Ip, &=lp, &
—5lp, &,

Ip, &=lp, &+5lp, &,

(22)

Dg (0 df$o 0)

Dg =( —d f'tro, 0,0),
(23)

with

in the LTT phase. Inserting the orbitals of Eqs. (19) and
(21) into Eq. (8), we have the expressions for the Dg and

Dg in the LTO phase as

the octahedra rotate alternately about the x axis. The
coordination of ligand ions is responsible for the crystal-
field level structure. The 3d crystal-field orbitals are
represented as x' —y', 3z' —r, x'y', y'z', and z'x' with
respect to x'y'z'-coordinate system shown in Fig. 1.
These orbitals may be written in the xyz-coordinate sys-
tem by

lx' —y'& = lx' —y'&+ (lyz &
—lzx &),v'2

13z' —r'&= I»' —«'&+5M ', (lyz &+—lzx&),

ly'z'& = lyz &
— —(Ix' —y'&+v 3I3z' —r'& —lxy &),v'2

(19}
lz'x'& = Izx &

— —(
—lx' —y'&+v'3I»' —r'& —lxy &),v'2

where

x
C +e 2U01

CT 2
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'(e, —U„)' U s, —U„
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2 (ep Uoi ) (ep Uoi )

(24)

Ix'y'& = Ixy &
— (Iyz &+ lzx &),

2

in the LTO phase, and by
I 10 T01

ZX

(25)

lx' —y'& = lx' —y'&+5lyz &,

13z' r' &=13z r &+5v'3lyz&,

ly'z'& = lyz &
—5(lx' —y'&+v'313z' —r'&),

Iz'x' &
= Izx &+5lxy &,

Ix'y' &
= Ixy &

—5lzx &,

(20)

in the LTT phase, where 5 is the tilting angle of the oc-
tahedron. These expressions are used to obtain L- 0 and

LJ, in the expression of C's. The representation of the
2p orbitals in the tilting x'y'z'-coordinate system is useful
for obtaining t. k„', they are given by

2(t 2 2)ZX,P 3Z —
P

ZX

4v'Z
2(t i 2)

Here we have used c~, =c . c is the energy of the 2p

orbital, and t is the transfer parameter of a hole be-

tween the 3d and 0 2p, orbitals. t, 2(t 2, ) is the
X g 3Z 1'

transfer between 3d 2 2 (3d 2 2) and O 2p orbitals.x —y 32

By inserting the orbitals of Eqs. (20) and (22) into Eq. (8),
we have

lp. &
= Ip. &+ ~- Ip, &,v'2

D,36
=(0,0,0),

D„=( —v'2d f'tro, 0,0),
(26)

Ip, &=lp, &
— —(Ip„&—Ip, &),v'2

5
v'2

(21}
in the LTT phase. The schematic representation of the
spatial pattern of the DM interaction of the LTO and
LTT phases is shown in Fig. 3.
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FIG. 4. One of the perturbation processes for the
anisotropic-exchange interactions of direct-exchange mecha-
nism.

FIG. 3. The spatial pattern of the DM vectors D;J (indicated

by the open arrows) of (a) the LTO phase and (b) LTT phase.
The arrows for the DM vectors are drawn by noting that the
site j is always in the right or upper direction of the site i.

III. ANISOTROPIC-EXCHANGE INTERACTIONS
FROM DIRECT-EXCHANGE MECHANISM

In the previous section, we have derived the DM and
pseudodipolar interactions by considering the superex-
change mechanisms; the DM interaction is linear in the
spin-orbit coupling constant A, and also in the tilting an-

gle 5 of the octahedron, and the pseudodipolar interac-
tion is of the second order of both A, and 5. Evaluating
the parameter values as A, -O. 1 eV, ' 5-0.05 rad [for the
LTO phase of La2cu04 {Ref. 22}], and s», —1 eV, we
find that the magnitude of the pseudodipolar interaction
is roughly 5 (A, /s) J-10 J. The pseudodipolar in-
teraction with direct-exchange mechanism thus cannot be
neglected. Shekhtman, Aharony, and Entin-
Wohlman' ' first pointed out the importance of the
direct-exchange pseudodipolar interaction in the magne-
tism of the cuprates. The anisotropic-exchange interac-

(28}

for nickelates and by

(29}

for cuprates. We find

tions of direct-exchange mechanism is given, e.g., by the
following perturbation process (see Fig. 4}; (i) the spin on
the x —y orbital at i site goes to the zx orbital at the
same magnetic ion by using the spin-orbit coupling, (ii)
the direct-exchange interaction acts between the spin on
the zx orbital at i site and the spin on the xz —yz orbital
at j site, and (iii} the spin on the zx orbital at i site returns
to the x —y orbital at the same magnetic ion by using
the spin-orbit coupling. We thus obtain the direct-
exchange pseudodipolar interaction

H = ps;r,'jsj, {27}
(ij )

where I j is given by

ij 4 ~ ipjq
pq

"d. = 21. Jim,jq
ripjq =X

4
' X 2 [Lipm Limp +LimpL, pm 1(Lipm 'Limp )]

(s —ep)

Jip,jmX g '

2 [Ljqm Ljmq +LjmqLjqm 1(Ljqm 'Ljmq ) ]
(s —sq)

(30)

where J; is the direct-exchange interaction between
spins on the mth orbital at i site and the qth orbital at j
site. The direct-exchange pseudodipolar interaction does
not require the lattice distortion; the effect of the lattice
distortion can be neglected. This is in contrast to the su-
perexchange pseudodipolar interaction for which the lat-
tice distortion is essential. We obtain the structure of the
direct-exchange pseudodipolar interaction by considering
the coordinations of the 3d orbitals and 2p orbitals:

s.r.,s,
(Sx S» Sz }

X 0

where

—(r, +r, )

0

S"
c

0 Sy

r —r sc

S,I,i, sb

=(S," S» S )

—(r, +r, )

x 0 r) —r2

0 S"
b

Sf

r, =
2

I2=
2

~azx, bo Jazx, b1

2(s )2 2(s —e~)

~~y, bo ~Ox', b 1

(s„»)2 (e, »
—s~)

(32)

s,'
(31} for nickelates and
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g2 azx bpJ
2(e,„)

—g2 axy/ bp2J

(E„y)'

(33)

for cuprates. Here we have used the relations c. =c. ,
J,. - Jq j By using c, &c„y&El, J bp

I,) I 2. I',b and I'„provide the anisotropy along the
bonds a-b and a-c, respectively. As a result, the direct-
exchange pseudodipolar interactions compete with each
other. Because of this competition, the in-plane anisotro-
py of the direct-exchange pseudodipolar interaction van-
ishes, and only the easy-plane anisotropy remains.

IV. SINGLE-ION ANISOTROPY

yz', zx'

3 /2 /2

x /2 y/2

IM
W~l

zx' bc

x/2 y/2

/2 /2

Crystal Field
Levels

Single-ion anisotropy exists in the nickelates since the
Ni spin is 1. The expression for the single-ion anisotropy
is well known and is written as

Hg = —g A„,S"S
pv

with

(34)

A PV
Nl

(Lq+Lq )0 (L'„+L'„')0
(35)

Acc

A
a'a'

2

2

2

1 + 3

E c/b/ E a/b/ C~ /2 /23z

~a b ~c'b' 3z p'

(36)

The structure of the single-ion anisotropy is deter-
mined by the structure of the crystal-field levels charac-
terized by the symmetry of the Ni06 octahedron reduced
by the lattice distortion. The observed symmetry of the
Ni06 octahedron is illustrated in Fig. 5 for the LTO and
the LTT phases. The degenerate crystal-field levels for
the y'z' and z'x' orbitals split into two nondegenerate
levels. These orbitals are represented as c'b' and a'b'
with respect to the tilting a'b'c' coordinate in the LTO
phase, and as y'z' and z'x' with respect to the tilting
x'y'z' coordinate in the LTT phase. We thus obtain the
expressions for the single-ion anisotropy

'2

(a) (b)

FIG. 5. Distortions of the Ni06 octahedron in the LTO and

LTT phases (Ref. 5), and changes in the crystal-field levels due

to symmetry reduction. (a) The crystal-field-level structure for
the undistorted Ni06 octahedron: the z'x' and y'z' levels are

degenerate because the cross section in the x'y' plane is square

for the octahedron with the D4I, -group symmetry. (b) The
crystal-field-level structure for the distorted Ni06 octahedron in

the LTO and LTT phases: the degeneracy between the z'x' and
y'z' levels is lifted because the octahedron has the D»-group
symmetry where the crossection in the x'y' plane is rectangular

in the LTO phase and diamonds in the LTT phase.

In the LTT phase, the energy level of the y'z' orbital is
higher than the energy level of the z'x' orbital because
the 0 ion goes away from the electron cloud of the y'z'
orbital by the distortion of the Ni06 octahedron. Then,
we have

A
y'y' & A

x'x'
& A

z'z' (39)

for the LTT phase by using the x'y'z' coordinates, In the
LTO phase, the energy level of the c'b' orbital is lower
than the energy level of the a'b' orbital because the 0
ion approaches the electron cloud of the c'b' orbital by
the distortion of the Ni06 octahedron. Then, we have

(38)

A
b'b'

2 x'y'
V. SPIN-WAVE THEORY

Ayy =

Azz

2

2

~z'x' 3z l'

for the LTO phase by using a'b'c' coordinates, and
2

1 3

&y z ~32 .2

2

(37)

H =J g S, .S, + g D,J (S, XS, )+ g S,I;,S) .
&~j& &ij & &~j&

(40)

The structure of the DM and pseudodipolar interactions

In this section we explore the spin-wave theory in the
LTO and LTT phases of the cuprates and nickelates.

First let us consider the cuprates. The Cu ions have

spin —„sothat the single-ion anisotropy does not exist in

the spin system. The spin Hamiltonian for the cuprates
consists of the superexchange interaction Eq. (15) and
direct-exchange interaction Eq. (27):
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obtained by the perturbation calculations are given, re-

spectively, by

D,&
= —( —d, d, o),1

2

D„= —( —d, —d, o),
2

(41)
(c)

and

—r2

r.,= —r, —r'
—r —rS

1

—r 2

r —r —r'
2 1

(42)

FIG. 6. The schematic representation of the spin structure

(solid arrows) and direction of the DM vectors (open arrows) in

the Cu02 plane of the LTO and Ll I' phases. (a) The weak fer-

romagnetism in the LTO phase. All the spins cant up out of the

plane. (b) The weak ferromagnetism in the LI j. phase. All the

spins cant up out of the plane. (c) The antiferromagnetism

without spin canting in the LTT phase.

—r, r +r'
I = I,+I —rac

r —r —r'
2 1

In the LTT phase, there are two possibilities of the spin
structure in the classical system: one is the weak fer-
romagnetism with spin canting angle

with respect to the acb coordinate in the LTO phase and

by
J i(r~+rs) (46)

D,& =(0,0,0),
D„=(—d, o,o),

and

—(r, +r, )

0

(43) and the other is the antiferromagnetism without spin
canting [see Figs. 6(b) and 6(c)]. The classical ground-
state energy of the weak-ferromagnetic spin arrangement
[Fig. 6(b)] is given by J+dz/(8J) —I 2

—I s/2 per pla-
quette, and that of antiferromagnetic spin arrangement
without spin canting [Fig. 6(c)] is given by J —I'2+ I /2
per plaquette. Thus, either the weak ferromagnetism or
the antiferromagnetism without spin canting is realized
depending on the sign of

r, +r,+r' (44) d rS
SJ

(47)

r =
ac

—r —r —rS
1 2

d W'Z

J—,(r, +r'} (45)

with respect to the xyz coordinate in the LTT phase (see
Fig. 3).

The spin-wave spectrum is calculated straightforward-
ly if one knows the classical ground state of the Hamil-
tonian. In the LTO phase, the classical ground state is
readily calculated and determined uniquely as shown in
Fig. 6(a). This system has the weak ferromagnetism,
where the spin canting angle Oz Tz is given by

Equation (47) represents a competition between the DM
interaction d and the pseudodipolar interaction rs. If
the DM interaction wins so that Eq. (47) has a positive
sign, weak ferromagnetism shown in Fig. 6(b) is realized,
and if the DM interaction loses so that Eq. (47}has a neg-
ative sign, antiferromagnetism without spin canting
shown in Fig. 6(c) is realized.

The deviations of spins from the classical spin struc-
tures correspond to the spin-wave excitation. Using the
Holstein-Primakoff transformation, the deviations are
represented by bosons and the spin-wave spectrum is ob-
tained by a diagonalization of the spin Hamiltonian with
respect to the bosons. This procedure gives the spectra
with in-plane (e;(k)) and out-of-plane (e,(k})modes: in

the LTO phase we have

e;(k) =zSQ[J + —,'(J3 Jf )rQ] [ (J3+Ji )'r~+ J4'r&. ]

e,,(k) =zSQ[J —
—,'(J —J, )r&] —[—,'(J3+J) ) r&,+J4'rg ]

(48)

with z =4 and S =
—,', where
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J1=J—I

J =
—,
'

( I', + I' ) —I +Q(d /2) + [J—
—,
'

( I', +I ) ]

J3=1 —
—,'(I i+I }++(d /2)+[J —

—,'(1,+I )]

J4=(I,+I )sin8Lro — —cos8LTo
S

2
1

yi, =—( cosk„+cosk )

1
yi, =—( cosk„—cosk„).

The zone-center spin-wave gaps are given by

e;(0)=zSQ( J2+J, )(J2 —Ji )

(49)

e,(0)=zSQ(J2+Ji )(J2 —J3 )

=zS+2J [2(—,'r, —r, )+r'] .

(50)

In the LTT phase we have two possibilities: when the weak ferromagnetism [Fig. 6(b)] is obtained the spectra are given

s(k)=zSV t J2+ —,'[(J3—Ji)ye+(J7 J5}rIr]j —[(J3+Ji}ye+(J7+J5)rt]

e.«)=zSV'I J2 —
—,'[(J3—Ji )r~+(J7 —J3}rI,]j'——,'[(J3+Ji )r~+(J7+J5 }r2',

(51}

J,=r,—~r, +Q ~d'+[J —i(r, +r')]'
J4=—', d cos28LTr —

—,'(I', +I )sin28LTT,

J, = —(r, +-,'r'),
J6 =

—,
' I cos28&TT+ —,'d sin28&TT —I, cos 8„TT,

J7 =
—,
' I cos28&TT+ —,'d sin28&TT+ I &sin 8LTT .

The zone-center spin-wave gaps are given by

e;(0)=zSQ( J2+J3 )(J2 —J, }

=zS+2J[(d /SJ) —I ],
s,(0}=zSQ(J2+J, )(J2 —J3 )

=zS+4J( —,
' I,—I 2),

(53)

(54)

and when the antiferromagnetism without spin canting
[Fig. 6(c)] is obtained the spectra are given by

e;(k)=zS(IJ, + —,'[(J2—J3)yq+(J6 —J7)yi, ]j

I ,'[(J2—+J—3)re+(J6+J7 }ri,]'

2y&2j )1/2

(52)
e,(k) =zS( [Ji —

—,
' [(J2—J3)yg+( J6 J7)rg] j

[(J2+J3 )yk+( J6+J7 )r~]

+J 2r'2j )i/2

J's in Eqs. (51) and (52) are defined by

in the weak-ferromagnetic case and by

s;(0}=zSQ(J, +J3 }(J, —J2 )

=zSV'2J(r' —(d'/SJ) },
s,(0)=zSQ(J, +J2)(J, —J3 )

=zS+2J [2(-,' r, —r, )+(r' —(d'/S J) )],

(55)

in the antiferromagnetic case. We find in Eqs. (50), (54),
and (55) that the in-plane and out-of-plane gaps are given,
respectively, by the anisotropic-exchange interactions of
superexchange and direct-exchange mechanisms.

Shekhtman, Entin-Wohlman, and Aharony' have pro-
posed the frustration mechanism for the emergence of
weak ferromagnetism in the LTO phase of La2Cu04.
They have also concluded that only by the frustration
mechanism there is no possibility of the emergence of
weak ferromagnetism in the LTT phase. This is
represented by the negative sign of Eq. (47). However,
several groups have observed the weak ferromagne-
tism in the LTT phase of La, 65Nd035Cu04, indicating
that Eq. (47) is positive. According to the results in Sec.
II, the value of I is about two times larger than the
value of the first term of Eq. (47). Thus, in the fourth-
order perturbation shown in Sec. II, Eq. (47) becomes
negative. If the value of d increases only by -50%,
Eq. (47) becomes positive. This means that a small quan-
titative change in the value of the terms in Eq. (47) can
give rise to qualitatively different magnetism. In such a
situation, one should carefully take into account the
higher-order perturbations. The extensions of the pertur-
bation expansion, however, becomes too complicated:
the evaluation of such a tiny value by the perturbation is
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and

d-1.63 meV

2( —,'I', —I 2)+I ~-0.024 meV,

(56)

(57)

usually unreliable. Thus, one should rather rely on the
experimental facts that Eq . (47) must be positive.
Without the effect of the multiorbitals one cannot obtain
the positive sign of Eq. (47). We therefore propose that
the effect of the multiorbitals be the origin of the ob-
served weak ferromagnetism in the LTT phase of
La, 6$NdQ 35Cu04. The observed weak ferromagnetism in
the LTO phase of La2Cu04 may also be due to this effect.

It has been observed in LaI 65Ndo 35Cu04 that the in-
plane spin-wave gap increases sensitively at the structural
phase transition from the LTO phase to low-temperature
phase (Peen), but the out-of-plane gap is little affected.
It is straightforward to understand this experimental re-
sult from Eqs. (50) and (54): the tilting of the Cu06 oc-
tahedra characterizes the structural phase transition, and
as shown in Sec. II and III, the anisotropic exchange in-
teractions of superexchange mechanism, which depends
on the tilting angle of the Cu06 octahedra, is responsible
for the in-plane gap, but the anisotropic-exchange in-
teractions of direct-exchange mechanism, which depends
on the tilting angle very little, is responsible for the out-
of-plane gap.

It has been reported that the in-plane and out-of-plane
spin-wave gaps are 2.3 and 5.0 IneV, respectively, in the
LTO phase of La2Cu04. Using these values and Eq. (50),
we can estimate the values of the anisotropic-exchange
interactions as

H„=—g A"" g (St')2+ g (SI')~
IJ i'd j GB

(61)

H„is the single-ion anisotropy. p' refers to the a'b'c'-
coordinate system in the LTO phase or to the x'y'z'-
coordinate system in the LTT phase. The DM and pseu-
dodipolar interactions have the same structure as those
for the Cu02 plane [see Eqs. (41)—(44)]. The leading
terms in the DM and pseudodipolar interactions given in

Eqs. (13), (14), and (28) are D;, I',",and I o 0, which are
of the same orders of magnitude as those for cuprates.
The spin-wave gaps are observed in La2Ni04 to be
7.9+0.6 meV (in-plane mode) and 16.2+0.5 meV (out-
of-plane mode) in the LTO phase, and 4. 1+0.4 meV (in-

plane mode) and 15.7%0.6 meV (out-of-plane mode} in
the LTT phase. ' These gaps cannot be explained by the
exchange anisotropies, but can be explained by the
single-ion anisotropy: the directions of the magnetic mo-
ment, or the magnetic structures observed in the LTO
and the LTT phases, are consistent with those given by
the structure of the single-ion anisotropy discussed in
Sec. IV.

The classical magnetic structures of the Hamiltonian
(60) in the LTO and LTT phases are shown in Fig. 7. In
the LTO phase, the spins point to the direction of the a
axis by the single-ion anisotropy; because in this direction
the DM interaction of the LTO phase cannot provide
weak ferromagnetism, the antiferromagnetism without
spin canting is obtained. In the LTT phase, the spin sys-
tem shows the weak ferromagnetism because the spina
point to the direction of the y axis due to the single-ion
anisotropy. The spin canting angle qrLTT is given by

I's -0 019 meV8J (58)

where we use J=130 meV. In the LTT phase of
La, 6~N1035Cu04, it has been reported that the in-plane
and out-of-plane spin-wave gaps are 4.5 and 6.0 meV, re-
spectively. We can estimate the values of the
anisotropic-exchange interactions from Eq. (54):

z—'d+(A "—A")sin25—1 2
pgTT =—tan

z [J—
—,'(r, +r') ]+( A» —A -) cos25

(62)

where d, I „and I's are the exchange anisotropies be-
tween the spina of magnitude 1 on Ni ions, and 5 is the
tilting angle of the Ni06 octahedron.

The spin-wave spectra with the in-plane and out-of-
plane modes are derived straightforwardly: in the LTO
phase we have

( —,'I, —I 2)-0.017 meV . (59)

Thus, we Snd that the observed spin-wave gaps for the
two modes in both LTO- and LTT-phase cuprates can be
explained with reasonable choice of the parameter values.

Next we discuss the spin-wave theory in the nickelates.
Because the Ni ion has spin 1, the spin Hamiltonian for
the Ni02 plane includes not only the superexchange in-
teraction Eq. (11) and direct-exchange interaction Eq.
(27), but also the single-ion anisotropy:

H=J g S;.S + g D;~"(S;XSJ)+g S;I;JSJ+Hq,
&ij & &ij & (ij &

(60}

where

FIG. 7. The schematic representation of the spin structure
(solid arrows) and direction of the DM vectors (open arrows) in
the Ni02 plane of the LTO and LTI' phases. (a) The antifer-
romagnetism without spin canting in the LTO phase. (b) The
weak ferromagnetism in the LTT phase where all the spins cant
up out of the plane.
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s(k)=zS J"+—[2A"—(A"—A )]——'(J"—J )y
1

2

—( A —A") cos25 —
—,'(J"+J )y& + —( A —A")sin25 —dy&

'2 ' 1/2

(63)

s,(k)=zS J"+—[2A"—(A "+A )]+—'(J"—J" )y
1

2

'2
—(A —A") cos25+ —,'(J"+J )y& + —(A "—A")sin25+dy&

'2 ' 1/2

(64)

where

J"=J"=J—I 2 ~

J"=J+r,-r, -r',
and in the LTT phase we have

(65)

e,(k)=zS J +—A»[2cos (5—8)—sin (5—8)]+—,'(J3 —J, }yz
1

——A""+—A [2sin (5—8)—cos (5—8)]+—,'(J5 —J4)yI,
1 „„1 '2

'2 '1/2
—[A""—A cos (5—8)—A sin (5—8)]+—,'(J3+J~ )yq+ —,'(J5+Jq)yi, (66)

e,(k) =zS J2+ —A""[2cos (5—8)—sin (5—8)]——,'(J3 —J& )yq
1

——A""+—A [2sin (5—8)—cos (5—8)]——,'(J5 —J4)yl,

'2

2 '1/2

—[A""—A cos (5—8)—A»sin (5—8)]——,'(J3+J, )yz —
—,'(J~+J4)yl, (67)

where

J, =J—r2+-, r'
J2 = (J—I'z —

—,
' I ) cos y„~—(J —I,+ I z

—
—,
' I' )sin y„~+—,

' d sin2pL~

J3=—(J—I 2
—

—,
'I' )sin (pr~+(J —I )+I z

—
—,'I ) cos qrL~+ —,'d sin2pL~

J = —r —
—,
'r'

4 1

J5 =
—,'I cos2pz~+ —,'d sin2qI, ~+I,sin yL~, (68)

with z =4 and S =1. The zone-center spin-wave gaps
with the in-plane and out-of-plane modes are obtained as

' 1/2

e;(0)=zS 4J—(A"—A")
z

(69)

e,(O)=zS 4J—(A» —A
1

z

e,(0)=zS 4J—( A» —A )
1

z

1/2

1/2 (70)

e,(0)=zS 4J—(A"—A }
z

in the LTO phase, and as

1/2

in the LTT phase. Using the observed values of the in-

plane and out-of-plane gaps' and J =30 meV, ' ' we
can estimate the magnitude of the single-ion anisotropies
from Eq. (69) and Eq. (70): (A"—A")-0.13 meV and
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( A "—A )-0.55 meV for the LTO phase and

( A ~~—A ) -0.04 meV and ( A Y~—A )-0.51 meV for
the LTT phase.

VI. CONCLUSIONS

We have examined the magnetic behaviors of cuprates
and nickelates with low crystal symmetry. In La2Ni04,
the spin arrangement is determined by the single-ion an-
isotropy. The weak ferromagnetism is derived when the
determined spin arrangement can get the energy gain by
the DM interaction: the weak ferromagnetism in the
LTT phase and the antiferromagnetism without the spin
canting in the LTO phase are explained by the different
spin arrangements determined due to the different single-
ion anisotropy. Generally speaking, in the insulating an-
tiferromagnetic materials, the neighboring magnetic ions
are separated by -4 A from each other by nonmagnetic
ions. Due to hybridization of orbitals at this distance, the
kinetic energy and Coulomb interaction can lead to the
anisotropic exchange interactions of superexchange and
direct-exchange mechanisms. On the other hand, the
procedure of getting the single-ion anisotropy is carried
out within each magnetic ion involved in the low-
symmetry complex. Because of this difference, the
strength of the single-ion anisotropy overwhelms the
strength of the anisotropic exchange interactions of su-
perexchange and direct-exchange mechanisms. The
single-ion anisotropy plays an essential role in the con-
struction of the spin structure of insulating antiferromag-
netic materials. The weak ferromagnetism in the ordi-
nary Dzyaloshinski-Moriya antiferromagnets emerges in
the spin systems which involve the single-ion anisotropy.
Moriya' has provided the microscopic mechanism of the
exchange interaction which is responsible for the weak
ferromagnetism. The weak ferromagnetism emerges in
the cooperation of this DM interaction and the single-ion

anisotropy.
The weak ferromagnetism of distorted cuprates must

be treated as a distinct class of magnetism, not as a
phenomenon in the ordinary Dzyaloshinski-Moriya anti-
ferromagnets, because the Cu spin system does not in-
volve the single-ion anisotropy. The weak ferromagne-
tism of distorted cuprates emerges in the competition be-
tween the DM and pseudodipolar interactions. The weak
ferromagnetism requires the winning of the DM interac-
tion. We have discussed that the effect of multiorbitals is
essential for the emergence of weak ferromagnetism in
distorted cuprates.

We have calculated the spin-wave excitation spectra in
the distorted CuOz plane and NiOz plane. In cuprates,
the spin-wave gaps are given by the exchange anisotro-
pies; the in-plane spin-wave gap is provided by the
anisotropic-exchange interactions of super exchange
mechanism and the out-of-plane spin-wave gap is provid-
ed by the anisotropic-exchange interactions of direct-
exchange mechanism. In nickelates, the spin-wave gaps
are given by the single-ion anisotropy. Thus, we can un-
derstand naturally the structural dependence of the spin-
wave gaps in cuprates and also the difference of the
structural dependence of the spin-wave gaps between
nickelates and cuprates.
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