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Effect of quantum fluctuations of vortices on reversible magnetization in high-T, superconductors
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The field (B) and temperature dependence of reversible magnetization M in Bi (2:2:1:2)single crystals is

measured for the orientation of the field along the c axis. The slope of the curve M vs lnB decreases

remarkably with field below 70 K. In the mean-field approach this slope should be almost B independent. We

explain this change of slope by the quantum fluctuations of vortices. We show that for magnetization quantum

fluctuations are important at all temperatures except in a narrow region near T, .

The effect of thermal vortex fluctuations on the reversible

magnetization in highly anisotropic Bi- and Tl-based high-

T, superconductors was studied previously both experimen-

tally and theoretically. The fluctuations of pancake vortices
contribute to the free energy via an entropy term and result in

the formation of a crossing point: all M(T) curves for dif-

ferent fields H, &&&B~H,2 cross at a point T=T*, which
lies close to T„and M(T*)= T*/@os, where s is the inter-

layer spacing. ' This behavior is quite different from that

predicted by the mean-field theory of type-II superconduct-
ors: in such an approach the absolute value of diamagnetic
moment is a decreasing function of the field at T& T, .

Recently Li and Suenaga found that in the highly aniso-
tropic Bi (2:2:1:2)superconductor the low-temperature be-
havior of reversible magnetization also deviates from the
predictions of the standard (mean-field) London model: the

slope of the curves M vs lnB is a decreasing function of the
field at all temperatures below 70 K where reversible mag-
netization can be observed; the decrease as high as 50% was
found as the field increases from 0.3 to 7 T. The mean-field
London approach predicts this slope to be field independent.
The elaborated version of the mean-field approach, which
takes into account overlapping of the normal cores, predicts
a change of slope in the fields of the order H, 2, but the
scale of fields where changes were observed is by an order of
magnitude smaller.

In the following we present experimental data for the re-
versible magnetization in two samples of Bi (2:2:1:2),one
was studied at BNL (the same data as in Ref. 4) and another
was studied at LANL. We present also the results for resis-
tivity measurements in conditions close to the flux-flow re-
gime for Bi (2:2:1:2).These data provide information on the
viscosity coefficient which characterizes the dynamics of
vortices. We explain the observed change of slope in M vs
lnB by quantum fluctuations of vortices, i.e., by the contri-

bution of zero point fluctuations of vortices to the free energy
of the vortex lattice. The contribution of quantum fluctua-

tions to the free energy depends on magnetic field because
frequencies of vortex fluctuations increase with field. Quan-

tum fluctuations depend on the dynamics of the vortex lat-

tice. To describe this dynamics we used the model of over-
damped oscillators with viscosity coefficient y and then

compare rg found from the fit of magnetization with that
taken from flux-flow resistivity data.

Note that macroscopic quantum tunneling of vortices was
studied previously; it causes the relaxation of nonequilibrium
magnetization at very low temperatures. Recently Blatter
and Ivlev discussed a possible effect of quantum fluctuations
of vortices on the melting line; the specific heat of the
mixed state in type-!I layered superconductors was calcu-
lated taking into account quantum fluctuations of vortices. '

The experiments reported here were performed on two
Bi-Sr-Ca-Cu-0 single crystals grown by the traveling-
solvent floating-zone technique, as described by Menken"
and Shigaki et al. ,

' and will be referred to as crystals A and
B. Crystal A was a square of dimensions 4X4X0.11
mm, weighed 11.4 mg, and had a T, of 88.1 K, with a
transition width of 1.5 K as determined by ac susceptibility.
High-resolution electron microscopy performed on represen-
tative samples from the same batch confirmed the crystal
purity, as only minor traces of the 2:2:0:1phase could be
detected in a concentration of 2 out of 1000 Cu02 double
layers. The composition of crystal A was determined by mi-
croprobe analysis to be Bi2 2Sr& 9CaCu20„. Crystal B had
dimensions 4.1X4.3X0.64 rnm and had the composition
Bi2,4Sr& 39Cai $3Cu2000$ 83 Its T„as determined by dc
magnetometry in a field of 2 Oe, was 84.2 K with a width of
1.5 K. Detailed chemical, crystallographic, and magnetic
characterization of crystal 8 has been published by Shigaki
et al. '
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FIG. 1. The in-plane resistivity vs magnetic field H~~c at differ-

ent temperatures and high current density 1460 A/cm . The flux-

flow regime (resistivity is linear in field) is achieved at T=70 in

fields above 1 T.

Magnetization measurements were performed on super-
conducting quantum interference device (SQUID) magneto-
meters (Quantum Design) between the irreversibility tem-

perature and 200 K with the magnetic field aligned along the
crystallographic c axis. The measurements were performed
both with fixed temperatures and varying magnetic fields and
with fixed fields and varying temperatures. The temperature
and field dependence of the magnetization of the sample
platform and holder were measured and subtracted. The re-
versible regime in magnetization was achieved at tempera-
tures above 35 K for the fields in the interval 0.3 T—7 T.

To obtain flux-flow viscosity, we measured the magnetic
field dependence (B~~c, O~B~7 T) of the in-plane resistiv-
ity of a Bi (2:2:1:2) single crystal (-0.03X0.1X0.023
cm ). The contacts covered two sides of the crystal for a
uniform in-plane current and the current density was —1460
A/cm . As shown in Fig. 1, we were close to the flux-flow
regime at T=70 K only in fields above 1 T. The measured
resistivity provides only the lower limit for flux-flow resis-
tivity pff because pinning may still be present. Therefore,
using the expression ptt=B4'p/c r/, we extract the upper
limit for the viscosity coefficient, r/~2. 3X10 g/cm s at
T=70 K.

Measurements of I Vcharacteristics -of a Bi (2:2:1:2)
single crystal were performed also by Van der Beck, Hagen,
and Samoilov' at temperature 58 K in the field B=1 T and
current densities up to 3000 A/cm . They provide a lower
limit for flux-flow resistivity pff~1.66X10 A cm, which
determines the upper limit for viscosity, i@=1.2X10
g/cm s.

These values are about an order of magnitude smaller
than the Bardeen-Stephen viscosity r/= 4 p/2m/, bc p„,
estimated by use of normal state resistivity p„
=(4—4.5)X10 0 cm (as extrapolated from a temperature
interval above T,), and zero temperature correlation length

g,b(0) = 20 A. The obtained values of rg, much smaller than
Bardeen-Stephen viscosity, may be explained by the two-
diinensional (2D) nature of pancake vortices and by the very
small region with size —(,b occupied by the 2D vortex core.
In such a region electron scattering is almost absent and we
are in fact in the clean limit. (Mean-free electron path I is

(f„(t)f„(t'))= (f~(t)fY(t')) = 2 r/sTb'(t t'), —(2)

where n, v label pancake vortices with coordinates
r„„=(x„„,y„,) in the layer n, we denote by i7 the viscosity
coefficient, ~ is the elastic tensor, and f is a random force
with correlation functions given by Eq. (2). We neglect pin-
ning because its effect seems to be weak, see discussion
below. We neglect inertial and Hall drag terms assuming that

they are less important than the viscous term.
In the Fourier representation

0
u(k, q)= u(n, v)exp(ik r„„+iqn)

l1, V

(3)

the elastic tensor becomes diagonal for transversal (t) and
longitudinal (I) components of the vortex displacements:

et(k, q)=c, , k +c44Q,

e,(k,q) = c66k + c44Q .

(4)

Here c«, c», and c44 are the flux lattice shear, compres-
sion, and tilt moduli. Q = 2(1 —cosq)/s . In the limit of high
anisotropy, y~ X,b/s, they are given by'

@2

(8m', b)

B+p
11 4 g2 k2~

ab
(6)

per unit length of vortex, X,b is the penetration length. The
term with c44 ~ 1/y can be neglected in the following cal-
culations because c44Q (&c»Kp, c6„Kp, where

Kp=4mB/4p. Momenta k and q are restricted to the first
Brillouin zone: ~k~-Kp and ~q~-m.

The free energy density, F(T,B), of the vortex lattice is
the sum of the mean-field result and the contribution from
vortex fluctuations F, :

4pB pH, 2F(T,B)= 2 z ln +F„(T,B),32m X. b
(7)

where we use the London result for the mean-field contribu-
tion. p is a nuinerical coefficient of the order unity. The
contribution F, of vortex lattice excitations has to be ob-
tained using the action, S, for a damped oscillator corre-
sponding to the classical Eq. (1):

larger than the size of this region and such average values as
I and electron scattering time become meaningless as applied
to such 2D regions).

We obtain the contribution of vortex fluctuations to the
free energy of the mixed phase in the highly anisotropic,
Josephson-coupled layered superconductors using the model
of the damped quantum oscillator ' ' to treat the dynamics
of two-dimensional pancake vortices. Note that dynamics of
vortex lattice displacements is important to obtain the free
energy of the system in the quantum regime in contrast to the
classical regime where all the dynamics drops out. We con-
sider a system in field B along the c axis, assuming

H, 1&&B&&H,2.
We start from the Langevin classical equation to describe

the vortex displacements u=(u„, u~) (in ab-plane):

i7su(n, v) + iu(n, v) = f,
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S= g g S(u(i, k, q)r,
i=t, l kq

u =g u( r) exp( —i to r),

fisB
S(u(i kq))= 2 2 [V(~ )l~ I

m

+ ~ (k q)]lu (i,k, q) I

(8)

(9)

where ru =27rmT/A, are Matsubara frequencies. In the

action we use the frequency-dependent viscosity

r/(cu )= r/oa(to ), where a(to )=[I+(ito i/II)"] and n

is an integer, to introduce a smooth cut-off frequency 0 for
summation over to (see Ref. 8 for detailed discussion on the

meaning of this cut-off). One can argue that 0 should be
determined by the energy gap, 0-A(T)/6, because oscilla-
tions of a vortex with higher frequencies result in effective
excitation of quasiparticles, and the vortex as an object be-
comes meaningless.

Using Eq. (9) we obtain the following relations for the

free energy F„

1 f dk f dq
F,(T,B)=—g 2 F;(k,q),

I

(10)

24o BF;(k,q) f~i(i, k, q)iu (i,k, q)i exp[ —S( u(i, kq)} /it] T@o 1

B s Be;(k,q)
' f~i (i,'k, q)exp[ —S( u(i, kq)) /tt] sB r/(to )iso i+@;(k,q)

'u(i, k, q)
z =

Using Eqs. (7), (10), (11) we get

dM 4p T + to [to + 2i to~i u(to~)] ct)z

d lrlB 32~ )t b 2s@o [co +iQJ iCx(to )] Co +ito icx(to )
(12)

Here we introduce the characteristic frequencies in the prob-
lem: the maximum frequency of the shear ex citations,
ro, =B@o/167rk,br', and that of compression excitations
(at k=Ko), at, =4to, . '

The classical expression corresponds to the term with
m =0, it was derived previously in Ref. 2. The classical re-
sult is valid for temperatures fiQ(2mT or approximately
d, (T)& T. The quantum correction (terms with nonzero m)
is important practically at all temperatures except in a narrow
interval near T, . In contrast, such dynamic effect as quantum
tunneling becomes observable at very low temperatures, be-
low several K only. In the classical region Eq. (12) gives the
crossing point: at the temperature T* given implicitly by
T= @os/32 m X,b(T) the magnetization M* =M(T*) be-
comes field independent.

Let us consider results for T=O. At any n we obtain the
following asymptotic at low fields B&&BQ.

The theoretical curves based on Eq. (12) for T=35 (55) K
with parameters n =4, ti0 = 1200 (1100) K,
r/o=0. 48X10 (0.43X10 ) g/cm s, )t.,b=2100 (2300)
A, and experimental results for sample A are shown in Fig. 2.
We take s=15.5 A. Here are shown also the theoretical
curves for T=35 (54) K with parameters fi0=830 K,
r/a=0. 52X10 7 (0.4X10 7) g/cm s, X,„=2040 (2250)

1.2

Q 1

~ 0.8

06
dM 40 9fiA B Bg

d lnB 32m ~,b
8m.s@0 B& B

ln . (13)

Here B&=4mk, br/pA/4 p is the scale of magnetic field
which characterizes the quantum correction. In the large n
limit we obtain
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FIG. 2. The dependence dM/d lnB vs B; for sample A (open
symbols) for T=35 K (circles) and T=55 K (squares); for sample
B (closed symbols) for T=35 K (circles) and T=54 K (squares).
The solid lines are the theoretical fits for (from top to bottom):
sample B (T=35 K), sample A(T=35 K), sample B (T=54 K),
and sample A (T=55 K).
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A, and experimental results for the sample B. The experi-
mental results and fitting parameters for these two samples
are quite close. We can conclude that the observed depen-
dence of M on B is consistent for both samples. The fitting
values of vyo are close to those estimated from flux-flow re-
sistivity. The fitting parameters for 0 are 3—4 times larger
than b, (0)=3T, (Ref. 18) and seem to be reasonable taking
into account that data in the limited interval of fields below 7
T do not allow determination of n and 0 very accurately.

In the above calculations we neglected the Josephson in-

terlayer coupling. As the Josephson coupling becomes stron-

ger, the elastic modulus c44 increases, as do vorton frequen-
cies. This results in an increase of the quantum correction to
the magnetization. However, the modifications are minor as
long as the system remains in the Joseph son regime

(y&)(,b/s) and c44Q remains much smaller than c»K&&.
Pinning does not contribute to the mean-field part of

dM/d lnB, which is the first tertn in (12).The reason can be
seen from the form of the mean-field free energy [first term
in (7)], where the logarithmic dependence on the magnetic
induction comes from the logarithmic interaction between
vortices at short distances; the structure of the lattice enters
only through the numerical factor P which drops out when
calculating dM/d lnB. In the contribution of quantum fluc-

tuations to dM/d lnB, pinning may be ignored because the
main contribution to the free energy comes from vortex dis-
placements with large momentum. They are affected weakly
by pinning. For this reason, pinning was neglected in calcu-
lations of dM/d lnB.

Note that above irreversibility line vortices are likely to
be in a liquid phase. Though our calculations are done for a
lattice, they are valid in a liquid phase as well because fluc-
tuations with large momenta k=KO contribute mainly to
dM/d lnB; they are determined by short-range order in the
ab plane.

In conclusion, we present the experimental results for re-
versible magnetization of the vortex lattice which show a
change of slope in the dependence M vs lnB at high fields
and temperatures well below T, . We explain this change of
slope as arising due to the quantum, zero point fluctuations
of vortices. The main parameter of the vortex dynamics, the
viscosity coefficient, is estimated from flux-flow resistivity.
The obtained estimate reproduces correctly the scale of the
quantum fluctuation contribution to equilibrium magnetiza-
tion.
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