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Superconductivity in the multiband Hubbard model with long-range Coulomb repulsion

Jose Riera'
Center for Computationally Intensive Physics, Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 3783I

and Department ofPhysics and Astronomy, Vanderbilt University, Nashville, Tennessee 37235

Elbio Dagotto
Department ofPhysics, National High Magnetic Field Laboratory, and MAR TECH, Florida State University,

Tallahassee, Florida 32306
(Received 22 April 1994; revised manuscript received 11 May 1994)

A multiband CuO Hubbard model is studied which incorporates long-range (LR) repulsive Coulomb
interactions. In the atomic limit, it is shown that a charge transfer from copper to oxygen ions occurs as
the strength of the LR interaction is increased. The regime of phase separation is replaced by a uniform
state with doubly occupied oxygens. As the holes become mobile a superfluid condensate is formed, as
suggested by a numerical analysis of pairing correlations and flux quantization on one-dimensional
chains. The competition between charge-density wave and superconductivity is also analyzed. It is ar-
gued that the results are also applicable to two dimensions.

I. INTRODUCTION

The study of high-T, superconductors' continues at-
tracting much attention. Recently, progress has been
made in the theoretical search for ground-state supercon-
ductivity in one-band electronic models. In particular,
the two-dimensional (2D) t Jmodel -has shown indica-
tions of d-wave superconductivity when analyzed near
the phase separation (PS) regime at intermediate densi-
ties. It would be desirable to extend these observations to
more realistic three-band versions of the Hubbard mod-
el, ' especially in the region of parameters where the
mapping to the t-J model is not valid. Although many
experimental results point to the presence of d-wave su-
perconductivity in the cuprates, and it is generally ac-
cepted that spin-fiuctuation-mediated superconductivity
is d wave, it is also important to explore mechanisms of
superconductivity in purely electronic models other than
those based on spin Suctuations. Not much is known
about the superconducting properties of these models.
Weak-coupling and large-N mean-field calculations have
indeed shown that a region of superconductivity exists
near phase separation in the multiband Hubbard model
as in the one-band case. However, these techniques are
only approximated and should be supplemented by un-
biased computational studies, like exact diagonalization
and quantum Monte Carlo methods. '

Varma, Schmitt-Rink, and Abrahams have suggested
that the inclusion of a short-range Coulomb repulsion in-
duces a charge-transfer process, leading to the formation
of tightly bound hole pairs on the oxygen ions. Unfor-
tunately, the charge-transfer mechanism seems systemati-
callly correlated with a PS process, as was recently dis-
cussed in the atomic limit. ' Thus, these pairs are not
mobile and the system cannot become super6uid. In this
sense, PS is an unwelcomed efFect in this model. In spite
of this problem, Sudbgf et al. " argued that the one-
dimensional (1D) model exhibits superconducting corre-

lations immediately before phase separation. Similar re-
sults were reported by Sano and Ono' in the U& = 00 lim-
it. These papers analyze the 1D problem by studying the
parameter E used in conformal field theory rather than
pairing correlations. In fact, in a previous study, ' it was
found that the tail in the pairing correlations is negligible
in the regime of parameters considered in Refs. 11 and 12
(see Fig. 7 below). In any case, it would be difficult to
predict the validity of the results obtained by the analysis
of Ref. 11 in the more realistic two-dimensional problem,
since no intuitive picture supporting the presence of su-
perconductivity was provided. Thus, it would be desir-
able to have a model which exhibits robust superconduct-
ing pairing correlations in the ground state, and whose
main features can be understood intuitively, allowing its
extension to two dimensions where explicit numerical
simulations are very diScult.

In this paper, a simple modification of the standard
multiband model is presented that addresses these issues.
The multiband Hubbard model for the Cu-0 planes is
defined by '

0= t& g (c; c —+H c )+Ud gn. ;&.n;&
(ij )o

+U gn &n &+czgn, e+ gn (1)
l I j

where c;,c are creation operators of holes (o = 1, l),
n&~=c&~c&~, and n& =n&&+n&&. The label i corresponds to
Cu sites and j to 0 sites. Ud and U are the Coulomb
on-site repulsion energies for the copper oxygen sites, re-
spectively, and ed and E'p are the ion energies. The
charge-transfer energy is defined by 5=6'p E'd It is gen-
erally accepted that Ud should be larger than b and Up in
the cuprates, so we will work in this regime. The doping
fraction is x =ns /N, where ns =(Ns N) is the number-
of doped holes, Nz is the total number of holes, and N is
the number of Cu-0 cells. At half-filling (x =0) and in
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this region of parameters, the model presents antiferro-
magnetic order as in the undoped parent compounds.
Most of the results presented here correspond to inter-
mediate doping (0.25 ~x ~0.66).

As explained before, Varma and co-workers ' '" stud-
ied the Hamiltonian Eq. (1) supplemented by a nearest-
neighbor Coulomb repulsion (regulated by a parameter V)

which induces phase separation [note that this new pa-
rameter can be estimated from an analysis of the experi-
mentally measured dielectric constant and it is of order
2 —3 eV s (Ref. 14)]. To avoid the phase-separation prob-
lem, we have extended the range of the density-density
interactions. The relevance of the long-range part of the
Coulomb interaction between the holes, which prohibits
PS, was emphasized in a recent work by Emery and
Kivelson. ' In particular, if the interactions are of infinite
range, then phase separation is certainly eliminated. '

This leads us to add to Eq. (1) a more general interaction

perconductivity dominates is a highly nontrivial issue
which requires a controlled calculation (as described
below).

To verify that the states of Fig. 1 are indeed the correct
ground states of the pure long-range (A. = Oe) model in the
atomic limit, we have compared the energies of states I,
II, and III numerically for 12, 24, and 48 CuO cells. We
have considered Ud=7, U =1, 5=1.5, in arbitrary
units, and x=0.33. For the largest cluster considered
there is a direct crossing from state I to state III at
V, =3.38. In the 2D case, we have carried out explicit
calculations for 4 X4 and 6 X 6 CuOz periodic clusters at
a hole concentration x =0.25. In this case the ground
state is not obvious, and it is dif6cult to determine it by
calculating the energy of each possible configuration be-
cause their number grows exponentially with the number
of atoms. For this reason we developed a simulated an-

V ninm
Hc e

1Am lm

(2)
n Ri m Ra n Ri n Rl m Riv ~r e ~i v ~r v ~~ v ~r 0

where d&
=

~ r&
—r

~
and A, is the range of the screened

Coulomb repulsion. Since periodic boundary conditions
are used, d& is defined as the shortest distance between
points 1 and m. A finite A, represents the screening effects
produced by degrees of freedom not included explicitly in
the Hamiltonian (like other planes, impurities, etc.)

uv~e ~w~v~~v~r

II. ATOMIC LIMIT

To motivate the introduction of a long-range term in
the Hamiltonian it is convenient to first consider the
atomic limit t& =0. ' In the 1D case, it is not difficult to
guess which are the possible states with lowest energy for
different values of V. In Fig. 1(a) we show the ground
state in the regime of small V. This state (denoted by I),
has a hole at every copper ion, and the doped holes are
on singly occupied oxygens. On increasing V, a phase-
separated state [denoted by II and shown in Fig. 1(b)] be-
comes energetically competitive with state I.' ' It con-
tains a region of doubly occupied oxygens and another
separated region with one hole per copper ion. However,
there is a third possibility which becomes energetically
favorable due to the long-range Coulomb interaction. In
Fig. 1(c) we show a state (III) where all the holes are on
doubly occupied oxygens forming a periodic pattern.
The reason for considering this state is that charge tends
to spread uniformly over the lattice in the presence of
long-range forces, rather than separating into different
densities (Wigner crystal). State III is a configuration
with "preformed" pairs on the oxygens and a finite hop-
ping amplitude may render it superAuid as in the attrac-
tive Hubbard model at large

~ U~ It Unfortunately. , this
analogy shows that charge-density-wave (CDW) states
wi11 compete against superconductivity, since in the
negative-U Hubbard model at half-filling, CDW and su-
perconductivity are degenerate. A study of the 1D t-J
model with 1/r interactions have shown already the
strong competition CDW-superconductivity. ' Then, it
is not enough to add a long-range interaction to make a
superfluid a phase-separated state. Whether CDW or su-

rm R e R n R ~ R rm R n

0 0& 0 Oii
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0~ Q 0~ 0~
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0 0~ 0 0~
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FIG. 1. (a) Ground state of the Hamiltonian Eqs. (1) and (2)
for small V, in the atomic limit. The copper ions are represent-
ed by large circles and the oxygens by small circles. In this and
the following Sgures the alignment of spins is arbitrary. (b)
Ground state in the region of small A, (short-range interactions)
and large V. This state has phase separation and was previously
discussed in Ref. 10. (c) New state discussed in this paper. It
becomes the ground state in the case of large A, and sufBciently

large V. (d) Generalization of the state shown in (c) to a 2D lat-

tice.
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nealing' program to find the ground state. This algo-
rithm can be described as a sequence of Monte Carlo
runs, each one generated at a fixed value of the tempera-
ture. The temperature is decreased between runs until
the ground state is reached. At each step of a Monte
Carlo run, a possible move consisting of the hopping of a
hole to a nearest-neighbor site is offered. The local varia-
tion of energy 8E is computed and the move is accepted
by comparing its corresponding Boltzmann factor
exp( Pb E—) with a random number. Typically, the
ground state was reached with Monte Carlo runs of
100000-200000 sweeps over the lattice and for the
lowest temperature T;„=2 in units of U~. Using this
technique, we have determined the ground state of this
cluster for the same set of parameters U&, U, and b, as
before. For small V, the ground state has one hole per
Cu atom and the doped holes are in 0 sites located as far
as possible from each other. As V is increased, a charge
transfer from Cu to 0 sites starts to develop. For V=3,
a state with doubly occupied 0 sites separated from a re-

gion of single-occupied Cu sites becomes stable. For
larger values of V, the ground state has the form illustrat-
ed in Fig. 1(d), which is the analog of Fig. 1(c).

In order to find the A,dependence of our results, numer-
ical calculations were carried out using the simulated an-

nealing technique on chains of 12 and 24 CuO cells and
for x=0.33. Periodic boundary conditions are used
throughout in this study. We have considered the same
parameters as above. As an order parameter we used the
number of doubly occupied 0 sites. The results are
shown in Fig. 2(a). We observed that the states I, II, and
III are dominant in a large region of parameter space.
Only in narrow regions near the phase boundaries, espe-

cially for large values of A, , other types of states become
competitive. However, these states are simple variations
of states I, II, and III (for example, including small local
fluctuations). Note that, for the 12-cell chain, there is a
particular value of A, -8 where the PS regime becomes
very narrow, and it may disappear when the hopping is
switched on. This value of A, reduces to -4 for the 24-
cell chain. We conjecture therefore that the PS regime
does not exist for A, )4 or perhaps for even smaller values
of A, , so it is not necessary to have a fully unscreened 1 lr
interaction to obtain the efi'ects described here. This
value of A, corresponds to two Cu-Cu lattice spacings, and
thus it is not physically unrealistic. The main features in
Fig. 2(a) are also present for the case of x =0.66. Similar
calculations for the 4X4 and 6X6 Cu02 clusters, for
x =0.25, give essentially the same phase diagram, as can
be seen in Fig. 2(b).

III. COMPETITION CDW-SUPERCONDUCWIVI l Y

The results summarized in Figs. 1 and 2 were obtained
in the atomic limit. To study the efFect of a finite kinetic
energy (ted%0) and to establish the assumed existence of
a superconducting regime, Lanczos diagonalization tech-
niques were used to obtain the ground state of the Hamil-
tonian Eqs. (1) and (2) explicitly on a finite chain. Due to
the large number of states per unit cell the lattices that
can be studied numerically are limited to a small number
of cells. In this paper we studied six cells (12 atoms) with
various hole numbers. Fortunately, our chains are large
enough for the study of correlations using local pairing
operators as has been repeatedly shown in the case of the
attractive Hubbard model. For the results shown below
we chose Ud=7, U~=1, and 5=1.5 in units of t~d.
These are reasonably realistic values for the cuprates20
and they have been used before by Sudbtf and co-
workers' '" in their analysis of the charge-transfer
scenario. Then it is natural to work in the same region of
parameter space. We have also observed that our results
are qualitatively similar over a broad range of parame-
ters.

First, let us numerically consider the issue of charge
transfer and phase separation. A sharp indication of
charge transfer from Cu to 0 sites is given by the suscep-
tibility associated with the expected occupation of 0
sites,

(3)

1 2 3 4 5 6 7 1 2 3 4 5 6 7
-1/X -1/X

where

N

FIG. 2. (a) Phase diagram of the Hamiltonian Eqs. (1) and (2)
in the atomic limit, obtained from 12- (filled symbols) and 24-
(open symbols) cell chains, Uq=7, U~=1, and 5=1.5, as a
function of A. and V. The doping fraction is x=0.33. "PM"
denotes a region dominated by the states like the one shown in
Fig. 1(a); "Ph.Sep." denotes the region where state Fig. 1(b)
dominates; and "Pairs" is the region with preformed pairs, as
exemplified by Figs. 1(c) and 1(d). (b) Same as (a) for the 4X4
(filled symbols) and 6X6 (open symbols) cell clusters and
x =0.25.

nz= n
j=1

is the number of holes on the oxygens. The results for
this susceptibility are shown in Fig. 3(a) for nl, =2 and
n& =4 on the six-cell chain and a long-range (LR) interac-
tion. Although these chains are small, we expect that the
information they provide is qualitatively correct, as has
been shown in several examples. In both cases a peak is
observed at a particular value of V=4. This peak signals
the onset of a charge-transfer process in this model.
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FIG. 3. (a) Susceptibility ycr [Eq. (3)] as a function of V for a
six-cell chain, t& =1 and other parameters as in Fig. 2(a). The
full squares denote nq =2 and the circles nI, =4. (b) Order pa-
rameter X (see text) used to study phase separation versus V.

The full squares denote A, = (x), and the open circles are for the
nearest-neighbor interaction. The number of holes is 8 (nI, =2).

However, FACT does not distinguish between the states II
and III in Fig. l. (Note that for V) Uz, a second peak
develops corresponding to the transition to a state with
doubly occupied Cu and 0 sites, but this is clearly an un-
physical region of parameters. ) Thus, to confirm that
phase separation does not occur in the presence of long-
range interactions, we have measured the long-
wavelength component of the susceptibility associated
with the correlations of pairs of holes on 0 sites: '

N
(n. n. n. n. )e~ ~~ H~ '~ (4)

j=1 i=1

It can be easily verified that this long-wavelength com-
ponent is maximum for a fully phase-separated state, i.e.,
a state where all the doubly occupied oxygens form a sin-

gle cluster [as that shown in Fig. 1(b) for n&=2]. This
quantity is normalized such that it is equal to zero for a
uniform state and it is equal to one for a fully phase-
separated state. In Fig. 3(b), X is shown for the case
nz =2 on the six-cell chain. With a short-range interac-
tion, X~1 as V is increased. On the other hand, in the
presence of long-range interactions, X goes through a
maximum, and then decreases at large V, showing the ab-
sence of phase separation in this limit. The peak at inter-
mediate V is due to the proximity of the PS state in the
spectrum (as discussed previously in the atomic limit).
At this point it is important to remark that the critical
value of V(V, ) at which the charge-transfer process
occurs (namely -3t~d), since it is larger than U~, implies
that the elective U in 0 sites is attractive. Whether such
a regime is realistic for the cuprates needs more experi-
mental work.

Now let us investigate whether state III of Fig. 1(c) be-
comes super6uid when the holes acquire mobility in the
presence of LR interactions. For this purpose, we con-

where the pairing operator is defined as 6 =c &c &, and
j,j+I indicates 0 sites. In Figs. 4(a) and 4(b), the pair-
ing correlations are plotted as a function of distance for
iwo diferent densities, for tpd 1 Ud 7 Up 1, and
6=1.5, and several values of V. For nk =2 the correla-
tions decay rather rapidly at large distances, indicating
the absence of superconductivity. This example shows
that it is not obvious that once phase separation is des-
troyed it will be replaced by superconductivity. As dis-
cussed earlier, there is a competition between supercon-
ductivity and CDW, and the absence of superconductivi-
ty at this density could be explained by a CDW order
dominating over superconductivity. On the other hand,
for nz =4 (x =0.67), the pairing correlation is very strong
even at the largest distances available on our finite clus-
ters. The signal monotonically increases with V, for
V(Ud. At this filling, we should be able to detect a
suppression of CDW order.

To confirm this interplay between CDW and supercon-
ductivity, we have computed the order parameter associ-
ated with the CDW order expected at this density for the
long-range model which is shown in Fig. 1(c). This CDW
order parameter is defined by

N

XcDw= g g ( n)tn err;tn;g )8, (6)
N
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FIG. 4. {a) Superconducting correlations C(m) (as defined in

the text) for the long-range model at several values of V, on a
six-cell chain and 8 holes (n& =2). Note that m measures O-O
distances. The full triangles denote results for V=2, the open
squares V=4, and the full squares V=6. (b) As (a) but with 10
holes {n„=4).

where P is the period of the CDW (in units of lattice
spacings}. The results for this order parameter, normal-
ized between 0 and 1, are shown in Fig. 5 as a function of
V. The parameter set considered is the same as in Figs.
4(a) and 4(b}. For nz =2, it can be seen that XcDw grows
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FIG. 5. CDW order parameter (see text) as a function of V
for a six-cell chain for the long-range model. t& =1 and other
parameters as in Fig. 2(a). The full squares denote nI, =2 and
the circles nq =4.

FIG. 7. Superconducting correlations C(m) for the short-
range model for V=O. O (triangles), V=2.667 (squares), and
V=4.0 (circles), on a six-cell chain and 8 holes (nq =2). The pa-
rameters used are the same as in Ref. 11, i.e., U&=6.667,
U~ =0, 6= 1.333 in units of t&.

monotonically with V, with a change of slope at the point
where the charge transfer occurs, as shown in Fig. 3(a).
On the other hand, for nz =4 the CDW order parameter,
after passing through a maximum at the CT instability,
decreases to a constant for large V.

The results presented thus far support a scenario in
which s-wave superconductivity appears with increasing
V if long-range interactions are included, at intermediate
densities. (Although the pairing operator used in this
study is local, the existence of extended s-wave pairing is
not excluded. Actually both operators transform similar-

ly under the symmetry group of the Hamiltonian. ) To
give further support to these claims, we have studied the
dependence of the ground-state energy on an external
magnetic flux 4. To analyze this response, a phase factor
e'@~ is introduced in the hopping term in Eq. (1)."
This is equivalent to allowing a magnetic flux through the
Cu-0 ring (chain with periodic boundary conditions). In
Fig. 6, the ground-state energy measured with respect to
the energy at zero flux, hE=E(4) E(4=0), is show—n

0.4

b,E(4)
0.2

as a function of 4 for n& =4 and a pure LR interaction
(A, = oo). For small V the energy has a single minimum at
4=0 (mod2m). For V larger than a critical value the en-
ergy develops a second minimum at 4 =n, indicating the
existence of mobile carriers with charge Ze in the ground
state. This anomalous flux quantization is in agreement
with results obtained from the pair correlations. It is im-
portant to stress the fact that anomalous flux quantiza-
tion only indicates the existence of pairs in the ground
state, which is also compatible with CDW order. To il-
lustrate this point, we shown in Fig. 7 the pairing correla-
tions for the multiband Hubbard model [Eq. (1)] in the
presence of only nearest-neighbor Coulomb repulsion,
and for the same set of parameters considered by Sudbe(
et a/. " In Ref. 11 was shown the presence of anomalous
flux quantization by numerical calculations on the six
CuO cells cluster. As it can be seen in Fig. 7, the pairing
correlations for the same cluster have a very small tail
compared, for example, with the ones shown in Fig. 4(b).
There is an enhancement as V increases from 0.0 to 2.667
but for V=4.0 the pairing correlations are already
suppressed. Thus, we arrive at the somewhat paradoxical
conclusion that although E is larger than one, as report-
ed in Ref. 11, the pairing correlations are suppressed.
On the other hand, in our model superconducting corre-
lations seem strong.

IV. CONCLUSIONS

0.1

0.0 c

0.0
I

0.4
I

0.8
I

1.2
I

1.6 2.0

FIG. 6. The ground-state energy hE(4) (measured with
respect to the energy at zero flux) versus flux @ for a six-cell
ring for various Vand a long-range interaction Q, = 00).

In this paper, we have considered an extension of the
standard Cu-0 electronic Hubbard-like model for the cu-
prates which incorporates long-range interactions. We
found that in the atomic limit a charge-transfer process
exists without phase separation. The new dominant state
in this regime has preformed pairs on the oxygen sites.
With a hopping term that provides mobility to the holes,
this state appears to become superfluid. However, there
is a nontrivial competition with a CDW order. The
effects observed here are intuitively evident, and are valid
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both in one and two dimensions. These effects occur not
only with a pure 1 lr interaction but also for a finite-range
Coulomb repulsion (A, approximately four Cu-0 lattice
spacings) which might correspond to the real cuprate
compounds. The conclusions of this work go beyond the
specific model used here, and show that it is possible to
form superconducting states when 1/r interactions are
used in a regime of phase separation. Finally, we would
like to remark that the s-wave superconductivity found in
this model is not incompatible with the d-wave results ob-
tained in previous work. For the parameters used in the
present paper, the mapping from Eq. (1) to the t-J model
is not possible. Moreover, the mechanism that led to
pairing in the present model is quite difFerent from the
one in the t-J model. Experiments will decide between
these two possibilities.
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