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Interdift'usion process in lattice-matched In„Gai „As~P, «/InP
and GaAs/Al„Ga, „As quantum wells
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We derive a formula that describes interdiffusion profiles of quantum wells and shows how the formu-

la accurately models interdiffusion in quantum wells of lattice-matched In Gal „As~P& ~ and

Al„Gal „As alloy semiconductors. Our formula includes the different interdiffusion coeScients be-

tween layers and interfacial discontinuity of interdiffused species. Our formula explains how quantum

energy shifts due to interdiffusion vary with annealing time and annealing temperature in various wide

well layers of both In Gal „As~P& ~/InP and GaAs/Al„Gal „As quantum wells. We also show the

quantitative difference between interdiffusion profiles of these two materials.

I. INTRODUCTION

Quantum wells composed of III-V compound semicon-
ductors have a wide range of optical and electronic appli-
cations. It is difficult to study interdiffusion in the quan-
tum wells, however, because of their small size and other
characteristics of the material. Since well layers are
several nanometers wide, the interdiffusion profiles can-
not be measured directly. The profiles in quantum wells

are not necessarily the same as those measured directly in
wider heterostructures. InterdifFusion causes lattice
strain in III-V compound semiconductors. When the lay-
er widths exceed the elastic limit, the lattice strain in-
duces dislocations that affect the interdiffusion process.
Since the well layers are thin, interdiffusion penetrates al-
ternate barrier layers, which further complicates the
interdiffusion profiles. The interdiffusion of group-III
atoms and of group-V atoms must be considered sepa-
rately, since the atoms do not mix because of their polari-
ties.

Interdiffusion of GaAs/Al„Ga, „As quantum wells

has been heavily studied. Group-III atoms are the only
possible interdifFusion species and are known to begin
interdiffusing above 800'C. ' The influence of implanting
active impurities and lattice defects ' on
interdiffusion was studied by using transmission electron
microscopy or measuring quantum energy shifts. The
interdiffused compositional profile of these materials was
first reported by Chang and Koma' for 150-nm-wide
GaAs/A1As double heterostructures using Auger elec-
tron spectroscopy. The profiles were error functional and
symmetrical. Considering that the strain in interdiffused
Al„Ga& „As layers is negligible, several other research-
ers used Chang and Koma's profiles to explain how quan-
tum energy shifts in GaAs/Al Ga, „As quantum wells
relate to interdiffusion. '. ' These researchers did not,
however, directly examine or further confirm the
interdiffusion profile of the quantum wells.

After GaAs/Al„Ga, „As quantum wells, the next
most heavily studied structure is In„Ga, „As P& „/InP

quantum wells, which are the main components of the 1-

pm-region optoelectronic devices. This system has two
possible interdifFusion species, group-III atoms and
group-V atoms. Group-V atoms reportedly interdiffuse
more easily than group-III atoms. ' Arsenic and phos-
phorus atoms begin to interdiffuse at about 500'C. '

The infiuence of impurities and defects on interdiffusion
properties has been studied, ' but the interdifFusion
profile in In„Ga, „As P, /InP quantum wells is not
well understood. The interdifFusion profile cannot be es-
timated by direct observation of wide heterostructures
since the lattice constant of In, Ga, „As~P, materials
strongly depends on the composition. Some researchers
have pointed out the difFerence between interdiffusion
profiles of Ino 53Gao 47As/InP quantum wells and those of
GaAs/Al„Ga, „As systems using indirect methods.
Nakashima et al. ' used x-ray analysis and the Fleming
model to show that arsenic composition in an
In053Ga047As well layer evenly decreases and that the
interdiffused arsenic atoms stagnate near the interface of
an InP barrier layer side. Fujii et a/. ' reported that
there must be a large compositional discontinuity of
group-V atoms at an interface, even after interdifFusion,
by roughly estimating the dependence of quantum energy
shifts on the well-layer width.

In this paper, we present a formula that comprehen-
sively describes interdifFusion profiles in quantum wells
and evaluate the interdiffusion process of group-V atoms
in lattice-matched In„Ga, „As P, /InP and that of
group-III atoms in GaAs/Al„Ga, „As quantum wells
with the formula. We derive our formula by analytically
solving diffusion equations for a piled three-layer system,
taking into account the different interdiffusion coefficients
between layers and the compositional discontinuity of
difFused species at interfaces. We relate our formula to
the dependence of quantum energy shifts on annealing
time and annealing temperature for various wide well lay-
ers. We show that the dependence of quantum energy
shifts is very different for In~Ga& „As~P& ~/InP and
GaAs/Al„Ga, As quantum wells and that our formula
explains the difference.
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II. MODEL OF THE INTERDIFFUSION PROFILE and

ac, (x, t) a'C, (x, t)
=D, , t)0, x &L

Bx
(2)

We solved the linear diffusion equations for a piled
three-layer structure. In our mathematical model, the
outside layer extends infinitely in the —x and +x direc-
tions. We defined the origin of the x axis as the center of
the middle layer. There are two boundaries, at x = —L
and x =L. First, we solved linear diffusion equations as-
suming a momentary plane source at x =g. We then in-
tegrated the solutions, using an initial composition
profile, to fit the actual structure. In the actual structure,
diffusion species in the two outside layers can mix via the
rniddle layer, equivalent to a single quantum well. To
find a solution, we made two generalizing assumptions. '
First, we assumed that the diffusion coefficients of outside
layers and middle layer are difFerent, and that the outside
layers have a common diffusion coefficient. Second, we
assumed a certain distribution ratio for diffused species at
the interface, so the composition species can be discon-
tinuous at the interface. We made two more assumptions
to eliminate difficulties in solving the diffusion equations:
(i) both the interdiffusion coefficient in each layer and the
distribution ratio at the interface are constant during
interdiffusion; (ii) we ignored the Smigelskas-Kirkendall
effect, where unbalanced velocity of interdiffusion causes
the interface to move. We show in Sec. V that practical
results are consistent with these assumptions. In addi-
tion, when the thicknesses of layers are smaller than 30
A, a gradient correction term should be considered. In
this work, we neglected the correction term.

We derived our formula as shown below. The three
linear diffusion equations are

ac, (x, t) a'C, (x, t)
=Di 2, t)0 X~L

Bt

aC, (x, t) a'C, (x, t)
=D1 2, t Ox —L.

ax2
(3)

The boundary conditions are

C&(x, t)=kC2(x, t) for X~L,

C3(x, t)=kC2(x, t) for x~ L, —

aC, (x, t) ac, (x, t)
D] =D2 for x ~L

Bx Bx
(6)

ac, (x, t) aC, (x, t)
D& =D2 for x ~—L

Bx Bx
(7)

and the initial conditions are

Cl(x, t) =5(x —g), C2(x, t) =C3(x, t) =0

for t ~0 . (8)

Here C; (i =1,3) is the concentration of diffusion species
in the outside layers and C2 is the concentration in the
middle layer. D; (i =1,2) is the diffusion coefficient in
the outside layers and the rniddle layer, respectively. The
interfacial distribution ratio of concentration is
k =C;/C2 (i =1,3). Equations (4) and (5) model the
discontinuous concentration at interfaces, while Eqs. (6)
and (7) express flux continuity. 5(x —g) is a delta func-
tion.

We solved these diffusion equations and obtained the
following (see the Appendix):

1
C, (x, t)=

2+nD, t

(x —g)
4D t

1 —ak (x 2L +g)—
1+ak 4D

&
t

2n —1

4ak "
1 —ak

(1+ak)~ „=, 1+ak
(x 2L +4aL +g)—

exp ~, x )L (9)

1 2a + 1 —ak
1+ak „, 1+ak

' 2(n —1)

exp

Lx+— (4n —3)L——~ .
a a

4D2t

2

2

1 —ak+ exp1+ak

Lx ———(4n —1)L +~-
a a

4D2t
[X[&L (10)

2(n —1}
1 4ak "

1 —ak
C3(x, t) = exp(1+ak) „ i 1+ak

2

x+2L —(4n 2)aL —
g . —

4Dit
x( —L,
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where a =7I/O& /D2.
We next integrated Eqs. (9)—(11) using the initial com-

position profile. We used the initial conditions

F(x, t)=FQ Jt C, (x, t)dg+ Jt C3( x—, t)dg
L oo

x ~L (14)

F(x, t)=FQ f Cz(x, t)dg+ f Cz( x—, t)dg
L oo

F(x,o) =FQ,

F(x,O)=0, ixi &L

and calculated

(12)

(13) F(x, t)=FQ f C3(x, t)dg+ f C, ( x, t)d—g
L oo

x& —L.
We then obtained the formulas

(15)

. 1 —erf
1+ak 2~D, t

x L-
F(x, t)= 1+erf

2 2+D, t
' 2(n —1)

4ak "
1 —ak

(]+ak)3 „, 1+ak
1 —erft ~x

~
L+(4—n —2)aL]

1 —ak ~x~ L+4na—L+,1 —erf
1t

(17)

' 2(n —1)
FQa "

1 —ak
1+ak „~, 1+ak

x —(4n —3)L x +(4n —3)L2+erf erf
2+D3t 2+D3t

1 —ak x +(4n —3)L x (4n ——1)L+ . 2 —erf +erf1+ak 2&D, t 2+D, t

(18)

Equations (17) and (18) generally give the concentrations
of difFused species; these equations describe the
interdiffusion profile when F(x, t) is regarded as the com-
position of layers. In a practical analysis of interdiffusion
in quantum wells, we determine three unknown material
specific parameters D, (in barrier layer), D2 (in well lay-

er), and k in this formula.

III. EXPERIMENT

We grew experimental samples by metalorganic
vapor-phase epitaxy. Samples were undoped
InQ 53GaQ 47As/InP and

InQ 53GaQ 47As/InQ 7QGaQ 3QAsQ 6,PQ»

single quantum wells (SQW's) on (001) InP substrates
grown at 570'C and undoped GaAs/A1Q 35GaQ 75As
SQW's on (001) GaAs substrates grown at 720'C. Each
sample had a cap layer, quantum-well layers, and a bufFer
layer on the substrate. Quantum-well layers were com-
posed of four well layers with different thicknesses to give
us enough data to find the three unknown material
specific parameters. Well layers of InQ53GaQ47As/InP
SQW's were 20, 10, 7.5, and 5 nm wide, separated by 50-
nm-wide barrier layers. Well layers of
InQ 53GaQ 47As/InQ 7QGaQ 3QAsQ 6& PQ 39 SQW's were 20, 15,
10, and 5 nm wide, separated by 30-nm-wide barrier lay-
ers. Well layers of GaAs/A1Q z5GaQ 75As SQW's were 20,

~~
40
C
tD

c

I I I I I I
1

I I I I I I I I I
l

I I I I

--- as- grown

650 C, 2hrs. -
In, „Ga„,As/InP SQNs

10 nm
~I
I ~

7.5 nm
I
I
I
I

20 nm

I
I
I
I
I
I
I
I
I
I
I

I

I I I I I I I I I I I I I I I I I I I I I

1.35 1.40 1.45 1.50 1.55

Wavelength (p, m}
FIG. 1. Photoluminescence spectra of as-grown and annealed

samples of Ino 53GRQ 47As/InP quantum wells 5, 7.5, 10, and 20
nm wide at 4.2 K. Annealing was for 2 h at 650 C.

I

15, 10, and 5 nm wide, separated by 50-nm-wide barrier
layers. Cap and buffer layers were 200 nm wide in all
samples. We controlled width and composition by
growth conditions, which were checked by x-ray
difFraction and transmission electron microscopy.

We annealed samples in a reactor tube of a liquid-
phase epitaxy system; we placed an InP plate on
In Ga&, As„P& „samples and a GaAs plate on
Al„Ga, As samples, and passed pure H2 gas. We be-
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lieve that the semiconductor plates raise the vapor pres-
sure of group-V elements (P or As} during annealing.

We measured photoluminescence spectra of these sam-
ples at 4.2 K before and after annealing by immersing
samples in liquid helium. We excited luminescence with
the 647.1-nm line of a Kr+ ion laser and detected
luminescence using a PbS detector. Figure 1 is an exam-
ple of the measured photoluminescence spectra of
Ino53Ga047As/InP SQW's. The four peaks correspond
to four quantum wells of different widths, and all of them
shifted to a shorter wavelength after annealing. These
peak shifts are caused by changes of quantum energy lev-

els, which are sensitive to compositional profile.

IV. CALCULATION
OF THE QUANTUM ENERGY SHIFT

We determined the three unknown parameters,
interdiffusion coelcients, and the ratio of interfacial
discontinuity by fitting quantum energy shifts calculated
from our formula to measured ones. We used a numeri-
cal method to calculate quantum energies because the
effective-mass equation cannot be solved analytically in
these cases.

The efFective-mass equation is

fi B + V, (x)+S;(x) q), (x)=E,(x),
2m;

i =e, HH, LH (19)

where V, (x) is the potential energy, S;(x) is the strain en-

ergy, E, is the eigenenergy, and y;(x) is the envelope
wave function. Subscripts i =e, HH, and LH mean elec-
tron, heavy hole, and light hole, respectively. The poten-
tial energy V;(x) is calculated from the composition,
which is shown as a function of x in our formula. The
strain energy S;(x) is

wells: effective mass m, =0.041mp, m HH =0.50mo,
and mIH =0.052mo in an Inp 53Gap 47As well

layer; m, =0.08mp and mHH =0.56m& in an InP barrier
layer; m, =0.044mp and m HH =0.49mp in an

Inp 7pGap 3pAsp 6,Pp 39 barrier layer; elastic stiffness

C» = 1.016X 10" dyn/cm and C&2 =0.509 X 10"
dyn/cm; and distribution ratio of conduction-band
offset AE, =0.46E . We used the hydrostatic deforma-
tion potentials a, =a„=—3.94 eV and the shear defor-
mation potential b = —1.7 eV. We assumed that the
hydrostatic deformation potential was distributed evenly
between the conduction and the valence band and
neglected the compositional dependence of these three
deformation potentials. Since the compositional depen-
dence of energy gap at 4.2 K is not reported to our
knowledge, we used the compositional dependence at
295 K 36

Eg (x,y)=1.35+0.672x —1.091y+0.758x

+0.101y +0.111' 0.580+ y

—0. 159xy +0.268x y (22)

E (x)= 1.424+ 1.247x (23)

We believe that this is a good approximation when calcu-
lating shifts of quantum energies since band offset does
not depend on temperature.

We used the following material parameters when cal-
culating quantum energy levels in GaAs/Al„Ga, „As
quantum wells: effective mass m, =0.067m p and
mHH=0. 42mp in a GaAs well layer, m, =0.088mp and
mHH=0. 53mo in an Aloz5Ga075As barrier layer, and
distribution ratio of conduction-band offset hE,
=0.65AE . ' Strain energy is negligible in this material.
For the same reason as with an In1, 6a„As~P1 ~ sys-

tem, we used the compositional dependence of the energy

gap of Al, Ga, „As at 300 K:

C11 C12
S,(x)=2a, s(x)

11

and calculated shifts of quantum energies.
(20)

and

C11 —C12 + C11+2C12
S„(x)= 2a„+b s(x),

11 11
(21)

where a, and a„are hydrostatic deformation potentials
and b is shear deformation potential. ' C» and C,2

are elastic stiffness. e(x) is misfit strain. The plus and
the minus correspond to light-hole band and heavy-hole
band, respectively.

We used the Runge-Kutta method suggested by
Sakurai to solve the effective-mass equations. We com-
puted the envelope function numerically, with the bound-
ary conditions that both y;(x) and 1/m, By, (x)/Bx are. .

continuous at the interface, and we determined eigenen-
ergies for both the conduction band and the valence
band. We calculated total energy shifts as the sum of the
energy shift in the two bands.

We used the following parameters to calculate the
quantum energy levels In& Ga As„P1 /InP quantum

V. THE INTERDIFFUSION PROCESS
IN QUANTUM WELLS

We compare the measured and the calculated depen-
dence of quantum energy shifts on weil layer width for
various annealing times in Ino53Ga047As/InP and in
GaAs/Alo 2~Gao 75As quantum wells [Figs. 2(a) and 2(b)].
Solid lines are shifts calculated using our formula. The
dependence of energy shifts is different for each type of
quantum well, and calculated shifts and measured shifts
agree closely for both materials. In Inp 53Gap47As/InP
quantum wells [Fig. 2(a}],the energy shift increased grad-
ually in 20-nm-wide well layers, and in the narrower well
layers, the shift increased rapidly up to 2 h and then sa-
turated. In GaAs/Aloz5Ga075As quantum wells [Fig.
2(b)], the energy in the 20-nm-wide well layer was almost
constant, and in the narrower well layers, the energy shift
increased and did not saturate. Our formula explained
each of these characteristics with a set of parameters,
that is, interdiffusion coeScients in each layer and inter-
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TABLE I. Interdiffusion coefficients and distribution ratios of Ino 53Gao 47As/InP and
Ino 53Gao 47As/Ino 7oGao 3oAso 6&Po» quantum wells.

T
('c)

D InGaAs

(cm /s)

Ino 53Gao 47As/InP
D InP

(cm /s)

Ino. 53Gao 47As/Ino. 7oGao. 3oAso. 6IPo. 39

D InGaAs +InGaAsP

(cm /s) (cm /s) k

600
625
650
700
720
725
740
750

1.7X 10-"
2.0X 10
2.1X10-"
2.8 X 10

3.8 X 10

4.7X 10-"

4.3X10-"
2.0X 10
2.1 X 10
5.6X10-"

3.8X10-"

4.7 X 10

40
35
30
17

13

2.6X 10-"
2.8 X 10
3.5 X 10

3.5 X 10
3.9X 10

5.1X10-"
1.4X 10-"
2.3X 10-"

4.3X10-"
5.5X10-"

TABLE II. Interdiffusion coefficients and distribution ratios
of GaAs/Alo z5Gao 75As quantum wells. Interdi6usion
coefficients of GaAs and Alo»Gao 75As layers were equal.

T
('C)

GaAs/Alo. 25Ga0. 75As
D

(cm'/s)

800
825
850
875
900

2.2 X 10
6.9 X 10
1.1X10-"
2.3 X 10
4.0X 10

having difFerent barrier layers. The distribution ratio k
decreased as the annealing temperature increased in
InQ 53GaQ 47As/InP quantum wells. The parameters in
Table I explain why the tendency in Fig. 3(b) is between
Figs. 3(a) and 3(c). Interdiffusion coefficients of
InQ»GaQ 47As/InQ 7QGaQ 3QAsQ s,PQ» quantum wells were
quite different between layers, which is a characteristic of
InQ 53GaQ 47As/InP, and interfacial discontinuity is small,
which is a characteristic of GaAs/AlQ25GaQ75As. The
parameters in Table II suggest that Chang and Koma's
model is applicable to GaAs/AI„Ga, „As quantum
wells. We confirmed that interdiffusion coefBcients were
common to both layers and that distribution ratios were
1 at all the annealing temperatures we tried for
GaAs/AlQ 35GaQ 75As quantum wells.

We calculated interdiffusion profiles of
InQ53GaQ47As/InP and GaAs/AlQ25GaQ75As quantum
wells [Figs. 4(a) and 4(b)]. Figure 4(a) explains the results
found by Nakashima et al. ' and Fujii et al. ' These
profiles help us understand the characteristics of energy
shift in two types of quantum well. In
II1Q53GaQ47As/InP quantum wells [Fig. 4(a)], there is a
large interfacial discontinuity, which starts as the distri-
bution ratio. The distribution ratio limits the increase of
phosphorus composition in the well layer. Because of
this compositional limitation, the shift of quantum energy
saturates. By high velocity of interdiffusion (see Table I),
interdiffusion easily advances to the center of the well
layer. Quantum energies therefore shift even in a wide
well layer. Distribution ratios were independent of well
layer width, so saturation and shift occur earlier in nar-
rower well layers. With GaAs/A1Q 25GaQ 75As quantuin

wells [Fig. 4(b)], the distribution ratio was 1, so energy
shifts did not saturate and increased gradually.

We made Arrhenius plots of interdiffusion coefficients
in In, „Ga„As„P, /InP and GaAs/Al„Ga, „As
quantum wells [Figs. 5(a) and 5(b)]. The solid lines are
for an Arrhenius expression with a single activation ener-

gy. We found that activation energy was 0.5 eV in an
InQ»GaQ47As layer, 2.0 eV in an InQ7QGaQ3QAsQ6, PQ39
layer, and 8.4 eV in an InP layer [Fig. 5(a)]. The activa-
tion energy in InP was larger than the energy of self-
diffusion of phosphorus atoms in InP, which has been
measured as 5.65 eV. We suggest that one reason for
this discrepancy is lattice distortion adding excess energy
to the activation energy. We cannot compare activation
energies in InQ 536aQ 47As and InQ 7QGaQ 3QASQ 6iPQ 39 lay-
ers with other values for a lack of reported data. We
found an interdiffusion activation energy in

GaAs/AlQ z5GaQ75As quantum wells of 2.8 eV. We su-

perimposed previous reported data in Fig. 5(b). We be-
lieve that the discrepancy between our value and others is
caused by a difference in crystal quality. Chang and
Koma found an interdiffusion activation energy in

Alp 25GaQ 75As of 4.1 eV. ' They speculated that the
disagreement between their activation energy and the Ga
vacancy, which was 2.1 eV, was due to an As vacancy
via the formation of a divacancy. Our activation energy
was closer to Ga vacancy than Chang and Koma's, so it
is possible that our samples had less As vacancy than
their sample. This would also explain why our
interdiffusion coefficients were lower than theirs. Guido
et al. studied the inhuence of vacancy concentration on
interdiffusion. ' The smallest activation energy of their
various samples was 3.4 eV. Their results were very simi-
lar to ours, though their activation energy was different.

We also reached some conclusions about the charac-
teristics of interdiffusion of group-V atoms in
In, Ga As P& materials. We assume that interfacial
cornpositional discontinuity is related to lattice distor-
tion, which is first generated at the interface during
interdifFusion. If there is no interfacial discontinuity,
the greater the difFerence in initial composition of
group-V atoms between well and barrier layers, the great-
er the lattice distortion produced by interdiffusion. In
Table I distribution ratios of InQ 53GRQ 47As/InP
quantum wells were larger than those of
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FIG. 4. (a) Calculated phos-
phorus composition profile in an

Inp 53Gap 47As/Inp quantum
well 20 nm wide after annealing
at 650'C for 6 h. (b) Calculated
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at 825'C for 6 h.
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Ino 53Gao 47As/Ino 70Gao 30Aso 6&PO 39 quantum wells. In
Table II the ratios obtained a value of unity in
GaAs/Al„Ga, „As quantum wells, where interfacial lat-
tice distortion is negligible. This shows that the distribu-
tion ratio was larger at the interface where the greater
lattice distortion was expected. We can also see from
Table I that the distribution ratio dropped as the anneal-
ing temperature increased. These results support the as-
sumption that compositional discontinuity starts by a
thermodynamic potential barrier related to lattice distor-
tion. Yu et al. reported that lattice mismatch was avoid-
ed when both group-III atoms and group-V atoms
interdifFuse. They speculated that the avoidance was be-
cause interdiffusion producing lattice distortion requires
excess energy. ' Considering that the stress energy will
follow the compositional profiles in layers, the ratio k is
expected to vary versus time. We suppose that the an-
nealing time in our experiment is not so long that the
efFect of change in the compositional profile could not be
observed in this work.

Even though we neglected the Smigelskas-Kirkendall
effect, our model accurately explained quantum energy
shifts due to interdiffusion. This suggests that the
Smigelskas-Kirkendall effect was negligible in our sam-
ples. We assume that this result is also related to lattice
distortion adding excess energy to interdifFusion activa-
tion energy. When group-III atoms do not move, . as in
our experiment, motion of the interface of group-V atoms
must produce quite a large lattice distortion between the
interface of group-III atoms and that of group-V atoms.
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VI. CONCLUSION

We presented a formula that describes interdiffusion
profiles of quantum wells. We looked at the
interdiffusion process in quantum wells composed of
In~Ga& „As P& and Al„Ga, „As alloy semiconduc-
tors and showed the accuracy of our formula. We de-
rived our formula by solving diffusion equations assuming
that interdiffusion coefBcients differ between layers and
that there is interfacial discontinuity in the composition
of interdiffused species. The formula includes the

I

0.90.8 1.0

Reciprocal of temperature (10 /K)

FIG. 5. InterdifFusion coefficients as a function of the re-
ciprocal of annealing temperature. (a) In„Gal As„pl ~ quan-
tum wells. (b) GaAs/Alp»Gap 75As quantum wells. Results of
previous research are shown in (b).
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penetration of interdiffusion between alternate layers,
which is common in quantum wells. We applied the for-
mula to analyzing the dependence of a quantum energy
shift on annealing time, annealing temperature, and well
layer width in lattice-matched In„Ga, „As P, /InP
and GaAs/Al„Ga, ,As quantum wells. Our formula
correctly predicted the dependence and clarified the
differences between interdiffusion processes in these two
materials.
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APPENDIX

We substitute Eqs. (A2) —(A5) into Eq. (Al):

8"C,(x', t}
C2(x', t) =——+a g (ax')"

2 k n~

d"C, (x', t)+———a g, (
—ax')"

2 k „,nf gx'"

where a =QD, /D2. We then get the condition

C2(x L, t—)=——+a C, [a(x L, t)—)
1 1

+———a C [—a(x L, t)]—.
1 1

2

Using the same solution as above, we get

(A6)

(A7)

x n 8"C2(x', t)

p n! Bx'"

where x'=x L. From E—qs. (1) and (2), we get

(A 1)

We rearranged Eqs. (4)—(7) to give the conventional
solution. C2 can be expressed by a Maclaurin expression
using the value at x =L:

ac,(x, t)
C2(x', t}=C2(x',t)!p+x'

Bx p

x'2 8 C2(x', t)+ + ~ ~ ~

Bx'

1 1 1
Cl (x L, t) =——k +—C2 —(x L,t)—

2 a a

1 1 1+—k ——C2 ——(x L,t)—
2 a a

(A8)

C2(x +L, t) =——+a C&[a (x +L, t))
1 1

1 1+———a C [
—a(x+L, t)]

2 k
(A9)

At x = L, in th—e same way as for C, (x, t) and C2(x, t)
above, we get

8"Cl(x', t) 8 "Cl(x', t)—D fl

Bt" Bx

a"C,(x, t) a2"C,(x', t)

and
(A2)

(A3)

C (x +L, t}= k+ —C ——(x +L, t)
1 1 1

2 a a

r) "C,(x', t) 8 "C2(x', t)

Bx p Bx p

(A4)

g2n+1C (
i t} g2n+1C

Dn+l ' =kDn+l
1 &2n+1

0
2 &2n +1

0

(A5)

We differentiate Eqs. (4) and (6}by t and substitute them
into Eq. (A2) and get

1 1 1+—k ——C2 ——(x+L, t)
2 a a

(A 10)

Note that Eqs. (A7) —(A10) are sufficient conditions for
Eqs. (4)—(7).

The solution must satisfy diffusion equations Eqs.
(1)—(3), boundary conditions Eqs. (A7) —(A10), and the in-
itial condition Eq. (8). If we consider only two layers
separated by the boundary at x =L, the solutions are

C, (x, t)= 1

2+mD,t.exp
(x —g)

4Dit
1 —ak
1+ak

2

(x 2L +g) —)L
4D)t

(Al 1)

C2(x, t) = 1 2a
exp

2+~D, t I+ak

Lx —L+——
a a

4D2t
(A12)

These are normalized. Considering the boundary at x = L[Eqs. (A9) and (A—10)] and the initial condition [Eq. (8)],
Eq. (A12) has to be transformed to
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C2(x, t)= 1
' 2a

exp1+ak

x-L+—--'L
a a

4D2t

'2

2a (1—ak)
exp

( I+uk}

'2

x +3I +~L
a a I

4D2t

and then

1 4ak (x +2L —2aL —g)
C3(x, t}=

~ exp
2+~D, t (I+«)'

x~ —L. (A14)

Due to the added second term of Eq. (A13), Eq. (All) has to be transformed to

1
Ci(x, t) =

2 nDit
exp

(» -g)'
4Djt

1 —ak
I+ak

(x 2L +—g)
4Dit

1 —ak (x 2L +—4ttL +g)
I+uk 4D, t

1 —ak
1+ak

(x 4aL ——g)
4Dit

x&L .

(A15)

Equation (A15) satisfies the diffusion equations and the boundary conditions, but not the initial conditions. The last
term of Eq. (A15) shows that there is a diffusion source at x =4aL +f, which contradicts the single source in Eq. (8}.
In order to cancel this last term, we introduce a negative source at x =4aL +g, which has the same absolute value as
the last term of Eq. (A15). This imaginary source needs additional terms in regions x ~ L, ~x ~

(L, and x ~ L to sati—s-

fy the boundary conditions Eqs. (A7)-(A10). This, however, also produces a diffusion source in x L. We finally found
that solutions which satisfy all conditions are infinite series.
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