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We describe a theoretical scheme for the determination of quasiparticle spectra starting from the
energy band structure of a metal and treating the on-site Hubbard repulsion beyond the mean-field
theory. The method relies upon an expansion of the many-body states in terms of uncorrelated states
with a different number of electron-hole pairs. By truncating the expansion to include configurations
with one or two pairs one can achieve approximate expressions of the electron and hole self-energies.
The interparticle scattering matrices appearing in such expressions are conveniently calculated using
the Fadeev approach. Calculations performed for a constant density of states allow us to illustrate
the role of three-body correlations in the metal-insulator transitions.

I. INTRODUCTION

It is well known that the valence electron behavior of
narrow band systems, such as the elements of the d elec-
tron series and their compounds, cannot be understood
using the single-particle eigenvalues derived by density
functional theory within the local density (LDA) or lo-
cal spin density (LSD) approximation. The discrepancy
between band theoretical results and experiments is evi-
denced by the occurrence of satellites and band narrow-
ing effects in photoemission and inverse photoemission
valence band spectra,’ 1 by the presence of large con-
ductivity gaps in materials for which band structure the-
ory predicts a metallic behavior,! 12 by the observation
in magnetic materials of spin patterns, considerably more
complex that those calculated,'* etc. Both LDA and LSD
rely on the assumption that the exchange and correlation
effects are locally the same as in the uniform electron gas
with the corresponding density. This approximation fails
to reproduce the electronic behavior in the case of suffi-
ciently localized electron states, i.e., when the Coulomb
energy involved in d charge fluctuations is much larger
than or comparable to the single-particle bandwidth.!5:16

To overcome these difficulties, the Hubbard model
Hamiltonian has often been used to modify single-particle
spectra.l:11:17727 The implicit assumption is that among
the various many-body terms, which are responsible of
the correlation effects, the Coulomb repulsion U between
electrons of opposite spins sitting on the same atom is the
one which is worst treated by the local density approx-
imations. The LDA or LSD are believed to account for
the correlation effects by some sort of mean-field approxi-
mation, which corresponds to assume that each orbital is
occupied by an average number of valence electrons, i.e.,
to neglect d local valence charge fluctuations. In a per-
turbation expansion in powers of U, such a theory would
correspond to the first order term, which seems to indi-
cate that standard local density approximations should
be strictly appropriate for low U values, i.e., when any
change in the occupancy of d levels of a given atom is lo-
cally screened by the mobile sp valence electrons. When
the on-site screening of the effective Coulomb interaction
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is not efficient the correlation effects are to be explicitly
evaluated.

Among the properties which require an accurate treat-
ment of the correlation, the quasiparticle spectra are of
great importance not only because they allow us to test
the adequacy of the theoretical treatment by direct com-
parison with the experimental spectra, but also because
they provide a direct insight into the self-energy behavior.
Density functional theory is primarily devised for the cal-
culation of ground state properties and it is not meant for
excited states. Even in cases where a mean-field theory
is adequate to describe the ground state, such as tetra-
hedrally bonded semiconductors, the excited states may
be poorly described by the Kohn-Sham eigenvalues and a
self-energy calculations is needed to reproduce the lowest
excitations.2® It is expected that in narrow band systems,
where the ground state properties are sometimes poorly
described by the single particle theory, the self-energy
effects can be even more important.

In developing a theoretical treatment that improves
upon the LDA or LSD description of correlation effects
by including the on-site Coulomb correlation beyond the
mean-field approximation, one is faced with two prob-
lems. First one has to derive approximate solutions for
the model Hamiltonian since exact analytical results are
not available for two and three dimensions, even for sim-
plified band structure models. Second one has to incor-
porate the strong electron correlation into an a prior:
electronic structure calculation for real solids, without
losing the information provided by band structure theory.
While most of the studies on the Hubbard Hamiltonian
are based on a simplified description of the single-particle
states, the actual systems have often a complex band
structure, with several orbitals contributing to the Bloch
states. This limits severely the possibility of extending
the results derived for simple models to the description
of real systems. One way of dealing with this problem
that has become very fashionable in the past few years
consists in deriving a simplified one- or few-band model
Hamiltonian from the LDA band structure and then solv-
ing the model problem by some approximate approach or
by using advanced numerical tools.?9:3° This method has
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proved to be useful to derive effective Hamiltonians for
the CuO; sheets in high-T,. superconductors.

An alternative approach is to develop a theory where
the full complexity of the band structure is kept in
the kinetic term and the correlation term is treated by
some approximate scheme which allows to express the
ground state energy and the quasiparticle spectra in
terms of the single particle orbitals and/or density of
states.1718:22724,26,31 This type of theory has been ap-
plied often to the study of photoemission and Auger spec-
tra of d band systems,!:19,21724,32-34

The present paper follows after this line of research.
We describe a method that allows us to calculate corre-
lation effects in solids within the framework of the Hub-
bard model Hamiltonian and has a rather wide range of
validity. It consists of a configuration-interaction expan-
sion of the many-body states of the interacting system,
where the various configurations taken into account at a
given number of particle differ for the number and the
kind of electron-hole couples. This method relies upon
the Fadeev theory3* 37 of the many-body scattering ma-
trix. The interactions between configurations with the
same number of electron-hole couples are represented by
a set of two-body scattering t matrices, which can be cal-
culated exactly. The Fadeev theory is used to determine
the total scattering matrix and therefore the resolvent
giving the energy of the many-body system. For the sake
of simplicity the presentation will be restricted to the case
of a one-band Hamiltonian. However, the theory with
certain additional approximations has been extended to
deal with the many-band case and to describe correla-
tion effects in complex solids,3® much in the same way
as in previous work based on the t-matrix approach.3!
Since we intend to apply the theory to the description of
valence band spectra provided by photoemission, inverse
photoemission, Auger electron spectroscopy, and others,
the emphasis in the presentation is mainly on the deter-
mination of the self-energy and the quasiparticle proper-
ties.

It will be shown that some of the approaches commonly
used in the application of the Hubbard Hamiltonian to
real solids, such as the t-matrix theory!™19:23:21 or the
second order perturbation theory,!®2122:26:37 can be ob-
tained as different approximations to the present theory.
The present approach has two main advantages: first it
is not limited to particular band fillings; second it can
be applied for any value of the on-site repulsion term U.
Both features are a considerable improvement with re-
spect to the previous methods since the t-matrix theory
applies in the low density limit only and the various form
of perturbative approaches can be adopted in the small
U or high U limit. It should be noted in this respect
that the most interesting physical systems, such as, for
example, the high T, superconductors or some transition
metal oxides, have a significant hole density and U values
comparable with the single particle bandwith, so that the
above mentioned approaches are not appropriate.

The plan of the paper is the following. We present in
Sec. II the configuration expansion, which is the basis of
our approach. In Sec. III we illustrate the form of this
expansion when many-particle states with at most two
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electron-hole couples are taken into account. Explicit
expressions for the self-energy within the above approxi-
mation are presented in Sec. IV. The Fadeev approach to
the interconfigurations scattering is illustrated in Sec. V,
where the basic equations to be solved for the self-energy
determination are given when configurations with only
one electron-hole pair are considered. Numerical results
are displayed in Sec. VI.

II. BASIC DEFINITIONS

The Hubbard Hamiltonian in momentum space is given
by

- U
_ At ~t PP ~
H= E €xo by, Qxo + N E VI AP NI
ko k.k',p

(2.1)

where €y, are the single-particle energies, U is the on-
site Coulomb repulsion, and NV is the number of sites. In
the following we will consider a solid with N, electrons,
the ratio n = N./2N giving the band filling; the sys-
tem will be supposed paramagnetic, the extension to the
ferromagnetic case requiring only minor modifications.

The first term of (2.1), hereafter indicated as Hy, is
commonly referred to as the kinetic term; the second one
will be indicated as H' and referred to as the interaction
or correlation term. Hy can be regarded as a single par-
ticle Hamiltonian obtained by a self-consistent average
of all the electron-electron interactions except the intra-
atomic Coulomb repulsion. It does not correspond to the
Hamiltonian that is currently adopted in band structure
calculations by density functional theory, since in those
calculations the on-site repulsive interaction is included
in the self-consistent field.

In photoemission one determines the binding energy
of a valence electron with lattice wave vector k and spin
projection o defined by

w = E(N, — 1,ko) — Eg, (2.2)

where E¢ is the energy of the ground state of the Ne-
particle system and E(N. — 1,ko) is the energy of the
system after the removal of an electron with momentum
and spin ko. One can obtain the distribution of the bind-
ing energies by evaluating the spectral function associ-
ated with the resolvent operator of the (N, — 1)-particle
Hamiltonian

¢ z) = —2—

= z=—w+ Eg + 4.
Z'—HN,—1

(2.3)

In the same way the inverse photoemission experiments
allow us to determine the energy of an electron added to
the system given by

w = E(N, + 1,ko) — Eg, (2.4)
which is related to the resolvent operator
. B ,
G (z)=—F—, z=w+ Eg + 6. (2.5)
z—Hn, 41
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The key quantity describing the spectroscopical results
is the spectral function for hole and electron states

_ [ mG)(ko,w) fw<p

A(ko,w) = {_}_%ImGH‘)(ka,w) ifw>p, 26)

where u is the chemical potential and

G®) (ko,w)

= (8 (ko)|GH) (2w + Eg + i6)|8F) (ko))  (2.7)

is the one particle Green function. For w > u, A(ko,w)
describes the angle resolved inverse photoemission spec-
trum and for w < u the photoemission results.

One can express the spectral function in terms of the
electron-hole self-energy by using the equation

h
tw F éxo F 2F) (ko,w)’

G®H) (ko,w) = (2.8)

The real part of £(*) gives the modification of the single-
particle energy ex, due to correlation, while the imagi-
nary part allows to express the density of the electron-
hole quasiparticle states.

The states that appear in ( 2.7) are eigenstates of the
noninteracting Hamiltonian H, after the addition or the
removal of an electron with momentum k and spin pro-
jection o,

|27 (ko)) = 45, |2), (2.9)

180 (ko)) = 1o B). (2.10)
They correspond to energies

Eka = Eo + €ko- (2.11)

Here |®2%)is the ground state of the noninteracting N,-
particle system of energy Eo = Y, f(€ko)€ko, Where
f(exo) is the Fermi factor and ey, are the single-particle
eigenvalues. R

The presence of the Coulomb repulsion term H’ causes
a coupling between |®%) and the excited states of the
noninteracting N,-particle system, which differ from
|®%) for the presence of electron-hole couples. They can
be written according the following notation:
Iq)?"{k}> = a’:lol &:202 o a’:mam

X8k y10mtr " Okamoam IQ%)
= Iklala koos--- km.om,km+10'm+1 T k2m0'2m)

(2.12)
with
ki+ke+- -+ kn —kmys —Kmy2... —kom =0
(2.13)
and
o1+02+---+0m —Omy1 —Omy2+ -+ — 02, = 0.
(2.14)

m indicates the number of electron-hole couples and {k}

the set of wave vectors and spin that characterize the
single-particle states where electron or holes are created.
Also notice that the case m = 1 does not give a state
distinct from |$%), due to conditions ( 2.13) and ( 2.14).

The set of the noninteracting states |2 {k}) with

m=1,2,... is a complete set

Z l@:]n{k}>(¢?n{k}‘ =1
m{k}

(2.15)

that can be used to represent states of the interacting N,-
particle system having total momentum and spin equal
to zero.

Similarly the states of the N.—1 interacting system can
be expressed as linear combinations of |®(~)(pn)) and of
the states of the noninteracting system which differ from
|®(=)(pn)) for the presence of electron-hole couples such
as

(=) —At A -
|¢m{k} (pn)) - ak1¢71 a:zag e a'ltmdm

XAk y10mi1 """ Okzmozm

Xa‘kzm+162m+1 |¢%) (216)

with total lattice wave vector —p and spin —7. The same
is true for the addition af an electron, where we can define
states for |® *} (pn)) with total lattice wave vector p

and spin 7. The states |®(*)(pn)) and |<I>f;t{)k} (pn)), with
m=1,2,..., constitute then a complete set which allows
us to represent the states of the interacting (N, £ 1)-
particle system with defined lattice wave vector +p and
spin projection 7).

The expansion of the many-body states in terms of
the above given basis sets provides a configuration-
interaction theory of the correlation effects in the N,-
and (N, % 1)-electron systems. If one truncates these ex-
pansions to some fixed value mp,., of the electron-hole
couples number, one obtains an approximate form of the
Hamiltonian, which we call effective Hamiltonian H N.41-

III. FORM OF THE EFFECTIVE HAMILTONIAN

In order to illustrate the method and to clarify its re-
lation with previous approaches, we present the theory
for the case mpax = 2. Let us start with the N,-particle
case. The states that constitute the basis set in the ap-
proximation Mmmax = 2 are |®%) and |®) {k}), where

I(Dg{k}> = 'kl Tv k2 Jﬂ k3 T7 k4 wlf>

= &:11&:2¢&kn&k4l|q’oc> (3.1)

is a configuration with total momentum and spin projec-
tion equal to zero and energy equal to

E(ky T,k2 |, k3 T,ky |) = Eg + €k, 1 + €,y — €kgt — €kyl-
(3.2)

As also shown in Fig. 1(c) it presents two holes of mo-
mentum —k3,—k4 and two electrons of momentum k;,k2;
in this sense it can be called a four-particle state.
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FIG.1. Schematic representation of the basis states in the

configuration expansion for the (a)—(c) N, (d)-(f) Ne — 1,
and (g)-(i) Ne + 1 systems. Solid circles show electrons, open
circles holes, and the hatched area the filled density of states.
Dashed lines represent the interactions V;, V, V', and V"'

In general the Hamiltonian for the N.-particle system
can be written as

Hy, = (9| H|®%)|2%)(Dg|
+ Z Z CATPZ AT SPARRIT SPROI( AP
n{k} m{k'}
(3.3)

If we restrict our expansion to states with m <2 we get
the approximate Hamiltonian
Hy. ~HP + H + V', (3.4)
where fLP gives the ground state contribution and H,
those of the four-particle configurations, and V' is the
interaction between the unperturbed ground state and
four-particles configurations. More explicitly

HY = Wo|®g)(2¢|, (3.5)

N U
V= -~ Z |®2) (ks L k3 T k2 | ki |+ Hec,,
kikoksk,y
(3.6)
ff4 = flf + V4, (37)
where
HY = > [Wo+ et + ekl = €kst — €kl
kikzksks
x|k T, k2 |, ks T, ke {)(kq |, ks T, k2 |, k1 1|
(3.8)
with
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Wo = Eg + %‘NeTNeJ, (3.9)
and Nt (Ney) the number of the spin up (down) elec-
trons. Notice that the term ﬁé’ represents the Hamil-
tonian with the correlation term treated in mean-field
approximation.

V4 consists of four contributions

Va=Var + Vaz + Vas + Vag (3.10)

corresponding to different scattering processes: (a)
electron-electron scattering

IS U
Va== > > lki+ptks—plkstksl)

kikoksks P
X(k4 i’ k3 T? k2 VL, kl T I + H.C.,

(b) the scattering of an electron with spin down and a
hole with spin up

(3.11)

N U
V4z=—ﬁ Z Z|k1 tke—pl, ks—p,Tky l)

kikzksks p

x (ks |, ks 1,kz |, k; 1|+ Hec., (3.12)

(c) the scattering of an electron with spin up and a hole
with spin down

N U
V43=—N Z Z|k1+PT,k2 Lkstks+p )

kikzksks P

X<k4 J,, k3 T, kz ‘L, kl T | + H.c. (313)
and (d) hole-hole scattering
- U
Vag = N Z Z,kl kel ks—phkit+pl)
kikoksks P
X (k4 3, ks 1,ka |, ki 1 | +H.c. (314)

Let us consider now the case of N.—1 interacting parti-
cles where an electron of momentum and spin equal, say,
to ko | has been removed. The basis set is formed by
state |®(~)(ko, ), which we will denote also as |ko |),
with energy

Exoy = Eo — €xo1; (3.15)

by the states

1930 (ko 1)) = [k1 1k by ks 1) = &y, 181,41, 119)
(3.16)

with k; — ko — k3 = —ko and energy

E(ki T,k |, k3 1) = Eo + €1, — €kl — €ksts (3.17)

and finally by states such as |<I>§I,1} (ko {)), which we can
write as

ki 1,k2 |, ks 1, ka 4, ko 1) = & 48y | Gicsrlic, 18k 1 | D)
(3.18)

with total momentum equal to —kg, spin 1 and energy
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E(kl T,kz Jrak3 T’k4 Jra kO Jr)

= Eo + €i,1 + €y | — €kst — €yl — €kol-  (3.19)

A pictorial representation of these states is shown in
Figs. 1(d)-1(f). The basis set for the (N, — 1) parti-
cle case corresponds then to configurations with one hole
(one-particle states), two holes plus one electron (three-
particles states), and three holes plus two electrons (five-
particle states)

The effective Hamiltonian appropriate for the (N, —1)-
particle system in this approximation has the form

By 1 ~HP + Hs+ Hs +V + V" (3.20)

The first term gives the energy of the one-hole configura-
tion, the second describes the contributions of the three-
particle configurations, and the third describes the con-
tributions of the five-particle contributions. V and V”
are the interactions between one-hole, three-particle and
one-hole, five-particle configurations, respectively. More
explicitly,

HY = Wilko {)(ko | |, (3.21)
fI3 = I;Tgl.) + Va, (3.22)
H; = HP + Vs, (3.23)
where
b U
H = )" (Wo- Vet + it~ €kay — €t
kikaks
x|ky T,k2 |, ks t)(ks T, k2 |, ki 7],  (3.24)
HP = ) [Wi+eat+ el — tkt — 6l
kikskgks
Xlkl T7k2 l«7k3 Ta k4 *La ko ‘L)
X(ko |, kg |, ks 1,k |, ki 1. (3.25)

Notice that
J

N U
V” = _ﬁ z zlko .L)(ko l,kZ-plakl +pT)k2 Jf’kl T,

kik2 p

Equations (3.20)—(3.31) and their trivial extension to the
case of N, + 1 particles represent the form of the effective
Hamiltonian.

IV. MATRIX ELEMENTS
OF THE RESOLVENT AND SELF-ENERGY

To keep the notation as simple as possible we shall de-
note with |s) the single hole state |<I>f)¥,1}(ko 1)), with
|t} the two-hole one-electron states |‘I’£¥13} (ko 1)) and |v)
the set of three-hole two-electron states [(I>(_) (ko 4))-

2{k}
Adopting this shorthand notation, the basic equation

(2.7) defining the hole Green function becomes
G (ko },w) = (s|G(2)|8), z=—w+ Eg+ib.
(4.1)
The matrix elements of the resolvent G'(_)(z) of the ef-
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U
W1 = Eo — €xoy + 5 Net(Ney — 1)

¥ (3.26)

represents the (N, — 1)-particle energy with the Coulomb
repulsion treated by mean-field approximation.

The term V3 describes the hole-hole and electron-hole
scattering in the m = 1 configurations, respectively. It is
given by

V3 = "};33 ! ':/31 (327)
and
- U
V=5, D [tk Lks?)
P kikqks

x(ks ,k2+p |, k1 +p 1|+ Hec, (3.28)
- U
Vis=-x2 D ktklk?)

P kikzks
x(ks—p T k2 +p |, k1 T |+ H.ec. (3.29)

The scattering processes that take place between two-
electron three-hole configurations are represented by Vs,
which is made by the sum of the contributions from the
different two-body interactions. The processes to be con-
sidered are the same occurring in Vj, the only difference
being that they take place in the presence of the specta-
tor hole with momentum and spin kg |. For this reason
we do not give their expressions.

The term V gives the interaction between the one-hole
configuration and the configurations with one electron-
hole couple

N U
V= N . ;|k3+pT1k0+plak3 T)(ko l,l-}-H.C..

(3.30)
The interaction between the one-hole and the two-

electron three-hole configurations is given by V" whose
expression is

tHe (3.31)

[
fective Hamiltonian can be determined considering the
following relations:

GO = Bule) + B + 7+ 77 + BIEO()
+Ey(2) + Bs(2)(HA + V + V" + H3) GO (2),

(4.2)
where
- 1
F3(Z) = Z IA{3, (43)
Fi(2) = - _135 (4.4)

are the resolvents for the three- and five-particle Hamil-
tonians, respectively.

Using the previous equations one can easily derive the
following expression for the Green function:
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1

z = Wl ZFIStt"/t’ st — ZFsv’U"/vus‘/gl'[,)

tt’ vv' ( 4. 5)
with the notation Gi; = (3|G(7)|5), Faw = (t|F3|t'), etc.
This equation allows us to express the effective Hamilto-
nian resolvent in terms of the resolvents of the three- and
five-particle Hamiltonians. From Eq. (2.8) we notice that
the determination of the excitation energies of the N, —1
interacting particles as poles of the Green function can
be reduced to the calculation of self-energy which in turn
can be expressed, according to our theory, in terms of the
matrix elements of F3 and F5 and of the ground state en-
ergy. Indeed by comparing Eq. (2.8) with Eq. (4.5) one
obtains, for the hole self-energy,®

U
Vet =D VaeFae Vera
tt’

- Z V" Fva’Vv’a

Gos(2) =

2N (w) = Eqg — Wy +

(4.6)

The ground state energy E¢, calculated consistently with
the configurations chosen to describe the N, — 1 system,
turns out to be given by

Eg =Wy + ZV(,’fF4ff,V;,O, (4.7)
172
where
- 1
Fy(z) = —, 4.8
W)= 4 (48)

and, for simplicity, |0) is the noninteracting ground state
and |f) is the two-hole two-electron states |®9,,,).

The electron self-energy can be derived from the effec-
tive Hamiltonian for the N, + 1 particles by following the
same procedure. The result for an electron added in the
state ko | is given by

2 (w)=—Eg+ Wo + %Ne‘f + ; Vet Fate Virs

+ Z V” Fﬁvv’Vv'u (49)

where 13‘3 and ﬁ‘s represent the resolvents for the two-
electron one-hole and three-electron and two-hole config-
urations, respectively.

V. FADEEV EQUATIONS FOR THE
INTERCONFIGURATIONS SCATTERING

The determination of the resolven! Fi defined in the
preceding section is by no means trivial. To deal with the
problem it has been proposed3%3® to adopt the Fadeev
approach to the scattering matrix from a potential that
is the sum of different interactions. In this section we
illustrate the basic equations of the method.

According to the definitions (4.3), (4.4), and (4.8), the
resolvents F; refer to Hamiltonians which can be sepa-
rated in diagonal (HP) and off-diagonal (V;) terms [see
Egs. (3.7), (3.22), and (3.23)], which in turn can be
treated as unperturbed and perturbation terms, respec-
tively. We can then write F; as

F, = FP + FPV,F; (5.1)

or

Fy = FP + FPJ,FP, (5.2)
having defined J; as the scattering operator

J; = Vi + V;EPJ; (5.3)
and FP the “free” resolvent

- 1

FP = 7 (5.4)

Expression (5.2) can be used without any further devel-
opment to get a first comparison with previous work. In
fact in Appendix B we show that the results of second or-
der perturbation theory'®2% are regained in the present
context including configurations up to m = 2 and ap-
proximating the full resolvents F4, F3, and Fs with the
free resolvents F‘1 , F3 , and FP
Our goal, however, is to obtam an expression of self-
energy valid for any interaction regime; for this reason we
need an expression for the full resolvent F;. From now
on we will show how to get it, reducing, however, the
number of configurations to mmax = 1, in order to make
the problem more tractable. In this case the ground state
energy of the N,-particle system is Eg = W, while the
electron-hole self-energy is given by
E(i)(w)

U
< Net £ Vi Farer Vars. (5.5)

tt’

In the N,
is F3

— 1 case the only resolvent to be calculated
Fy =FP + EPJ,EP (5.6)
with

Js=Va+ Vaﬁnga = (Vas + f/31) + (Vsa + Vsl)ﬁaDjs-
(5.7)

We can define the partial scattering operators Js3 and
Ja1

Js = Jaz + Ja1 (5.8)
with

Jas = Vag + VasFP Js, (5.9)

Js1 = Va1 + Va1 FP Js. (5.10)

By introducing in (5.9) and (5.10) the scattering matrices
for each single potential term defined as

Ta1 = Var + V31F3DT31, (5.11)

Tsa = V33 + V33F3DT33, (5.12)
we get, after some manipulation,

Jaz = Taz + T3313'3Dj31, (5.13)

Ja = Ta1 + Tmﬁ:?jsa, (5.14)
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which are the Fadeev equations to be solved in order to
get Js from (5.8), F3 from (5.6), and finally £(~) from
(5.5).

The derivation of the integral equation to be solved for
the self-energy determination is given in Appendix A. We
can summarize the main results as follows: For a given
density of band states n(e) and a given U (i) calculate

£ > n(e)n(€
g(w) = /_O: de' /Ef dew—_%)—ﬁ, (5.15)
E !
g2(w) =/_ fde';%, (5.16)
e o [ 250 e
-U
T51(w) = T Ug(@)’ (5.18)
U
Ts3(w) = T3 Ugs(@) (5.19)
Ef
K(w,e,€) = / de" n(€") g2(w + € — €)T31(w + €”)
xgz2(w + € — € )T33(w — €"), (5.20)

Ef
B(w,€) = / de' n(e') ga(w + € — €)Ta1(w + €)

X (gl(w —€)+ / de'’ n(€")
Ej

xga(w — €")Ta3(w — €" );

gZ(w +6’ ~€II)

(5.21)
(ii) solve the integral equation
A(w,€) = B(w,€) + / de' n(€') K(w,€,€)A(w,€);
Ef

(5.22)

(iii) calculate

(W) = U—]!—_—]—Ve—T - / de n(e) Ts3(w — ¢€)
N By
x[1+ UA(w —¢€)]; (5.23)
(iv) and get the hole quasiparticle spectrum
1
(Nw) = —= - -
D' (w) Im/ de n(e) T o)
w<p (5.24)

In order to get the self-energy for the N.+1 system the
same procedure must be followed, but changing the in-
tegrations over empty states into integrations over filled
states and vice versa. The electron self-energy and quasi-
particle spectrum are calculated as
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Ey
2 w) =L N, + / de n(e) Tra(w — €)
x[1+UA(w — €)], (5.25)
D (w) = +11m - de n(e) > K-
- B, w—e—Xt(w) T
(5.26)

Since the present theory has been developed for
Mmax = 1, the ground state energy of the N,-particle
system is the noninteracting one. As a consequence the
chemical potential p, whose value is essential in order to
define the density of quasiparticle states for holes and
electrons, coincides with the single-particle Fermi level

Ej.

VI. NUMERICAL CALCULATIONS
AND RESULTS

The system under consideration is characterized by the
density of single-particle band states n(e) and by the pa-
rameter U describing the on-site correlation. These quan-
tities enter the definition of self-energy according to the
theory outlined in Sec. V.

The solution of the integral equation (5.22) is the only
computationally demanding step of the procedure. By
taking advantage of the kernel being degenerate, one can
transform the integral equation in a system of algebraic
equations whose solution can be approached by standard
numerical algorithms. In the definitions (5.15)-(5.17) a
value of § = 1075-10° has been used. It is useful to
define some quantities such as the bottom FE; and the
top of the band E;; the band amplitude is W = E; — E;,
and Wy = Ey — Ey, and W, = E3 — Ej are the occupied
and the empty portion of the band, respectively. We can
make the identifications v—‘r} = N_&t and ‘%‘ = N_Iév <t
defining the band occupancy as n =
W =25¢eV.

The results we are going to discuss concern self-
energies and spectral function for a system described by
a constant single-particle density of states; we are inter-
ested in various regimes characterized by different band
fillings and different values of the parameter U. Upon
increasing U we expect two main effects: first and most
important, the system must exhibit the Mott-Hubbard
transition from a metallic situation to an insulating one;
second, for sufficiently large U the ¢t matrices exhibit
real poles corresponding to bound states of hole-hole or
electron-hole couples.

We start by considering the case of a half filled band
(n = 0.5). Figure 2 shows the results of the present
theory for hole and electron states in the case of % =
0.5. We notice in particular the nonzero value of the real
part of self-energy at the Fermi level and the symmetric
behavior of the two self-energies

20O (w) = ~5} (2B —w),

—‘:,VT,L. We have chosen

(6.1)

which is an obvious consequence of the symmetry of
our model system. Here and in the following Zﬁi) and
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FIG. 2. Self-energy and density of quasiparticle states for
hole (continuous line) and electron (dashed line) states cal-

culated for % = 0.5 and for a constant density of states at

half occupation. (a) The imaginary part Zg_) and —2§+)
of self-energy, (b) the real part =*) and (c) the density of
quasiparticle states. Energies are referred to Ey. The band
amplitude is W = 2.5. The three straight lines correspond to
w—F;,w— Ey, and w — E.

Eﬁi) indicate the real and the imaginary part of the self-
energy, respectively.

As we expect, the self-energy correction is small in this
case and the density of quasiparticle states is similar to
the density of single-particle states, except for the pres-
ence of a satellite structure both in the filled and the
empty part of the spectrum. The quasiparticle spectrum
we get is not qualitatively different from the results of
perturbative approaches: the system in particular man-
tains its metallic character. The system is still metallic
for %:1 (see Fig. 3), even if now the self-energy correc-
tions are much larger, giving rise to satellite structures
of stronger spectral weight at the two sides of the main
structure.

By increasing U we expect the Mott-Hubbard transi-
tion to occur. Figures 4 and 5 show the quasiparticle
spectra obtained for %: 2 and %z 3, respectively: the
system is now an insulator with a finite gap between hole
and electron quasiparticle states. It is interesting to pro-
ceed to a graphic identification of the quasiparticle states.
According to (5.24) and (5.26) quasiparticle states cor-
respond to the zeros of w — E — £*(w). It is therefore
useful to look at the interceptions of the lines w — F
(E1 < E < Ef and Ef < E < E, for holes and electrons,
respectively) and the curve representing the real part of
$*(w). In Figs. 4 and 5 the lines w — E;, w — Ey, and
w — Ey are reported. Each of these lines intercepts twice
the curve X : one interception occurs in a region where
the imaginary part of the self-energy is very small, giv-
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FIG. 3. Same as Fig. 2 with % =1.

ing rise to a bound state; the other interception occurs
in a region where the imaginary part of the self-energy
has a maximum. In this energy region we find therefore
a complex pole of the Green function, which is a state of
finite lifetime or satellite.

We want to stress that the finite jump in the Zﬁi) at Ey
is essential in order to get the metal insulator transition.
Due to the symmetry requirement (6.1), the absence of a

jump on passing from 2 to = would correspond to
Zs.i)(E ¢) = 0 and therefore to real poles in the spectral
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FIG. 4. Same as Fig. 2 with % = 2.
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function around Ey, both in the hole and the electron
part of the spectrum, giving rise to a metallic behavior.

Another point that should be noticed is that, unlike
what is found in Figs. 2 and 3 for low U values, the real
and the imaginary part of the self-energies reported in
Figs. 4 and 5 do not seem to be related by the usual
Kramers-Kronig relations. An analysis of the behavior
of the scattering matrices T3; and T33, which for the
present model system have particularly simple expres-
sions, would show in fact that for Vl{,— > LV_z_lsz. the
scattering matrices exhibit poles on the real axis and
therefore their real and imaginary parts are not linked
by the Kramers-Kronig relations in the usual form, since
the singularities on the real axis have to be explicitly in-
cluded in the dispersion relations.?* For & larger than
the above mentioned value the same is true of the real
and the imaginary part of the self-energy.

We go on increasing U. It is well known that for very
large —v%, i.e., in the so-called atomic limit, the Hubbard
Hamiltonian can be solved exactly.*! It has already been
shown®® that the present theory with ng.x = 1 repro-
duces correctly the atomic limit. Indeed one can easily
show that for &= — co the expressions (5.23) and (5.25)
of the self-energy become

_ww,
W Ww—e+U(1-——vv%})’

&) (w) (6.2)
giving rise, in the case of a half filled band, to the one-
particle Green function

1 1

G(i)(w)= —>
2 w—€e+ %

(6.3)
where € is the center of gravity of the density of band
states. The hole and electron spectra consist then of a
single peak at w = e — % and w = €+ %, respectively, and
the system exhibits a Mott-Hubbard gap equal to U.
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Figure 6 shows the results of the present theory for the
case of a large but finite value of %, that is, % = 8. We
can identify the value of the chemical potentials y*

u =By + 50 (), (6.4)

wt =By + 2 () (6.5)

by looking at the interception of the line w — E¢ with the
curve representing Egi)(w). For % = 8 at half filling we
find p(*) ~ i% and an energy separation between the
spectral functions for hole and electron states of about
U.

We have also considered the same model density of
states with a band occupation of n = 0.8. Figures 7-10
display the results of the present theory at different U.
We expect the result for very large U to reproduce again
the atomic limit. This is just the case for % = 8, where
the quasiparticle density of states presents a gap of the
order of U. The metallic character is obtained for % <1.

The graphic identification of quasiparticle energies as
interceptions between the curve Es.i)(w) and the straight
lines reported in Figs. 4, 5, 8, and 9 allows us to identify

a regime for the metal-insulator transition. In fact it
appears that if the condition

2N Ef) > W,y (6.6)
or

=5 (Ef)| > W2 (6.7)

is satisfied, no quasiparticle state can exist at E¢ in either
the hole or the electron part of the spectrum and the
system turns out to be an insulator. This behavior is
found here for % > 1.
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FIG. 6. Same as Fig. 2 with % = 8. The straight line
corresponding to w — Ejy is reported.
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FIG. 7. Self-energy and density of quasiparticle states for
hole (continuous line) and electron (dashed line) states cal-
culated with % = 0.5 for a constant density of states and
occupation n = 0.8. (a) The imaginary part Eﬁ_) and ——E$+)
of self-energy, (b) the real part £#) and (c) the density of
quasiparticle states. The band amplitude is W = 2.5. Ener-
gies are referred to Ef. The three straight lines correspond
tow — E), w— Ef, and w — E.

It is interesting to compare the results of the present
theory with the outcomes of the t-matrix approach.!93!
Figure 11 shows such a comparison in terms of hole states
calculated according to the two methods for an occupa-
tion n = 0.8. It turns out that for values of % < 1 the
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FIG. 8. Same as Fig. 7 with % =1.
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differences between the two calculated spectra become
negligible. Even if the t-matrix approach is commonly
believed to be valid only in the case of either almost filled
or almost empty bands, this comparison shows that its
range of validity is much wider and it depends on the
value of the correlation parameter.

VII. CONCLUSIONS

The approach we have described provides a general
framework to introduce Hubbard corrections into band
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FIG. 10. Same as Fig. 7 with % = 8. The straight line
corresponding to w — Ey is reported.
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FIG. 11. Density of quasiparticle hole states obtained by
the present theory (continuous line) and by the t-matrix ap-
proach (dashed line) for a constant density of states and (a)
¥ =3,() & =1,and(c) F =05.

structure calculations without any limitation on the value
of U and of the carrier density. For a single band or
for highly symmetric systems the only quantity that is
needed is the density of band states which enters the
definition of self-energy through Egs. (A13) and (5.23).
The theory can be extended to the more general case
of many bands with different symmetry along the lines
followed to extend the t-matrix approach3! and to deal
with magnetic phases, provided a local approximation is
adopted.

The numerical results we have presented illustrate the
general features of the predicted behavior for a single-
band system as a function of the U value and of the
band filling and, in particular, the presence of satellite
struvctures and the occurrence of the metal-insulator
transition. We have shown the conditions under which
the transition can occur when only configurations with
Mmax = 1 are considered in the expansion of the states
for (Ne % 1)-particle system. It is not clear at present
how these conditions are modified if configurations with
a higher electron-hole couple number are considered. As
we pointed out, in the low U limit, where perturbation
theory is expected to hold, the discontinuity at the Fermi
level should go to zero as a consequence of the fact that
the correction to the ground state energy of the N,-
particle system is introduced by four-particle states. On
the other hand, in the large U range the discontinuity has
to be found in order to recover the atomic limit and even
if the values for which the metal-insulator transition takes
place might be slightly different from those predicted by
the present theory, we do not expect dramatic changes
in the qualitative behavior of the system.

The present theory with m = 1 and with the local
approximations can be used to study realistic systems
with many hybridizing bands. It will be interesting to
apply it to transition metal oxides which have a large U
value and show a metal-insulator transition.
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APPENDIX A:
FORM OF THE INTEGRAL EQUATION

According to ( 5.5) what is actually needed is the sum

U\ - .
ZVstF:itt"/t’s: (ﬁ) Z[FaD'f‘F:P(Jm

tt! tt!

+Ts3 + Tsa P J31) F3 e (A1)
and therefore it is useful to express the previous quanti-
ties in terms of matrix elements between three-particles
states |t) (here |t) = |Q;1 1,Q2 {,Q3 1) and we consider
the case of an electron removed from kg |). For the di-
agonal resolvent one has

(t|FP|t)
_ U 1
N z—Eo—€q,1 +€qQ,1 + €Qst — wNet(Ney — 1)

(A2)

One can easily determine from (5.11) and (5.12) the ele-
ments of the scattering matrices in the form

Ts3(z — €q,t) = (t|Tss|t’)
U 1

= — 6 ! 3 A3
N 1- Ug3(z - €Q1T) Ql'Ql ( )
Ts1(z + €Qqet) = (Tt
U 1
= 0Qs,qy,  (A4)

" N 1+Ugi(z +€qy1)
having defined

g5(z = cqur) = 3 3 3 Fleaut)f(equ) DI

Qs Q2
X 6Q3+Q2 »Q1+ko» (A5)
1
91(2 +€qut) = DD [ flequn)lf(eqsr)
Q Q:
X (t|F3D |t>5Qa+Q2,Q1 +ko* (AG)

In the following

1 .
gz(z_€Q1T+€QsT) = _N— Z f(€Q2¢) (tlFiiDlt)5Q3+Qz,Q1+ko
Q:

(A7)

will also be used. All these matrix elements, involving the
free resolvent can be easily determined from properties
of the noninteracting system.

We introduce now the quantity
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Az—equ)= 30 3 (UELINHTnlt) (¢ |FP1)5qu+qnQs+koPas +asQh-ties

Q:Qs Q1Q;Q;4
which allows us to write Eq. ( Al) as

tt'

+93(2z — €qQ,1)T33(2z — €q,1)93(2 — €qQ,1) + 93(2 — €Q,1)T33(2 — €q,1)A(z — €q.1)}-

One can derive from the Fadeev equations an integral
equation for A(z—eq,+) by (i) inserting (5.13) into (5.14);
(ii) multiplying each member of the resulting equation by
(t|FP|t), and (t'|F'P|t'); and finally (iii) summing up over
Qla Q2) Q;.a Q,ZQQ to get

A(Z - teT) = B(Z - teT)
+) [1- fleqyr)]
Q!
xK(z,eq,t,€qq1)A(z — €qi1) (A10)
with
B(z —eq,1) = ) fleqyr)g2(z + eqyt — €qut)
Qs

xTs31(z + €qy1){91(z + €qy1)

+ Z[l - f(GQ;T)]Qz(Z +eqyt — EQ’lT)
Qi

xg3(z — eqyt)Tas(z — eqyt)} (A11)

and

K(z,eqit eqq1) = 9 fleqyt)92(z + eqyr — €aut)
Qs

xT31(z + eqy1)92(2 + €yt — €qit)

XT33(Z - EQ'lT)' (A12)

A comment concerning the choice of single-particle en-
ergies is now in order. The energies €x, that have been
used up to now are eigenvalues of the H o Hamiltonian and
are the so-called bare energies: it is supposed that they
have been obtained from a single-particle self-consistent
field calculation neglecting the correlation contribution.
In a real band structure calculation the H’ term is treated
by some sort of mean-field approximation. Therefore the
band energies €} are related to the bare energies by the
equation

e]bgg = €ko + %Ne,—o’
If instead of the the bare energies one wants to use the
band energies, as is often the case, the constant shift
of (A13) must be included in all the expressions which
involve single-particle energies. Having done that and
after transforming all the summations over @ vectors in
integrals over the density of band states, using where
necessary the so-called local approximation,® one gets all

(A13)
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(A8)

S VaseeVes= (1) Sl = Fleaun)l ooz = caur) + Alz  caur)
Q

(A9)

the previous quantities in the form that has been adopted
for the present calculations.

APPENDIX B: COMPARISON
WITH PREVIOUS THEORETICAL WORK

We show how some methods adopted up to now in the
self-energy calculation can be derived as approximations
of the present theory. Most of the previous theoretical
work has been based on one of the following approaches:
(a) the t-matrix approach!”1%:23:31 or (b) the second or-
der perturbation theory.!8-21,22,26,34,42

The t-matrix approach relies on the assumption,
adopted also to get expressions (5.23) and (5.25), that
only configurations with m < 1 enter the expansion of
the many-body wave functions, but with the additional
assumption that the electron-hole scattering term in V3
can be neglected. It can be applied under the condition
that the band is nearly full. With this further approxi-
mation the quantity A(w —e€) defined in ( A8) is zero and
the self-energies (5.23) and (5.25) turn out to be

(W) = Z(N — Ney) — /Eoode n(€)Ts3(w — €),

f
(B1)

Ey
5 (w) = =~ Ny + / de n(Tss(w—¢),  (B2)

— 00

which coincide with the expression of Ref. 31, except for
the constant term.

In order to obtain the expression of the self-energy
evaluated to the second order in the Coulomb repulsion
parameter U, it is necessary to consider configurations
with mgax = 2, but replacing the resolvents F; appear-
ing in Eq. (5.2) by the free resolvents F?. This leads to
write the hole self-energy referred to “bare single parti-
cle states as

_ U
2 (w) = N et — Z VatF Ve + > VorFi3 Vo
f

Z V” FS'uv vs:

This amounts to neglectmg all the scattering processes
between conﬁgura.tlons having the same number of
electron-hole couples, i.e., setting the V; potentials of Sec.
IIT equal to zero. By replacmg the matrix elements in Eq.
( B3) by their explicit expression one can easily obtain

(B3)
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(eksT)] 5

v (3) 5,
= Vet = e
Kok, it T €kal — €kt ~ €kl

ki +k2,ks+ko

kit T €l ~ €kst T €yl

+ (%)2 > flexy1)[1 = flenst)][1 = f(
ki ksk:

and for the electron case

E(+)(€ko¢) =%

— f(ekzl)][ -

(€] Ok; +ko, ks +kz (B4)

ekxT)]b‘

2
t (Q) (€xs1) (1
[
NJ Sk, ket T kol ~ €t €l

k1 +k2,ks+ko

€yl T €kt — €kt~ €kol

( > ) Fleast)1 = f (e 1)If (eias)
kiksko

which are the expressions first used by Treglia and co-
workers.'® In the modified form of second order theory re-
cently proposed by Steiner and co-workers?6:4% as an ex-
pansion in the fluctuations around mean-field solutions,
the second order term has the same form as the U2 con-
tribution entering Eqgs. (B4) and (B5) while the linear
term accounts for the change in the orbital occupancies
of the fluctuating state compared to the mean-field case.

There is an important difference between Egs. (B1)
and (B2) and the perturbative expressions (B4) and (B5)
of the self-energies. In the perturbation theory the real

k1 +ko,ks+kz) (B5)

—

part of the self-energy is continuous at the Fermi level,
i.e., if we remove or create an electron with energy ex,; =
Ep. The same is not true for the t-matrix case: if we put
w = EF in Egs. (B1) and (B2) we get different values
for the electron and hole self-energies. As shown in Sec.
VI, the discontinuity at Er occurs for mupyax = 1 even
when the electron-hole scattering is taken into account
and is essential in order to reproduce the metal-insulator
transition at large U values and the atomic limit behavior
of the Hubbard Hamiltonian.*!
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