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Light scattering from transparent substrates: Theory and experiment
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To produce high-quality, low-scatter optical interference coatings, substrates with extremely
smooth surfaces are required for deposition. For successful production surface roughness characteri-
zation of the substrates before coating is essential. Light-scattering measurement is a nondestructive
and fast surface characterization technique that determines statistical surface properties such as the
power-spectral-density function (PSD) and the rms roughness b, , Scatter measurement is an
accepted tool to characterize opaque surfaces and optical interference coatings. Its application to
characterize the surfaces of transparent substrates —commonly used for deposition —is difBcult
due to the low scatter intensities of high-quality substrates and the scattering contribution of the
substrate's back surface. In this paper the total scattering distribution of a transparent substrate
is calculated, considering the scattering contributions of the front and the back surface. With the
theoretical result obtained, PSD's of the substrate interfaces can be calculated from angle-resolved-
scattering measurement and rms roughness from the total integrated scattering measurement.

I. INTRODUCTION

Ion-based deposition techniques are commonly used to
produce low-scatter optical interference coatings. Thin
films deposited by these techniques show almost no in-

herent structure. Therefore the interfaces of the interfer-
ence coating are almost a replica of the coated substrate
surface. Thus the scattering properties of the interfer-
ence coating are strongly dependent on the surface qual-

ity of the substrate surface. Due to the great variation of
surface quality which can be found even within one set
of substrates produced by one manufacturer, ' charac-
terization of each substrate before cost intensive coating
is necessary. In a wide field of applications transparent
glass is used as substrate material.

Four problems arise when scatter measurements are
performed on uncoated transparent substrates. (1) Low

scatter intensities occur due to the low re8ective power
of the air-substrate interfaces. (2) Multiple reflections
occur inside the substrate in consequence of reHections

of the back surface. These are spatially separated from
the reQection of the substrate's front surface and may
erroneously be interpreted as scattering. (3) There is a
contribution of bulk scattering from the substrate mate-
rial. (4) The scattered field is the sum of the scattered
fields emerging from the front and the back surface.

Problems (2), (3), and (4) are usually avoided by either
coating the substrate with a high-reflective Al coating
or performing the measurement on absorbing substrate
material. Due to the possibility of increasing surface
roughness by coating the substrate and the limited range
of applications where absorbing or coated substrates can
be used, we decided to perform the measurement directly
on those substrates being used for deposition.

Problems (1) and (2) can be solved by an advanced
measurement facility as described in Ref. 2. The achieved

resolution limit of the described instrument measuring
total integrated scattering (TIS) using an Ulbricht sphere
is 0.1 ppm (1 ppm = 10 ). Scatter losses as low as
0.6 ppm have been measured on a "superpolished" fused
quartz substrate, corresponding to a rms surface rough-
ness of 1 A. The result shows that the instrument is ca-
pable of measuring the low scatter losses of high-quality
transparent substrates.

For transparent substrates we measure the sum of
the scatter contributions emerging from front and back
surfaces. Surface roughness characterization is thus re-
stricted to substrates with low bulk scattering with re-
spect to surface scattering and to substrates with equally
polished sides. Fused quartz substrates with front and
back surfaces polished by an identical process meet these
requirements, 2 since the contribution of bulk scattering
is below 0.1 ppm per mm of substrate thickness. To
perform roughness analysis of the substrate interfaces
from light-scattering measurements, the scattering dis-
tribution of a transparent glass substrate has to be de-
termined. The scattering distribution includes the con-
tributions of the front and back surfaces of the substrate.
The calculation of this scattering distribution is the topic
of this article.

II. SCATTERING THEORY FOR A
TRANSPARENT SUBSTRATE

A. Stating the problem

Vector scattering theories have been developed by
different authors, describing the scattering distribu-
tion emerging from an opaque surface4 and multilayer
systems. ' The scattering distribution is measured in
terms of angle resolved scattering (ARS), being the scat-
tered 8ux in direction 0, P normalized to the detector's
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solid angle dO and the incident light flux Pp.

dP, (0, P)
dOPp

When the surface roughness is assumed to be much
smaller than the illuminating wavelength A, the mea-
sured scattering distribution is proportional to the sur-
face power-spectral-density function (PSD) in case of an
opaque surface.

8 = OFG(kJ —kJ ). (2)

8 = OFG (kJ —kJ ) + OFG (kJ —kJ ).

OFHNG~

is the scattering contribution of the front surface
and OFsGs of the back surface, respectively. The problem
solved in this article is to calculate the optical factors of
the two surfaces. A model for the scattering process of
an opaque surface will be described first. The result ob-
tained is the optical factor of the front surface. This op-
tical factor can be disassembled into two parts describing
the influence of the electric field on the interface caused
by the incident light beam and the reactive effect of the
interface on the scattered field. With this knowledge,
the model will be applied to the scattering process at the
back surface of the substrate.

The proportionality factor OF is called the optical fac-
tor and depends on the wavelength of the incident light,
the polarization states of incident and scattered light, the
measurement geometry (see Fig. 3 below), and the refrac-
tive indices of the incident medium ni and the sample nz
Knowledge of the optical factor enables the surface PSD
[G(kJ —kJ )j to be calculated from ARS measurements.

A transparent substrate consists of two boundaries sep-
arated by a distance of a few millimeters. The illuminat-
ing light beam strikes the front surface, causing a scatter-
ing distribution as defined in Eq. (2). Part of the beam
will be transmitted, striking the back surface, and will
cause an additional scattering distribution. The sum of
both distributions is detected. The detected scattering
distribution measuring a transparent substrate, neglect-
ing multiple reflections, can be defined as follows:

with a perturbation method limited to the first order as
done by various authors. 4' ' A more illustrative calcula-
tion of the scattered field will be explained in this section.
The calculation method can then be applied easily to the
scattering process at the back surface.

The calculation can be separated into three parts. (1)
As the height irregularities are small in respect to the
wavelength of the incident light, the rough interface can
be replaced by an ideal flat interface in the plane z = 0
and a distribution of surface current in this plane. (2)
The scattered field at the point of observation B is cal-
culated in the far zone approximation directly from the
vector potential A(R) caused by the surface current. (3)
The reactive effect of the interface on the scattered Geld
will be taken into account.

Replacement of the rorsgh srsr face by a ersr face
crsrrerst density irs a flat inter face

The situation is sketched in Fig. 1(a) in a one-dimensional
representation. The rough interface represented by its
surface topographic function z = S(z', y') separates the
two media with dielectric constants ei and e2. The me-
dia are assumed to be isotropic and nonmagnetic. The
interface is illuminated by a plane wave incident &om
medium 1, with the illuminated area being much smaller
than the expansion of the interface in the x',y' direction.
The scattered light will be detected in the half space con-
taining the direction of reflection, i.e., in medium l. In
the calculation quantities related to the scattered field
are indicated by index (i), and quantities related to the
ideal fiat interface by index (o). The calculation is per-
formed in the cgs system.

The electric field E( caused by the incident light gives

rise to a polarization density P; in the two media i = 1, 2,

y E(p) E(p)
4'

The electric field is time dependent, E; (t) = E, e
causing the polarization density to oscillate. Thus a po-
larization current density J; is induced,

B. Scattering theory for an opaque surface

With the assumption that the roughness is much
smaller than the wavelength of the incident light
(~S(x', y')~ && A), the scattered field can be calculated

BP; e; —18E;
at 4~ Bt

The transition of the dielectric constant at the rough in-
terface z = S(z', y') causes a respective transition of the

'Z z - S(x',y'-const)

::;I e2, J2.:-::-:,:,:::,:

Z

X

Z ~:J-Ji -Js

(a) (b)
:J-Js -Ji

(c)

FIG. 1. Synthesis of the polarization current density distribution (CDD) at the actual interface (a) as superposition of the
polarization CDD from an ideal fiat interface (b) and the CDD (c). CDD (c) causes the scattered field.
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polarization current density as shown in Fig. 1(a). Thus the rough interface can be described by means of a polarization
current density distribution (CDD). Furthermore, it can be replaced by the sum of the polarization CDD of an ideal
flat interface [Fig. 1(b)] and the CDD shown in Fig. 1(c). The flat interface (b) is defined as the mean plane of the
rough interface:

(S(x', y')) = lim— S(x', y')dx'dy' = 0. (6)

Properties of this interface (reflection and transmission) are known and will be considered in their action on the incident
and scattered fields only. The deviation in polarization CDD between the scattering rough interface [Fig. 1(a)] and
the nonscattering flat interface [Fig. 1(b)] is the CDD J in Fig. 1(c), causing the scattered field. The CDD J is

Ji —J2 in the region where S(z', y') ) 0,J(x, y )—
J2 —Ji in the region where S(z', y') ( 0 .

(7)

Phase di8'erences of the scattered field due to diferent
heights with respect to the flat interface can be neglected.
Thus the CDD as defined in Eq. (7) is replaced by a sur-

face CDD J( ) in the flat interface z = 0. Its amplitude
is calculated by means of conservation of the total polar-
ization current, which is calculated on the right hand side
of Eq. (8) by integrating the CDD J over the volume V,
while on the left hand side it is calculated by using the
surface CDD J(i)b(z). The volume element dV is substi-
tuted by IS(z', y')IdA, where dA is a surface element in
the x'y' plane.

I

tric fields at the interface. E„& is the normal and E~z
-(o) . -(o)

the tangential component of the electric Geld at the in-
terface in medium 1. Equation (11) is identical to the
surface CDD found by Kroeger and Kretschmann. Cal-
culating the scattered field, the roughness of the interface
is involved in the amplitude of the surface current density
distribution caused by the electric Geld at the interface.
Replacing the rough interface by a distribution of surface
current at the flat interface was introduced by Kroeger
and Kretschmann as the equivalent current model.

f J(' (z', y')b(z)dV = J(z', y')dV,
V V

g. Calculation of tlte scatter'ed field

J(') (z', y') b (z)dV
V

d V =
I
S(z' y')

I
"A (8) Knowing the vector potential A(R) at the observation

point R (Fig. 2) caused by the CDD, we can calculate
the scattered Geld. The vector potential at point B is
(see Ref. 11, p. 462)

(Ji J2) IS(*' y')
I
"A

(AI ~(*',u')»)

+ (J2 —Ji) IS(*' y') Id»
Is(~,m )&o

~ikr
A(R) = J(r')dV.

CP

Using the far zone approximation (R )) r', kr )) 1) and
integrating over z' we obtain for the scattered magnetic
Geld B( )

(z', y')dA = (Ji —J2)S(z', y')dA.
A A

(10)
P

Integrating over z and substituting the CDD as defined
in Eq. (7) leads to Eq. (10). This equation is valid for
any integration area A; thus the integrands are equal.
With Eq. (5) we obtain

J('i(x', y') = S(x', y')—
4m

&& —(ei —1)E,' ' —(e, —1)E,'",

J( ) = S(x', y') (ei —e2) —E„+—@„,I I 1 g (o) 1 -(p)

(12)
Here we have used the boundary conditions for the elec-

FIG. 2. Geometry for calculating the vector potential A
caused by the surface CDD located in the z = 0 plane.
R = (x, y, z), vector from origin to observation point P
r ' = (x', y', 0), vector from origin to point inside the CDD.
r" = R —r ', vector from inside the CDD to observation point.
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B(~)(R) = V'R x A(R)

eikR e
—ih, eg. r'

cR ~l I

x ' eR x J~ )(z', y ) dz dy. (i4)

where eR ——eA, is the unit vector in the direction of the
observer.

To proceed in the calculation, we have to substitute
J( ) and therefore we have to de6ne the electric 6eld
Eg y y at the interface. We split the field into ampli-

tude, amplitude distribution D(z', y'), phase factor of a
plane wave with an angle of incidence He (Fig. 3), and
harxnonic time dependence:

The integral is the Fourier transforxn of the product of the
surface topographic function S(z', y') with the amplitude

distribution D(z', y') and will be abbreviated as g(k&

kg).
Now we can calculate the scattered electric field E( )

In medium 1:

E( )(R) = —B( ) x e„
n1

E (r' t) = E, D(z' y')e*" "e ' '
t t

By introducing the axnplitude distribution of the incident
light beam we can exceed the limits of integration to
in6nity,

C = k
(~ e )

eikR —isn't

4mni R g (k~ —kg)

with k = —. (19)
c

kR

4x R
(o) (o)

eA, x Ei + —E„q

i (k~ —le~) v'(0)

xD(z', y') S(z', y') dz'dy'.

Figure 3 shows the scattering geometry. The scattered
6eld is split into the components parallel and perpendic-
ular to the normal n of the scattering plane. We obtain
the 8- and p-polarized components of the scattered field

E, and E„.The 8-polarized component is parallel to-(i) -(~)

n = eI, x e, and the p-polarized component is parallel to
eg x A.

E =E, +E„=[E n]n+[E ) (et, x n)](et, x n),
(20)

E =(q Et& + E„& n n—+ Et~ + E„z (et, —xn) (et, xn)

Now we have to determine the tangential and normal
components of the electric field at the interface caused by
the incident light beam. Since the amplitude of the scat-
tered field is small with respect to the incident 6eld we
calculate the unperturbed field at the Bat interface. The
components and the direction of the field are dependent
on the polarization state of the incident light. Therefore
the scattered 6eld is split further for calculation. We ob-
tain four polarization cases for the scattered field Ei--(i)
with i de6ning the polarization state of the incident light
and j of the scattered light. The 6eld at the interface
in mediuxn 1 is the sum of the incident field E ' and the
reBected field E ",

E(o) Eoi + EOr

k(%

I

I

I

I

-Api
I

incide
plane

F (o)
P

r
scattering

/ plane

)

-A

k~

E,', ' = E' [1+r,"(
)H]ono, (22)

Performing the calculation, we obtain for (i) the incident
field 8 polarized

FIG. 3. Scattering geometry. The incident and scattered
pelectric fields E and E are characterized by their propa-
(p)gation vectors k and A:, and their components 8 and p po-

larized with respect to the incidence plane and the scattering
plane, respectively.
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and (ii) the incident field p polarized

E ' = E [cos8pe„o + sin8p( —e, )],

E = E r& (8p) —cos8pei, o + sli18p( —e, )

E„=E cos8p[1 —r„' (8p)]e„o,

E„i= E sin 8p[1 + r (8p)](—e, ).

E is the scalar amplitude of the incident field and r,
and r are the Fresnel amplitude coefricients of reflection
for s- and p-polarized light, respectively (Appendix A).
Substituting the E,i „ifields and performing the scalar-(p)

products in Eq. (20) we obtain for the scattered field

= QiEii cos(fp —(5)A,

E(i) = giEIi) cos8sin(gp —P) (eg x n),

E(', ) = |,E„sin(gp —P)n,

cos 0 cos p

E(o); g (24)

The result can be interpreted as the radiation charac-
teristic of a distribution of dipole current located in free
space of refractive index ni, driven by the electric field

E = E,i + 1/ezE„i . emitted field is influenced by the
plane interface in its surroundings. The reaction of the
interface on the emitted field will be considered in the
following paragraph.

3. Reaction of the flat interface on the scattered field

In the described model the surface current density is
located in the flat interface z = 0. As we have assumed
a hard transition of the dielectric constant at the flat
interface, we cannot define the medium in which we have
to place the surface current density J( ~.

The ambiguity in which medium to place the scattering
sources is a problem that is not restricted to the calcu-
lation method presented here. Calculations have been
performed by various authors and different scattering is
predicted for non-normal incident p-polarized light and
p-polarized scattered light. Kroeger and Kretschmann
showed that a b-function-like distribution of surface cur-
rent as in Eq. (11) located in a thin intermediate vac-
uum layer at the interface causes field discontinuities at
the Bat boundary which correspond to the discontinu-
ities calculated by Juranek using first order perturba-
tion theory. Bousquet et aL state that the problem has
an infinite number of solutions; more precisely, the sur-
face current can be located in an intermediate layer hav-

ing an arbitrarily chosen dielectric constant e when the
strength of the surface current is modified with respect
to the dielectric constant chosen. Actually the current
is located in either medium 1 or medium 2 with differ-

E(&) (e) r," (9) Ep (18o'- e)

e
n) e~

FIG. 4. Reaction of the Hat interface z = 0 on the
s-polarized scattered field E,, The surface CDD J~ is as-
sumed to be located in medium 1, in distance Ez « A above
the interface. The scattered field propagating in the direction
k is the sum of the 6eld emitted from J~ directly in direc-
tion 8, P and the field emitted in direction (180' —8), P and
regected off the interface.

ent strength of the polarization currents. Maradudin and
Mills presented a calculation method in which the scat-
tering sources are split to be located on each side of the
interface and the average value is taken to calculate the
scattered 6eld. Two different approaches have been cho-
sen by Elson to calculate the scattering at a vacuum-
material interface. In Ref. 13 the scattering currents are
determined by a nonorthogonal coordinate transforma-
tion that maps the rough surface into a plane, yielding
scattering currents that are not b-function-like but ex-
tend throughout both media. In Ref. 10 the scattered
field is calculated by matching the boundary conditions
to Brst order in the surface roughness profile, which leads
to discontinuities of the electric fields across the rough
boundary. The results are in agreement with the result
found by Kroeger and Kretschmann applied to a vacuum-
material interface.

Although the calculation methods differ, the boundary
conditions at the interface have to be fulfilled in any case.
The question is how to perform the calculation. The
approaches are (1) matching the boundary conditions at
the rough interface to first order of the roughness function
or (2) using the equivalent current model, replacing the
rough interface by a distribution of surface current and
fulfilling the boundary conditions for both the incident
and scattered fields at the flat interface.

The calculation method described here is to use the
equivalent current model. The boundary conditions for
the incident field are fu16lled by construction. As for the
scattered field, the reaction of the Hat boundary on the
scattered field is taken into account in order to match
the boundary conditions for the electric fields. This is
performed in a manner analogous to that for the inci-
dent field by using the Fresnel amplitude coefEcients for
reHection and transmission. Having fulfilled the bound-
ary conditions for each polarization case and for both the
incident and scattered 6eld, the boundary conditions for
the total field are fulfilled as well. Although the equiv-
alent surface current causing the scattered Beld is well
determined, there is the ambiguity in which medium to
place the current. There are two possibilities.

(a) Placing J(i) above the interface (Fig. 4). The reac-
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tion of the fiat boundary (no multiple scattering) on the
scattered field can be calculated as follows. The scat-
tered field propagating in direction k is the sum of the

field emitted kom the surface CDD in direction k directly
and the field emitted towards the interface and after re-
flection oK the interface propagating also in direction k.

(b) Placing J~ ) below the interface. The scattered
field is calculated in medium 2, and the transmission of
the field into medium 1 is considered.

Both possibilities are equal in terms of the described
model. Referring to Fig. 1, the exact splitting of the
current would be the following. The current would be lo-

cated above the interface in medium 1 for the areas where

S(z', y') ) 0 and below the interface in medium 2 where

S(z', y') ( 0. Since the calculation of the scattered fields

using a surface current split in this way is difficult, the
surface current is split into equal parts located below and
above the interface in the illuminated area. This assump-
tion is valid in a statistical sense, because (S(z', y')) = 0
and therefore half of the polarization current strength is
located above and the other half below the interface. The
scattered field is calculated for both locations separately
and then coherently added to obtain the total scattered
field.

Later on we will see that the assumption to split the
surface CDD into equal parts located below and above
the interface shows good agreement between theory and
experiment.

We now perform the calculation.
(a) Locating the surface CDD above the interface and

considering the reflection of scattered light at the inter-
face, the scattered field with polarization state i, j defined
in Eq. (24) transforms according to

(E~i&)2 = —C,E!i)cos(Pp —P)n,
n2

(E~i&) = C—E~ ) cos 8' sin(Po —P) (e x n),

(E), )2
———CiE,i sin(Pp —g)n,

n2

(Ei i)~ = —Ci( —R~i cos9' cos(40 —4)
n2

+—E„,sinH (e), x n).(o) ~

(26)

To be detected in medium 1, the scattered field has to
pass the interface. The scattering angle 8' in medium 2
has to be considered in the amplitude coefficient of trans-
mission t2i(8'). The amplitude of the scattered field with
polarization state ij transforms according to

~E ) =/ t (((') (E ) (27)

dP, = —ni!E~ )I dA w ' = —ni!E~')I R,8' dO 8'

The direction of propagation changes in eg related to the
scattering angles 8 and P outside the substrate.

Having calculated the scattered field for case (a) and
(b), we have to express the result in terms of angle re-
solved scattering as defined in Eq. (1). The scattered
light flux through the surface element dA perpendicular
to the direction of propagation located a distance R from
the illuminated surface is

E!,". ~ E!,". (8) + r,". (8)E!,"(180' —8). (25)
since dA = R~dO. With the incident light flux Pp ——

s' &i «s Hp!E
I f f ID(z', y')

I
dz'dy', we obtain

The amount of reflected scattered light is
r (8)E;~ (180' —8).

(b) Locating the surface CDD below the interface in
medium 2, we have to calculate the scattered fields in
medium 2 first. Since the wave number has changed, the
propagation vector in mediuin 2 is e), (for the respective
surface Fourier coinponent, see Appendix B) correspond-
ing to the scattering angles 8' and (()). The factor ni/n2
expresses the changed admittance and (E; )2 denotes-(~)

that the scattered field is calculated in medium 2.

dp,
dOPp IE'I' «s 8o f+ f+

I
D(z' y') !2dz'dy'

Here we have to substitute the scattered field !8~i)
I by

E, from Eq. (25) for placing the surface current above
"(~)

the interface or (E! )' from Eq. (27) for placing it below
the interface. Placing the current above the interface we
obtain for the ARS of the respective polarization state

l(ei —~2) I'k' 18(k~ —k&') I'

dOPp (4m) ni cos 8() f+ f+ ID(z', y )! dz dy'

!
xq

!

1+ ri2(8())]
1 + ri2(8())]
1 —ri2(8p)]
1 —r 2(Hp)]

cos p
—

) 88'
cos 8 sin(Pp —P)I, sp,
cos Hp sin(Pp —P) I, ps
cos Hp cos 8 cos(Pp —()t))

——[1 + ri2 (Hp)] [1 + r„2(8)]sin Hp sin 8I, pp .

(28)
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The ARS is proportional to [g(k~ —kz )[ which is the
square of the convolution of the Fourier transforms of the
surface topographic function S(z', y') and the amplitude
distribution D(z', y'). Assuming a spatially constant am-
plitude distribution D(z', y') at the interface, we get the
following expression:

k —k' '=G kf J'[D( ', y')] d 'dy'
(»)

where A is the illuminated area. G(k~ —k&o) is the power-
spectral-density function of the rough surface. Thus the
ARS can be written in the common form as the optical
factor multiplied by the PSD of the rough surface:

8 = OyG(ki —ki)).
Looking at the optical factors, we can identify the
Rayleigh scattering wavelength dependence (OF k4),
and the angular dipole radiation characteristics. Further-
more the factors [1 6 r i2 (8o)] show the dependence on
the electric field at the interface caused by the incident
light, and the factors [1 6 ri2„(8))describe the reflection
of the scattered field at the interface.

When substituting the Fresnel amplitude coefficients
of reflection it can be shown that the result is identical
to the results quoted by other authors.

For the polarization cases 88, sp, and ps the result is
identical to the result found when the Bousquet et al.
theory for multiple boundary systems is applied to an
opaque surface. A deviation of the scattered field found

I

in the pp-polarized component can be explained by the
usage of a modified surface current in the Bousquet et
al. theory. Substituting the surface current as defined in
Eq. (12), the results are identical. i

C. Theory for scattering from the back surface
of the substrate

Knowing the mechanisms of the scattering process we

can calculate the scattering distribution of the substrate's
back surface (Fig. 5). The illuminating light incident
from medium 1, angle of incidence Hp, transmits through
the front surface (interface f) and causes an electric field
at the back surface (interface b) Int. erface b is assumed
to be rough. A given Fourier component of the surface
causes the scattered wave with amplitude [E( )b]2 inside
the substrate. The direction of propagation is eI, , re-
lated to the scattering angles O', P. The scattered wave
transmits through interface f in medium 1 where it is de-

tected. The amplitude changes in [E(i)b]i and the prop-
agation vector changes due to refraction in eI, related to
the scattering angles 8, P outside the substrate.

Starting the calculation, we have to calculate the elec-
tric field at interface 6 caused by the incident light. The
calculation is performed by analogy with Eqs. (22) and

(23), taking into account the transmission coefficients
t (8o) for the transmission of the field through interface

f and the incidence angle 8t upon interface b For t.he
amplitudes of the electric field at interface b in medium 2

we obtain

(30)

where E is the amplitude of the field incident from
medium 1.

Considering the reaction of interface b on the scattered
field, we have again two possibilities.

(a) Placing the surface current above the interface into
medium 2 the scattered field inside the substrate in the
absence of the flat interface is

(0)b p & (80) 1 + r (8p) incident light s polarized,
t (8o) cos 8Ii 1 —r„(8&), incident light p polarized,

(0)b 0 0 incident light s polarized,
ti2(8o) sin8ol 1+ r2i(8ol), incident light p polarized,

I

g (kz —k~) (the argument is left unchanged, see Ap-b (o)

pendix B) is the Fourier transform of the product of the
surface topographic function of the back surface (inter-
face b) with the corresponding amplitude distribution.
The scattering direction inside the substrate is ey re-
lated to the scattering angles 8' and P. The 1/n2 factor

E(~)b
88

E(~)b
8P

E(i)b
P'

2

E(&)b
pp 2

C E,2 cos(Qp —P)n,

C Et2 cos 8' sin(Po —P) (eb x n),

C E(2) sin(Pp —P)n,

C —E~2 cos 8 cos(Po —P)
b (0)b ]

+—E„2 sin8 (eb. x n),(o)b ~

1

(1)bE

(«2 —«i) k2
e*"

4--, '
R g (k~ —k~),

(I ' —A;

(32)x D (z', y') S (z', y') dz'dy'

FIG. 5. Scattering process at the back surface of the sub-

strate. The light incident from medium 1 transmits into the
substrate, causing an electric field at interface b. The rough
interface b causes the scattered field [E( ) ]q inside the sub-

strate. The scattered field passes through interface f having

the amplitude [E ]i in medium 1 where it is detected.
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in Cb expresses the changed admittance inside the sub-
strate. Considering the reflection of the scattered light
at interface 6, the scattered field transforms according to

E(1)b
U 2

]12(8) E(1)b
~ ~

u (34)

E,,'. {8') ~ E,,' {8')

+r '(8.') E,, (180' —8')
2

To be detected in medium 1, the scattered fields which
were calculated in medium 2 have to pass through the
interface f W. e obtain for the amplitude of the field
scattered kom the back surface detected in medium 1

(b) Placing the surface current below the interface, we
have to calculate the scattered field in medium 1 (prop-
agation direction es) first:

E(1)b
. 1

cos 8 2i I) g(i)s
cos 8' (35)

E(1)b
SS

E(1)b
SP

E(1)b
ps

—C E,2 cos(4)p —P)n,
&2 b (0)b

A1

—C Et,2 cos8sin(gp —(t)) (es x n),
&2 b (0)b

A1

—C E,2 sin(()t)p —4))n,
~2 b (0)b

A1

E~„~ = —C —E~ ~ cos8cos. 1 f51

+E ~ —sin8 eA x n
1

and then we have to take into account the transmission
of the scattered field through interface b into the sub-
strate. The propagation vector changes into e~s and the
amplitude of the scattered field with polarization state
ij transforms according to

Here we have to insert the scattered field inside the sub-
strate as defined in Eqs. (33) or (34) for placing the
surface current above or below the interface. Dividing
the calculated scattered flux in medium 1 by the inci-
dent flux kom medium 1, we obtain for the ARS of the
back surface

(dP, ')'
(dOPp )

2
E(1)b g2

. 1

iE i
cos8p I J iDs(z', y')i dz'dy'

(36)
The result for placing the surface current above the in-
terface b is given in Eq. (37). Using Eq. (29) it can
be identified as the optical factor of the back surface
Os multiplied by its power spectral density function
G'(k —P,'l)P&.

( dP, ) [(ei —e2) [2k4 ~g (k~ —k~ ) ~

(dOPp) (4z) n2cos8() J'+ f+
~

D&(~ y ) ~2 d~ dy

l

o!'(eo) li + c!'(eo)l (i + c!'(e')))( :::s'o!'(e') cos(A —0) l' ss

(eo) Ii + " (~o)l (i —cs (e')) )t;,'»~ ts (0') cos e' si»(Po —ii)
l , sp,

" '
l o,"(eo)(i - c."(eo)) sos 'o(' + c!'(e')))(:: '!'(e') »»(&o - oi) l' »
~ t„(8p)(—[1 —r„(8p)]cos 8p[1 —r (8',)] cos 8' cos(Pp —P)
+—.

' »«o(i+ cs"(eo)l(i+ cs"(ii')1»»e'))):: os*'(ii') l', oo

(37)

with cos8' = (1/n2) gnz —ni sin8 sin 8' = (ni/n2) sin8.

D. Comparison of optical factors of front and back
surfaces

In Fig. 6 optical factors for the &ont surface and the
back surface of a fused quartz substrate (n2 ——1.46, ni ——

1) are shown in dependence on the scattering angle 8.
In the calculation the wavelength is A = 633 nm, the
angle of incidence is Oo

——0, and the angle between the
incidence and the scattering plane is (t) —Pp ——0.

The location of the surface current influences the an-
gular dependence of the optical factors for scattering an-

gles above —20, caused by the angular dependence of
the coefficients for reflection and transmission. The most
important result is that the optical factor of the back
surface is greater than the optical factor of the &ont
surface, which is independent of the location of the sur-
face current. Since the difference in dielectric constants
is identical for both interfaces, this result is not obvi-
ous. The explanation is as follows. Using the identity
[1+r2i(8,')] = [1 —r, (8;)] we obtain the following quo-
tient of the optical factors for 88 polarization and nor-
mal incidence illumination for placing the surface current
densities above each interface:
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Os lt"(0),'..'("') &"(H') l' [~ —r!'(0)][~—~."(H)]
2

OF' l[i+ ..12(0)][i+ ."(H)ll' —„';
since

[~ — ."(o)]= —'[~+ ."(o)].
A]

We obtain

O,' T"(0)T"(H') ['+ ""(0)][' —""(H)]
o'

l [i + r12(0)][i + r,"(H)l I

(40)

Equation (40) shows that the scattering process at the
back surface can be written corresponding to the scatter-
ing process at the &ont surface considering the transmit-
ted power coefficients for the incident light T12(0) and
the scattered light T21(H'), and the phase shifts of the
reflected scattered light. For non-conducting media the
phase shift of the reflected scattered light is AP = vr

since n2 ) ni at the front surface and Ap = 0 at the
back surface. Summation of the directly emitted scat-
tered light and the reffected scattered light is destructive
for the front surface ([1+r12(H)], with r12 ( 0) and con-
structive for the back surface ([1—r12(8)]). This explains
the difference in the optical factors.

Using Eq. (39) the quotient of the optical factors for
small scattering angles becomes

Ob n2F (g p H p) T12( )T21(p) 2

OF n1

which is independent of the location of the surface current
density. Assuming a fused quartz substrate and equal
surface roughness of the interfaces, the contribution of
scattered light intensity from the back surface is a factor
1.98 greater than the contribution of the front surface.

E. Comparison between theory and experiment

The result of the theoretical model describing the
stray-light emission of the back surface of a transparent
substrate has been confirmed by measurement. Measure-
ment is carried out by means of an ARS instrument built
at our institute based on the experimental setup as de-
scribed in Ref. 2. The geometry defining the scattering
angles is related to common conventions as described, for
instance, in Ref. 7.

Figure 7 shows the ARS measurements of two fused
quartz substrates with different polishing specifications,
polished by the same manufacturer. Substrate 1 is spec-
ified as one side "superpolished, " and the other side is
unspecified. Substrate 2 is specified as "superpolished"
on both sides. The scattering contribution of the super-
polished interface can be neglected, as can be seen from
comparison of the measurements. Thus substrate 1 can
be described as having just one rough surface. As the
measurement of substrate 1 was carried out with opposite
orientations of the surfaces with respect to the incident
beam, we can see the difference in the optical factors.
We obtain two cases for ARS from a substrate with one
rough interface having the power spectral density func-

tion G" (k~ —k&p ) .

9x10
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10

104
V)

substrate 1: one side 'superpolished'——(i) rough interface is the back surface

(ii) rough interface is the front surface

E 6
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FIG. 6. Comparison of calculated optical factors (ss polar-
ized, A = 633 nm, Hp = 0, P —Pp —0) of the front and the
back surface of a fused quartz substrate. They were calculated
for three locations of the surface current density distribution
with respect to the Rat interface z = O.

scattering angle o [degj

FIG. 7. Measured ARS of two substrates with di8'erent pol-
ishing specifications. The major scattering contribution of
substrate j. is caused by the unspecified (rough) surface only.
Measurement of substrate 1 was carried out with opposite ori-
entations: (i) the rough interface is the back surface and (ii)
the rough interface is the front surface. Measurement param-
eters are polarization ss, A = 633 nm, Hp = 8', P —Pp ——0.
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i) The rough surface is the back surface

8' = O', G"(k, —k,').
(ii) The rough surface is the front surface

8f = Op~G" (kg —k~).

s' o'
» o' (42)

This ena es us o ebl t d termine the quotient of the opti-
f ARS measurement of a substra ecal factors by means o

1 t-h f The measured quotient is p o-with one rough sur ace. e
(' ). The calculated quotients [curves

(i —ill 0 ig.(')—("') f F' . 8] correspond to difFerent locations o e
t i The surface current is locatesurface current. i e

d ~iij the surface current is locate~ e-each interface and ~iij e s
e uotient forlow eac in er ace.

splitting the surface current on eac.. inter ace
'

parts above an e ow ed b l the corresponding interface and
calculating the scattered 6eld as the sum of t e sca-
tered fields emitted by the two parts. Comparison with
the measured quotient [curve (iv)] shows a very goo

the surface current distribution into equal parts. This re-
bl

' t of the described model. Sincesuit is reasonable in erms o
we assumed a ar ransi iod h d t 'tion of the dielectric constant
at the plane z =, i is n—0 't 's not possible to decide in w c

~ ~d' we have to place the current density. Re erring
to Fig. 1(a), the exact location of the surface

The measurement con6rms t a phat the o tical factor of
of 2 eater than the opti-

ements are identical. Comparing the quotient of
he ARS curves with the quotient o e opt e cur

calculated by means of the described moodel we can per-
a more detailed analysis clarifying the location of

the surface current. The quotient o e
the two orientations is

is above the interface in medium 1 w e ', y'

Calculation of the scattered field in this way
. a littin the surface current into equal parts

above and below the interface corresponds to the ac ua
location rat er an eh than the location at one side o the inter-
face on y,l w ic iscon rm6rmed by the measuremen resu

f a transparentFor the total scattering distribution o a
substrate we obtain:

8 = O~G (k~ —kg) + O~G (k~ —kg). (43)

urements can be performed with opposite ori-
entations of the substrate in respect to the inci en
when the PSD's differ. The PSD of the &ont and back

with surface I [the PSD is Gi(k&o —k~)] as front surface

and 8ii with surface II [the PSD is Gii(k& —k~)] as front
surface, the ARS of the two measurements is

8i = OFGI(k~ —kz) + O~Gii(kz —k J ) yi

+

8ii = O~Gii(k~ —kg) + O~Gi(k~ —kg).

For the PSD's this can be solved in matrix form:

(dP, I (dP, i
dAP (dQPo &

with the contributions of the front aand the back surface
defined by Eqs. (46) and (47), respectively. The scatter-
ing contributions cause y
scattered light that is (multiply) re6ected inside t e su-
strate are not consi ere ins 'd d

'
this theory, since they are at

f 't de smaller than the calculatedleast one order o magni u e sma
contributions.

For a spatia y const' ll stant amplitude distribution we can
use Eq. (29) an wri e ed t the ARS in dependence .on t e

d th surface's power-spectral-densityoptical factors an e sur a
functions as

10 I I I
I

I
I

Ilocation of the current density:
—-- —(i) abov

(ii) belo
(iii) splitt
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FIG. 8. Comparison of the quotient o pof the o tical factors
calculated by means of the descnbed mod el. Results for three
locations of the current density (i)—(iii) with respect to the Sat

l[o~l' —[o~l']

8 = [O~~+ OF]G(k~ —k~). (45)

(44)

This measuring technique is restricte to substrates with
in PSD's with respect to different locations

ensure that weon the surface, since we cannot generally ensure t a we

this demand. For each orientation several locations can
be measured and the statistical averages can be used for

'the uallThe result can be simpli6ed for substrates with equa y
polished sides corresponding to equal PSD's G(k& —k~)
of the surfaces:
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F. Results for splitting the surface currents into equal parts

(i) Results for the front surface

f dP. i l(e) —e2)l'k' Ig'(k~ —ki')I'
](dAPo) (4') nicos8() I+ I+ [Df(~ g )l d~ dy

l-'[1+ r,"(8o)] ( [1+r,"(8)]+" ' 'aa [1 —r,"(8)]) cos(Po —@), aa,
2

f[1+r,"(8o)] ( [1 —r"(8)]cos8t /"'s[1 —r' (8)]cos8') sin(t&o —tf), sn,
2

s[1 —r' (8o)] coeds ( [1+r.' (8)] + ~)( "'s [1 —r,' (8)] j sin(do —tt), ns,

[1 —r (8o)]cosdocos(do —8) ( [1 —r (8)]coed&-)) ' 's, [1 —r (8)]coed')
2—i [1+ri2(8o)] sin8o ( [1+r„(8)]sin8+,','a, [1 —r„(8)]sin 8') ), pp.

(46)

(ii) Result for the back surface

( dP, ) l(e) —e2) l' k cos8 lg (ki —k ) l'

(,dOPo) (4n') nzcos8o cos8' f+ f+
l

D&(~ y ) ]2 d
2

-' "(8o)[ — "(8o)][ — ."(8)] [
— ."(8)]+ ." :: ."(8) (&o —0)

2 t."(8o)[1 —r."(8o)].",[1 —r,"(8)]

)c 1 + pp Q cos 8 + p tp 0 cos 8 sin 0 —,&p

2

x &
stts(8o)[l+r (8o)]coeds[1 —r s(8)]x {[1 —rts(8)]+~)) 'stt (8) )sin(&&o

—8), ns,

-'t" (8,)~ [1 —r"(8)

x cosdocos(do — )[1t&+r (8o)] ( [1+re (8)]cos8'+ e)(' 's't (8)cos8 )
2

——sin8to[1 —r 2(8o)] ( [1 —r„(8)]sin8'+~ ' 'at„(8)sin8 ), pp. (47)

where cos 8' = (1/ns) )tnss—nsr sin ti snd sin 8'

(ng/n2) sin 8.
Here we have used the following identities:

1 + r, (8') = 1 —r, (8), 1 —r, (8') = 1 + r, (8),
t,"(8') = 1 —r,"(8),

1 + r„(8') = 1 —r„(8), 1 —r„(8') = 1 + r„(8),

t,"(8') = —'[1 —r„"(8)].
A]

I

ing light, we obtain for the total scattering loss of the
&ont surface

(P ) f tr/2 288

8~ (8, P) sin 8 d8 dP
&Po j s=o 8)=o

2

&T ™J
with

G(k , k„)dk,dk„
A:„ It,

G. Result for integrated scattering TIS in k space, or

Total integrated scattering (TIS) is an important tool
for quality analysis of optical surfaces. By measuring TIS
we determine the total amount of light Bux scattered by
the probe in the reQection hemisphere. We obtain the
YIS by spatially integrating the ARS in the half space
containing the direction of re8ection. During measure-
ment integration is performed using a Coblentz sphere or
an Ulbricht sphere as spatially integrating element. De-
scriptions of experimental setups are found in Refs. 16,
17, and 2.

Following Elson we assume a surface the spatial scat-
tering distribution of which is limited to small angle scat-
tering. Assuming small incidence angles of the illuminat-

b, , = — S x') y' dx'dy'

8 (8, 41) in8sd8dg
& Po p e=o y=o

2

( R») (48)

in surface coordinates. R is the re6ected power coef-
6cient of the air-material interface and b,m, is the rms
surface roughness of the interface.

With the same assumptions the total scattering loss of
the back surface can be calculated:
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P ~12gf + ~12(1 ~12)2112+b
Pp

(49)

To obtain correct experimental data in TIS measure-
ments, the scattered light of both surfaces has to strike
the detector. Since a Coblentz sphere is an imaging sys-

The substrate material is assumed to be nonabsorbing.
Since the TIS is defined as the total scattering loss di-
vided by the reflected power coefIlcient of the surface, we
obtain for the total scattering loss of the substrate

tern, there is the problem of collecting the scattered light
of both surfaces on the detector. Especially for thick sub-
strates additional analysis has to be done to determine
the amount of scattered light that is not detected and
caused by the surface that is out of focus. For this rea-
son an Ulbricht-sphere-type of TIS instrument is better
suited to measure the total scatter loss of a transparent
substrate.

Using the measuring technique described above we can
determine the TIS and the corresponding rms surface
roughness for the interfaces I and II separately:

& 7y l~ -~12 ~12(1 ~ ) l~
1 —(1 —R )n2 ll 0

12 2

LTii )
'

0
—(1 —R')n, 1 j ( ~'~)

P, P,
RPo+ P, RPo'

2~4~ I,n&
IiII ( p~s

gA ™) (5o)

Or, assuming equally polished surfaces with mean rms
roughness b, , we obtain

to substrates with low bulk scattering with respect to
surface scattering, since bulk scattering is not considered
in this theory.

Thus we can easily calculate the surface roughness of
the substrate interfaces from integrated scatter measure-
ments.
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III. SUMMARY
APPENDIX A

In this paper a model is described that determines
the measurable scattering distribution of a transparent
glass substrate consisting of two slightly rough interfaces.
Starting from the replacement of the actual surface by a
Bat interface and a surface current distribution in this
plane, we calculate the scattered far fields caused by the
rough interface. The scattered fields are calculated di-
rectly using the vector potential caused by the surface
current distribution. By considering the reaction of the
Hat interface on the scattered field, a result for the ARS
of an opaque surface is obtained that is identical to the
the result found by other authors. Knowing the funda-
mentals of the scattering process, we are able to apply
the theoretical model to the scattering process at the
back surface of the substrate. The result is that the back
surface contributes a greater amount of scattered light
than the front surface when the surfaces are assumed to
have equal surface roughness. This result has been con-
firmed by measurement. The difference in the scatter-
ing contributions can be explained by the different phase
shifts that occur when the scattered field is reflected off
the two interfaces. With the result of the theory, power-
spectral-density functions of the substrate surfaces can
be calculated from ARS measurement, and rms rough-
ness can be calculated from TIS measurement using an
Ulbricht sphere. Thus surface roughness analysis can be
performed from scatter measurements of uncoated trans-
parent substrates. The calculation method is restricted

Fresnel amplitude coeKcients of reflection and trans-
mission for an interface separating two nonmagnetic me-
dia with refractive indices n1 and n2 are

Al COS 8]
12(g )

r"(81) =

Al COS 01

A2 COS
2

A2 COS 81

A —A Sln 812 2 2
2 1

)

+ A2 —Al Sln 01

—nl A2 —nl sin 812 2 ~ 2

+ Al A2 A1 Sln

(A1)

(A2)

t„' (81) =

2A1 COS 61
)

A, cos01+ n', —n', sin'0,

2A1A2 COS 01

cos~, + nl A2 —A, sin 01

(A3)

(A4)

APPENDIX B

In the described model the scattered fields are calcu-
lated in the different media, and the transitions of the
fields through the interfaces are considered. We have
to determine the scattering direction in the respective
medium caused by a Fourier component (wave vector kI)
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of the surface. With a scattering direction k (related scat-
tering angles 8, P) given in medium 1, the corresponding
wave vector k~ in the sample surface is as follows:

-s(p) (g)

kt = k~ —k&
——nq(sin 0 e@ —sin Oo e@,).

C

In medium 2 the respective I"ourier component gives rise
to a scattering direction k' (scattering angles O', P) since
the wave number has changed:

k( = k~ —k~ = —n2(sm 0 e@ —sm Oo ec,.)
"(o}' ~ . I I-

C

As the scattered light is detected in medium 1, we obtain
according to Snell's law for refraction n~ sin Oo

——n2 sin oo

and nq sino = n2 sine'. Hence k& —k~ ——k& —lt"'~."(o) " "(o)'

Thus we need not change the argument of the surface
PSD's. However, when calculating the coefficients of re-
flection and transmission the different scattering angles
0 in medium 1 and 8' in medium 2 have to be considered.
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