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To produce high-quality, low-scatter optical interference coatings, substrates with extremely
smooth surfaces are required for deposition. For successful production surface roughness characteri-
zation of the substrates before coating is essential. Light-scattering measurement is a nondestructive
and fast surface characterization technique that determines statistical surface properties such as the
power-spectral-density function (PSD) and the rms roughness d;ms. Scatter measurement is an
accepted tool to characterize opaque surfaces and optical interference coatings. Its application to
characterize the surfaces of transparent substrates — commonly used for deposition — is difficult
due to the low scatter intensities of high-quality substrates and the scattering contribution of the
substrate’s back surface. In this paper the total scattering distribution of a transparent substrate
is calculated, considering the scattering contributions of the front and the back surface. With the
theoretical result obtained, PSD’s of the substrate interfaces can be calculated from angle-resolved-
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scattering measurement and rms roughness from the total integrated scattering measurement.

I. INTRODUCTION

Ion-based deposition techniques are commonly used to
produce low-scatter optical interference coatings. Thin
films deposited by these techniques show almost no in-
herent structure. Therefore the interfaces of the interfer-
ence coating are almost a replica of the coated substrate
surface. Thus the scattering properties of the interfer-
ence coating are strongly dependent on the surface qual-
ity of the substrate surface. Due to the great variation of
surface quality which can be found even within one set
of substrates produced by one manufacturer,? charac-
terization of each substrate before cost intensive coating
is necessary. In a wide field of applications transparent
glass is used as substrate material.

Four problems arise when scatter measurements are
performed on uncoated transparent substrates. (1) Low
scatter intensities occur due to the low reflective power
of the air-substrate interfaces. (2) Multiple reflections
occur inside the substrate in consequence of reflections
of the back surface. These are spatially separated from
the reflection of the substrate’s front surface and may
erroneously be interpreted as scattering. (3) There is a
contribution of bulk scattering from the substrate mate-
rial. (4) The scattered field is the sum of the scattered
fields emerging from the front and the back surface.

Problems (2), (3), and (4) are usually avoided by either
coating the substrate with a high-reflective Al coating
or performing the measurement on absorbing substrate
material.! Due to the possibility of increasing surface
roughness by coating the substrate® and the limited range
of applications where absorbing or coated substrates can
be used, we decided to perform the measurement directly
on those substrates being used for deposition.

Problems (1) and (2) can be solved by an advanced
measurement facility as described in Ref. 2. The achieved
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resolution limit of the described instrument measuring
total integrated scattering (TIS) using an Ulbricht sphere
is 0.1 ppm (1 ppm = 107%). Scatter losses as low as
0.6 ppm have been measured on a “superpolished” fused
quartz substrate, corresponding to a rms surface rough-
ness of 1 A. The result shows that the instrument is ca-
pable of measuring the low scatter losses of high-quality
transparent substrates.

For transparent substrates we measure the sum of
the scatter contributions emerging from front and back
surfaces. Surface roughness characterization is thus re-
stricted to substrates with low bulk scattering with re-
spect to surface scattering and to substrates with equally
polished sides. Fused quartz substrates with front and
back surfaces polished by an identical process meet these
requirements,? since the contribution of bulk scattering
is below 0.1 ppm per mm of substrate thickness. To
perform roughness analysis of the substrate interfaces
from light-scattering measurements, the scattering dis-
tribution of a transparent glass substrate has to be de-
termined. The scattering distribution includes the con-
tributions of the front and back surfaces of the substrate.
The calculation of this scattering distribution is the topic
of this article.

II. SCATTERING THEORY FOR A
TRANSPARENT SUBSTRATE

A. Stating the problem

Vector scattering theories have been developed by
different authors, describing the scattering distribu-
tion emerging from an opaque surface®® and multilayer
systems.®” The scattering distribution is measured in
terms of angle resolved scattering (ARS), being the scat-
tered flux in direction #, ¢ normalized to the detector’s
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solid angle dQ and the incident light flux Py:

_dP,(6,9)

When the surface roughness is assumed to be much
smaller than the illuminating wavelength A, the mea-
sured scattering distribution is proportional to the sur-
face power-spectral-density function (PSD) in case of an
opaque surface.

S =O0rG(kL —K9). (2)

The proportionality factor Of is called the optical fac-
tor and depends on the wavelength of the incident light,
the polarization states of incident and scattered light, the
measurement geometry (see Fig. 3 below), and the refrac-
tive indices of the incident medium n; and the sample n,.
Knowledge of the optical factor enables the surface PSD
[G(ky — K9)] to be calculated from ARS measurements.

A transparent substrate consists of two boundaries sep-
arated by a distance of a few millimeters. The illuminat-
ing light beam strikes the front surface, causing a scatter-
ing distribution as defined in Eq. (2). Part of the beam
will be transmitted, striking the back surface, and will
cause an additional scattering distribution. The sum of
both distributions is detected.® The detected scattering
distribution measuring a transparent substrate, neglect-
ing multiple reflections, can be defined as follows:

S =0LG (kL - k9) + O%LGb (kL — k9). 3)

O;.Gf is the scattering contribution of the front surface
and O%G® of the back surface, respectively. The problem
solved in this article is to calculate the optical factors of
the two surfaces. A model for the scattering process of
an opaque surface will be described first. The result ob-
tained is the optical factor of the front surface. This op-
tical factor can be disassembled into two parts describing
the influence of the electric field on the interface caused
by the incident light beam and the reactive effect of the
interface on the scattered field. With this knowledge,
the model will be applied to the scattering process at the
back surface of the substrate.

B. Scattering theory for an opaque surface

With the assumption that the roughness is much
smaller than the wavelength of the incident light
(IS(=",y")] < ), the scattered field can be calculated

with a perturbation method limited to the first order as
done by various authors.%91° A more illustrative calcula-
tion of the scattered field will be explained in this section.
The calculation method can then be applied easily to the
scattering process at the back surface.

The calculation can be separated into three parts. (1)
As the height irregularities are small in respect to the
wavelength of the incident light, the rough interface can
be replaced by an ideal flat interface in the plane z = 0
and a distribution of surface current in this plane. (2)
The scattered field at the point of observation R is cal-
culated in the far zone approximation directly from the
vector potential A(R) caused by the surface current. (3)
The reactive effect of the interface on the scattered field
will be taken into account.

1. Replacement of the rough surface by a surface
current density in a flat interface

The situation is sketched in Fig. 1(a) in a one-dimensional
representation. The rough interface represented by its
surface topographic function z = S(z’,y’) separates the
two media with dielectric constants €; and €;. The me-
dia are assumed to be isotropic and nonmagnetic. The
interface is illuminated by a plane wave incident from
medium 1, with the illuminated area being much smaller
than the expansion of the interface in the x',y’ direction.
The scattered light will be detected in the half space con-
taining the direction of reflection, i.e., in medium 1. In
the calculation quantities related to the scattered field
are indicated by index (!), and quantities related to the
ideal flat interface by index (®). The calculation is per-
formed in the cgs system.

The electric field E‘go) caused by the incident light gives
rise to a polarization density 13, in the two media i = 1, 2,
5 =0) € —1 =0
P,; = XiE;( ) = -——47r El( ). (4)
The electric field is time dependent, E.* (t) = E” et
causing the polarization density to oscillate. Thus a po-
larization current density J; is induced,

5. o -ogo)
o 2 =100, o
ot 4r Ot

The transition of the dielectric constant at the rough in-
terface z = S(z’,y’) causes a respective transition of the

z = S(x',y'=const)

(a)

FIG. 1. Synthesis of the polarization current density distribution (CDD) at the actual interface (a) as superposition of the
polarization CDD from an ideal flat interface (b) and the CDD (c). CDD (c) causes the scattered field.
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polarization current density as shown in Fig. 1(a). Thus the rough interface can be described by means of a polarization
current density distribution (CDD). Furthermore, it can be replaced by the sum of the polarization CDD of an ideal
flat interface [Fig. 1(b)] and the CDD shown in Fig. 1(c). The flat interface (b) is defined as the mean plane of the
rough interface:

(S(z',y")) = lim %/AS(:E',y')d:c'dy' = 0. (6)

A—o0

Properties of this interface (reflection and transmission) are known and will be considered in their action on the incident
and scattered fields only. The deviation in polarization CDD between the scattering rough interface [Fig. 1(a)] and

the nonscattering flat interface [Fig. 1(b)] is the CDD J in Fig. 1(c), causing the scattered field. The CDD J is

J(z',y') =

= Ji —J> in the region where S(z’,y’) > 0,
in the region where S(z’,y') <0 .

Jp = Jy

Phase differences of the scattered field due to different
heights with respect to the flat interface can be neglected.
Thus the CDD as defined in Eq. (7) is replaced by a sur-

face CDD J in the flat interface z = 0. Its amplitude
is calculated by means of conservation of the total polar-
ization current, which is calculated on the right hand side
of Eq. (8) by integrating the CDD J over the volume V,
while on the left hand side it is calculated by using the
surface CDD J(§(z). The volume element dV is substi-
tuted by |S(z’,y’)|dA, where dA is a surface element in
the z'y’ plane.

/f<1>(m',y')5(z)dV=/f(m',y')dv,
Vv |4
av = |S(z',y')|d4, (8)

/ﬂl)(m',y')é(z)dV
\4
- [ (i ~ B)IS( v')|da
{A|S(=',y")>0}

+ / (o T)ISE,y)lda, ()
{A|S(=',y")<0}

/ T (2 y')dA = / (J1 — J2)S(z',y)dA. (10)
A A

Integrating over z and substituting the CDD as defined
in Eq. (7) leads to Eq. (10). This equation is valid for
any integration area A; thus the integrands are equal.
With Eq. (5) we obtain

1
J”(l) ’ I=S /,/_
(@' y) = 5" y)

3 .
= (0) 5
x [(er = DE® — (e - DEP], (1)

1 90 [ =0 1 =00
TO = @, o) e — e2) o= [Ef(l) " aE'(ﬂ)] ‘

(12)

Here we have used the boundary conditions for the elec-

(7)

[

tric fields at the interface. E_",(:Jl) is the normal and E—"t(l0 )
the tangential component of the electric field at the in-
terface in medium 1. Equation (11) is identical to the
surface CDD found by Kroeger and Kretschmann.* Cal-
culating the scattered field, the roughness of the interface
is involved in the amplitude of the surface current density
distribution caused by the electric field at the interface.
Replacing the rough interface by a distribution of surface
current at the flat interface was introduced by Kroeger
and Kretschmann? as the equivalent current model.

2. Calculation of the scattered field

Knowing the vector potential ff(ﬁ) at the observation
point R (Fig. 2) caused by the CDD, we can calculate
the scattered field. The vector potential at point R is
(see Ref. 11, p. 462)

ikr

A(R) = /G iy (13)

cr

Using the far zone approximation (R > r',kr > 1) and
integrating over 2’ we obtain for the scattered magnetic

field B

FIG. 2. Geometry for calculating the vector potential A
caused by the surface CDD located in the z = 0 plane.

R = (z,y,2), vector from origin to observation point P.
7' = (z',y',0), vector from origin to point inside the CDD.
7= R — 7', vector from inside the CDD to observation point.
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BW(R) = Vv x A(R)

_ ﬁeim/ e—iker T
cR z'y'
x [&r x T (2',y) ] da'dy’. (14)

where €g = €} is the unit vector in the direction of the
observer.

To proceed in the calculation, we have to substitute
J@) and therefore we have to define the electric field
ng?nl at the interface. We split the field into ampli-
tude, amplitude distribution D(z’,y’), phase factor of a
plane wave with an angle of incidence 6y (Fig. 3), and
harmonic time dependence:

) ! 7l O
Eg),)nl (rl’t) = Et(f,)nlD(x’ay’)elkJ- T C_tha
2 B0 a(71) = i ED, (7,0). (15)
By introducing the amplitude distribution of the incident

light beam we can exceed the limits of integration to
infinity,

(e1 — €2) 2 gikR—iwt

Lo . 1=
BW(R) = €k X l:Et(f) + :Ey(g)
2

4T
+ + L.
x_/ oo/ ooei(’;(f)_'”)"'
— 00 —00
xD(z',y')

S(z',y') dz'dy’. (16)

b

J

The integral is the Fourier transform of the product of the
surface topographic function S(z’,y') with the amplitude

distribution D(z’,y') and will be abbreviated as g(ic'g?) -
ky). .

Now we can calculate the scattered electric field E(1)
in medium 1:

BO@ER) = 1BW s, (17)
ny
. 1 =
=01{ EQ + —EO®
€2
= 15 U
—( Et‘i’)+:Ei‘i’] : k) k} (18)
2
_ ikR—iwt - o
cy= ) pace g (RO — k)

47rn1

with k = — . (19)
c

Figure 3 shows the scattering geometry. The scattered

field is split into the components parallel and perpendic-

ular to the normal 7 of the scattering plane. We obtain

the s- and p-polarized components of the scattered field

EM and E_',(,l). The s-polarized component is parallel to

7t = € X €, and the p-polarized component is parallel to
€ X n.

EM = E® + EW = [EW . d]ii + [ED - (&, x /)] (& x 7),

E(l) = Cl{

L 1 = .
(Et((l)) + gES?) -7 n

Now we have to determine the tangential and normal
components of the electric field at the interface caused by
the incident light beam. Since the amplitude of the scat-
tered field is small with respect to the incident field we
calculate the unperturbed field at the flat interface. The
components and the direction of the field are dependent
on the polarization state of the incident light. Therefore
the scattered field is split further for calculation. We ob-
tain four polarization cases for the scattered field E“g.l)
with ¢ defining the polarization state of the incident ligflt
and j of the scattered light. The field at the interface
in medium 1 is the sum of the incident field E* and the
reflected field E°F,

E® = E% + E°. (21)

Performing the calculation, we obtain for (i) the incident
field s polarized

o
E% = E°R,

EY =E°[1+712(60)] 7o, EQ =0, (22)

(20)

=) B —
—k—(‘o) P EF k
Iscatlering
7/ plane
. -n
incidence - ?,
plane X

FIG. 3. Scattering geometry. The incident and scattered
electric fields E(® and E) are characterized by their propa-
gation vectors £ and k, and their components s and p po-
larized with respect to the incidence plane and the scattering
plane, respectively.



1852 O. KIENZLE, J. STAUB, AND T. TSCHUDI 50

and (ii) the incident field p polarized
E% = E°[cos 00613 + sinfo(—€3)],
E' = EOT;Z(Q()) [— cos Bp€yo + sin 00(—52)} ,

E® = E°cos 6p[1 — r12(6o)]éxe ,

p 1

E(Q = E°sin6o[1 + r22(6,)](~&.). (23)

E° is the scalar amplitude of the incident field and rl?
and 7',1,2 are the Fresnel amplitude coefficients of reflection
for s- and p-polarized light, respectively (Appendix A).

Substituting the E"t(f’)nl fields and performing the scalar
products in Eq. (20) we obtain for the scattered field

E-’ﬁ‘) = ClEt(f) cos(¢po — )7,

EY) = C,EY cosfsin(do — ¢) (€k x 1),
EW = C,EY sin(¢o — )7,

EQ) = C1{~BR cos b cos(¢0 - ¢)

+1p© sin0} (& X 7). (24)
€2

The result can be interpreted as the radiation charac-
teristic of a distribution of dipole current located in free
space of refractive index n;, driven by the electric field
E = Eff) +1 /ezE‘,(g). emitted field is influenced by the
plane interface in its surroundings. The reaction of the
interface on the emitted field will be considered in the
following paragraph.

3. Reaction of the flat interface on the scattered field

In the described model the surface current density is
located in the flat interface z = 0. As we have assumed
a hard transition of the dielectric constant at the flat
interface, we cannot define the medium in which we have
to place the surface current density J,

The ambiguity in which medium to place the scattering
sources is a problem that is not restricted to the calcu-
lation method presented here. Calculations have been
performed by various authors and different scattering is
predicted for non-normal incident p-polarized light and
p-polarized scattered light. Kroeger and Kretschmann*
showed that a §-function-like distribution of surface cur-
rent as in Eq. (11) located in a thin intermediate vac-
uum layer at the interface causes field discontinuities at
the flat boundary which correspond to the discontinu-
ities calculated by Juranek!? using first order perturba-
tion theory. Bousquet et al.” state that the problem has
an infinite number of solutions; more precisely, the sur-
face current can be located in an intermediate layer hav-
ing an arbitrarily chosen dielectric constant ¢ when the
strength of the surface current is modified with respect
to the dielectric constant chosen. Actually the current
is located in either medium 1 or medium 2 with differ-

ent strength of the polarization currents. Maradudin and
Mills® presented a calculation method in which the scat-
tering sources are split to be located on each side of the
interface and the average value is taken to calculate the
scattered field. Two different approaches have been cho-
sen by Elson to calculate the scattering at a vacuum-
material interface. In Ref. 13 the scattering currents are
determined by a nonorthogonal coordinate transforma-
tion that maps the rough surface into a plane, yielding
scattering currents that are not §-function-like but ex-
tend throughout both media. In Ref. 10 the scattered
field is calculated by matching the boundary conditions
to first order in the surface roughness profile, which leads
to discontinuities of the electric fields across the rough
boundary. The results are in agreement with the result
found by Kroeger and Kretschmann applied to a vacuum-
material interface.

Although the calculation methods differ, the boundary
conditions at the interface have to be fulfilled in any case.
The question is how to perform the calculation. The
approaches are (1) matching the boundary conditions at
the rough interface to first order of the roughness function
or (2) using the equivalent current model, replacing the
rough interface by a distribution of surface current and
fulfilling the boundary conditions for both the incident
and scattered fields at the flat interface.

The calculation method described here is to use the
equivalent current model. The boundary conditions for
the incident field are fulfilled by construction. As for the
scattered field, the reaction of the flat boundary on the
scattered field is taken into account in order to match
the boundary conditions for the electric fields. This is
performed in a manner analogous to that for the inci-
dent field by using the Fresnel amplitude coefficients for
reflection and transmission. Having fulfilled the bound-
ary conditions for each polarization case and for both the
incident and scattered field, the boundary conditions for
the total field are fulfilled as well. Although the equiv-
alent surface current causing the scattered field is well
determined, there is the ambiguity in which medium to
place the current. There are two possibilities.

(a) Placing J() above the interface (Fig. 4). The reac-

z ri2 @) EY (180°-9)

EY ()

FIG. 4. Reaction of the flat interface z = 0 on the
s-polarized scattered field Ef:) . The surface CDD J™ is as-
sumed to be located in medium 1, in distance Az < A above
the interface. The scattered field propagating in the direction
k is the sum of the field emitted from J) directly in direc-
tion 6, ¢ and the field emitted in direction (180° — ), ¢ and

reflected off the interface.
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tion of the flat boundary (no multiple scattering) on the
scattered field can be calculated as follows. The scat-
tered field propagating in direction k is the sum of the
field emitted from the surface CDD in direction k directly
and the field emitted towards the interface and after re-
flection off the interface propagating also in direction k.

(b) Placing JO) below the interface. The scattered
field is calculated in medium 2, and the transmission of
the field into medium 1 is considered.

Both possibilities are equal in terms of the described
model. Referring to Fig. 1, the exact splitting of the
current would be the following. The current would be lo-
cated above the interface in medium 1 for the areas where
S(z',y') > 0 and below the interface in medium 2 where
S(z',y') < 0. Since the calculation of the scattered fields
using a surface current split in this way is difficult, the
surface current is split into equal parts located below and
above the interface in the illuminated area. This assump-
tion is valid in a statistical sense, because (S(z',y')) = 0
and therefore half of the polarization current strength is
located above and the other half below the interface. The
scattered field is calculated for both locations separately
and then coherently added to obtain the total scattered
field.

Later on we will see that the assumption to split the
surface CDD into equal parts located below and above
the interface shows good agreement between theory and
experiment.

We now perform the calculation.

(a) Locating the surface CDD above the interface and
considering the reflection of scattered light at the inter-
face, the scattered field with polarization state i, j defined
in Eq. (24) transforms according to

E} - E}(0) + r2(0)E (180° - 9). (25)

The amount of reflected scattered
r}2(0)E;; (180° — 9).

(b) Locating the surface CDD below the interface in
medium 2, we have to calculate the scattered fields in
medium 2 first. Since the wave number has changed, the
propagation vector in medium 2 is € (for the respective
surface Fourier component, see Appendix B) correspond-

ing to the scattering angles 6’ and ¢. The factor n;/n,

expresses the changed admittance and (Eg ))2 denotes
that the scattered field is calculated in medium 2.

light s

dP, |(€1 —62)|2k4

(B2 = 1 LB cos(do - #)7,

(Eg;})z = Z—:ClEt(f) cos @' sin(¢o — @) (€ X 7T),
(B)2 = 1B sin(go — 91,

(ER)2 = ;‘—:CI{%‘S’ cos 8 cos(o — @)

+2E® sin o'} (6 x ). (26)
€2

To be detected in medium 1, the scattered field has to
pass the interface. The scattering angle ¢’ in medium 2
has to be considered in the amplitude coefficient of trans-
mission ¢2!(9’). The amplitude of the scattered field with
polarization state ij transforms according to

|(E§;))" _

The direction of propagation changes in €}, related to the
scattering angles  and ¢ outside the substrate.

Having calculated the scattered field for case (a) and
(b), we have to express the result in terms of angle re-
solved scattering as defined in Eq. (1). The scattered
light flux through the surface element dA perpendicular
to the direction of propagation located a distance R from
the illuminated surface is

cosf o,
cos @’ tj (0l)

(EE;))z‘ ’ (27)

c = dP, c =
d s = — (1))2 -8 _ = (1)2 p2
P, 3 n,|EWY|*dA = 3 n|E\V|*R?,

since dA = R2dQ). With the incident light flux P, =
=n; cos fo| E°|2 j:: fj:: |D(z',y')|2dz'dy’, we obtain
s P _ |[EQ)|2 R
dQPy  |E°|2cos b, fj:: Hoo |D(z’,y’)|2dw’dy’.

—00

Here we have to substitute the scattered field |E()| by
Efjl ) from Eq. (25) for placing the surface current above
the interface or (Ef_,,l ))’ from Eq. (27) for placing it below
the interface. Placing the current above the interface we
obtain for the ARS of the respective polarization state

lg(BL — K2

dQP; ~ (4m)2n2cosfp f;":: _4':: |D (', y')|2dz' dy’

[[1+7;2(80)][1 + 732(6)] cos(do — @), ss,
|[1+752(80)][1 — 752(6)] cos Osin(¢o — ¢)|2, sp,
x ¢ |[1 —72%(80)][1 + r1%(6)] cos o sin(¢o — #)|?, ps (28)
I[1 — rpz(eo)][l - r},z(e)] cos fg cos 6 cos(pp — ¢)
—%[1 + r32(60)][1 + 732(0)]sin B sin |2, pp .
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The ARS is proportional to |g(k, — £ ”))|2 which is the
square of the convolution of the Fourier transforms of the
surface topographic function S(z’,y’) and the amplitude
distribution D(z’,y’). Assuming a spatially constant am-
plitude distribution D(z’,y’') at the interface, we get the
following expression:

|9(EL - EO )|2
[ D@, y)2de'dy

Is(kl — k)12 = G(kL - kY),

(29)
where A is the illuminated area. G (E 1 —E&) is the power-
spectral-density function of the rough surface. Thus the

ARS can be written in the common form as the optical
factor multiplied by the PSD of the rough surface:

S = 0pG(kL — k).

Looking at the optical factors, we can identify the
Rayleigh scattering wavelength dependence (O ~ k%),
and the angular dipole radiation characteristics. Further-
more the factors [1 + r}2(6p)] show the dependence on
the electric field at the interface caused by the incident
light, and the factors [1 £ 7,2 ()] describe the reflection
of the scattered field at the interface.

When substituting the Fresnel amplitude coefficients
of reflection it can be shown that the result is identical
to the results quoted by other authors.1%1°

For the polarization cases ss, sp, and ps the result is
identical to the result found when the Bousquet et al.
theory for multiple boundary systems’ is applied to an
opaque surface. A deviation of the scattered field found

()b _ t12(0 )[ +,,,21 01,) ’]7
Ep =E {tlz(ﬁo)COSO0 [1—r2t

where E° is the amplitude of the field incident from
medium 1.

Considering the reaction of interface b on the scattered
field, we have again two possibilities.

(a) Placing the surface current above the interface into
medium 2 the scattered field inside the substrate in the
absence of the flat interface is

[Eg)b] = C*EQ® cos(go — §)7,

= C*EQ® cos 0 sin(go — ¢)(Exr x 7),

2
ES"sin(¢o — ¢)7,

~

[25”)
(2], =
[ )b] _ Cb{ —Et(g)b cos 0’ cos(¢o — @)

2

+ 2B Qb gin 9'}@, x i),
€1

b (€2 — €1) 2eikR—iwt b (0 .
= 4T, k g (ki) — k1),
- - —+oo +oo . . .
—oo —oo

xD*(z',y') $°(2',y')da'dy'. (32)

2 (60)] »

©b _ o 0,
En =E { tzl,z(Oo) sin 6}, [1 + 1‘12,1(96)] ,

in the pp-polarized component can be explained by the
usage of a modified surface current in the Bousquet et
al. theory. Substituting the surface current as defined in
Eq. (12), the results are identical.!®
C. Theory for scattering from the back surface
of the substrate

Knowing the mechanisms of the scattering process we
can calculate the scattering distribution of the substrate’s
back surface (Fig. 5). The illuminating light incident
from medium 1, angle of incidence 6y, transmits through
the front surface (interface f) and causes an electric field
at the back surface (interface b). Interface b is assumed
to be rough. A given Fourier component of the surface
causes the scattered wave with amplitude [E(1)?), inside
the substrate. The direction of propagation is €y, re-
lated to the scattering angles 6’,¢. The scattered wave
transmits through interface f in medium 1 where it is de-
tected. The amplitude changes in [E(l)b]l and the prop-
agation vector changes due to refraction in €} related to
the scattering angles 6, ¢ outside the substrate.

Starting the calculation, we have to calculate the elec-
tric field at interface b caused by the incident light. The
calculation is performed by analogy with Egs. (22) and
(23), taking into account the transmission coefficients
t12(y) for the transmission of the field through interface
f and the incidence angle ) upon interface b. For the
amplitudes of the electric field at interface b in medium 2
we obtain

incident light s polarized, 30
incident light p polarized, (30)
incident light s polarized,

incident light p polarized, (31)

g® (ET) —k 1) (the argument is left unchanged, see Ap-
pendix B) is the Fourier transform of the product of the
surface topographic function of the back surface (inter-
face b) with the corresponding amplitude distribution.
The scattering direction inside the substrate is €/ re-
lated to the scattering angles ¢’ and ¢. The 1/n, factor

E™],

EOi

b

FIG. 5. Scattering process at the back surface of the sub-
strate. The light incident from medium 1 transmits into the
substrate, causing an electric field at interface b. The rough
interface b causes the scattered field [E(l)b]z inside the sub-
strate. The scattered field passes through interface f having
the amplitude [E(I)b]l in medium 1 where it is detected.
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in C® expresses the changed admittance inside the sub-
strate. Considering the reflection of the scattered light
at interface b, the scattered field transforms according to

A ()b, a1 S(1)b, a1
o), - [#),
+r21(0') [E§})b(180° - 0’)]2. (33)
(b) Placing the surface current below the interface, we

have to calculate the scattered field in medium 1 (prop-
agation direction &) first:

[B2?] | = Z2CPES” cos(go - 97,
n
[ i )b] = :‘fcht‘;”” cosfsin(po — @) (€ x 1),
[B*] = 22C*EQ" sin(4o - ¢)7,
ny
[ *(1)"] = ’i%cb{—Efg)” cos 0 cos(¢pg — @)
1 ny
1 L=
+E,(l°2)b— sinO} (€ x 1),
€1
and then we have to take into account the transmission
of the scattered field through interface b into the sub-
strate. The propagation vector changes into €3+ and the

amplitude of the scattered field with polarization state
ij transforms according to

J

0] | = (/Y 12 (B9 | 34
[E” 2 cosf 7 )] | B 1 (34)
To be detected in medium 1, the scattered fields which
were calculated in medium 2 have to pass through the
interface f. We obtain for the amplitude of the field
scattered from the back surface detected in medium 1

=1)b] | cos 0 211
HE"" ]1| - V cos 0’ t (¢)

Here we have to insert the scattered field inside the sub-
strate as defined in Egs. (33) or (34) for placing the
surface current above or below the interface. Dividing
the calculated scattered flux in medium 1 by the inci-
dent flux from medium 1, we obtain for the ARS of the
back surface

[E"g’})b] 2‘ ' (35)

2
2 (1)b 2
(2 )”_ o] | &
dQP, |E°|? cos @l [F2° [*°° | Db(a!, y")|2dz'dy’
(36)
The result for placing the surface current above the in-
terface b is given in Eq. (37). Using Eq. (29) it can

be identified as the optical factor of the back surface
O% multiplied by its power spectral density function

Gb(ky — kK?ype.

| g*(kL —ED) |2

dP, \* _ | (e1—ea) | K
P,

with cos @' = (1/n3)4/n%2 —n?sinf sin€’ = (ny/ns)siné.
2 — M

D. Comparison of optical factors of front and back
surfaces

In Fig. 6 optical factors for the front surface and the
back surface of a fused quartz substrate (n; = 1.46,n, =
1) are shown in dependence on the scattering angle 6.
In the calculation the wavelength is A = 633 nm, the
angle of incidence is 6y = 0, and the angle between the
incidence and the scattering plane is ¢ — ¢ = 0.

The location of the surface current influences the an-
gular dependence of the optical factors for scattering an-

(47)2n2 cos 6} j‘j:: fj':: | Db(z!, y) |2 da'dy’

[ 1£52(00) [1+ P2} (B)) (1 + r21(8")]y/ 2228421(0") cos(do — &) |7, ss,

| £22(80) (1 + 721 (65)] [1 = 721(6")]/ 28, 421(8) cos O' sin(o — §) [2, s,
X\ 1£33(60) [1 = 721(85)] cos B4[1 + r21()]
| t;f(oo){—u - 7'12,1(9(’,)] cos 0g[1 — r21(8")] cos &' cos(do — ¢)
{ +é sin 6p[1 + rzl )11 + rgl(0’)] sin@’}

o/ <258 4210 sin(¢o — @) |2, ps, (37)

cos @'

\/mtzl(ol) |2’ pp

cos '

r

gles above =~ 20°, caused by the angular dependence of
the coefficients for reflection and transmission. The most
important result is that the optical factor of the back
surface is greater than the optical factor of the front
surface, which is independent of the location of the sur-
face current. Since the difference in dielectric constants
is identical for both interfaces, this result is not obvi-
ous. The explanation is as follows. Using the identity
[1+ 721(6})] = [1 — r12(6;)] we obtain the following quo-
tient of the optical factors for ss polarization and nor-
mal incidence illumination for placing the surface current
densities above each interface:
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oh  ItP(0) /St O |1 - ro)li - 2] )
Of L+ 2L +r20)]° 5 ’
since
[1-r2(0)] = ;‘—j[l +r22(0)]. (39)
We obtain
or  TRO)TH(9)|[1+r2(0)][1 - ri2(0)]|" &
Or _ - ! (40)
oL, |1 +r12(0)][1 + r12(6)]1* %

Equation (40) shows that the scattering process at the
back surface can be written corresponding to the scatter-
ing process at the front surface considering the transmit-
ted power coefficients for the incident light T'2(0) and
the scattered light 721(6'), and the phase shifts of the
reflected scattered light. For non-conducting media the
phase shift of the reflected scattered light is A¢ = =
since ny > n; at the front surface and A¢ = 0 at the
back surface. Summation of the directly emitted scat-
tered light and the reflected scattered light is destructive
for the front surface ([1+r1%(8)], with 712 < 0) and con-
structive for the back surface ([1—712(6)]). This explains
the difference in the optical factors.

Using Eq. (39) the quotient of the optical factors for
small scattering angles becomes

1

E. Comparison between theory and experiment

The result of the theoretical model describing the
stray-light emission of the back surface of a transparent
substrate has been confirmed by measurement. Measure-
ment is carried out by means of an ARS instrument built
at our institute!® based on the experimental setup as de-
scribed in Ref. 2. The geometry defining the scattering
angles is related to common conventions as described, for
instance, in Ref. 7.

Figure 7 shows the ARS measurements of two fused
quartz substrates with different polishing specifications,
polished by the same manufacturer. Substrate 1 is spec-
ified as one side “superpolished,” and the other side is
unspecified. Substrate 2 is specified as “superpolished”

b 9 on both sides. The scattering contribution of the super-
0_1}""(90 =0,0=0)= T12(0)T21(0)n_§, (41) polished interface can be neglected, as can be seen from
n
F 1

which is independent of the location of the surface current
density. Assuming a fused quartz substrate and equal
surface roughness of the interfaces, the contribution of
scattered light intensity from the back surface is a factor
1.98 greater than the contribution of the front surface.

comparison of the measurements. Thus substrate 1 can
be described as having just one rough surface. As the
measurement of substrate 1 was carried out with opposite
orientations of the surfaces with respect to the incident
beam, we can see the difference in the optical factors.
We obtain two cases for ARS from a substrate with one
rough interface having the power spectral density func-
tion G’(EL — I—c'ol)

T T T T I T T
N substrate 1: one side 'superpolished'
9x 10% T T T T T T T T 10° L _ —— (i) rough interface is the back surface i
TS ~ 1 . - (i) rough interface is the front surface
8 T N 4 N
back surface ss-polarized _._.- - . N
7k =TT S 4 —_ 1l - .
R S \ — 10" £ e 4
~~~~~ - A 7] N
vE ol - R 1 ] 2 \'\*\/\x\w\
— - . | . . ¢-¢\’“‘«~
- ~ \ W 06 ’ WA
— 5 VoA 107 F \ g
0 s 5 7\
8 4 |- front surface ss-polarized R i ‘ i
K] Rt LT N Y 10° | - substrate 2: both sides 'superpolished' .3
= 3+  TTeSTITT— - .. N v T B e L .
g location of current density: e TSN 1 [ S 3
§. 2 —m (i) above the interface Tl TN 4 e [N
---- (i) below the interface ey BNV 107 L L L . L L ;(; “""90
1 —— (iii) splitted into equal parts “\\\ WAV 10 20 30 40 50 60 70
o L L , L N . L N scattering angle 6 [deg]

0 10 20 30 40 50 60 70 80 90
scattering angle 6 [deg]

FIG. 6. Comparison of calculated optical factors (ss polar-
ized, A = 633 nm, 6o = 0,¢ — ¢po = 0) of the front and the
back surface of a fused quartz substrate. They were calculated
for three locations of the surface current density distribution
with respect to the flat interface z = 0.

FIG. 7. Measured ARS of two substrates with different pol-
ishing specifications. The major scattering contribution of
substrate 1 is caused by the unspecified (rough) surface only.
Measurement of substrate 1 was carried out with opposite ori-
entations: (i) the rough interface is the back surface and (ii)
the rough interface is the front surface. Measurement param-
eters are polarization ss, A = 633 nm, 6y = 8°,¢ — ¢o = 0.
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(i) The rough surface is the back surface
Sb = 0%G™ (kL - kY).

(ii) The rough surface is the front surface
sf =olG (kL -kY).

The measurement confirms that the optical factor of
the back surface is a factor of 2 greater than the opti-
cal factor of the front surface, since the PSD’s in both
measurements are identical. Comparing the quotient of
the ARS curves with the quotient of the optical factors
calculated by means of the described model, we can per-
form a more detailed analysis clarifying the location of
the surface current. The quotient of the ARS curves for
the two orientations is

b b
S _ Ok (42)
st of
This enables us to determine the quotient of the opti-
cal factors by means of ARS measurement of a substrate
with one rough surface. The measured quotient is plot-
ted in Fig. 8, curve (iv). The calculated quotients [curves
(i)—(iii) of Fig. 8] correspond to different locations of the
surface current. (i) The surface current is located above
each interface and (ii) the surface current is located be-
low each interface. Curve (iii) shows the quotient for
splitting the surface current on each interface into equal
parts above and below the corresponding interface and
calculating the scattered field as the sum of the scat-
tered fields emitted by the two parts. Comparison with
the measured quotient [curve (iv)] shows a very good
agreement between theory and experiment for splitting
the surface current distribution into equal parts. This re-
sult is reasonable in terms of the described model. Since
we assumed a hard transition of the dielectric constant
at the plane z = 0, it is not possible to decide in which
medium we have to place the current density. Referring
to Fig. 1(a), the exact location of the surface current

-
o

T T T T T L T

location of the current density: i
oo (i) above the interface
---- (ii) below the interface I
—— (iii) splitted into equal parts 7

. /
(iv) measurement result 7 l

N W A 0N o ©

quotient of optical factors Of /OF

10 20 30 40 50 60 70 80 90
scattering angle 6 [deg]

FIG. 8. Comparison of the quotient of the optical factors
calculated by means of the described model. Results for three
locations of the current density (i)—(iii) with respect to the flat
interface are compared with the measured quotient (iv).
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is above the interface in medium 1 when S(z’,y’) > 0,
and below the interface in medium 2 when S(z’,3’) < 0.
Calculation of the scattered field in this way runs into
difficulties. Splitting the surface current into equal parts
above and below the interface corresponds to the actual
location rather than the location at one side of the inter-
face only, which is confirmed by the measurement result.

For the total scattering distribution of a transparent
substrate we obtain:

s (4P forap,\°

= (dQPO) + (dQPo) ’

with the contributions of the front and the back surface
defined by Egs. (46) and (47), respectively. The scatter-
ing contributions caused by the amount of incident and
scattered light that is (multiply) reflected inside the sub-
strate are not considered in this theory, since they are at
least one order of magnitude smaller than the calculated
contributions.

For a spatially constant amplitude distribution we can
use Eq. (29) and write the ARS in dependence on the
optical factors and the surface’s power-spectral-density
functions as

§=0LGH (K} — kL) + O%G (kS —k.). (43)

Two measurements can be performed with opposite ori-
entations of the substrate in respect to the incident beam
when the PSD’s differ. The PSD of the front and back
surfaces can be determined separately, due to the differ-
ent optical factors. Assuming S; to be the measurement
with surface I [the PSD is Gy(k% — k)] as front surface

and Syp with surface II [the PSD is Gn(l;ﬂ)_ - I::‘i)] as front
surface, the ARS of the two measurements is

S = 05G (K — kL) + 0%Gu(kS — ku),
Su = OLGu(k — kL) + O%G(KS —k.).

For the PSD’s this can be solved in matrix form:

.0f
(é") =[[o£]2—[o%12r1(_0& ‘%”F)( ;;‘)

(44)

This measuring technique is restricted to substrates with
slightly varying PSD’s with respect to different locations
on the surface, since we cannot generally ensure that we
measure the same locations on the surfaces in both mea-
surements. Substrates of high polishing quality reach
this demand. For each orientation several locations can
be measured, and the statistical averages can be used for
calculating the PSD’s.

The result can be simplified for substrates with equally
polished sides corresponding to equal PSD’s G (ES’_ -k 1)
of the surfaces:

8 = [0 + O%)G(KS — k.). (45)
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F. Results for splitting the surface currents into equal parts

(i) Results for the front surface

lgf (kL — k)2

dP, \T  |(ex —&)|2 k*
d0p,

+7i2(00)] { [1 -7}

(ii) Result for the back surface

| (61 — €2) |? k* cosé | gb(lzl —

l 1 +73%(60)] { 1 +73%(0)] + e
& 2(9)] cos 6 +
x4 |%1—r12(90 Jcos B { [1+712(0)] + 23, /22581 — r13(
1 L[ 1= 73%(80)] cos 8 cos(o — 9) { [1 = ri2(6)]cos + \/v,,
[ —Z[1+73%(00)]sinbo { [1+r32(8)]sinb + 1/ =251 —

~ (4m)2n? cos by f+°° fj‘;" |Df (2!, y') [2dz' dy’

(0
) 2

ap, \° _
P, )

1412(65) 22[1 — r2?(6)

where cos#’ = (1/nz)y/n%—n?sin?6 and sing’ =

(n1/n2)siné.
Here we have used the following identities:

1+7240") =1—r2(0), 1-r24(0') =1+71%(9),
t31(6") = 1 - r2%(0),

1+r340') = 1-r;2(0), 1-r24(0') =1+7r2%(8),
t31(0) = ;;[ —rp2(8)]-

G. Result for integrated scattering TIS

Total integrated scattering (TIS) is an important tool
for quality analysis of optical surfaces. By measuring TIS
we determine the total amount of light flux scattered by
the probe in the reflection hemisphere. We obtain the
TIS by spatially integrating the ARS in the half space
containing the direction of reflection. During measure-
ment integration is performed using a Coblentz sphere or
an Ulbricht sphere as spatially integrating element. De-
scriptions of experimental setups are found in Refs. 16,
17, and 2.

Following Elson'® we assume a surface the spatial scat-
tering distribution of which is limited to small angle scat-
tering. Assuming small incidence angles of the illuminat-

ltlz(eo)[l — 7'12(00)]21[1 _ 12(9)]
{ [1473%(8)]cos b’ + 22 cond 417

x { | L£12(80)[1 + r12(6o)] cos By[1 — r12(6)] x { [1-

X [COS 0 cos(¢o — #)[1 + 752(60)] {1+ r},z(ﬂ)] cosf' +
| — o sinfo[1 —3%(80)] { {1 —rz*(8)]sin6’ + 72

(4m)2n2 cos b} cosd f;":: _+;° | Db(z,y') |2 dz'dy’

(| 3e22(00)01 ~ r2(@0l[1 ~ r2(@)]x { [1 = r12(0)] + 22\ [225412(0) } cos(do— ) |, ss,

50
2
228 [1—ri2(0)] } cos(do— @) |
V22811 — r12(6)] cos 0’ } sin(go — ¢) |2, sp,
cos 8’ 0 ] } Sin(¢0 - ¢) '27 ps, (46)
cos @' [1 - 7'12(0)] cos §' }
2
cos @’ 0)] sin 0’] }] ‘ pp.
2
(6)cos8 } sin(do —9) | , s,
ri2(9)] + 22,/ <228 412(g) } sin(go — @) ’
,/f:‘c’fs‘g t;2(0 ) cos 6 }
<086/ 412(g) sin 9 }H , PP (47)

[
ing light, we obtain for the total scattering loss of the
front surface

/2
( ) / / S1(6,4)sin0do do
6=
=R"Y ( 6Efms) s

2 _
5rms‘(27r //G(k,,ky)dk dk,

in k space, or

s = 5 [ [156" 9Py
A

in surface coordinates. R!? is the reflected power coef-
ficient of the air-material interface and ;¢ is the rms
surface roughness of the interface.

With the same assumptions the total scattering loss of
the back surface can be calculated:

-/
( ) /2/ 5°(0, ) sin 0 d6 db
6= =

- R - Ry (4 6fms)2. (48)

with
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The substrate material is assumed to be nonabsorbing.
Since the TIS is defined as the total scattering loss di-
vided by the reflected power coefficient of the surface, we
obtain for the total scattering loss of the substrate

%’) = R*T/ + RY*(1 — R**)*nT°. (49)

To obtain correct experimental data in TIS measure-
ments, the scattered light of both surfaces has to strike
the detector. Since a Coblentz sphere is an imaging sys-

Ti _ [pl2 _ pl2(q _ pl2y4,4]~1
(m>_[R R™(1 — R'?)*nj] (
T =

P, _ P,
RP,+ P,  RP,’

Or, assuming equally polished surfaces with mean rms
roughness 6;,s we obtain

= {R® (14— R} (51)

Thus we can easily calculate the surface roughness of
the substrate interfaces from integrated scatter measure-
ments.

III. SUMMARY

In this paper a model is described that determines
the measurable scattering distribution of a transparent
glass substrate consisting of two slightly rough interfaces.
Starting from the replacement of the actual surface by a
flat interface and a surface current distribution in this
plane, we calculate the scattered far fields caused by the
rough interface. The scattered fields are calculated di-
rectly using the vector potential caused by the surface
current distribution. By considering the reaction of the
flat interface on the scattered field, a result for the ARS
of an opaque surface is obtained that is identical to the
the result found by other authors. Knowing the funda-
mentals of the scattering process, we are able to apply
the theoretical model to the scattering process at the
back surface of the substrate. The result is that the back
surface contributes a greater amount of scattered light
than the front surface when the surfaces are assumed to
have equal surface roughness. This result has been con-
firmed by measurement. The difference in the scatter-
ing contributions can be explained by the different phase
shifts that occur when the scattered field is reflected off
the two interfaces. With the result of the theory, power-
spectral-density functions of the substrate surfaces can
be calculated from ARS measurement, and rms rough-
ness can be calculated from TIS measurement using an
Ulbricht sphere. Thus surface roughness analysis can be
performed from scatter measurements of uncoated trans-
parent substrates. The calculation method is restricted

—(1 - R?)n2 1

tem, there is the problem of collecting the scattered light
of both surfaces on the detector. Especially for thick sub-
strates additional analysis has to be done to determine
the amount of scattered light that is not detected and
caused by the surface that is out of focus. For this rea-
son an Ulbricht-sphere-type of TIS instrument is better
suited to measure the total scatter loss of a transparent
substrate.

Using the measuring technique described above we can
determine the TIS and the corresponding rms surface
roughness for the interfaces I and II separately:

)

1I

o

) (

Vo
o
N—"

ar g’
7E,II = —/\—ar;ns . (50)

f

to substrates with low bulk scattering with respect to
surface scattering, since bulk scattering is not considered
in this theory.

ACKNOWLEDGMENTS

This work was financially supported by the Deutsche
Forschungsgemeinschaft (DFG).

APPENDIX A

Fresnel amplitude coefficients of reflection and trans-
mission for an interface separating two nonmagnetic me-
dia with refractive indices n; and ny are

nycosf; — 4/n3 —n? sin® 6,
12
T, (61) = , (A1)
nycosd; + 4/n3 — n? sin? 6,
2 2 2 2
n3cosf; — nyy/n3 — n?sin® 6,
rp(61) = . (A2)
n3cosf; + nyy/n2 —n? sin? 0,
t12(0 ) 2n; cos 6, (A3)
8 1) = ’
nycosby + 4/nf —n? sin? 6,
2n;3n, cos 6,
tp’(61) = (A4)

n3 cos0; + ny4/n2 — n?sin? 6,

APPENDIX B

In the described model the scattered fields are calcu-
lated in the different media, and the transitions of the
fields through the interfaces are considered. We have
to determine the scattering direction in the respective
medium caused by a Fourier component (wave vector El)
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of the surface. With a scattering direction k (related scat-
tering angles 6, @) given in medium 1, the corresponding

wave vector k; in the sample surface is as follows:
> 2 P0) W P P
ki=Fki — k|’ = —ni(sinf€p —sinfy €s,). (B1)
c
In medium 2 the respective Fourier component gives rise

to a scattering direction K (scattering angles 6', ¢) since
the wave number has changed:

a4

b=k, — kY = “ny(sind’ ép —sin6) &s,).  (B2)
c

As the scattered light is detected in medium 1, we obtain

according to Snell’s law for refraction n; sinfy = ny sin 6

and n;sinf = nysin®’. Hence I;S?) —k = E(f)’ — k.
Thus we need not change the argument of the surface
PSD’s. However, when calculating the coefficients of re-
flection and transmission the different scattering angles
0 in medium 1 and @’ in medium 2 have to be considered.
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z = §(x',y'=const)

(a)

FIG. 1. Synthesis of the polarization current density distribution (CDD) at the actual interface (a) as superposition of the
polarization CDD from an ideal flat interface (b) and the CDD (c). CDD (c) causes the scattered field.
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FIG. 4. Reaction of the flat interface z = 0 on the
s-polarized scattered field EE:) The surface CDD J™) is as-
sumed to be located in medium 1, in distance Az < A above
the interface. The scattered field propagating in the direction
k is the sum of the field emitted from J'!) directly in direc-
tion @, ¢ and the field emitted in direction (180° — 6), ¢ and
reflected off the interface.



