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Energetics and structure of toroidal forms of carbon
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Total-energy calculations for 13 difFerent fullerene clusters, including 8 toroidal fullerenes, are
performed using a parametrized tight-binding functional, and in select cases, an all-electron first-
principles local-density functional. The tori considered here are composed of graphitelike six-
membered rings, with five-membered rings on the outer surface of the torus providing positive
Gaussian curvature, and seven-membered rings on the inner toroidal surface providing negative
Gaussian curvature. Comparisons are made with energies calculated from a Stillinger-Weber —type
potential for graphite, which is found to be inadequate for addressing relative energetic stability
among the tori. Two empirical strain relations are tested against our tight-binding energy calcula-
tions. A simple elastic theory is found to give reasonably good energy orderings. Charge-density
calculations on the tori reveal that electron density is enhanced for atoms in five-membered rings,
and depleted for atoms in seven-membered rings. First-principles total-energy calculations indicate
that a single potassium atom is bound to the center of a C&44 torus by 0.5 eV. It is proposed that
atoms with higher orbital angular momentum (e.g. , Zr, etc.) may bond more tightly to the torus,
and thus facilitate formation of Cqqo or similar tori.

I. INTRODUCTION

The discovery of the C60 fullerene marked the be-
ginning of research into a family of graphenelike pure
carbon molecules with virtually endless variety. Many
different fullerene forms of carbon have been observed
experimentally, while others have been proposed theo-
retically. Experimentally realized fullerenes range in size
from C28, which is stabilized by encapsulating metal
atoms such as U and Zr, to giant fullerenes containing
on the order of 10 atoms. Other structures have been
observed in addition to the spherical and nearly-spherical
fullerenes. These include fullerene tubules, first observed
as multiwalled structures. It is thought that the mul-
tiwalled tubules are composed of concentric shells, but
recent work has suggested that many such nanostruc-
tures may be described by a model of highly defective
"paper mache" graphitic sheets. Single-walled tubules
have been synthesized in the presence of metal catalysts
such as Fe, Co, Ni, and Gd. Conical fullerenes have
been observed as caps to multi-walled tubules and as in-
dividual fullerene cones. While spherical fullerenes are
composed entirely of hexagons and pentagons, heptagons
are thought to play an important role in tubule caps and
turn-around regions.

Theoretically proposed structures include periodic
minimal surfaces, networks of cages, small di-
ameter capped tubules, large single and multishelled
fullerene cages, ' toroidal fullerenes, and helical
carbon structures.

In this paper we concentrate on the energetic, struc-
tural, and electronic properties of several difFerent
toroidal fullerenes. We address the relative energetic sta-
bilities of eight different toroidal forms of carbon, most of
which have been previously proposed but three of which

are new. Part of our motivation for performing this work
is to check the results of previous empirical classical po-
tential calculations on fullerene tori. 24 2 We also com-
pare empirical strain expressions for the energy of tori
with our total-energy calculations. Finally, we calculate
the binding of a single metal atom at the center of a torus
and discuss the modified electronic structure.

II. TOROIDAL CARBONS

Dunlap was the first to propose the torus as a sta-
ble form of graphitic carbon. He proposed construct-
ing toroidal fullerenes by joining two tubules of differ-
ent radii, and repeating this structure twelve times to
form a torus. Such a procedure introduces five-membered
rings (pentagons) on the outer surface of the torus, and
seven-membered rings (heptagons) on the inner surface
of the torus, which provides the needed curvature to
close the torus on itself. Note that Euler's theorem for
toroidal fullerenes containing only five-, six-, and seven-
membered rings dictates that the number of five- and
seven-membered rings must be equal. Dunlap proposed
two different tori constructed in this manner. Both of
these tori have D6y, symmetry; the smaller torus con-
tains 540 atoms, and the larger 576 atoms. The struc-
ture (relaxed bond lengths) and cohesive energies for the
two tubules were calculated using an accurate empiri-
cal manybody chemical bonding potential for carbon,
while electronic properties were calculated &om a tight-
binding formalism. Itoh and co-workers have pro-
posed the largest number of toroidal carbon forms, with
molecules ranging in size &om 80 to 1920 atoms. They
used a Stillinger-Weber —type potential, with parame-
ters optimized for graphite. We will refer to this as
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FIG. 1. De6nitions of the inside torus diameter, DI, the
top projection tube diameter, DT, and the Z direction tube
diameter, Dz, for a torus. The Z axis passes through the
center of the torus and coincides with the axis of highest ro-
tational symmetry (the Cs axis in this case). The torus shown
here is the C600 torus.

the graphite-Stillinger-Weber (GSW) potential through-
out this paper. Gal'pern et al. proposed four toroidal
carbon clusters containing from 200 to 408 atoms. The
electronic structures were calculated from topological ar-
guments.

The work of Itoh et al. provides the most system-
atic look at toroidal carbon forms. They chose to use the
GSW potential to obtain relaxed structures and total en-
ergies. One of the purposes of their work was to assess
the energetic stability of various tori relative to C6Q. Cal-
culations from the GSW potential indicate that toroidal
forms of carbon with as few as 120 atoms have a lower en-

ergy per atom than the C6Q fullerene. This is surprising
because the proposed Cq2Q torus has a tubule diameter
(D~) and an inside torus diameter (DI) of about 4 A

(see Fig. 1), both of which are considerably smaller than
the Cso diameter of about 7 A. . One would expect the
Cy2Q to have a higher energy per atom than C6Q because
it is more highly curved. However, the argument was
made that the seven-membered rings on the inside of the
torus act to relieve the strain in the torus and lower its
energy relative to C6Q. On the other hand, it is possible
that the surprising stability of the C&2Q torus is an arti-
fact of the GSW potential. It is also surprising to note
that the GSW potential predicts that the smaller of the
two tori proposed by Dunlap has a lower energy per
atom than the larger. This contradicts the results from
the many-body potential calculations, 2 which indicate
that the larger torus is about 0.07 eV/atom more stable
than the smaller torus. This may also be due to limita-
tions of the GSW potential. In this paper we will clarify
these issues of relative energetic favorability by perform-
ing calculations using both essentially exact ab initio and
accurate parametrized tight-binding functional (PTBF)
methods.

3ackson at the Naval Research Laboratory. ' We used
a double zeta quality basis set, with Ave s-type and four
p-type orbitals for carbon. This basis set has been well
tested on hydrocarbons, diamond, and fullerene-based
materials and has been found to be accurate for energy
diAerences and cohesive energies. LDA calculations were
carried out for the C6Q and C7Q fullerenes and the Cq2Q

and C y44 torl.
For studying the larger molecules, the all-electron LDA

method is computationally prohibitive because of the
large number of inequivalent atoms involved. For cal-
culations on clusters larger than the Cq44 torus we have
adopted a PTBF for carbon, which was generated from
a simultaneous Bt to the LDA energies of three phases of
carbon: diamond, graphite and linear chains. This ap-
proach still retains electronic structure information, but
is faster than ab initio methods without much loss in ac-
curacy. The total-energy functional uses a parametrized
tight-binding Hamiltonian matrix to generate the elec-
tronic levels and a pairwise function, E p to model the
remaining repulsive terms. The total energy is written
as

Etotaj —Erep + +bs + @charge ~

The band-structure energy, Eb, is a sum of the occupied
eigenvalues of an orthogonal sp basis Hamiltonian. A
repulsive, Hubbard-like charge term, E,h,g„is added to
account for charge transfer. The functional forms for
these terms, along with the parameters used, are de-
scribed in detail in Ref. 35. This energy expression has
been previously applied to the dynamics of C6Q and the
energetics of various fullerene clusters.

The PTBF method is known to reproduce accu-
rately the bond lengths for C6Q and C7Q &om LDA
calculations. As a further test of the accuracy of the
PTBF method, we compare the relative energies for the
C7Q C$2Q and Cq44 fullerene clusters with LDA calcula-
tions in Table I. Note that both methods predict a lower
energy per atom for C7Q than C6Q and that the PTBF
energies are in very good agreememt with LDA calcu-
lations. All the structures in Table I were relaxed us-
ing PTBF. The energies and forces of the 6nal structure
were calculated using the all-electron LDA method. The
LDA forces were calculated as the proper total-energy
derivatives, including the Pulay —basis-set corrections.
The magnitude of these forces were found to be small
(less than 0.5 eV/A), and we would not expect the LDA
method to yield relaxed geometries substantially diferent
from those obtained with the PTBF code (note that the

TABLE I. Energies/atom relative to C6o from LDA
and PTBF calculations. Highest occupied molecular or-
bital —lowest unoccupied molecular orbital (HOMO-LUMO)
gaps from LDA are also listed. All energies are in eV.

III. COMPUTATIONAL METHODS

Selected cluster calculations were performed using an
accurate all-electron Gaussian-orbital local-density ap-
proximation (LDA) code developed by Pederson and

System

C60
CTO

Cy2O (torus)
Cq44 (torus)

8 —E(C60)
LDA PTBF

0 0
-0.04 -0.04
0.]3 0.12
0.11 0.09

HOMO-LUMO
LDA
1.8
1.8
1.3
1.3
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&b. = T [Hp] (2)

where p is the electron density matrix and T [Hp] mean
the trace of the product of Hp, where H is the Hamilto-
nian. Li, Nunes, and Vanderbilt and Daw described
a method for finding the elements of p by minimizing a
function of p, while retaining the constraint of idempo-
tency, p = p . For an insulator or closed shell molecule,
the elements of the density matrix p decay exponentially
to zero with distance. If we assume that the elements
of the density matrix representing interactions beyond
a defined cutofF are zero, then the number of unknowns
in the density matrix scales linearly with the size of the
system, and therefore evaluating Eb, becomes an order
N computation. As larger clusters with more atoms are
considered, this method eventually becomes significantly
faster over conventional diagonalization.

This order N approach is used to relax the geometries
of the fullerenes with more than 360 carbon atoms. We
initially relaxed the geometries using a steepest descent
approach from forces that were obtained with a 3-L den-
sity matrix cutofF. A more precise relaxation was then
obtained by extending the density matrix cutofF to 6 A.
According to our comparisons for smaller clusters, a 6-A
cutofF in the density matrix for Sp2 bonded carbon yields
an accuracy in the band-structure energies of better than
0.01'%%uo. For a 360 atom torus the 6-A. cutofF is accurate
to better than 0.09'%%uo in band-structure energy. The fi-
nal energies of the large clusters were calculated with an
exact diagonalization of the Hamiltonian.

IV. RESULTS

We have computed the relaxed bond lengths and to-
tal energies for 14 difFerent systems, including graphite,
using our PTBF formalism. In Table II we list the sys-
tems studied, along with their symmetries and cohesive
energies. Both tubules listed in Table II (120 and 360
atoms) have about the same diameter as Cso and are
capped with C60 hemispheres. The tubules correspond
to capped A(10, 5) tubules in the notation of Hamada,
Sawada, and Oshiyama4s or [5,5] tubules in the nota-
tion of Robertson et al. Infinite tubules of this type are
conductors 45 but PTBF calculations show that the

energy is correct to the square of the Hellmann-Feynman
forces).

The CPU intensive operation of a PTBF calculation
is the band-structure term, which requires the sum of
the occupied eigenvalues of the electronic Haxniltonian.
Canonical diagonalization techniques scale superlinearly
with the size of the basis, limiting the number of atoms
that can be considered. To overcome this limitation, we
have used an "order N" electronic structure technique
proposed independently by Li, Nunes, and Vanderbilt
and Daw, which scales linearly with the number of
atoms in the system (thus "order N"). Since we need
the sum of the eigenvalues to evaluate Eb„rather then
each eigenvalue itself, we can consider a solution to the
equation,

TABLE II. Structures and cohesive energies in eV/atom
as calculated from PTBF. N is the number of atoms in the
molecule and the symbols in parentheses indicate the point
gx'oup.

Structure
Sphere (IF,)
Ellipsoid (DBq)
Torus (DEa)
Tubule (SIG)
Torus (Des)
Torus (Dsa)
Sphere (Ih, )
Torus (Dsa)
Torus (Dsa)
Tubule (STO)
Torus (DE@)
Torus (DE/ )
Torus (DEa)
Graphite

N
60
70
120
120
144
240
240
360
360
360
540
576
600

Energy
-8.008
-8.044
-7.892
-8.129
-7.915
-7.989
-8.261
-8.190
-8.068
-8.208
-8.015
-8.138
-8.242
-8.407

TABLE III. Approxixnate dixnensions of the toroidal
fullerenes used in this study. The inside torus diameter, DI,
the top projection tube diameter, DT, and the tube diame-
ter in the Z direction, Dz are given in A. , and are depicted
graphically in Fig. 1.

N
120
144
240
360
360
540
576
600

Structure
Torus (DEq)
Torus (Dsq)
Torus (DEq)
Torus (DEq)
Torus (DEq)
Torus (DEq)
Torus (DEq)
Torus (DEq)

DI
4.0
4.8
6.3
6.8

14.7
28
20
7.7

DT
3.8
4.3
3.9
7.0
5.0
4
6

10.0

Dz
4.5
4.1
8.0
7.8
4.8
4.5
5.3
8.0

Average diameters used.

capped, finite length tubules are insulators. The approx-
imate dimensions of the toroidal carbons are given in
Table III. We define three diameters to quantify the cur-
vature in the tori. These are the inside torus diameter,
Dl, the tube diameter from a top projection, DT, and
the tube diameter in the Z direction, Dg. See Fig. 1 for
a schematic representation of these three dimensions.

Calculations using the GSW potential performed for 8
of the structures in Table II were reported by Itoh and
co-workers. 24 2~ In Table IV we compare the cohesive
energies per atom for these clusters relative to C60 as
calculated &om PTBF and the GSW models. The GSW
calculations predict that the 120- and 240-atom tori have
the same energy per atom, and are both 0.04 eV/atom
lower in energy than C60. In contrast, the PTBF calcula-
tions show that the Cq2o and C24o tori are 0.12 eV/atom
and 0.02 eV/atom higher in energy than Cso, respec-
tively.

The C~20 torus is highly curved, with inside and tubule
diameters close to 4 A. (see Table III). From strain con-
siderations one would expect the energy per atom to be
higher for this structure than for C6o, which has a diam-
eter of about 7 A. We have evaluated two difFerent em-
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TABLE IV. Energies in eV/atom relative to Css from PTBF, GSW, and the Tersoff elastic
theory (TET) of Eq. (4). N is the number of atoms in the molecule and the symbols in parentheses
indicate the point group. AE = E —E(Csp).

N
120
240
240
360
540
576

Structure
Torus (Dss)
Torus (Dsq)
Sphere (Is)
Torus (Dsq)
Torus (Ds[, )
Torus (D8[s)
Graphite

AE PTBF
0.12
0.02

-0.25
-0.18
-0.01
-0.13
-0.40

AE GSW
-0.04
-0.04
-0.11
-0.12
-0.11
-0.10
-0.15

AE TET
0.17

-0.25
-0.46
-0.39
-0.19
-0.34
-0.67

where N is the number of atoms, 8, is the angle (in radi-
ans) made by the vr-orbital axis with the o bonds for atom
i, and a and b are constants. Equation (3) works reason-
ably well for fullerenes with only six-membered rings and
isolated 6ve-membered rings, i.e. systems with only posi-
tive Gaussian curvature. We have compared calculations
from Eq. (3) with the PTBF cohesive energies of Ta-
ble II and found that Eq. (3) does not correctly describe
the energies of clusters with negative Gaussian curva-
ture (i.e. , systems with seven-membered rings). Further,
the 120- and 144-atom tori both have fused (adjacent)
seven-membered rings that are probably not correctly
accounted for in the form of Eq. (3). The second ap-
proach we tried for predicting the strain energy is the
elastic theory due to TersofF. We have combined the
three separate equations that Tersoff gives for tubules,
spherical fullerenes (with only five-membered ring discli-
nations), and negative curvature periodic surfaces (with
only seven-membered ring disclinations). The energy per
atom relative to graphite is given as

1 1 2 11
AE = — conc A + Ks —As + —~co ln (N/60)

N 2 60

+Mr [Ar + 1.14co 1n [X/188)]), (4)

where % is the total number of atoms, cp is the elastic
constant for curvature out of the graphite plane, K is the
inverse radius of curvature, A is the area of curvature,
N5 and N7 are the number of five- and seven-membered
rings, respectively, and A5 and A7 are constants. We have
used the values of the parameters reported by Tersoff,
namely, cp ——1.2 eV, A5 ——3.36 eV, and AT ——0.75 eV. We
use the average radius of curvature of the torus tubule to

pirical strain energy models in an effort to quantify the
role of strain energy in these structures. The 6rst model
is the m-orbital axis vector analysis method, which has
been useful for fullerenes. In this analysis, one defines
the m-orbital axis as that vector which makes equal angles
with the three o bonds. The energy per atom relative to
graphite is estimated by

define the inverse radius of curvature,

1 1

DT
' Dz'

where DT and Dz are reported in Table III. Thus we as-
sume that the energy required to bend a graphite sheet
into a tube is accounted for by the 6rst term on the right-
hand side of Eq. (4), while the five- and seven-membered
rings provide the positive and negative Gaussian curva-
ture required to close the tube on itself in the form of
a torus. We have chosen the area of the tubule curva-
ture, A, to be the number of six-membered rings times
the area of a planar hexagon with bond lengths equal to
1.42 A. We have used Eq. (4) to calculate the energies
of C6p and the structures in Table IV, and have reported
the energy differences along with the PTBF and GSW
results in the same table. The elastic theory of Eq. (4)
is surprisingly accurate for predicting the trends in ener-
getic stability, even though the energy difFerences are not
in quantitative agreement with PTBF calculation. With
the exception of the C24p torus, the elastic theory energy
orderings are in agreement with the PTBF calculations
for the structures in Table IV.

The GSW potential gives a different energy ordering
for the C54p and C576 tori than the empirical many-body
potential calculations of Dunlap. The PTBF and elastic
theory calculations agree with the many-body potential
calculations in placing the C576 torus at a lower energy
per atom than the C54p torus. We also note &om Ta-
ble IV that the GSW potential underestimates the rela-
tive stability of the spherical C24p fullerene by a substan-
tial 0.24 eV/atom, and erroneously places the 360-atom
Dsp torus lower in energy than the spherical C24p.

The graphite-C6p energy difference is almost a factor
of 3 greater when calculated by PTBF compared to the
GSW calculations. The PTBF value of —0.40 eV/atom
compares well with the experimental estimate of —0.44
eV/atom. s The fact that the GSW potential severely un-
derestimates the graphite-Cep energy difference was not
initially noted because the cohesive energy for Cep from
GSW was compared to ab initio calculations, while the
cohesive energy for graphite from GSW was compared to
experiment.

Table II lists two different structures containing 120
atoms, two different structures containing 240 atoms, and
three difFerent structures containing 360 atoms. It is in-
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teresting to see the eKect of structure on clusters of the
same number of atoms and bonds. The Cq20 tubule has
a much lower cohesive energy than the torus. This is
to be expected because the radius of the tubule ( 7
A.) is about twice that of the torus (Dz = 3.8 j') and
hence there is much less strain energy associated with
the tubule. Elastic theory calculations with Eq. (4) show
the 120-atom tubule to be 0.39 eV/atom lower in energy
than the Cq20 torus. The C240 icosahedral fullerene is
0.27 eV/atom lower in energy than the 240-atom torus
from PTBF calculations, and 0.21 eV/atom lower Rom
the elastic theory computations. The three 360-atom
clusters consist of a tubule, a Dsg torus, and a Deg torus.
The tubule is slightly lower in energy than the Dsp torus,
which is substantially lower in energy than the D6p torus.
The diameter of the tubule is about 7A, which is roughly
the same as the tubule diameter of the D5g torus. The
tube diameter of the Ds~ torus is about 5 A. The elastic
theory gives energies relative to graphite for the tubule,
the Ds' and Ds' tori as 0.28, 0.29 and 0.44 eV/@tom,
respectively. The fact that the D6p torus is higher in en-
ergy than the D5p torus is a result of the higher strain
energy for wrapping the tubule into a smaller diameter
and also the added defect energy of including 12 pairs of
five- and seven-membered rings, rather than the 10 pairs
in the D5g structure.

It is known that the GSW potential produces relaxed
fullerene structures with bond lengths on average about
10%%uo larger than experimental bond lengths. 24 We test
here the GSW potential to see if it is capable of producing
the correct trends in bond lengths as a function of the
bond environment. The Cq20 torus has eight inequivalent
atoms and 12 distinct bonds, the rest of the atoms and
bonds are equivalent by D5p symmetry. In Fig. 2 we
enumerate eight distinct atoms; we use this set of atoms
in Table V to label the 12 distinct bonds. The bonds
listed in Table V are sorted in order of increasing bond

6 7

FIG. 2. The eight inequivalent atoms of the D5g Cy2p torus.

TABLE V. The 12 inequivalent bond lengths for the Czzp

torus from the PTBF and GSW relaxed structures. All

lengths are given in A. The bonds are listed in order of in-

creasing PTBF bond length. See Fig. 2 for a de6nition of the
atom labels associated vrith each bond.

Bond
Cg-C2
C3-C3
Cg-Cp
Cs-Ce
C4-C8
C3-C4
Cg-Cg
Cy-C8
C8-Cs
Ce-Cy
C4-C5
Cg-C3

PTBF
1.3781
1.3876
1.3929
1.4059
1.4246
1.4293
1.4579
1.4593
1.4614
1.4623
1.4693
1.4696

GSW
1.5947
1.5822
1.5858
1.6002
1.6249
1.5844
1.5838
1.5998
1.6266
1.6042
1.6006
1.5745

length as calculated &om the PTBF relaxed structure.
The bond lengths as computed Rom the GSW relaxed
structure (for the same bonds) are also listed in the table.
It is evident &om Table V that the GSW relaxed bond
lengths do not follow the correct trend, and hence we
conclude that the GSW potential incorrectly responds to
the bond environment.

The PTBF used in this work assumes a localized basis
set which enables us to calculate a charge associated with
each atom in the cluster. We have calculated the charge
density for the atoms in each of the eight tori considered
in this work. In general we 6nd that electrons migrate
to the 6ve-membered rings in the tori. We also 6nd that
at least 5 of the atoms in the seven-membered rings in
each torus are electron de6cient, indicating that some
of the electrons are donated &om the seven-membered
rings to the 6ve-membered rings. On average, the five-
membered rings have a total of about 0.3 more electrons,
and the seven-membered rings have about 0.2 fewer elec-
trons than required for charge neutrality.

We have computed the electronic density of states
(DOS) for the Cso fullerene, and the C~2o and C~44 tori
&om our LDA calculations. In Fig. 3 we plot the 0.2-eV
Lorentzian broadened DOS for these three clusters. All
three systems lead to clusters with reasonably large gaps
and should be expected to be inert at low temperatures.

The relative complexity of fullerene tori is expected to
make their fabrication signi6cantly more diKcult than
fullerenes which are topologically equivalent to a sphere,
e.g., C60, C7o, tubules, etc. By analogy with C28,
which is only produced when stabilized by endohedral
atoms such as U and Zr, we here examine the electronic
and geometrical structure associated with the Cq44 torus
and discuss whether fabrication could be facilitated by
placing an atom at the center of the structure. Aside
&om the possibility of enabling fabrication, the result-
ing structure could be useful as a binary storage device
if there is a double-well potential associated with the
added atom, and an applied field is capable of moving
the atom &om one well to the other. From the stand-
point of enhanced fabrication, it is interesting to compare
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the closest C atoms on the torus, even though the C-K
distance of 2.47 A in the toroidal-potassium system is
larger than the combined ionic radii of the K ion and the
carbon atom (2.1 A). For example, in KsCss, experimen-
tal geometry and theoretical cluster calculations show
that the potassium atoms arrange themselves to maxi-
mize their distance from carbon atoms. This suggests
that for distances smaller than 3.1 A. , the K-C interaction
should be repulsive which allows for the possibility of
a double well in the K-Cq44 system. In analogy to the
Cg8 molecule, which forms covalent interactions with
valence levels of orbital angular momentum E & 2, it
appears that this particular torus may also bond with
high angular momentum atomic valence states (e.g. , Zr.
etc.). Since the presence of K-3p semicore states pushes

up some of the valence levels, it seems most appropriate
to look for a tetravalent atom that has a tightly bound
lower core of p states.

FIG. 3. Density of states for (a) the Cso fuilerene, (b) the
Cacao torus (shifted up by 1 ordinate unit), and (c) the C&44
torus (shifted up by 2 ordinate units). In each case, the den-
sity of states has been Lorentzian broadened by 0.2 eV. The
HOMO is located at —6.3 eV for C60, at —5.7 eV for C~qo,
and at —5.8 eV for Cq44.

the electronic and geometrical structure to the small gap-
less Cqs molecule, which forms strong covalent inter-
actions with endohedral atoms, and the large wide-gap
C60 molecule which forms weak ionic bonds with endo-
hedral atoms. With respect to size, the center of the
Czs molecule and Cq44 torus (DI) both have diameters
of approximately 4.8 A. . In contrast, the Cso molecule is
significantly larger with a diameter of 7.1 A, . Size consid-
erations suggest that the center of Cq44 torus could very
well accommodate the addition of an atom. However, in
contrast to the Cg8 molecule, the Cq44 torus has a gap
of 1.3 eV which is not significantly smaller than the C6o
molecule (1.8 eV). While it is now known that Cso can
dimerize, the dimerization energy is on the order of 1.0
eV per pair, which is significantly smaller than the Zr-C
bonding in C&8 of approximately 12.6 eV per Zr atom. 4

These considerations suggested that ionic bonding be-
tween an alkali atom and a fullerene torus might be the
first type of interaction to investigate. We have per-
formed LDA calculations with a potassium atom at the
center of a Cq44 torus. We find that the potassium atom
is bound by 0.5 eV. Analysis of the electronic densities
shows that the potassium 48 state is unoccupied when
placed at the center of the torus. The empty torus has
a I UMO that transforms like a p state and two more
states slightly above that transform in an e representa-
tion. Upon introduction of the K atom, the p I UMO
level is repelled upward by the occupied K 3p levels and
the e representation is pulled downward to accept the K
48 electron. While we have not addressed the question
from first principles, we note that it is possible that the
K-C~44 system may exhibit a double-well potential be-
cause of repulsive interactions between the K atom and

V. CONCLUSIONS

In this paper we have presented total-energy calcula-
tions from a PTBF formalism for 13 fullerene clusters
and graphite. We have compared selected PTBF en-

ergy difFerences and relaxed structures to accurate I DA
calculations and have found very good agreement. The
PTBF method is deemed to be an accurate and relatively
fast approach for calculating the electronic and structural
properties of graphene systems.

We have specifically addressed the issue of the
energetic stabilities of fullerene tori. Previous
calculations ~ indicate that even small toroidal
fullerenes with as few as 120 carbon atoms have a lower
energy per atom than C6o. Our more accurate PTBF cal-
culations show that this is probably an artifact of using
the Stillinger-Weber —like empirical potential. We have
found that a simple elastic theory due to TersofF gives
energy orderings in good agreement with the PTBF cal-
culations. The GSW potential is less accurate for pre-
dicting energy orderings than the elastic theory. The
GSW potential gives an energy difFerence between C6O
and graphite that is too small by almost a factor of 3
when compared to both PTBF calculations and experi-
ment.

We have compared energies of tori, tubules, and spher-
ical fullerenes. We find that tubules have lower ener-
gies per atom than tori of similar tube radius. How-
ever, this does not mean that it is impossible to form
toroidal fullerenes. Growth kinetics, reaction pathways,
and Gibbs free-energy driving forces play important roles
in determining the products of any chemical reaction.
While assessment of these factors is beyond the scope of
this work, we have calculated the binding energy of a siD-

gle potassium atom in the center of a 120-atom torus in
order to assess whether fabrication of tori would be facil-
itated by metal atoms. We found that the K atom forms
a stable, moderately strong bond at the center of the
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torus. Further studies are needed to see if this torus will
bind more strongly with atoxns of higher orbital angular
momentum.

Charge densities for the tori from our PTBF calcula-
tions show that the five-membered rings on the outer
surface of the torus have enhanced electron densities.
Atoms that are part of the inner surface seven-membered
rings are generally electron deficient. We conclude that
atoms in seven-membered rings may donate electrons to
the atoms of the five-membered rings.
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