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In this paper, the one-dimensional effective-mass equation is solved analytically by means of Hermi-

tian functions as envelope functions under crossed magnetic and electric fields. By using the transfer-

matrix method, we calculate the transmission coeScient for electrons tunneling through several different

double-barrier resonant-tunneling structures (DBRTS's). It is found that, for DBRTS's with higher bar-
riers and thinner width, the peak transmission coeScient P is nearly equal to unity and is not off unity
until the magnetic Beld 8 becomes much stronger. However, for DBRTS's with much lower barriers
and thicker width, P is far off unity even when B is small. With the bias increasing, for a constant B,
the resonant-tunneling peaks will shift to lower energy, and after reaching the unity value, the value of
P will decrease up to the disappearance of the peak. The J-V characteristics of DBRTS's are also
presented in which the peak markedly decreases and shifts to higher bias when B is increased.

I. INTRODUCTION

Superlattices, especially semiconductor-based superlat-
tices, have great potential in minimizing semiconductor
devices and improving their speed. Double-barrier
resonant-tunneling structures (DBRTS's) have found
wide applications in many new devices, such as photo-
detectors, diodes, transistors, low-power logic circuits,
and quantum integrated circuits, etc. In the early 1970s
Esaki and Tsu' realized the theoretical significance of
both the resonant tunneling and negative differential con-
ductance. Since the larger ratio between peaks and val-
leys was observed experimentally by Sollner et al. , the
resonant tunneling through superlattices has attracted
considerable interest and has been widely investigated
theoretically and experimentally.

Recently, magnetotunneling has proven to be a power-
ful tool to study the dynamics of electrons in DBRTS's.
Magnetotunneling in a parallel field B~~ (B~~J) has been
studied by a number of researchers, the tunneling
Hamiltonian in this case is separable and the transport
along the tunneling direction is independent of transverse
momentum. The observed magnetotunneling steps can
be clearly associated with the alignment of Landau levels
in the emitter and the well. For the transverse field B~,
the situation is more complex, as the confinement by the
magnetic field mixes with the heterostructure double-
barrier potential in the tunneling direction and the trans-
port along the tunneling direction no longer conserves all
the transverse-momentum components. Experimentally,
it has been found that a transverse magnetic field weak-
ens the features in the J-V characteristics and shifts them
to higher voltages. ' This has been explained qualita-
tively by the change in transverse momentum suffered by
an electron tunneling in a transverse magnetic field.

A number of researchers have studied the transverse
magnetotunneling theoretically. By using the WKB ap-
proximation, Ancilotto' investigated the effect of a
transverse magnetic field and gave a direct numerical
solution of the one-dimensional effective-mass equation.
Cruz, Hernandez-Cabrera, and Aceituno' solved the
same equation analytically by means of the confluent hy-
pergeometric functions as envelope functions and calcu-
lated the transmission coeScient for tunneling through
double barriers and superlattices of GaAs/Gai „Al„As
in an applied transverse-magnetic field. They all found
that the value of the transmission coefBcient at resonance
is not affected by the presence of the magnetic field but
the overall shape of the transmission coeScient reflects
the reduction in current along the heterostructure axis
due to the Lorentz force. In their calculations, the fol-
lowing assumptions have been made: (i) The effective-
mass approximation is valid and electrons are described
by quadratic energy-momentum relations. (ii) The elec-
tron free path is larger than the size of the double-barrier
structure. (iii) The magnetic field is confined to the bar-
rier region. (iv) The effects of phonon scattering are
negligible. (v) The effects of space charge are also ignored
in which accumulation and depletion layers may form
and the charge buildup in the well may be created.

In this paper, under crossed magnetic and electric
fields the one-dimensional effective-mass equation is
solved ana1ytically by using Hermitian functions as en-
velope functions. We calculate the transmission
coefficient P(E, V, B,k ) for the electron tunneling
through several different types of DBRTS's by means of
the transfer-matrix method. In our calculations, we
make the following considerations: (i) using difFerent
electron effective masses inside the well and barriers sepa-
rately; (ii) imposing strict continuity of the wave function
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and its appropriately normalized derivative
(I/m')(d%/dz) at the boundary; and (iii) considering
the voltage to drop nonuniformly across the device.
Without the bias applied, it is found that for DBRTS s
with higher barriers and thinner width, the peak
transmission coefficient P at resonance is nearly equal
to unity and is not o8' unity until the magnetic field be-
comes very strong; but for DBRTS's with much lower
barriers and thicker width, P is far o8'unity even when
8 is not much stronger. It is also found that with in-
creasing magnetic field, the resonant peaks of
P(E, V, B,k ) become narrow and shift to higher ener-

gies. When the bias is applied and the magnetic field is
taken as a constant, the resonant-tunneling peaks will
shift to lower energies with increasing bias. In this case,
at the outset P increases slightly and when P reaches
nearly unity value, it begins to decrease until the peak
disappears. The J-V characteristics of DBRTS's under
crossed electric and magnetic fields is also presented.

The organization of the rest of this paper is as follows.
In Sec. II, we describe the transfer-rnatnx approach of
quantum magnetotunneling. In Sec. III, we present our
calculated results on the transmission coefficients and
tunneling current. In Sec. IV, we give a brief summary.

dg

I s,!

FIG. 1. Potential-energy diagram of the DBRTS with an ap-
plied voltage.

H = [P„+P +P, ]/2m —e V, (i =5,z & a ), (6)

H=(P +P +P )/(2m; ) (i =l,z (0),
H =[P, + (Py +eBz) +P, ] l2m + U;(z)

eF,z (i =2, 0(z (dz)
eF2d2+eF, (z —dz) (i =3, di z d2+w)

eFzd&+eF3w +eF;(z —dz —w)

(i=4, 12+w&z&d2+w+d„),

II. TRANSFER-MATRIX THEORY OF
QUANTUM MAGNETOTUNNELING

We assume the GaAs/Al Ga, As heterostructure
placed in crossed electric and magnetic fields with its
growth direction along the z axis. The electric field F is
directed along the z axis; the magnetic field B is taken to
be uniform and directed along the positive x direction.

Let us consider a beam of particles with kinetic energy
E and efFective mass m to be incident on a DBRTS.
Figure 1 shows the DBRTS potential profile under a posi-
tive bias V for the case B =0. For simplicity, both fields
are supposed to vanish outside the device region [0,a ].
We choose the Landau gauge associated with the magnet-
ic field as A =(0, Bz,O), where —B is the magnetic-field
strength. The conduction-band offset Uo, efFective mass

m, and the dielectric constant e; in each region of the
GaAs/Al„Ga, „As DBRTS's are determined as func-
tions of the aluminum concentration x by the following
standard approximations

0.75x eV (0 & x & 0.45 )
U —c

0.75x+0.69(x —0.45)' eV (0.45&x &1),

where U;(z) is the heterostructure potential, Fz, F3, and
I'4 are the electric-field strengths in regions II, III, and
IV separately, and V, is the total applied bias dropped
across the structure. In the GaAslA1„Ga, „As case,
compared with the other terms in the Hamiltonian, the
spin-magnetic-field interaction is neglected.

A. Eigenenergies and eigenwave functions
of the Hamiltonian equation

In region I (z (0), the electron wave function is made
of two plane waves incident onto and reflected from the
structure

41(x,y, z) =exp(ik„x)exp(ikey)

X [A,exp(ik, 'z)+B&exp( ik,'z)],—

where k,'=[2m*(E E„E')]'~ /f—i wit—h E as the
total energy of the electron and E„=Pi k, /2m, ', and
E'=A k /2m*.

3' 3'

In regions II, III, and IV, the wave function of the
electron is

m /m, =0.067+0.083x (0&x & 1),
e;/co=13. 1 3.0x (0&x &1),

(2)

where m, is the free-electron mass, eo is the dielectric
constant in a vacuum. For all the equations in this paper,
subscript and superscript i represent the different regions
of the DBRTS, i.e., i = 1,2, 3,4, 5 correspond to regions I,
II, III, IV, and V.

The Hamiltonian of an electron in each region in the
DBRTS is given by

(x,y, z) =exp(ik„x. )exp(ik y )N;(z) .

Now we can obtain the one-dimensional energy eigenval-
ue equation of the electron with efFective mass

H;(z)4;(z) =E,@,(z),

H, (z) = — +—m,*~,(z —z„) +C;,
2m 4 Qz2

where ~,- =e8 jm,*,zo; = —Rk /e8+m;*I';/e8, and

(9)

(10)
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—(m; /2B )(fiBk /m, . F—;) +Pi k /2m, *+V;(z) (i =2)
C;= ~

—(m l2B )(ABk„im F—, ) +R k~/2m +V (z)+e(F2 F—
, )d2 (i =3)

—(m /2B )(fiBk„/m, .' F—;) +Pi k„/2m, *+V;(z)+e(Fz F—, )d2+e(F3 F—, )w (i =4) .

When C; =const, Eq. (10) reduces to the familiar
harmonic-oscillator Hamiltonian, the solutions of which
are equidistant Landau levels having the same energy
Ace;(n+ —,') (n =0, 1,2, . . . } for any k„value. But in the
presence of the magnetic field and a conduction-band
offset, the translational invariance along z is broken and
the eigenvalues of (10) depend on zo;, the coordinate of
the classical cyclotron orbit center.

Now we define a new variable

2—
A, 3 (2—A, )(6—A, ) ~q+

1 5!

(2—
A, )(6—

A, ) (4n —2 —A, )

(2n +1)!

Then we can rewrite Eq. (8) as

%,(x, yz) =exp(ik„x)exp(ik„y)[( A;4,'(g)+B;4;(g)],

(17)

(18}

g=(m w, /fi)'~ (z —zo;)

and the new function

(12) where

4,'(g) = Uo(g)exp( —g /2),

4; (g) = U& (g )exp( —
g /2) . (20)

4, (g)= U(g)exp( —
g /2) . (13)

Taking the Eqs. (10), (11), and (12) into Eq. (9), we come
to the differential equation

U(g)=Co Uo(g)+Ci Ui(g),

where '

+ ( —A, )(4—
A, ) (4n —4—

A, ) (2„
(2n )!

—2g +AU(g) =0, (14}
dg

where A, =2(E,—C; }/(flu; )
—1. This is just a Hermitian

equation with the general solution as

The wave function of the electron in region V (that is,
at the right electrode) is still the plane waves

%z(x,y, z) =exp(ik„x)exp(ikey}

X [(A &exp(ik,"z)+Bsexp( ik,'z—)], (21)
where

k,"=[2m; (E —eV, E„E~)]' /—&—,

E =R k l2m' E =Pi k l2m' .x x i ~ y y i

B. The transmission coefBcients P (E, V, 8,k» )

Imposing continuity of the wave function 4 and its ap-
propriately normalized derivative (1/m, ')(d 4/dz) at the
boundaries, we derive a matrix formula that relates the
successive plane-wave coeScients A5 and B5 with A,
and B„namely

where

A)

B,
ik,' 1 exp(ik,"a) exp( ik,"a)—
ik,' —1 '*' (m4 /m 5 )ik,"exp(ik,") —i (m4 /m z )k,'exp( ik,"a )—

A5
(22)

S(z)=Sz (z =0)S2 '(z =d2}S3 (z =d~)S3 '(z =d2+w)S4 (z =dz+w)S4 '(z =d2+w+d4),
eI(z) C', (z)

S;(z)=
d@,'(z}/dz d4', .(z)/dz

(23)

(24}

S; (z)=
e,'(z) @;(z)

(m; & lm;)(d4, '(z)/dz) (m,. & /m; )(de;(z)/dz) (25)

Setting A& =1,B& =R, A5=T, B5=0, and

S(z)=
$21 $22

in Eq. (22) which physically corresponds to an electron

incident from the left-hand side of Fig. 1 and generates
left-justified states, the transmission coe%cient P is now
defined as the ratio of the transmitted particle flux divid-
ed by incident particle flux, and depends on the incident
electron energy E, the applied voltage V, and the
magnetic-field strength B. This definition leads directly
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to the following simple expression:

P(E, V B,K )
~% ~ ~ ~ ~ Ill~

OT IT
0 ~ ~

OT IY

~ I 3+ ) 3T

=4(k,'/k, ")[ [(k,'/k, ")s„+(m~ /m,* )s22 ] I
I
II
II
iy
II

g

yh
~t
y(I

gl,

e/

+[s2, /k, "—(m4/m5 )k,'s, 2] ]

Here we like to point out that although we derive Eq. (26)
from the GaAs/Al„Ga, „As DBRTS, we can also ex-
pand Eq. (26) to the case of superlattices by just changing
Eq. (23) as

S(z}=S2(z =0)S2 '(z =d2}S3 (z =dz)

XS3 '(z =d~+w, )

X S~„'(z =d2+d~+d~„+

+N)+Np+ ' ' ' W„)}
S

O. l 0, 2 0.3 0.4 0.5 0.6 0.7(27)

C. Tunneling current density J(B, V) FIG. 2. Transmission coeScients vs energy for device A with
no applied voltage. Four magnetic fields are considered, name-

ly, 0, 1, 3, and 5 T. kx =ky =0. , mb =0.087me,
m =0.067m, ; ———,m =mb* =0.067m, .

The tunneling current per area for a DBRTS, at a
given applied bias V, can be calculated within the
stationary-state (free-electron} model' ' '

Z =IP (E„V,B)g (E„V)dE, , (28)

where g (E„V) is the one-dimensional carrier-energy dis-
tribution function (CEDF) and expressed as

em "Kb T 1+exp[(EI—E, )/K„T]
g (E„V)= ln

1+exp[(E/ E, eV)/—K—
& T]

(29)

where g(E„V) decreases with energy E, and increases
with temperature T for all energies monotonically. OT 10T)5Tn

III. RESULT AND DISCUSSION

Using Eq. (26) in Sec. II, we calculate transmission
coeScients for four specific GaAs/A1 Ga& As devices.
Device A (Refs. 17 and 18) has two 200-A Ala 24Gao 76As
barriers surrounding a 30-A GaAs well, the whole width
of the structure is larger, but the heights of barriers are
lower. Device B (Ref. 23) has two 28-A Ala 3Gao 7As bar-
riers surrounding an 80-A GaAs well. Device C (Ref. 22)
has two 30-A A108Ga02As barriers surrounding a 60-A
GaAs well. Both the widths of device 8 and device C are
small, and their barrier heights are higher. Device D

0

(Ref. 13) is an asymmetric heterostructure, with a 30-A
0

A10 5Gao 5As barrier and a 40-A A10 4Gao 6As barrier sur-

rounding a 60-A GaAs well.
In Fig. 2, lnP as functions of the energy E is presented

at zero bias for device A, where k =k =0. The results
reveal that for device A with much lower barriers and
thicker width, the peak transmission coefFicient P at res-
onance is almost equal to unity at 8 =0, and it will be far
o8'unity when the magnetic field becomes a little stronger
(B =5 T). But for devices B and C with higher barriers

4 ~

0.4

FIG. 3. Transmission coeKcients vs energy for device B with

no applied voltage. 8 =0, 10, 15,20 T. —,m =0.067m„
mb =0.0919m; ———,m =mb =0.067m, ; k =ky =0.

and thinner width, as shown in Figs. 3 and 4, P at reso-
nance is still nearly equal to unity for a large magnetic-
field strength B and it will not be off unity until the mag-
netic field becomes much stronger. In Figs. 2 and 3 the
dotted lines represented our results in which the same
electron effective masses are taken inside the well and
barriers. With the comparison of the dotted lines with
the solid ones, it is shown that the mass effect in6uences
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FIG. 4. Transmission co-
e%cients vs energy for device C
without applied voltage.
B =0, 10,20 T, mb*=0. 1334m„
m~ =0.067m&& kz ky 0. The
transmission peaks in the quan-
tum region are centered on
76.967 and 313.477 meV.

on transmission, in general, is more important, and will
still affect the transport characteristics significantly.

In Fig. 4, for device C, we can see that sharp peaks
occur at the resonant energies 76.967 and 313.477 meV in
the quantum region, which are the energies of the ground
state and first excited quasibound state in the well, re-
spectively. These coincide with the results (77.135 and
313.61 meV) obtained by Turley and Teitsworth. It is
also found that the resonant peaks become narrow and
shift to higher energies with increasing magnetic field.

It is well known that resonant tunneling mill occur if
the incident energy E of particles is equal to a quasilocal
level Eo within the barriers. The value of P is maximum
at resonance. When E is not equal to Eo, the value of P
will decrease greatly. So the transmission coefficient has
a sharp peak near E =Eo and the thickness of the
confining barriers mainly affects the width of the peak,
which is related to the lifetime for the escape out of the
well. The results as shown in Figs. 2—4 can be easily in-
terpreted as the following: at B =0, the potential in the
structures is symmetric with respect to the center of the
well, so the maximum of the transmission coefficient P is
always equal to unity. However, the presence of rnagnet-
ic fields will break such a syrnrnetry of the effective poten-
tial. The degree of broken symmetry is determined by
the magnetic-fie1d strength and the parameters of
DBRTS's. For DBRTS's with lower barriers and thicker
width, the effective potential is strongly asymmetric even
when the magnetic field B is very weak, so P decreases
obviously with the increasing of the magnetic field B.
But for devices B and C, even when the magnetic-field
strength is very large, the symmetry of the effective po-
tentials is not severely distorted due to the higher barriers
and thinner width of the whole structures. So P is not
far off unity until B becomes much larger. In order to
verify our conclusions, we also calculate P(E, V, B,k ) on
the asymmetric device D. In Fig. 5 the curve at B =0 for
the asymmetric structure shows that P will not be equal
to unity (lnP ——0.728X 10 } and it decreases with in-
creasing magnetic field because the symmetry of the
effective potential is further broken by the presence of the
magnetic fields.

Some of the above results are quite different qualita-
tively from those obtained by Ancilotto' and Cruz,
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FIG. 5. Transmission coe%cients vs energy for asymmetric
device D with no applied voltage. B =0, 15,20 T, k„ky 0.

Hernandez-Cabrera, and Aceituno. ' Ancilotto' com-
puted two linearly independent (numerical} solutions of
the Schrodinger equation in the interval [O,a] by using
the WKB approximation. They matched the solutions
with the plane-wave solutions and used the same electron
efFective masses inside the well and barriers. Cruz,
Hernandez-Cabrera, and Aceituno' solved the one-
dimensional effective-mass equation analytically by
means of the confluent hypergeometric functions as en-
velope functions and calculated the transmission
coefficients by using the transfer-matrix model. They
presented their computed results only for device A, in
which it is pointed out that the value P(E}at resonance
is not affected by the magnetic field (i.e., P = 1.0 for any
applied magnetic-field strength} and the resonant peak
shifts slightly as the magnetic field strength increases.
The overall shape of the transmission coefficient reflects
the expected reduction in the current along the hetero-
structure axis (see Fig. 2 in Ref. 18). As in the above
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FIG. 7. Tunneling currents for device A. Three magnetic

fields are considered, namely, 0, 3, and 5 T. -— —,this work;
———,from Ref. 17.

FIG. 6. Transmission coefficients vs energy for device B with
V=0, 0.03, 0.06, 0.10, and 0.20 V at B =20T, k, ky 0.

statements, our results for device A reveal that P at res-
onance is not always equal to unity and the resonant peak
markedly shifts to higher energy when the magnetic-field
strength 8 increases.

Figure 6 shows the variation of the transmission
coeIIicient P (in logarithmic scale) versus the energy E of
the incident particles for different applied bias on device
B. We can see that when the magnetic field keeps con-
stant, the peaks of P (E, V,B,k» ) will shift to lower energy
as the bias increases. At the outset P increases slightly
and after it nearly reaches the unity value, P begins to
decrease until the peak disappears. It is well known that
under bias the quantum-energy levels in the well shift to
lower energy and the higher the applied bias is, the lower
the sublevel will be, so the peak shifts to lower energy
with increasing bias. In the viewpoint of the symmetry, it
is learned that the bias lifts the effective potential towards
rightdown and the magnetic field lifts it towards rightup.
As a result, with the magnetic field taken constant, the
destruction on the effective potential symmetry due to the
presence of the magnetic field is weakened by the in-
creased bias, and, therefore, P will increase until P is

nearly equal to unity. Then the symmetry of the effective
potential is distorted severely again as the bias becomes
very large, so at last P inversely decreases with increas-
ing bias. %'hen the sublevel in the well approaches ener-

gy lower than the conduction-band edge E„ there is no
electron that can resonant-tunnel through the device and
no resonant peak occurs again.

The positions and amplitudes of the resonances ob-
served in the J ( V) characteristics are slightly changed by
the presence of a parallel magnetic field B~~. This re-
sult can be understood classically since there is no
Lorentz force component associated with the motion of
an electron in the direction of the applied electric field.
However, when the magnetic field is perpendicular to the
tunneling current (i.e., BlJ), the electronic motion in the
quantum well is greatly modified. In contrast to the case

for B~~J, the transverse field (BLJ) attenuates the reso-
nances in J( V). In Fig. 7 the solid lines show the J-V
characteristic of the DBRTS A (here taking E& =12 meV
and T=4.2 K), for several applied magnetic fields B.
Compared with the WKB tunneling current per unit area
under the magnetic field obtained by Ancillotto, ' we ob-
tain a sharp current peak as a function of applied voltage
at B =0. Upon increasing the magnetic field, the reso-
nance becomes weaker and shifts to higher voltages.

IV. SUMMARY AND CONCLUSIONS

In summary, the one-dimensional effective-mass equa-
tion is solved analytically by means of Hermitian func-
tions as envelope functions under crossed magnetic and
electric fields. Applying the transfer-matrix method, we
calculate the transmission coeScients for electrons tun-
neling through several types of DBRTS's. The reason-
able interpretations for all calculated results are present-
ed in this paper. From a semiclassical point of view, due
to the change in the momentum along the current direc-
tion induced by the Lorentz force, the effective potential
of the DBRTS will increase with increasing magnetic-
field strength. Subsequently, the transmission coeScients
will decrease and the resonant peaks will become narro~
and shift to high energy. From the view of the symme-
try, due to the presence of the magnetic field and the elec-
tric field, the degrees to which the symmetry of the
effective potential is destroyed in different DBRTS's are
different, therefore, the peak transmission eoeftieient P
is off unity in different degrees with increasing of magnet-
ic field or the applied bias. The J-V characteristics of
DBRTS's are also presented, in which owing to the
change in the electron transverse momentum induced by
the field, the peak markedly decreases and shifts to a high
bias with increasing magnetic field.

It should be pointed out that for simplicity we neglect
some effects such as space-charge effects, many-
body interactions, phonon-scattering, etc., that may be
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significant in determining the J-V curves of real devices.
The possible role of such effects depends sensitively on
device parameters and should be considered in construct-
ing a complete picture of resonant tunneling in double-
barrier structures.
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