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By small-amplitude perturbation theory and by a computer-simulation approach we have studied the
incoherent scattering of electromagnetic waves from a randomly rough, dielectric film deposited on a
planar, perfectly conducting surface. The thickness of the dielectric film is such that in the absence of
the roughness the scattering system supports two guided waves. As a consequence, each multiply scat-
tered wave is now degenerate. The coherent interference of each of these degenerate waves with the
waves obtained from them by time reversal produces two satellite peaks in the angular dependence of the
intensity of the incoherent component of the scattered field, in addition to the enhanced backscattering
peak. These satellite peaks occur at scattering angles 0, that are related to the angle of incidence 6, by
sin@; = —sinfyt(c /w)[g,(®)—q,(®)], where g,(») and g,(w) are the wave numbers of the two guided
waves supported by the scattering system at the frequency  of the incident field. These peaks are
present in the results of both the perturbation and simulation calculations. They are shown to be
multiple-scattering effects, and not a single-scattering phenomenon.

I. INTRODUCTION

A great deal of attention has been paid recently to the
multiple scattering of classical waves and quantum parti-
cles from systems with volume and surface disorder. The
interest in this problem was stimulated by the fact that in
disordered media, notwithstanding the seemingly abso-
lutely random nature of the scatterers (either volume or
surface), under certain conditions there occurs either
complete [one-dimensional (1D) systems] or partial 2D
and 3D systems) coherence of the multiply scattered
fields. This coherence, which is a consequence of time-
reversal symmetry, leads to a constructive interference
that gives rise to such effects as strong localization,' fluc-
tuational waveguiding,”? weak localization,’ enhanced
backscattering,* the memory effect,’ etc. Until recently,
in the investigation of these phenomena attention was
directed mainly on infinite systems. However, in bound-
ed random media, together with the random interaction
of the fields it is often the case that regular interference,
caused by the presence of surfaces, can also be significant.
The additional coherence arising from the latter source
leads to new effects absent in infinite systems.

In this paper we show analytically and numerically
that the angular dependence of the intensity of waves
scattered from a random bounded system with a discrete
spectrum of excitations (a thin, randomly rough dielectric
film deposited on a perfectly conducting substrate) exhib-
its, due to degenerate time-reversal symmetry, satellite
peaks in addition to the enhanced backscattering peak
that is characteristic for scattering from a random, semi-
infinite medium.
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To understand the physical origin of the enhancement
of scattering into directions other than the retroreflection
direction, we recall how the enhanced backscattering
peak arises in the scattering from semi-infinite random
media. In this case to each multiple-scattering path
ABCD [Fig. 1(a)] that contributes to the field scattered
into the retroreflection direction, there always corre-
sponds a time-reversed partner DCB A that has exactly
the same phase factor. As a result, these two waves are
always coherent, notwithstanding the random positions
of the scatterers. Note that in order that there be this
coherence (equality of phases) the speeds of propagation
from C to B and B to C must be equal.

In the case of a bounded system, the situation is more
complicated. If the index of refraction n;=1"¢, of the
film is larger than those of the media bounding it, the

(@) (b)

FIG. 1. Optical paths with the same phase factors. (a) An
infinite medium, (b) a bounded medium.
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transverse component of the wave vector k is quantized
inside the film. The field corresponding to the discrete
part of the spectrum is the sum of guided eigenwaves,
each of which propagates along the film with its own
(quantized) phase velocity. In contrast to the situation in
an infinite or semi-infinite medium, each trajectory
ABCD [Fig. 1(b)] is now N fold degenerate, where N is
the number of discrete modes supported by the
waveguide, in the sense that along the segment BC there
are N “channels” with different phase factors. The phase
difference for the two paths ( ABCD), and (A'CBD"’),, is
equal to®

A, =k + k) Tpc+(k, —k,,)Tpc| , (1.1)

where k;, and k. are the wave vectors of the incident and
scattered waves, respectively, the vector rz- connects the
scatterers B and C, and k; is the wave number of the ith
mode. We see from Eq. (1.1) that constructive interfer-
ence (A¢,,, =0) can occur not only for scattering into the
retroreflection direction (n =m, k.= —k;,), which is the
case for infinite and semi-infinite media, where
k,=k, =k, but also for scattering into other directions
k.7 —k;, for which A¢,,, =0 for some n*m.

The outline of the paper is as follows. In Sec. II we
define the system studied in this work, viz., a thin dielec-
tric film deposited on a perfectly conducting substrate,
with a one-dimensional, randomly rough dielectric-
vacuum interface, and a planar dielectric-conductor in-
terface. The s-polarized guided waves supported by this
structure in the absence of the roughness play a central
role in the theory developed here.

Consequently, in Sec. III we derive the dispersion rela-
tion for these guided modes, and discuss those of their
properties that will be needed in the remainder of this pa-
per. In Sec. IV, the incoherent scattering of an s-
polarized plane wave, whose plane of incidence is perpen-
dicular to the generators of the random dielectric-
vacuum interface, is calculated on the basis of a perturba-
tive calculation of the scattering amplitude to third order
in the surface-profile function. This low-order approxi-
mation is sufficient to reveal the peaks in the angular
dependence of the intensity of the field that has been scat-
tered incoherently, caused by the interference between
inequivalent time-reversed scattering sequences arising
from the existence of two or more degenerate guided-
wave polaritons in the scattering structure. These pertur-
bative calculations inform the computer-simulation stud-
ies of the scattering of a finite beam of s-polarized waves
from the same structure carried out in Sec. V, whose re-
sults also display the additional peaks found perturbative-
ly. A discussion of the results obtained, and the con-
clusions drawn from them, is presented in Sec. VI. An
Appendix, in which the perturbative results obtained in
Sec. IV are related to the many-body perturbation theory
approach of Freilikher, Pustilnik, and Yurkevich® to this
problem, concludes this paper.

II. THE SYSTEM STUDIED

In this paper we study the scattering of s-polarized
light, whose plane of incidence is the x,x; plane, that is
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FIG. 2. The scattering system studied in this work.

incident from the vacuum side on a system that consists
of vacuum in the region x;>§(x,), a dielectric film
characterized by a dielectric constant €; in the region
—d <x;<{(x,), and a perfect conductor in the region
x3 < —d (Fig. 2). The surface-profile function {(x,) is as-
sumed to be a continuous, single-valued function of x,
that is differentiable as many times as is necessary. In ad-
dition, we assume that {(x,) is a stationary, Gaussian,
random process defined by the properties

(&(x,))=0, (2.1)
(ExEx)Y=8*W(|x,—x]) . 2.2)

In Egs. (2.1) and (2.2), the angle brackets denote an aver-
age over the ensemble of realizations of {(x;), while
8=1(&%x,))!? is the rms height of the surface. In nu-

merical calculations, we will use the Gaussian form
W(|x,|)=exp(—x32/a?) (2.3)

for the surface height correlation function. The charac-
teristic length a appearing in this expression is called the
transverse correlation length of the surface roughness.

It is convenient to introduce the Fourier integral repre-
sentation of {(x,),

tx)= [ fw—ggf(k)exp(ikx‘) . (2.4)
The Fourier coefficient £(k) is also a Gaussian random
process that possesses the following statistical properties:

(&r))=o0, 2.5

(E)Ek"))y =278k +Kk")8% (|k|) . (2.6)

The power spectrum of the surface roughness g (|k|) ap-
pearing in Eq. (2.6) is defined by

g(|k|)=f:odle(lxli)exp(—ikxl) . 2.7

The form of g(|k|) that corresponds to the choice of
W (|x,|) given by Eq. (2.3) is

g(|k])=m"2a exp(—k?a’/4) . (2.8)
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III. GUIDED WAVES

A central role in the scattering theory developed in this
paper is played by the guided waves supported by the
scattering system in the limit that {(x,)=0. In this sec-
tion we obtain the dispersion relation for these modes
and determine their properties that will be needed in
what follows.

In an s-polarized electromagnetic field whose plane of
incidence is the x,x; plane, the electric vector has the
form

E(x;¢)=[0,E,(x,,x;|w) ,0]exp(—iwt) . (3.1)

The amplitude E,(x,x;|w) is the solution of

R, P o
st

ax% ax% E2> (xl,X3|w)=0

(3.2)

in the region x; > 0, and is the solution of

E;(x1,x;l®0)=0 (3.3)

2
(9]
Sty
c

in the region —d <x;<0. The boundary conditions
that must be satisfied at the interface x; =0 are that the
tangential components of the electric and magnetic fields
must be continuous across it. These conditions can be
written in the forms

E2>(xl,x3|(o)|x3=0=E2<(x,,x3|a))|x3=o , (3.4a)

3] a
EE; (x,,xgla))lx3=o= -a—x—s-Ef (xl,x3|w)lx3=0 .

(3.4b)

At the same time E; (x,x;|w) must vanish at x;= o in
a guided wave, while E; (x,,x;|w) must vanish on the
perfectly conducting surface x; = —d.

The solution of Eq. (3.2) that describes a wave propa-
gating in the x; direction whose amplitude vanishes at
x3= o0 can be written in the form

igx, —By(g,@)xy

E3 (x,x;]l0)= Ae , (3.5)

where By(q,0)=[q>—(w?/c?)]'/2%. The solution of Eq.
(3.3) that describes a wave propagating in the x; direc-
tion and has the nature of a standing wave across the film
that vanishes at x;=—d is

E5 (x;,x3]l0)=Be ™ Isinay(g,0)(x;+d) , (3.6)

where a,(g,0)=[€4(w?/c?)—q?]'"2.
The boundary conditions (3.4) yield the pair of equa-
tions

A =B sina,(q,0)d , (3.7a)

—Bo(g,0)A =a,(q,0)B cosa,(q,0)d , (3.7b)
for which the solvability condition is

Bolg,0)=—a,(q,w)cota,y(q,0)d . (3.8)

Equation (3.8) is the dispersion relation for the s-
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polarized guided waves supported by a dielectric film on
a perfectly conducting substrate. These guided waves ex-
ist only in the region of the (w,q) plane defined by the
inequalities

(w/c)<q<Vezw/c) . (3.9)
To solve Eq. (3.8), we define the variables x and y by

x=ay(q,0)d , y=PByq,w)d . (3.10)
Then, Eq. (3.8) becomes

y=—x cotx . (3.11)

A second relation between x and y is obtained if we first
rewrite Eq. (3.10) in the forms
2 2 2 2

X R
d? 2 g2
When we eliminate q from this pair of equations, we ob-
tain

g*=€, 25— (3.12)
c

b

y=(R2—x2)172, (3.13)
where
R=<ed—1)”2—“’ci. (3.14)

By combining Egs. (3.11) and (3.13), we obtain the equa-
tion satisfied by x,

(R*—x*)2=—xcotx , 0<x <R . (3.15)

The solutions {x,} of this equation for given values of €,
, and d, are then substituted into the first of Egs. (3.12)
to yield the values of the wave numbers {g,(w)} of the
guided-wave polaritons of frequency w. A plot of the
dispersion curves of these modes obtained in this way is
presented as Fig. 3.

A graphical examination of Eq. (3.15) shows that it
possesses no solution for

O<R <% , (3.16a)
1.5
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FIG. 3. Dispersion curves for s-polarized guided waves in a
dielectric film of dielectric constant €; =2.6896 and thickness d
on a perfectly conducting substrate.
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one solution for

T «rR<=Z, (3.16b)

2 2
two solutions for

3 57
— <R <—
2 2

and, in general, p solutions for

) (3.16c¢)

(2p—1)127—<R <2p+1)Z .

) (3.17)

To simplify the discussion, in what follows we will be
interested in the case in which the scattering system sup-
ports two guided waves, which can be excited through
the roughness of the vacuum-film interface by an s-
polarized electromagnetic wave of wavelength A incident
on it. From Eq. (3.16¢), we find that this will be the case
if the mean thickness of the film d satisfies the inequalities

3 <j—<—i—— . (3.18)

4(ed_l)l/2 A 4(ed_1)1/2

IV. PERTURBATION THEORY

In this article the contribution to the mean differential
reflection coefficient from the incoherent component of
the scattered light will be calculated by means of a for-
mally exact computer-simulation approach in Sec. V. To
guide the computer-simulation calculations, and because
it provides explicit analytic expressions from which the
dominant contributions to the effect we are investigating
can be obtained, we preface the exact calculations by a
perturbation-theoretic calculation of the contribution to
the mean differential reflection coefficient from the in-
coherent component of the scattered light that is valid
tbrough terms of fourth order in the surface-profile func-
tion. It has been shown in an earlier study of the
enhanced backscattering of light from a one-dimensional,
randomly rough, metal surface that this approximation
suffices not only to predict enhanced backscattering, but
also to describe the effect quantitatively.” We will see
that the same is true in the present context as well.

A. Scattering theory

We assume that an s-polarized electromagnetic wave of
frequency o is incident from the vacuum side onto the
vacuum-dielectric interface x; ={(x,). The electric vec-

ikx, —ian(k, x © igx, +i ,0)E(x © igx, .
" F1 a0tk @klxy) f_w—g%Rs(qlk)eq 1+ ieglg @)l 1)=f_"‘)—‘zi—vqr—Ts(qlk)e(” 'sina,(g,0)[&(x;)+d] .

ikx | —iay(k,w)g(x )

[aglk, )+ k' (x;)]e

igx | iay(gw)[f(x)+d

1 po d
== [ 1 (gl a0 —g x) )l e

-I° %Rs(qlk)e"”“[ao(q,w)*qg'("l e

J. A. SANCHEZ-GIL et al. 50

tor in this case has the form given by Eq. (3.1). In the
vacuum region Xx3>§(x;)5.. the field amplitude
E,(xy,x;|w) is the sum of an incident wave and a scat-
tered field

E; (x1,%x;|)
=explikx, —iay(k,w)x;]
+ f:c%Rs(‘ﬂk)eXP[iqxl +iayg,w)x;y), (4.1)
where
(4.2a)
(4.2b)

[((OZ/CZ)_qZ]l/Z ,
i[g*—(0*/cH]?,

gt <w?/c?
ay(q,0)= g2>w?/c? .
Within the film, —d <x <&(x,), E,(x,,x;|0) has the
form

EZ< (x1,x3 |w)
=/ %Ts(qlk)exp[iqxl]sinad(q,w)(x3+d) ,  43)

where
[ea(@?/c?)—q?])' %,

i[g’—€4(0?/c)]V?, ¢*>e4(w?/c?) .

g’<ey (0?/c?) (4.42)

ay(q,0)= [

(4.4b)

The contribution to the mean differential reflection
coefficient from the light scattered incoherently is given
in terms of the scattering amplitude R (g|k) by

oR; 1 o cos?6,
< a6, >i“°°h~ L, 2mc cosb,

[{IR,(qlk)[*)

—[{R,(glk)I?],

where L, is the length of the mean surface x;=0 in the
x, direction, and we have introduced the angle of in-
cidence 6, and the scattering angle 6, both measured
from the normal to the mean surface, by

4.5)

k=(w/c)sinb,, g=(w/c)sinb; . (4.6)

By imposing the requirement that the electric-field am-
plitudes given by Egs. (4.1) and (4.3) satisfy the boundary
conditions at the rough vacuum-dielectric interface, we
obtain the following coupled integral equations for the
scattering and transmissions amplitudes R (glk) and
T,(qlk):

(4.7a)

igx | +iay(g,w)f(x,)

—iay(gw)[f(x )+d]

]+[ad(q,w)+q§’(x1 )]eiqx‘e }.

(4.7b)

The assumption that the field amplitude given by Eq. (4.1) which, strictly speaking, is valid only for x3 > £(x )., can
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be continued in to the surface x;=_(x,) and used in satisfying the boundary conditions there, constitutes the Rayleigh

hypothesis.®’

The Egs. (4.7a) and (4.7b) can be decoupled to yield a single integral equation for the scattering amplitude R (g|k)

alone. By multiplying Egs. (4.7a) and (4.7b) by the factors
e —ipxl[eiad(p,m)[g(xl )+d][ad(p,w)+p§’(x1 )]+e

and
—ipx ia, (p,o)[&(x,)+d] —ia,(p,0)[§(x,)+d]
e 'P- e d 1 e 4P @) £x,

1,

—iay(p,0)[§(x)+d]

[as(p,0)—p&'(x1)],

respectively, integrating both with respect to x,, and adding the resulting equations, we obtain the equation satisfied by

R,(qlk)

N %M(plq)Rs(qlkFN(plk)- 4.8)
The functions M(p|q) and N (p|k) appearing in Eq. (4.8) are given by
eiad(p,w)d —iay(p,0)d
= + - - ’ - > - ) 4.
M(plg) ao(q,a))+ad(p,co)l[a°(q’w) ay(p,0)lp—q] ao(q,w)—ad(p,w)l[ao(q w)—ay(p,0)lp—q] (4.9)
iay(p,0)d —iay(p,0)d
N(plk)=— ad(p’w)_ao(k’w)I[ad(p,w)—ao(k,w)lp—k]— ad(p,w)+ao(k’w)I[—ad(p,w)—ao(k,w)lp—k] ,
4.10)
|
where M(pplg)= 3 %'-M"‘)(plq) , 4.13)
—iQx, iyf(x n=0""
I(7|Q)=f dx e R PRI L 4.11) ®
e Nplk)=3 7 N™(plk) , 4.14)
Equations (4.8)-(4.11) constitute the basis of our n=0""
perturbation-theoretic analysis. We seek R,(g|k) as an _ < ) am
expression in powers of the surface-profile function, in Ity|Q)= §0 n! oD, @4.15)
the form n
where
hd n Y e —0% on
R (glk)="3 ;l;Rs(")(qlk) , (4.12) 3 )(Q)—f_wdx,e 'EMx,) . (4.16)

n=0

where the superscript denotes the order of the corre-
sponding term in £(x,). We also expand M(plq), N (p|k),
and I (7|Q) in a similar fashion

J

MOp,0)RO(plk)=278(p —k)NO(k,0) ,

- 27

By substituting Eqs. (4.12)-(4.15) into Eq. (4.8), and then
equating in the resulting equation terms of the same or-
der in £(x,), we are led to the following recurrence rela-
tion for the {R"(g|k)}:

0 n—1 n 0
M©p,0)R™(pl)=N"(plk)— [ * 2L p o pl )R @ gll)— "3 [,] [ %M‘”*”(plqm;”(qlk),

where we have used the results that

MOplg)=278(p —g)M'®(p,0) , (4.18)
NOYplk)=278(p —k)NO(k,0) , (4.19)
with
(0) _ 2i (.‘2
MO(p,0)=— =D ,(p,»), (4.20)
€5 — 1 wZ

(4.17a)
r=1
n=1, (4.17b)
[
NOko)=——2 b (k,a), @.21)
—1 2
and
D, (k,o)=ayk,0)sina,(k,0)d tiay(k,0)cosa(k,0)d.
(4.22)

From Egs. (4.9)-(4.11) and (4.13)-(4.16) we obtain the
terms in the expansions of M (p|q) and N (p|k) for n > 1
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M(n)(plq)=in[eiad(-”"”)d[a (g0)+ay(p,0)]" ! the desired order in its expansion in powers of §(x,) [Eq.
) o 45 (4.12)]. For our purpose, it suffices to obtain the four
—e ““d‘Pr“”"[ ayq,®) leading terms, which are given by
— n—1y&n) =
as(p,0)]" 1" (P —q) , ROl =250 — oy 2=
(4.23) T PO T o)
.n¢ iay(p,w)d _
N (plk)=—i"e" " [ay(p,0)—ayk,0)]" ! =278(p —k)R Ok, 0) , (4.25)
+e—zad(p,w)d[ad(p,w)
—agk,@) " 8 p—k) . RVpl)=iu (@) (p —k)
(4.24) sinay(p,w)d 2ayk,w)sinay(k,0)d
D, (p, D, (k,w) ’
We can now use the recurrence relation, Egs. (4.17), to- +(p0) +(lbo
gether with Egs. (4.20)—(4.24), to calculate R (p|k) up to (4.26)
J
2 ) sinay(p,w)d |,
R plk)=iu(0)—————— 15" (p —k)a,(p,o)cota,(p,w)d +a,(k,o)cota,(k,w)d ]
D+(p,w)
w d sina,(q,0)d 2ay(k,w)sina,(k,w)d
ey a9z, _ A,
2iuyo) [ 5180~ B D, ko)
(4.27)
(3) : sinay(p,0)d | s o a2
R (plk)=iu (@) ———— {8 (p —k) |(2—4e,)— +p*+k?+2a,(p,0)a,k,0)cota,(p,w)d cota,(k,w)d
D+(p,(0) C2
+3iu1(w)f_:g%[ad(p,w)cotad(p,w)d+ad(q,w)cotad(q,a))d]
sina;(gq,w)d
X E2(p — d EV(g —k
ST e & @R
) « d sina,(q,0)d
+ aqg xy,
31u1(w)f_w2v§ (p—q) D. (g0 [ag(g,0)cota,(g,w)d
+aylk,w)cotay(k,w)d 1€ (g —k)
o d o dr Sinad(q,a))d
—6 2 aq ar x,, _ A
[P [7 4 [7 T8 PRSI
sinay(r,0)d . 2ay(k,w)sina,(k,w)d @28)
D+(r,a)) D+(k,(l)) ’ ’
where
ul(a))E(ed—l)% . (4.29)

Upon substituting these four terms into Eq. (4.5) and keeping terms up to fourth order in {(x,) in the resulting equa-
tion, one can readily obtain the contribution to the mean differential reflection coefficient from the light scattered in-
coherently up to the same order in £{(x,). In doing so, we explicitly take into account the statistical properties of the
Gaussian stochastic process {(x, ) as stated in Sec. II, thus arriving at

3

oR
< 0 > =% = | c08%6,c080| Go(p, ) *{I,(plk)+TE ™2 (plk)+I¢ 2 (plk)+ I~V (plk)}|Go(k,@)* . (4.30)
s [ incoh
The functions appearing in this expression are given by
L (plk)=8[u, () g (Ip k) , (4.31)
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132_2)L(P|k)=54f:°%‘£‘8( lp—ql)glg—kD{lu (@)u,(plk)|>+2 Ref[u,(0)Pu,(plk)G} (¢,0)}

Iﬂz"z’c(plk)=84fjw%8(|p—q|)g(|q~k|)[ |uy(@)uy(plk)[*+2 Re{[u, (@) Pu,(plk)G§ (g, @)

I$73(plk)=28%(Ip —k | )Re {3u(@)u;(plk)+[u,(0) P [u,(k|k)Go(k,0)+u,(plp)Gy(p,»)]
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+[u,(@)]*Golg, 0%} , 4.32)
+[u,(0)]*Gy(q,0)GS (p+k—q,0)} , (4.33)

+2["1(w)]3f_:§3_‘[8( lp —qlu,(glk)+g (lg —k|)u,(plg)1Golg, @)

+ @)1 [ * 2 Go(g,0)(8(lp —gDIGolp,@)+1Go(k —p+g,0)]

+g(lg —kD[Golk,0)+LGolp—k+q,0)]1} [, (4.34)

where u,(w) is given by Eq. (4.29), and
u,(plk)=1[a,(p,w)cota,(p,w)d

+a,(k,0)cota,(k,w)d] , (4.35)

u,(w)
uy(plk)=————

(p2+k?)—(de,—2) L
_(4e,—2)2
6 p d C2

+2a,(p,0)a;(k,0)cota,(p,w)d

X cotay(k,w)d | , (4.36)

while Gy(p,w) is the Green’s function for the planar
vacuum-dielectric interface,

__isina,(p,0)d

Golp,0)= (4.37)

D, (p,w)

I,(plk) gives the contribution to Eq. (4.30) of second or-
der in £(x,), whereas I~ 2L 1272 and I{'™%), yield
the contributions of fourth order in {(x,) from, respec-
tively, the ladder term, the maximally crossed term, and
the contribution consisting of products of terms in
R,(plk) of first and third orders in {(x, ).

It should be noted that, in obtaining Eqs. (4.30)-(4.37)
in the form shown above, we have made use of a reformu-
lation of the problem by means of a scattering theory that
manifestly ensures the reciprocity and the unitarity of the
scattering process. This formulation is addressed in the
Appendix.

B. Numerical results

We will evaluate the result for (3R, /36, );,.on Ob-
tained in Sec. IV A for a dielectric film whose dielectric
constant is €;=2.6896+i0.0075, deposited on a perfect-
ly conducting substrate. The small imaginary part of the
dielectric constant has been introduced to yield a finite
width to each of the peaks in (R, /36, ), con- The
vacuum-dielectric interface is a one-dimensional random
interface as described in Sec. II, whose roughness param-

eters are ¢ =100 nm and §=15 nm. An s-polarized plane
wave of wavelength A=632.8 nm is incident on it from
the vacuum side. With these choices of the roughness pa-
rameters the usual conditions for the validity of small-
amplitude perturbation theory in application to rough
surface scattering,10 viz., 8 /A <<1 and §/a << 1, are well
satisfied. The thickness of the film is chosen in such a
way that the corresponding planar dielectric film sup-
ports only two guided-wave polaritons at the frequency
®, in accordance with the discussion in Sec. III. In light
of the dispersion curves shown in Fig. 3, we assume
d =500 nm, so that the wave vectors of the two guided-
wave polaritons are ¢ (w)=(w/c) 1.5466 and g,(w)
=(w/c) 1.2423.

We have numerically evaluated the contribution to the
mean differential reflection coefficient from the in-
coherent component of the scattered light through terms
of fourth order in {(x,) [Egs. (4.30)-(4.37)] as a function
of the scattering angle 6, for the parameters given above,
for a few different angles of incidence 6,. The result for
normal incidence is shown in Fig. 4. The contributions
arising from the second-order term [Eq. (4.31)] and the
fourth-order term [Egs. (4.32)-(4.34)] are plotted sepa-
rately. In addition to the well-known, strong, enhanced
backscattering peak, two small satellite peaks symmetri-
cally placed with respect to 6, =0° at 6, =117.7° are also
observed in the fourth-order contribution. In Fig. 5, we
split this fourth-order term into its three separate contri-
butions: the ladder term (2-2); [Eq. (4.32)], the crossed
term (2-2)c [Eq. (4.33)], and the (1-3) term [Eq. (4.34)]. In
light of the results shown in Fig. 5, it is evident that the
enhanced backscattering peak and the satellite peaks
originate entirely in the fourth-order crossed contribu-
tion. As we mentioned in the preceding section, this term
contains information about the interference effects be-
tween every doubly scattered light path and its time-
reversed partner, a phenomenon that we believe underlies
the existence of such peaks. In fact, the simple argument
that takes into account the phases of such trajectories re-
sulting from the interplay of the two guided waves and
leads to Eq. (1.1) in the case of an arbitrary number of
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FIG. 4. Contribution through fourth order in the surface-
profile function to the mean differential reflection coefficient
from the incoherent component of the scattered light for s-
polarized light of wavelength A=632.8 nm incident at 6,=0° on
a dielectric film of mean thickness d =500 nm and dielectric
constant €; =2.6896-+i0.0075, deposited on a planar perfectly
conducting substrate. The one-dimensional, randomly rough,
vacuum-dielectric interface is characterized by the parameters
8=15 nm and ¢ =100 nm. The second-order and fourth-order
contributions are included also.

guided waves, predicts that the two satellite peaks should
occur at scattering angles 6, given by

sinf, = —sinfy*(c /w)[g(0)—¢,(®)] . (4.38)

Note that, when q,(0w)=¢,(w), Eq. (4.38) yields the
direction of the enhanced backscattering peak, as expect-
ed. In Figs. 4 and 5 these two angles are marked by ar-
rows and coincide accurately with the positions of the
peaks obtained through the perturbation-theoretic calcu-
lations (0, ==117.7°).
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FIG. 5. Same as Fig. 3 but only for the fourth-order contri-
bution, including separately the ladder, crossed, and (1-3) terms.
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FIG. 6. Same as Fig. 4 but for ,=5".

In order to demonstrate the displacement of the satel-
lite peaks as the angle of incidence is varied, we show in
Figs. 6 and 7 the numerical results of the perturbation
theory for the case considered in obtaining Figs. 4 and 5,
respectively, but for 8,=5°. As expected, Fig. 6 reveals
two peaks about the backscattering peak at 6_=12.6°,
and 6_=—23.1°, whose positions, precisely determined
by the conditions (4.38), are indicated by arrows. Figure
7 confirms that those peaks and the backscattering peak
stem from the fourth-order crossed contribution, as ex-
pected.

It is important to note that the total contribution of
fourth order in §(x,) is sufficiently smaller than the con-
tribution of second order in {(x,) (see Figs. 4 and 6) that
the use of perturbation theory for the calculation of
(R, /36, )incon should be valid for the roughness param-
eters assumed.
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FIG. 7. Same as Fig. 5 but for §,=5°.
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V. NUMERICAL SIMULATION RESULTS

We have also carried out numerical simulations of the
scattering of s-polarized light from the structure depicted
in Fig. 2. In these simulations the incident light was
represented by a beam of finite width, and the surface-
profile function {(x,) was assumed to possess the statisti-
cal properties described in Sec. II. The calculations were
carried out on the basis of the equations derived in detail
in Ref. 11. The wavelength of the incident light was tak-
en to be A=632.8 nm and the dielectric constant of the
film at this wavelength was assumed to be €;=2.6896,
which is the value appropriate to photoresist. In order
that the scattering structure support only two guided-
wave polaritons for these values of A and €; in the ab-
sence of the surface roughness, we find from Eq. (3.18)
that the mean thickness of the film d has to satisfy the
inequalities 365.1 nm <d <608.5 nm.

The length L of the rough surfaces used in the simula-
tions was L =25 600 nm. The ratio L /g assumed in this
work, where g is the half-width of the intercept of the in-
cident beam with the mean scattering plane x; =0, was
L /g=4. The length L was divided into N =400 subin-
tervals of equal length in solving the integral equations
arising in the scattering theory presented in Ref. 11 by
converting them into matrix equations. In the calcula-
tion of the contribution to the mean differential reflection
coefficient from the incoherent component of the scat-
tered light, (3R, /36, };scon averages over N, = 1000 reali-
zations of the surface profile, generated by the method
described in Appendix A of Ref. 12, were used.

The angle of incidence assumed in these calculations
was fixed at 6,=0°, i.e., normal incidence was assumed,
and the mean thickness d of the dielectric film was
varied. This choice of experimental conditions was made
because in the numerical simulations, which take
multiple-scattering of all orders into account, it was
found that as the angle of incidence is given increasing
positive values, the satellite peak at the scattering angle
6,=6_, which is the larger of the two angles 8, in mag-
nitude, washes out rapidly, presumably due to shadowing
effects, and only the satellite peak at 6, =0, is observed.
At normal incidence both satellite peaks are clearly visi-
ble in (3R, /96, );,con, and as the thickness of the film is
decreased, the scattering angles 6, =6, =—0_ at which
they occur increase in magnitude due to the changes in
the values of the wave numbers ¢,(®) and ¢,(w) entering
Eq. (4.38). In our calculations values of d equal to 580
and 500 nm were used. The satellite peaks for these
choices of d should occur at scattering angles given by
6,==113.3° and 6, =117.7°, respectively.

In Fig. 8 we present our results in the case that the sur-
face roughness is characterized by the parameters §=110
nm and ¢ =260 nm. For a mean film thickness of
d =580 nm [Fig. 8(a)], in addition to the enhanced back-
scattering peak at 8, =0° two well-defined satellite peaks,
symmetrically placed with respect to the retroreflection
direction, are observed. The vertical dashed lines indi-
cate the positions of the satellite peaks predicted by Eq.
(4.38). When the thickness of the film is decreased to 500
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FIG. 8. Computer-simulation results for the differential
reflection coefficient (OR; /96, ). for the scattering of a s-
polarized beam of light from a one-dimensional random surface
on a photoresist film deposited on a planar perfectly conducting
substrate. 6,=0°, §=110 nm, ¢=260 nm, A=632.8 nm,
€;=2.6896, L =25600 nm, g =6400 nm, N =400, N,=1000.
(a) d =580 nm, (b) d=500 nm. The vertical dashed lines indi-
cate the scattering angles at which the satellite peaks should
occur according to Eq. (4.38).

nm [Fig. 8(b)], the positions of the two satellite peaks are
shifted to larger values of the scattering angle as expect-
ed. The small differences between the values of the
scattering angles at which the satellite peaks occur in the
numerical-simulation results and the values predicted by
Eq. (4.38) are presumably due to the fact that the numeri-
cal simulations take into account the renormalization of
the values of ¢,(w) and g,(w) caused by the surface
roughness, while the values of ¢,(®) and g,(w) used in
obtaining the predicted values of 6. were calculated in
the absence of the roughness.

We also note that the angular width of the enhanced
backscattering peak, as defined by the distance between
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the subsidiary minima separating the subsidiary maxima
from the enhanced backscattering peak, does not change
when d is changed. This is as expected, since the angular
width of the enhanced backscattering peak is determined
by the ratio A/a', and thus should not change when
only d is changed.

VI. CONCLUSIONS

In conclusion, we note that the results obtained in this
paper for the angular dependence of the intensity of the
light that has been scattered diffusely from a thin dielec-
tric film with a one-dimensional, randomly rough inter-
face with vacuum deposited on the planar surface of a
perfect conductor, which supports two guided-wave
modes, have qualitatively the same structure for any oth-
er bounded system with a discrete spectrum, indepen-
dently of the nature of the scatterers (volume or surface),
the transverse dimension of the system (film thickness),
and the nature of the modes comprising the discrete spec-
trum. The sole requirement for obtaining such a depen-
dence is that the mean free paths of these modes must be
much larger than the inverse of the characteristic “dis-
tance” between the wave numbers of consecutive modes
8q(w)~lg, (®)—q,(w)]. When this condition is
satisfied, enhanced scattering occurs not only into the
retroreflection direction, but also into additional scatter-
ing directions. The number of the additional, satellite,
peaks is determined by the number of discrete guided
modes supported by the scattering system, and the ampli-
tudes of the peaks are inversely proportional to the thick-
ness of the film.6
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APPENDIX

In this Appendix we sketch out the manner in which
the low-order perturbative calculation described in Sec.
IV can be related to the kind of many-body perturbation
theory calculation employed by Freilikher, Pustilnik, and
Yurkevich® in their general treatment of the scattering of
light by random systems displaying degenerate time-
reversal symmetry.

We begin by postulating that the scattering amplitude
R,(q|k) has the form'*

R, (glk)=2mw8(q — k)R (k,0)

—2iGy(q,0)T(qlk)Gy(k,0)agk,0) . (Al

In this expression R,(k,w) is the Fresnel coefficient for
the scattering of s-polarized light from a dielectric film
deposited on a perfectly conducting substrate, when the
vacuum-dielectric and dielectric-substrate interfaces are
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planar and parallel. It is given by Eq. (4.25) as
R 0( k @ )

_ —iay(k,0)cosa,(k,0)d +ayk,0)sina,(k,o)d

iay(k,o)cosay(k,w)d +ayk,w)sina;(k,0)d
(A2)

The function Gy(k,w) is a Green’s function for the same
dielectric film on a perfectly conducting substrate system,
and the transition matrix T(q|k) is postulated to satisfy
the equations

T(glk1=Vgl+ [~ 2 viglp)Gy(p,0)T(plk)
(A3a)
=Vi(glk)+ f_ww%T(qlp )Go(p,0)V(plk) ,
(A3b)

where the scattering potential ¥ (g|k) is defined by Egs.
(4.8), (A1) and (A3) once we know what G(k,w) is. We
also introduce the Green’s function G (g|k) for the dielec-
tric film on a perfectly conducting substrate in the case
that the vacuum-dielectric interface is no longer planar
but is defined by the equation x;=¢(x,). It is the solu-
tion of the equation

G(glk)=2m8(q —k)Gy(k,w)

= dp
+Go(g.0) [ 7 EVpGlk)  (Ada)

=278(q —k)G,(k, @)
+Gy(g,0)T(qlk)Gy(k,0) . (Adb)

When we use Eq. (A4b) in Eq. (Al), we find that the
scattering amplitude R, (g|k) takes the form

R, (glk)=2m8(q —k)[Ry(k,0)+2iayk,0)Gylk,w)]
—2iG(glk)ay(k,w) . (AS)

We now use the preceding results to obtain Gy(k,») and
V(qlk).
We first define G(k,w) through the condition

Ro(k,0)+2iayk,0)Gylk,0)=—1,
which yields the result that

Golk,0)
B i sinay(k,w)d

" iay(k,w)cosay(k,w)d +aglk,w)sinay (k,o)d

(A7)

The motivation for this choice is that it reduces the ex-
pression (A5) for the scattering amplitude to the simple
form

R,(glk)=—2m8(g —k)—2iG(glk)ayk,®) . (A8
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By combining Eq. (A8) with Eq. (4.5) we find that the
contribution to the mean differential reflection coefficient
from the incoherent component of the scattered light is
given in terms of the Green’s function G (g|k) by

(aRs> _12e
aes incoh Ll ™ 4
X[{1G(glk)*) —1{G(glk))I*],

where ¢ =(w/c)sinf; and k =(w/c )siné,,.

cos?6,cos,

(A9)
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If we substitute Eq. (A1) into Eq. (4.8), we obtain an
equation satisfied by the transition matrix T(q|k),

I 2 M(plg)Golg0)T(alK)

_ [M(plk)Ry(k,0)—N(plk)]
T 2iagk,w)Gylk,o)

(A10)

If T(qlk) in this equation is now replaced by the right-
hand side of Eq. (A3b), the result is

0 d ®© d «© d
J7 SEMplgGygeV g+ [ 7 7L [7 T M(plg)Go(g,0)T(glr)Golr,@)V (rlk)

If we use Eq. (A10) in the second term on the left-hand
side of Eq. (A11) to eliminate T(q|r), we obtain finally the
equation satisfied by the scattering potential ¥ (¢|k),

© dgq V(qlk)
_ [M(plk)D_(k,0)—N(p|k)D , (k,0)]
- 2ay(k,w)sinay(k,0)d

, (A12)

where we have used Eq. (A6) to simplify the left-hand

2
v i(glk)=(e,—125EMg —k) ,
c

2
V2(glk)="L(e;— 1) Z-EP(g —k)[ay(g,0)cotay(g,0)d +cotayk,w)day k)],
(4

_ [M(plk)Ry(k,@)—N(plk)]

2iayk,w)Gy(k,») (A1)

P
side.

We can solve Eq. (A12) for ¥ (g|k) as an expansion in
powers of the surface-profile function §(x;). Thus, if we
write

Viglk)=3 v"(qlk),

n=1

(A13)

where the superscript denotes the order of the corre-
sponding term in £(x;), we obtain for the first three
terms in this expansion

(Al4a)

(A14b)

2 2
V3 (glk)=1(e;—1 )%[q2+k2—(4ed —2)%—+2ad(q,w)cotad(q,w)d cota,y(k,w)day(k,w)1E®(g—k) . (Aldo)
c c

In the small roughness approximation the scattering
potential V(g|k) in Egs. (A3) and (Ad4a) is approximated
by VV(qlk), given by Eq. (A14a). We will make this ap-
proximation in what follows.

The calculation of the contribution to the mean
differential reflection coefficient from the incoherent com-
ponent of the scattered field, Eq. (A9), requires
knowledge of the averaged Green’s function (G(glk)).
Due to the stationarity of the surface-profile function
&(x,), (G(qlk)) is required to be diagonal in ¢ and k,

(G(qlk))=2m8(q —k)G(q,0) , (A15)
where
Glg,0)= 1 (A16)

Gyl g0)—M(q,w) '

The proper self-energy M(q,w) appearing in Eq. (A16) is
given by

[
2 2 d
— (24 bt
M(g,0)=8 l(ed—l);;] J7 Ee(g—p)Go(p.0)

(A17)

in the small roughness approximation.

To calculate the two-particle Green’s function
(|G(qlk)|?) needed in the evaluation of Eq. (A9) we con-
sider the more general two-particle Green’s function
(G(p+Ip'+)G*(p—|p'—)), where pt=p+q/2 and
p't=p'tq/2, and take the limit as ¢ —0 at the end of
the calculation. Due to the stationarity of {(x,), this
function can be written in the form

(Gp+Ip'+)G*(p—Ip'=))=L,4,(q),  (Al8)

where the reduced two-particle Green’s function ¢pp,(q)
satisfies the Bethe-Salpeter equation!’
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¢pp(q)=278(p —p")G(p+,0)G*(p —,0)

+G(p+,0)G*(p—,0)
© d
X [7 U@y,

where U, (q) is the irreducible vertex function.
The solution of Eq. (A19) can be written formally as

$pp(q)=278(p —p")G(p+,0)G*(p —,0)
+G(p+,(1))G*(p_sw)Rpp'(q)

XG(p'+,0)G*(p'—,0) , (A20)

where R,,(q) is the reducible vertex function, and is the
solution of the equation

R =U,,(q)

p(q)

+ f_moo—zd%Ups(q)G(S+,(0)G*(S—’w)RSP(q) :

(A21)
If we now note that, since
{G(plp"))*=[2a8(p —p") *|G(p,w)|?
=L.278(p —p")|G(p,w)|?, (A22)

then on combining the results given by Egs. (A18) and
(A20) with the expression for (3R, /96, )., given by
Eq. (A9), we obtain the result that

oR, 2
< aes >incoh_ m

X |G(g,®)|*R 4 (0)|G(k,0)|?,

3
o

cos?6,cos6,
¢

(A23)

where we recall that ¢ =(w/c)sinf; and k =(w /c)sinb,.

To solve Eq. (A21) we need an approximation to the ir-
reducible vertex function U,,(q) that enters it. We will
approximate it by the expression that corresponds to the
sum of all maximally crossed diagrams in diagrammatic
perturbation theory. It is this contribution that describes
the coherent interference between each multiple-
scattering sequence and its time-reversed partner that is
responsible for the effects being studied in this paper.'®
To obtain this expression we first assume for U,,(q) the
lowest-order approximation to it in §(x,), US>’ (g), which
is obtained from the result that'’

(A19)
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(VPp+1p—)wMp'+p”"—)*)

=2m8(p'—p" Uy (q)

2

=2mw8(p’—p"’) dgllp—p'l). (A24)

2

[0
(e;—1)—
d cz

Thus, we find that U,%(q) is in fact independent of g and

can be written in the form

Uy =W2=lp—p'l), (A25)
where
wZ
W=8(e;,~ 1)~ . (A26)
c

In the language of diagrammatic perturbation theory, the
vertex function USY corresponds to a single rung of a
ladder diagram.

When the surface height correlation function
W(|x,|)=exp(—x?2/a?) is a sharp function, i.e., when
the transverse correlation length a is small, we can solve
Eq. (A21) analytically. This is because in a convolution
integral containing the power spectrum of the surface
roughness,

fw ﬁg(lp—sl)f(s) ,
) 27T

we can make the replacement g(|p—s|)
—g(lpl)g(ls])/g(0) in this limit."? As a consequence,
Eq. (A21) becomes an integral equation with a separable
kernel,

_ g(lpl)
R (@=UD+wW? 2 (0)
w ds

x [T S-aUshK (@R (@),  (A27)

where the superscript L denotes that the solution of this
equation is the contribution to the reducible vertex func-
tion from the ladder diagrams, and where we have
simplified the notation by defining

K (9)=G(s+,0)G*(s —,w) (A28a)
=K*_(q). (A28b)
The solution of Eq. (A27) is
RE()=p© +w+8UpD 1@  g(p'])
w (@=Upy 2(0) = > o 2(0)
g0 7
(A29)
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where
Hg=[" —%gz( Is1)K(q) (A302)
=L ["asg%s)Rek, (q) . (A30b)
w0
In obtaining Eq. (A30b) we have used Eq. (A28b).
We next carry out the transformations

p—>3q+5(p—p'), p'>39—3(p—p’), and g—>p+p’ in
the result given by Eq. (A29). They transform ngpL)(q)
into U (q), the contribution to the irreducible vertex
from the maximally-crossed diagrams in diagrammatic
perturbation theory.'® The result is

Ulﬁ}}‘c’(q)=U1§g.’+W“g(%lp_p,|) Lp+p’)
80 o)
g(0)
gilp—p'D
g(0)
=UD +A,, , (A31)

where we have used the result that U[‘,I?) is invariant under
these transformations, and have passed to the limit ¢ —0
in terms where this produces no singularities. Equation
(A31) is the approximation to the irreducible vertex func-
tion we will use in solving Eq. (A21).

To proceed beyond this point we must analyze the
form of the vertex function A, in its dependence on p
and p’, and for this we need the structure of the function
K,(q) defined by Eq. (A28).

The Green’s function G(q,») Eq. (A16), has poles at
the wave numbers of the guided waves supported by the
scattering structure corresponding to the frequency o of
the incident light. We will exploit this circumstance to
simplify the subsequent calculations by making a pole ap-
proximation to G(q,w) for a two-mode system of the
form

C, (o)

Glq,0)=73, (A32)

m

g4—qp(@)—iA, ()

In this expression the summation index m takes the
J
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values —2, —1, 1, 2, and C_,(0)=—C,(w),
qg_p(0)=—q,(0),and A_, (0)=—A, (0). Hereq,(o)
and ¢,(w) are the wave numbers of the two guided waves,
while A,(w) and A,(w) are their decay rates. In writing
Eq. (A32), we have neglected the shifts in the values of
q:(®) and ¢,(@), obtained in Sec. III in the absence of
surface roughness, that arise from the real part of the
self-energy M(q,w), and have used for C,(w) and C,(w)
the residues at the poles ¢ =¢,(w) and ¢ =¢,(®) of the
unperturbed Green’s function, G,(g,®). The decay rate
A, (w) (m=1,2) has been written as the sum
Al(w)+ A% (w), where Al(w) is the decay rate of the
guided wave m associated with the imaginary part of the
dielectric constant of the film, while A8 () is the decay
rate due to the roughness induced conversion of the guid-
ed wave into other guided waves and into volume elec-
tromagnetic waves. The former was obtained numerical-
ly from a study of G, !(g,®) in the vicinity of ¢ =g,,(®).
The latter is given by Af¥(w)=C,,(0)ImM|[g,,(0),®].
For a dielectric film of mean thickness d =500 nm and
dielectric constant €;=2.6896+:0.0075, illuminated by
s-polarized light of wavelength A=632.8 nm, we find
that ¢,(w)=1.5466(w/c), q,(0)=1.2423(w/c), C,(®)
=0.01956, C,=0.08639, while A{(»)=0.00234(w/
¢), AF(©0)=0.00054(w/c), A¥Nw)=0.00256(w/c),
and A¥"(0)=0.00273(w/c). In obtaining the values of
A®"(w) and A¥"(w) we have assumed that the rough-
ness of the vacuum-dielectric interface is characterized
by the parameters =15 nm and @ =100 nm.

The substitution of Eq. (A32) into Eq. (A28a), together
with a partial fraction decomposition of the product of
the Green’s functions, yields the result

K,(q)= CnCa
o =§§i(Am+An)+(qm _qn)_q
1 1

s—q,—iA, s—q,+iA, |’ (Aa33)

in the limit ¢ —0. In the double sum we retain only the
terms that are large for small values of g. This reduces
the expressions (A33) to

K, (q)= Cr 28y +
D= 2R =g —g. PrAL

C,C
20 i(A+A)+(g,—q,—q)

1 1
S—q2—1A2 S——'q1+iAl ]

1 1 1

+
—i(A+A)+(g,—q,—9q)

s+q,+iA, s+q,—iA,

1 1 1

+

s—q;—il, B s—q,tiA,

1 1 1

—+

—i(A+Ay)+(g,—g,—¢q)

s+q,+iA, s+q,—iA, ] - (A

It is only the real part of K (q) that is needed for evaluating the function I (g) defined by Eq. (A30b), and from Eq.

(A34) we find that this is given by



15 366 J. A. SANCHEZ-GIL et al. 50

m m

ReK (q) (o 44 a
e —
4 % " 4A% +q? (s—q, P +A2

1
+C,C
v [(A1+A2)2+<q2~q1~q)2
A(A+A)—(g—9,—q)(s —q) + A(A+A,)+(g,—g,—g)s+q,)
(s—q,)?+A2 (s+q,)*+A2
+ Ay(A+485)+(gq,—q,—q)(s —q;) + Ay(A;+Ay)—(q,—q9,—9)(s +q;)
(s —q,)?+A2 (s+q,)*+A3

1
+ ) 2
(A +4Ay)°+(g,—¢q,+q)

A(A+A;)—(g,—q,+g)s—q;) i A(A+Ay)+(g,—g,+g)s+qy)

(s—q,)*+A2 (s +q,)*+A?
AyA +A))+H(g,—q,tg)s—q,)  ANA+A,)—(g,—q,tq)s+q,;)
4225 2 422‘112‘1 q> 4 220 2 9,791 74 q; ' (A35)
(S—'q2) +A2 (S+q2)2+A%
We again drop all terms that are small when g is small, and obtain
4A, A, 4A, A,
ReK (q)=C3} +C?
ST AT g (s—q, PHAT | PaAlHg® (s—q, P+ AL
A +A, A +A,
+C,C, > >+ > 3
(A1+A2) +(q2—q1*q) (A1+A2) +(q2—q1+q)
A A
‘ : (A36)

+
(s—q)*+A?  (s—q,)?+Al

In writing Eq. (A36) we have also dropped all functions of s that are not resonant at a positive value of s, since the in-
tegration in Eq. (A30b) extends only over such values of s. With the approximation

A
———=78(s—q), (A37)
(s—q)*+A? q
by combining Egs. (A30b) and (A36) we obtain finally,
CIA,  _@yr C3A,  —(a2/2)2
I(q)=41raz 2l 12e (@a®/2)q 22 226 (a®/2)q;
4A1+gq 4A5+q
A+A A+A —@2ma?  —(a2/2)02
+ma*C,C, A2 S+ o= (R LI (A38)
(A +4,)"+(g,—¢,—q) (A +4Ay)°+(g,—q,t9)

where we have used the Gaussian form (2.8) for the power spectrum of the surface roughness. It follows from Eq. (A38)
that

I(p+p")=4ma> __C%A—le-(azmqf C3A, e—(az/z)qg
4A1+(p+p')? 403+ (p+p')?
S maC.C A tA4, N A4, (o@Dt ~et e
(A A (g, —q —p =P (A+AH(g,—gq, +p+p' ) '

(A39)

[

When the result given by Eq. (A39) is substituted into Eq.  p +p'==+(q, —q;), due to the third and fourth terms on
(A31), we find that the vertex function A, is large when the right-hand side of this equation—this gives rise to
p +p’'=0 due to the first two terms on the right-hand side =~ two satellite peaks, one on each side of the enhanced
of Eq. (A39)—this gives rise to the enhanced backscatter-  backscattering peak.

ing peak in (9R, /96, ),,.,,—and it is also large when The Neumann-Liouville solution of Eq. (A21) in the
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limit ¢ — 0 has the form
@ d
RPP'(O)zUIgv'iC)_*. f . U(MC)IG(&w)IZU;pMC) + .-

=[U£3’+App1+f°° LY+ A, )6(50)

X[Us(p?‘) +Asp'] v

(A40)

In summing this series we keep the complete first term,
but keep only the terms containing US> alone in the
remaining integral terms. The reason for this is that
|G(s,w)|* is large only for s=%q,,(w), ie., for wave
numbers s outside the radiative region (—w/c,w/c). On
the other hand A, is large only when
p+p'=0,£[¢q,(w)—¢(w)]. Both p and p’ are required
to be inside the radiative region in the calculation of
(3R, /06, )incon- Thus, the terms containing A, in all in-
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tegral terms on the right-hand side of Eq. (A40) give only
a small correction to the first term, either because they
are off-resonance, p +p’'#0,t[q,(w)—q,(®)], or else are
multipled by higher powers of the small ratio §2/a? than
the first, when they are resonant. The contribution from
the terms in the infinite series on the right-hand side of
Eq. (A40) that contain only U,y is just R/ (0), where
R ‘L)(q) is given by Eq. (A29). Our final result for R,,(0)
is, therefore,

0)=T (o>+W4g (gD 1(0) glp’D

g(0) w? g(0)
1———1
2(0) (0)
LGle=p'D)  1p+p))
g(0) w?
+
1— (O)I(p p')
1y —p’
g(tlp—p’h) (A4D)
g(0)
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FIG. 9. A plot of (3R, /36, )incon as a function of the scattering angle for the scattering of s-polarized light of wavelength A=632.8
nm, incident on a dielectric film of mean thickness d =500 nm, and dielectric constant €, =2.6896+i0.0075, deposited on a planar
perfectly conducting substrate. The one-dimensional, randomly rough, vacuum-dielectric interface is characterized by the parameter
8=15 nm and a=100 nm. The results obtained by the many-body perturbation calculation carried out in the Appendix (upper
curve) and by the small-amplitude perturbation theory carried out in Sec. IV (lower curve) are presented. (a) 6,=0°, (b) 8,=5°, (c)

00= 10°.
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In Fig. 9 we plot the contribution to the mean
differential reflection coefficient from the incoherent com-
ponent of the scattered light, (3R, /36, };ycop, as a func-
tion of the scattering angle ,, that is obtained when the
result given by Egs. (A25), (A26), (A38), (A39), and (A41)
are used in Eq. (A23). The Gaussian form of the power
spectrum of the surface roughness, Eq. (2.8), has been
used in these calculations, and the experimental and
roughness parameters assumed are those used in obtain-
ing the values of g, ,(@), A; )(®), and C; ,(®) quoted fol-
lowing Eq. (A32) above. The enhanced backscattering
peak and its two satellite peaks are clearly visible in the
results plotted in Fig. 9. The positions of the satellite

J. A. SANCHEZ-GIL et al. 50

peaks are at scattering angles given by sin6;
= —sinfyt(c /w)[g,(w)—q(®w)]. For comparison, we
have also plotted the results for (AR, /36, );,.., Obtained
from the third-order perturbation calculation carried out
in Sec. IV for the same values of the experimental and
roughness parameters. It is seen that although there are
some small quantitative differences between the two sets
of results, they are in quite good overall agreement with
each other. This suggests that the approximations made
in this Appendix in order to obtain an analytic result are
valid for the experimental and roughness parameters as-
sumed in the calculation leading to Fig. 9.
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FIG. 2. The scattering system studied in this work.



