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Temperature variation of the time of inelastic electron relaxation in disordered bismuth films
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The behavior of quantum corrections to magnetoconductivity associated with the effect of weak elec-
0

tron localization is studied on thin Bi films {= 100 A thick) in a temperature range of 0.3—10 K with the
efFect of electron overheating being realized. The temperature dependences of the time ~, » of electron-
phonon energy relaxation are determined. The weakening of the electron-phonon interaction predicted
for the case of the inequality q»I (1 that yields a so-called "dirty limit" {q» is the thermal phonon
wave vector, I is the electron mean free path) is observed. Two ways are used to realize the dirty limit:
an artificial decrease in the mean free path I and a lowering of the temperature below the characteristic
one, T2 =As/kl (s is the phonon velocity).

I. INTRODUCTION

At present the scientific literature numbers many re-
ports of experimental investigations of the quantum in-
terference effects in disordered metal systems, i.e., weak
electron localization (WL) and enhancement of electron-
electron interaction (EEI). These effects arouse interest
because they provide information on the times ~ of
phase relaxation of the electron wave function (in essence
the inelastic relaxation time} as well as on the electron
spin relaxation times for spin-orbital (~„) and spin-spin

(r, ) scattering and on the electron-electron interaction
constants. The main results of these investigations are
presented in reviews' where thorough analysis of ex-
perimental data is given and the relationship to the
current theoretical models is demonstrated.

Analysis of results for quantum corrections to the con-
ductivity of thin metal films showed that in the low-
temperature range (T= 1 K) the temperature variation of

is characterized by the law v
' ~ T and at higher tem-

peratures (T=10K), as a rule, by the law ~ '~ T .
In the former case, ~ was unambiguously identified as

the time v, , of electron-electron interaction dominated

by collisions with small transfer of momenta. For two-
dimensional disordered systems it is given by the expres-

sion

mkT e ~o
ln

2m. fi e R

where R~ is the resistance of a square area element of the
film. It was assUmed that in this range of temperatures,

e-e neph
At higher temperatures, when ~, , && T ph the effect of

electron-phonon relaxation is predominant. Therefore it
becomes essentially possible to find v, ph, though identity
of ~ and 7 ph is not evident in this temperature range.

For electron-phonon scattering in disordered metals
some ideas were theoretically considered which suggest
that the temperature dependence of ~, ph is different from

that in the pure case. In a pure metal, as is known T ph

is at low temperature inversely proportional to the num-
ber of thermal phonons, and therefore 7 ph T

A situation can occur in a disordered metal, where, be-
cause of the small mean free path of electrons at low tern-

perature, the inequality q hl ( 1 is true, where q h is the
wave vector of a thermal phonon and I is the electron
mean free path. This inequality means smallness of l as
against the phonon wavelength, and the electron-phonon
interaction should therefore decrease. According to the
common terminology, we shall refer to the case of
q hl &1 as the "dirty limit, " in contrast to the case of
q hl &1, i.e., the "pure limit. " Schmid was the first to
obtain the dependence ~, 'hcclT for the dirty limit.
During the same period the dependence v, 'h I 'T was

obtained for the noncoherent inelastic electron scatter-
ing by the excitation regions in the disordered metal (by
vibrating impurities). (Note that the exponent 2 in T is

also possible for the processes of electron interaction dur-

ing the exchange of virtual phonons. ) Schmid's result
lT was later obtained for transverse and longitu-

dinal phonons also in Refs. 9 and 10. In the pure limit

(q hl ) 1},Ref. 11 obtained for longitudinal phonons the

dependence ~, „'h~ T which is known for pure metals,
but for transverse phonons, according to Ref. 9, inelastic
scattering of electrons by vibrating impurities is impor-
tant, and v., 'h l 'T . The contribution of this mecha-

nism, as was shown in Ref. 10, decreases in the dirty lim-

it. In the pure limit, according to Reizer, " it is absent;
for the longitudinal and two transverse phonon modes at
low temperatures the dependence v; 'h ~ T was obtained.
Thus, as found in Refs. 10 and 11, when the transition
from pure to dirty limit occurs in isotropic disordered
metals, the dependence ~, 'h~ T changes to ~, 'h lT",
and the dependence ~, 'h~l 'T predicted in Ref. 7 is

actually not seen anywhere.
The condition q hl =1 determines a certain tempera-

ph

ture T2 =As« lkl (s« is the phonon velocity) below

which the dirty limit situation arises. Thus in disordered
metals the transition from pure to dirty limit can be
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achieved by lowering temperature.
The electron relaxation time calculated in Refs. 9—11

re6ects the electron-phonon interaction contribution to
relaxation of the electron wave function phase. To distin-
guish it from the electron-phonon energy relaxation time

ph we shaH denote it, as in Refs. 13 and 14, by ~,' ».
These characteristics times are both governed by the
Eliashberg function a E(co) and are in a certain
temperature-independent ratio for the pure and dirty lim-
its taking into account the dimension 'of the electron-
phonon interaction. In Ref. 13 the low-frequency part of
the Eliashberg function, which is most important in the
processes of electron-phonon scattering at low tempera-
tures, was described as the exponential function
a F(co)=C&c0~ and a suitable expression was obtained to
calculate the ratio of the times 7 ph and ~,' ph. The ratio
is determined by the exponent g or, in other words, by
the exponent p in the temperature dependence of the
electron-phonon interaction time ~, h

~ T i' because
p=g+1 in the low-temperature region. According to
Ref. 13, in the relation ~, ~h= A '(i', h)

' the coefiicient
A ' is 2.5 and 4.285 for p =3 and 4, respectively.

Here are the complete expressions for ~',
ph for the

model of one longitudinal and two transverse phonon
modes which were obtained in Refs. 10 and 11.

Pure limit:"

7ir (3) i 16 s(

(p s )2 %2 s
J

(2)

This relation was obtained for the limitation on the tem-
perature Ti & T & T„where T, =(As, /kc )( V+kzs, )'
k& =4ire v, and v= mph/A ir .

A result similar to Eq. (2) is presented in Ref. 9 for lon-
gitudinal phonons, for the case of nisi/kl & T & fis& kii /k.

Dirty limit, ' T(Tz.

+A(pal) 3
(~', ph) 1+—— (kT)

(PFst )
(3)

S6$(3 )pi l 3 si1+—
Sir (p~si) L 2 s,

(kT), (4)

where L, is the film thickness.
A similar result was earlier obtained in the general

form in Ref. 15.
Besides the quantum corrections to the conductivity of

This relation coincides with the results of Refs. 8 and
9. In Eqs. (2) and (3), pF is the Fermi electron momen-
tum, s& and s, are the velocities of longitudinal and trans-
verse phonons, respectively, Pi =( ', Ez) v/2M¹& is a d—i-
mensionless constant characterizing the interaction be-
tween electrons and longitudinal phonons, v is the elec-
tron density of states, M is the mass of an ion, and N is
the number of unit cells per unit volume.

In the case of two-dimensional electron-phonon in-
teraction in a thin film, the form of the temperature
dependence of 8 h in the dirty limit is difFerent from Eq.
(3). Reference 14 presents the following formula for this
case:

thin films, information on the electron-phonon interac-
tion time v, p„may be provided by experiments on the
electron overheating in thin films. A pure efFect of elec-
tron overheating occurs when there is a good acoustic
coupling of the film and substrate, which permits the
nonequilibrium phonons emitted by the electrons on
overheating to escape from the film. In this case the lat-
tice temperature remains practically invariable, and a
certain temperature T, may be assigned to the electrons,
which described the nonequilibrium distribution function
of the electrons. Data on the time 7 ph can be obtained
in such experiments because transfer of the excess energy
froin the electron to the phonon system, even with strong
elastic scattering, is determined by the time 7 ph Experi-
mentally, the task amounts to determining the electron
gas overheating b, T, = T, —T h (against the phonon tem-
perature T h) in the case of passage of a high current or
the efFect of other heating factors.

In recent years, several experimental works have been
carried out which obtain data on the time i; h from the
electron overheating efrect. ' ' ' ' These experiments
gave widely varying functional dependences i;~h(T) in
the low-temperature range. Thus Ref. 16 gave the ex-
ponent p in the dependence ~, ph

~ T~ as 3 for copper film
on sapphire; Ref. 17 for a gold film on glass and a
bismuth film on gold with SiO intercalation gave p equal
to 2.2 and 3, respectively; Ref. 18 gave p =1.3—1.5 for
antimony on glass; Ref. 19 gave p =2 for niobium on
sapphire; Ref. 13 gave p =2 for gold on quartz; and Ref.
14 found p =3 for gold on glass and silicon.

The exponent p (3 appearing in some cases may be ac-
counted for by the fact that a two-dimensional electron-
phonon interaction is possible in thin films: in a free film
or in the film with poor film-substrate (or environment)
acoustic coupling quantization of the phonon spectrum is
observed at low temperatures. ' The quantization-
induced modification of the phonon spectrum lowers the
exponent p from 4 to 3 in the dirty limit [see Eq. (4)] and,
supposedly, from 3 to 2 in the pure limit. There is no
rigorous theory for the latter case. In the meantime, a
visual physical interpretation of p =2 for thin films was
proposed in Refs. 1 and 13: the modified phonon spec-
trum of films must be characterized by a linear variation
of the Eliashberg function in the low-frequency region
(g=l), which gives the dependence ~, ~h~ T . Note in
addition, that in the case of poor acoustic coupling be-
tween the film and the substrate the Joule heating can
cause errors in 7 ph found from the equation of thermal
balance [see Eq. (7) below] and may thus be another
reason for p & 3 (e.g., 1.S or 2).

In earlier experiments on electron overheating in thin
bismuth films analysis of a large number of measure-
ments resulted in the conclusion that the exponent p for
films of a thickness more than 100 A is usually close to 3
in the range 2-3 K and the dependence ~ '~ T ob-
served at higher temperatures results from summation of
the frequencies of electron-electron and electron-phonon
relaxations:



15 300 KOMNIK, KASHIRIN, BELEVTSEV, AND BELIAEV

The result p =3 is reasonably treated in Ref. 20 as a man-
ifestation of electron-phonon scattering in the three-
dimensional case, where q hl ) 1. Indeed, with the mean
free path of charge carriers l roughly equal to the film
thickness J ~100 A, the temperature T2 for bismuth is
1 —1.5 K, belo~ the temperature range of the measure-
ments. The two-dimensional character of the electron-
phonon interaction is improbable because of the nature of
the experiments involving electron overheating which re-
quires good acoustic coupling between the film and the
substrate.

(3) The present work was intended to search for the
conditions of observation of the temperature dependence
r, 'ho- T expected for the dirty limit (q hl &1) on thin
bismuth films. This can be done in two ways: (i} artificial
decrease of the mean free path I by decreasing the film

thickness towards the percolation limit, so that the tem-
perature Tz is raised, or (ii} making measurements on
films of thickness of about 100 A, as earlier, but at ul-

tralow temperatures, i.e., below Tz. We have used both.

II. EXPERIMENT

Thin bismuth films (of thicknesses about 100 A) were
produced by condensation of the molecular bismuth
beam, in vacuum of roughly 10 Torr, onto a roorn-
temperature substrate. The samples were so shaped that
the resistance could be measured by the four-probe
method. The film width was 60-600 pm.

Two types of substrates were used: mica and calcite,
providing bad and good acoustic coupling with bismuth,
respectively. The criterion of the latter was comparison
of the acoustic impedance Z =p's/cos8 (p' is the densi-

ty, s the sound velocity, and 8 the angle of incidence or
passage of a sound wave) of the two media. In the case of
a film on mica, electron overheating can be provided,
with small energy evolution, at temperatures below that
of the helium transition to the superfluid state. It is
known, if the heat How through the film surface to liquid
helium does not exceed 0.6-0.8 Wcm, which corre-
sponds to the convective or nucleate boiling regime of
helium I boiling and the crisis of helium I boiling does
not begin yet, that the surface overheating of the metal in
which heat is released is not more than 0.8 K. For heli-
um II such a regime corresponds to the film-free boiling,
and the overheating of the metal surface is several times
lower than in helium I. This occurs due to the extremely
high thermal conductivity of superfluid helium despite
the Kapitza jump. Thus below T& the temperature of the
film may be considered practically invariable on passing
moderate currents, and the situation may be interpreted
as the electron overheating regime.

The measurements were made at temperatures 0.38—20
K (with the sample in vacuum or in liquid helium) and
magnetic fields up to 45 kG. The current through sarn-

ples was varied between 1 and 500 pA, the maximum
current density was 5X10 Acm; the electric field in
this case was up to 33 V cm

The value of v was calculated by the relation

4eDH~H'= J2~24 2 2 gc

4eDH
(6)

giving the localization correction to the conductivity of
thin film in a perpendicular magnetic field. In Eq. (6),

'=7&'+ —', r~'+ —', r, ', ~ '=r&'+2m, ' (in a sample

without magnetic impurities the time ~, may be neglect-
ed); fi(x)=in(x)+g( —,'+1/x), g being the logarithmic
derivative of the I' function and D the electron diffusion
coeScient. This one was calculated by the relation
D =uFr/3, where r is the time of elastic electron relaxa-
tion. In the experiment and calculations we took into ac-
count the results of Ref. 21 and used the conditions at
which there is no contribution to the rnagnetoconductivi-
ty of the quantum corrections besides the localization
one. This governed the values of the currents and the
magnetic fields.

In an electric field E electrons gain an additional ener-

gy be=eE(Dr, h)', where (Dr, »)' is the difFusion

length. Energy transfer from the electron system to the
phonon system is controlled by the time ~, „h, and there-
fore the electron temperature T, can be higher than the
phonon temperature T „. These two temperatures are re-
lated as follows:

(kT, ) =(kT h) +6(eE) Dr, h/n

In the electron overheating efFect taking place in the
case of good acoustic coupling with the substrate the
temperature T h is identical to the initial temperature of
the film and coincides with the substrate temperature.
Thus calculation of r, „by Eq. (7) requires knowing the
effective electron temperature T, .

In the present study, as in Ref. 20, information on the
electron temperature T, in the case of electron overheat-
ing was obtained using the dependence r ( T) for various
current values. The magnitudes of v were determined
from the magnetic-field-related variation of the quantum
correction associated with weak localization of electrons,
so that the contribution of the electron-electron interac-
tion is canceled, which is sensitive, as was found in Ref.
21, in bismuth films to the electron energies and therefore
to the electric field. It follows from the results of Ref. 20
that, though, rigorously, weak localization of electrons is
determined by both the phonon temperature and the elec-
tron temperature, the predominant efFect on w belongs to
the latter. The temperature T, can be found from com-
parison of ~ for passage of the heating current with that
in the "equilibrium" curve of w (T), for a low current.
After this, comparison by formula (7) yields the value of
+e-ph'

III. EXPERIMENTAL RESULTS
AND DISCUSSION

The dirty limit of bismuth fi1ms at liquid-helium tem-
peratures can be provided by decrease of the mean free



50 TEMPERATURE UARIATION OF THE TIME OF INELASTIC. . . 15 301

path so that the temperature T2 should be raised above
the measurement range. We could do so by making the
film thickness less than 100 A, which is close the percola-
tion threshold, i.e., 40-50 A for bismuth films prepared
at room temperature.

Figure 1 shows the results for quantum interference
and overheating for a 74-A-thick bismuth sample on
mica with the mean free path suSciently small: I = 10 A;
this value of l corresponds to the characteristic tempera-
ture T2 above 10 K. The alteration of quantum correc-
tion in magnetic field for this sample is very well de-
scribed by Eq. (6), suggesting a considerable distance
from the percolation threshold. Values of r (solid sym-
bols) were found for various temperatures and currents,
and then, by the above method, values of ~, h (open sym-
bols) were calculated by Eq. (7). The calculation of r
was made using only five experimental points in two re-
gimes at temperatures below Tz of the helium transition
to the superfluid state. It is noted above that under this
condition the effect of electron overheating may occur in
films on mica. Since superfluid helium efFectively re-
moves the heat from the film, it is hardly possible under
this condition to expect any influence of the modified
phonon spectrum in the Bi film. The dependence r, &h(T}
constructed in the range 1.8-2.7 K is well described by
the law ~, zh~ T . Since the relation between the times

ph and v', ~h does not depend on temperature, "' the
result conforms to the theoretical prediction for ~,'~h in
the case of dirty limit.

In order to improve the reliability of these values, we
extended the temperature range towards ultralow tem-
peratures. We used a cryostat with a He pumping sys-
tem providing, besides production and stabilization of
temperature between 0.3 and 350 K, application of the
magnetic field in the range 0-4S kG generated by a su-
perconducting solenoid. The sample represented a thin
bismuth film (a 60-pm-wide strip} on a calcite crystal. It

was in vacuum; the calcite crystal had a good thermal
contact with a copper block cooled with He.

Figure 2 shows the values of r~ and r, h for a 92-A-
thick sample. The mean free path of charge carriers was
about 2S A, which corresponds to the characteristic tem-
peratures T2=6 and 3 K of longitudinal and transverse
phonons, respectively. It should be noted that the magni-
tude of p ph in electron-phonon relaxation at low temper-
atures is most considerably affected by the interaction
with transverse phonons. ' Values of ~ for various
currents were obtained in the temperature range
0.38—5. 1 K; this enabled us to obtain 7 ph values in the
range 0.6-2.3 K from the electron overheating efFect.
The minimum current value for this sample was 1 pA,
which did not cause heating at and above approximately
1 K. In the range 0.7-2.3 K the dependence ~ ' 0- T was
clearly seen which had always been observed for r ( T) in
the low-temperature range. ' ' However, below 0.7 K
such a small current causes heating, as is indicated by the
departure of experimental points downwards from the
curve of ~ ' ~ T extrapolated to this temperature range.
This permitted using all current values, including 1 pA,
for calculation of 7 ph.

The ~, h values found represent a set of points which
in the range 0.6—1.2 K is well describable by the depen-
dence r, 'h 0- T; at higher temperature there is some de-

viation of the points from this law.
We analyzed the "equilibrium" dependence r ( T) ob-

tained with a small current, considering the ~ values in
the range 0.7—S K and representing this function, ac-
cording to Eq. (5}, as the sum ~ '=AT+A Ti'. We
used the program of search for A, A, and p by the
least-squares technique. The result is shown in Fig. 2 by
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FIG. 1. Temperature dependence of v~ (solid symbols) and
~, ph (open symbols) for a thin Bi film on mica 74 A in thickness
for the following current values (pA): 0, 50; A, 6, 100; &, V,
200.

FIR. 2. Temperature dependence of r~ (solid symbols) and

ph (open symbols) for a thin Bi film on calcite 92 A in thick-
ness for the following current values (pA): o, o, 1; A, 6, 5; ~,
V, 10; D, 20. The dot-dashed lines show the components v;, ( T)
and ~, ph(T) obtained by representing the curve of ~~( T) for the
current of 1 pA by expression (5) in the temperature range
0.7—6 K. The solid line shows the time ~, , calculated by for-
mula (1).
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dot-dashed lines. It was found that p =3.6, while a simi-
lar analysis of bismuth films of thickness over 100 A al-
ways gave the exponent p =3 or slightly less. In this case
p was slightly smaller than 4, since the analysis also in-
cluded points outside the dirty limit (above 3 K).

Thus the results obtained support the predictions of
the theory on the dependence ~, 'h T in the dirty limit
in the three-dimensional case fairly well. The next task is
to find the functional dependence of 'T

ph on the mean
free path of charge carriers.

Quantitative comparison of the ~, h values obtained
for bismuth films with formula (3) is complicated by the
following facts ignored by the theory: the existence of
the two types of charge carriers in bismuth, the large an-
isotropy of the spectrum, and a certain deviation from
the square law of electron dispersion. Yet, it is more im-

portant that in thin bismuth films the charge carrier con-
centration is essentially higher than that in a bulk crys-
tal, which naturally causes different spectrum parame-
ters (Ez, pF, u~, etc.). The growth of the charge carrier
concentration which is not attended by any marked
breaking of balance of charge carrier concentration is due
to the quantum size e8'ect and the effect of the subsur-
face bending of the film potential. According to Refs. 25
and 26, the change of the charge carrier concentration n

with the bismuth film thickness in the range 450—4000 A
is given by the expression

Lp
n =np 1+

np=3. 02X10' cm and Lp 1000 A.
Extrapolation of this dependence into the range of

thickness L —100 A results in the value n-3X10'
cm

In order to know the n values of our bismuth films
more precisely, we made a combined measurement, on
100—400-A-thick films, of the three kinetic properties:
the resistance p, the magnetoresistance coeScient
Apl(pH ) (with the quantum localization correction to
the magnetoresistance previously separated), and the Hall
constant RH. Each of these can be represented in the
two-band model as a function of the concentrations and
mobilities of electrons and holes, respectively. These
characteristics can be found, if it is assumed that in films
compensation is the case ' or that mobilities of elec-
trons and holes are similar. Both the calculations yielded
practically identical results. It was found that in the
range of thicknesses studied the dependence n(L) is
stronger than in expression (8), and for the thickness

0
=100 A the concentrations of electrons and holes are
=10 cm and the mobilities are =20 cm V 's
Hence bismuth films have electronic characteristics quite
different from those of bulk crystals. As regards the
effect of the spectrum anisotropy, the following can be
said. The structure of our films has a small grain size (the
size in the film plane is slightly larger than the film thick-
ness) and an axial texture, i.e., the C3 axis is directed by
the normal to the film plane. Grains are oriented in the
film plane at random, which should result in isotropy of
kinetic properties. Therefore 7 ph and D can be calculat-
ed from the characteristics averaged in the C, Cz plane;
to do so, it seems suitable to take the cyclotron masses
and velocities of electrons and holes, which correspond to
the magnetic-field orientation along the C3 axis.

To calculate ~, „we transformed formula (3) so that it
contained the charge carrier concentration n instead of v,
EF and pF:

5
10n' (A'le ) 3

fi m 'p'R&Lsi
(kT), (9)
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where p* is the density. To take account of both types of
charge carriers determining R ~, we used as a value of m '
the average values of the cyclotron masses of electrons
and holes for H )) C3.

The dependence ~, „(T) that we obtained (Fig. 2) may
be represented as ~, „=A4T, where A~"~' =2.25X10s
s ' K . Calculation by formula (9) gave
A~""'=4.01X10 s 'K . Note that formula (9) is for
the phase relaxation time ~', h. For the dependence
7 ph T~, where p =4, the fol lowing relation is true:
7, '„=4.285(~,' „) '. Hence we have A4""'=1.72X10'
s K, in fairly good agreement with the experimental
value.

The solid line in Fig. 2 shows the temperature depen-
dence of the electron-electron interaction time ~, , as cal-
culated by formula (1). This dependence is fairly similar
to the dependence r, ,(T) separated from r (T) by means
of the separation (5) (the dot-dashed line). If r, ,'= AT,
then A'"~'=1. 5X610' s 'K ', while calculation by (1)
gives A'""'=7.81X10 s ' K ', the difference being less
than by a factor of 2. Such agreement between theoreti-
cal and experimental values, both for T ph and for ~, „is
really very good.
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