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Spectrally resolved four-wave mixing in semiconductors: Influence of inhomogeneous broatiening
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%'e study the inhuence of inhomogeneous broadening on results obtained from spectrally resolved
transient four-wave mixing. In particlar, we study the case where more resonances are coherently excit-
ed, leading to polarization interference or quantum beats, depending on the microscopic nature of the
resonances. To demonstrate the ideas, we present experimental results from bulk CdSe and from GaAs
multiple quantum wells.

I. INTRODUCTION

Current issues in the exploration of light-matter in-
teractions are coherence and quantum interference. '

With ultrafast nonlinear spectroscopy such as transient
four-wave mixing (TFWM), the coherence of the optical
excitations in semiconductors and semiconductor struc-
tures is studied with femtosecond time resolution, resolv-
ing typical dephasing times of excitonic resonances. In
these experiments, the laser beam with ultrashort pulses
is split into two beams incident on the sample in the
directions k, and k2, and the nonlinear TFWM signal is
emitted in the background-free direction 2k& —

k&, and
usually detected time integrated as a function of the delay

These correlation traces will, for delays much larger
than the pulse length, and for systems that can reason-
ably well be described by a two-level system, show an ex-
ponential decay IFwHM(r) ~I(0)e 'r', from which the
dephasing time T2 = 1/y can be determined if the
coefficient c is known. For a purely homogeneously (in-
homogeneously) broadened two level sy-stem, c =2
(c =4). This technique has been applied in various bulk
semiconductors, such as CdSe, GaAs, ' Ge, ZnSe,
or GaSe, ' '" or quantum wells manufactured in binary
materials like GaAs (Ref. 12) and ternary materials like
In„Ga& „As. ' These studies have demonstrated that in-
homogeneous broadening is present in many solid-state
materials. The inhomogeneous broadening can be due to
environmental resonance shifts caused by, e.g., crystal
6elds or strain as well as interface disorder' in the
quantum-well structures. Compared to the homogeneous
linewidth, reffecting the phase distorting (phonon or
carrier-carrier) scattering processes, the inhomogeneous
linewidth is often much broader. Within the inhomo-
geneous line, the homogeneous linewidth can be deter-
mined by spectral hole burning experiments, ' or
photon-echo experiments' ' in the time domain. In case
the inhomogeneous linewidth is comparable to or smaller
than the homogeneous linewidth, it is normally difBcult
to get accurate information on the two broadening mech-
anisms.

If a nearly degenerate three-level system is coherently
excited by an ultrashort laser pulse, the correlation trace
in a TFWM experiment may additionally show modula-
tions due to quantum interferences or beats

ITFwM(r) =I,„,(r) I 1+II(r)cos(star+ $)I,
where hto =hE lfi is determined by the splitting
hE =E2 E, of the—nearly degenerate transition energies
E, and E2. The decays of the average signal I,„,(r) and
of the modulation amplitude I (r) are again determined
by the dephasing times of the transitions involved. The
phase of the modulation is specified by P. Such modula-
tions have been observed between various excitonic reso-
nances in GaAs quantum wells' as well as in bulk
CdSe. '

Recently, it was shown that spectral resolution of the
FWM signal provides the possibility to distinguish be-
tween polarization interference from independent macro-
scopic polarizations and true quantum interferences in
material systems, where more transitions share a com-
mon level. ' The theoretical basis for this work is given
by the optical-Bloch equations OBE's. In our model the
OBE s are solved, in the time domain, for either indepen-
dent two-level systems and for three-level systems. By
Fourier transforming this result, we get the spectral
behavior, which we investigate in the experiments.

In this work, we study the inhuence of inhomogeneous
broadening on the TFWM signal. With spectral resolu-
tion it is possible to deduce the homogeneous linewidth y
and the inhomogeneous line width I simultaneously.
When the interfering resonances share a common level, it
is necessary, in addition to the inhomogeneous broaden-
ing, to describe how the inhomogeneous broadenings of
the different resonances are correlated. In an atomic-
gas system, which normally is Doppler broadened, one
expects a priori full correlation, whereas this condition
could be relaxed in a condensed matter system.

Experimentally, we discuss results obtained by spec-
trally resolved TFWM for the impurity-bound excitons
(I& and I2 ) in CdSe and the heavy-hole exciton (hhx) and
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light-hole exciton (lhx) in a GaAs multiple quantum well
(MQW). The present work is of special importance for
artificially grown semiconductor structures because the
optical resonances in these, in many cases, are inhomo-
geneously broadened due to unavoidable interface rough-
ness.

II. LINE-SHAPE ANALYSIS
FOR SPECTRALLY RESOLVED TFWM

The theoretical basis for spectrally resolved four-wave
mixing has been developed in a recent paper. In this
section, we discuss the extension of the theory to inhomo-
geneously broadened systems. We have calculated the
third-order polarization P' '(t, r) from the optical-Bloch
equations. In the calculation, we only keep the terms
having the wave vector 2k2 —k„since we experimentally
detect in this direction. Contributions to the TFWM sig-
nal resulting from pulse overlap in the sample are
neglected in the present calculations. The TFWM signal,
which we detect with a spectrometer is

Irrw~ ~ [P' '(~, co)+c c ], .w.here P' '(r, co) is the
Fourier transform with respect to t of P' '(r, t). We
make use of the complex frequencies 0;, =co;J —iy;, ,
where y is the damping. In order to develop some intui-
tion, we first consider the response from one homogene-
ously broadened resonance. The result is

(2)

where M is the dipole matrix element and t is the time
after the arrival of the first pulse and the second pulse ar-
rives at t =~. The spectral overlap of the resonance with
the incident fields as well as various integrations involv-
ing the electric fields of the incident pulses have been
suppressed. N denotes the number of two-level "atoms"
and 8(t) is the Heaviside step function. Fourier trans-

I

forming Eq. (2), one gets

2M 4 ' 2l
2ie

02) CO

8(r) . (3)

It can immediately be seen that Ir~w&(r)
~exp( 2r—/T2), and that the spectrum of Ir„w~ is a
Lorentzian.

If the resonance is inhomogeneously broadened, the re-
sult in Eq. (2) must be integrated over, e.g. , a Gaussian
distribution of transition frequencies

&4 ln2
g~(co„)= —exp —4 ln2r ~

C
2

(4)

where the inhomogeneous broadening has a full width at
half maximum (FWHM) of I . The polarization in real
time is now found from

P;'„h(r&t) fg~(m2) )Pq()'~ (r& t&co2, )dmq,

I' (t 2r)
ham(» 21) p 16 ln2

(5)

The result obtained in Eq. (5) shows that the photon echo
emitted at t =2~ is the real-time Fourier transform of the
inhomogeneous line. The e function clips the Gaussian
in real time for delays smaller than the inverse linewidth
r & 1/I . Figure 1 shows the normalized absolute square
of Eq. (5) as a function of real time t for different delays.
Figure 1 illustrates that the photon echo comes out
without being clipped only after a certain delay as ex-
plained above. For delays shorter than 1/I, the response
will have a broader frequency content due to the 8 func-
tion, which, in the experiments, has a rise time given by
the length of the laser pulse. Fourier transforming Eq.
(5) gives

m n -2r ~ (~&i ~) 'Yzi

I2
r

~)'Y2i 721
Xexp i 8 ln2

2
erfc 2&ln2

I-2 I- 8 ln2 I
(6)

In this case, Ir~&(r)~exp( 4r/T2) for—r&5/I.
The resonance enhancement is now a Gaussian, which
also reflects the spectrum of I~&~ at sufficiently large
delay (r »1/r), when the erfc becomes independent of
the delay. This is illustrated in Fig. 2, where the absolute
square of Eq. (6) is shown versus delay and for different
detunings 5=(co—

co&& )/I . In Fig. 2(a), for a small inho-
mogeneous broadening (I =3y), there is a small depen-
dence on detuning, reflecting that the spectrum becomes
narrower for increasing delay. This is due to the discon-
tinuity in the real-time behavior for delays shorter than
the inverse inhomogeneous broadening, as shown in Fig.
1. This is expressed in Eq. (6) in the erfc function. For a

larger inhomogeneous broadening, as in Fig. 2(b) with
I =10', the dependence on detuning is much stronger
and, for small detunings, the correlation traces even show
a distinct maximum. This behavior reflects how inhomo-
geneous broadening and the resulting photon echo is re-
vealed in spectrally resolved four-wave mixing, allowing a
simultaneous determination of the homogeneous
linewidth and the inhomogeneous linewidth. The expres-
sion in Eq. (6) also contains a phase factor, where the
magnitude of the phase shift through the resonance is
determined by the ratio p=r/y. This is the equivalent
of the phase shift introduced by the resonance denomina-
tor in the case of homogeneous broadening in Eq. (3).
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FIG. 1. The normalized absolute square of Eq. (5) vs real
time t for different delays r=O, 1, 2, and 3 ps. For this calcula-
tion I =5y.

Recently, such Lorentz-Gauss (LG) profiles were stud-
ied in detail in GaAs MQW by Humlilek et al. They
showed that the LG profiles are Lorentzian in the wings
and Gaussian in the center of the line. They found
indeed, that the absorption profiles in GaAs MQW are
well described by a LG profile at not too low tempera-
tures.

If several such independent resonances are coherently
excited by the same laser pulse, the total polarization is
calculated as a sum of terms like Eq. (6), for positive de-

The subscript PI indicates that Eq. (7) results in polariza-
tion interference, when the total emitted field from
Pz&'(r, co) is squared in the external detector. Note that
in the case of inhomogeneous broadening, it is the phase
of the Erfc that determines the beat period [see Eq. (6)].
The signature of polarization interference is a phase
change of the beats around a resonance, because the beat-
ing is between a resonant term and a nonresonant term.
The Erfc depends strongly on the ratio P, which sets the
limits for the possibility of observing polarization in-
terference. The emitting polarizations do not interfere
for a delay exceeding the inverse inhomogeneous
broadening. This behavior can be seen in the calculation
in Fig. 3, where the modulation persists longer for small
inhomogeneous broadening [Fig. 3(a)] than for a larger
inhomogeneous broadening [Fig. 3(b)]. A small phase
shift of the modulation as a function of detuning can be
observed, and this again depends on P, as seen in Eq. (6).
For small inhomogeneous broadening, it is clear that
another signature of polarization interference is a
minimum modulation amplitude at the resonance fre-
quency, 5=0.

Turning to the case where the beating resonances are
coupled, i.e., forming a three-level system, one must
reconsider the OBE. This has been done previously in a
recent publication. The result for the third-order polar-
ization P' '(r, t), calculated for positive delay ~)0, is
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FIG. 2. The normalized absolute square of Eq. (6) showing
the calculated decay of the TFWM signal vs delay ~ for different
detunings 5=(co—co„,)/r. For clarity the curves are offset by
0.1. In (a), I' =3y and in (b), I = 10y.
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FIG. 3. Polarization interference for different detunings

5=(co—co„)/I calculated from Eq. (7) for Ace»=1. 5500 eV
and fico» =1.5583 eV corresponding to a beat period of
Tb, =0.5 ps. y»=(8 ps) ', y»=(4 ps) ', r»=r»=r, (a)
I =3y» and (b) I =10y». For clarity the curves are offset by
0.2.
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where X now is the density of three-level systems. The
subscript QB indicates that a true quantum beat is found
in a three-level system, because one resonant term con-
tains the phase (in the delay domain) of both resonances.
Fourier transforming Eq. (8), we get the result

(3) , 21e 21 31e2M4 21 +M2 M2
PQ13 1rorn(r&CO) N '

021 N

+ 0 N31

Assuming equal dipole matrix elements of the transitions

and distinctly different dampings of the two levels in-
volved in the beating, e.g., y» &)y2„a simple expression
[compare with Eq. (1)] for the intensity of the TFWM sig-
nal detected near one resonance is obtained

~21 ~31e " [1+e " cos[(co21 f031)T]J
cx

TFWM (10)

showing that the average signal decays with the slowest
damping rate, whereas the decay of the beat modulation
decays with the fastest damping rate.

We introduce a correlated distribution of N21 and N31

to describe the inhomogeneous broadening in a three-
level system. If there is no correlation, 5N2 is indepen-
dent of Lo]. On the other hand, full correlation describes
the situation where 5co2 is a function of 5'�„
5co2=f(5cot ). The two-dimensional Gaussian is

4 ln2+1 —A,

g1v( tr121 &31 k ) = exp —4 ln2
~r»r3]

2
(21 ~21 )(31 ~31 )—2A, +

21 31

C
N31 N31

where A. is the correlation parameter and N';] is the center frequency of the inhomogeneously broadened line. X=0
(A, = 1) means no (full) correlation. In Eq. (11), I;,=I';,(1—

A, )'~ . Notice that the correlation makes the effective
linewidth smaller, when A, increases from 0 towards l.

Calculating the polarization from an inhomogeneously broadened three-level system, we notice that the first term in

Eq. (8) is similar to the result for a single resonance. Therefore, we focus on the second term from Eq. (8), which we

denote the beating term

(3) . 2 2 -ln21(~-t) ln31
Pb„, bo~(r, t) =iNM21M31e e (12)

and we consider only the contribution from one resonance, that is co =m2, . From Eq. (11)and Eq. (12) we get

Pborrt rnb (T& t) = d &21 d &31gN(&21&&31&k)Pborrt hor(V tn&N2&1 &31)&
(3) (3)

21 t —r) ~21 t —r) ~31 ~31+ 2]i r

21 31 16 ln2

r2', 2 r„r„(t—~)r
X exp

16 ln2
exp

8 ln2
8(t —r), (13)

i.e., the beating term gives rise to a signal in real time emitted at t =~. Notice that it is the real inhomogeneous

broadening, I;1,which enters in Eq. (13). This signal from Eq. (13) will, in addition to the T2 damping, be damped by a

Gaussian with a Sxed FWHM related to the inhomogeneous broadening of one resonance in case of no correlation
(A, =O) or with a t-dependent and r-dependent FWHM related to both inhomogeneous broadenings in case of correla-

tion (AAO). In Eq. (13), the phase of both resonances appear. Fourier transforming Eq. (13), we obtain the result for
the beating term
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p~, ;~(r, ro) —iNM2tM3t2 exp Ii(ro»+ro)rI exp — y3t+&y»
&21

I'3,r
r exp' —(1—A, )

~ ~

(r02t —ro)' —y2t . r02t
—~ g ht2r zi

Xexp —41n2 exp i —A,I 31'I.„ I 21 I 21

i(~k —~)+r2i
Xerfc 2+ln2

21

I »v

8 ln2
(14)

In Eq. (14), the efFect of the correlation becomes evident. The beating term will decay both from a T, term and a
Gaussian term in case of no correlation. For large correlation the Gaussian decays very slowly, and therefore in a
quantum-beat experiment, the modulation persists as long as the signal does. The two first resonant terms (ro=c02&}
from Eq. (g) then give the polarization

(,) . , v'~ln2 . (~2]—r0} gln2y2]
P&a;~(i, r0)=2iNMz& expIiror)exp i

21 21

(uzi —m)' —r»
exp —4 ln2

I 21

i(m2t —m)+y»
X 2M&&expI icos 2y»—r)erfc 2&ln2

21

I 21&

8 ln2

+M3&exp ir0311 y3(+)Lr2]
21

T 'exp ' lA, I 3irI 21

I 21

J

I'3,r i(r02, —ro}+y~,
Xexp ' —(1—A. } erfc 2Vln2

16 ln2

I 31m

8 ln2
(15)

If the two beating resonances are separated much more
than their respective inhomogeneous broadenings, the
main contribution to the detected signal near one reso-
nance is given by Eq. (15). If not, one needs to add a con-
tribution that can be obtained from Eq. (15) with ex-
change of indexes (2~3). In the following, we focus on
the former case. Figure 4 shows the calculated depen-

dence on detuning of the TFWM signal for small inho-
mogeneous broadening (I =3y }. In contrast to polariza-
tion interference, there is no phase shift at the resonance
and the modulation has maximum amplitude in the reso-
nance. Therefore, it is possible to distinguish between po-
larization interference (independent two-level systems}
and quantum beats (three-level systems}. 2' Here again,
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the influence of inhomogeneous broadening is dependent
on detuning and time delay: For large detuning, the
correlation traces decay faster. In Fig. 4(a), we have
chosen A, =O, and the beats disappear before the signal
does. In the other extreme, X=1, the beats persist as
long as the signal does. In a quantum-beat experiment, it
is, therefore, possible to deduce how strong the beating
resonances are correlated. If the resonances are more in-
homogeneously broadened, the signal, as a function of de-
lay, again shows a maximum for a finite delay. However,
the maximum is less distinct for smaller correlation. This
can be observed in Fig. 5(a) with zero correlation A, =O
and in Fig. 5(b} with full correlation A, = 1, respectively.

After a short description of our experimental setup, we
shall present our experimental results demonstrating the
influence of inhomogeneous broadening on spectrally
resolved four-wave mixing.

III. EXPERIMENTAL DETAILS

We have investigated spectrally resolved TFWM spec-
tra from two different material systems: (a) a thin (5 pm)
bulk CdSe sample and (b) two molecular-beam epitaxially
grown GaAs/Al„Ga, „As (x =0.3) MQW samples with
well width of 80 and 100 A, respectively. The CdSe sam-
ple is of high optical quality with pronounced I, (exciton
bound to neutral acceptor) and It (exciton bound to neu-
tral donor) lines. The energies are El&=1.8169 eV and
El&= 1.8217 eV. The GaAs MQW samples are grown on
(100)-oriented GaAs substrates with 20 (10) wells of
width of 100 A (80 A) corresponding to 35 (28) mono-
layers. The 100-A GaAs MQW sample has a linewidth
(FWHM) of the hhx (absorption peak at Eb&„=1.5500
eV) of I'zb„=1.4 meV and the lhx (absorption peak at
E,„„=1.5580 eV) is approx 1.4 times broader. The ob-
served Stokes shift of the luminescence was 0.5 meV. For
the 80-A GaAs MQW sample, we have a linewidth
(FWHM) of the hhx (absorption peak at Eb„„=1.5672
eV} of I &&„=1.8 meV, with a Stokes shift of 0.5 meV.
With this sample, it was possible to excite the hhx
without the lhx (absorption peak at E&b„=1.5805 eV),
whereby the beats were avoided. The molecular-beam-
epitaxy samples appeared to be spatially inhomogeneous
with varying linewidth, when the laser was moved on the
sample. The samples were mounted in a liquid helium
cryostat, and the presented spectra are obtained at low
temperatures between T=2 K and T=10 K. For the
CdSe experiments, we used pulses generated at a repeti-
tion rate of 82 MHz from a mode-locked argon-ion laser,
which pumps synchronously a tunable dye laser (DCM).
The generated pulses have a spectral width of about 4
meV corresponding to a coherence time of approx 500 fs.
The linearly copolarized light is incident on the crystal
with the polarization perpendicular to the c axis (E~c).
In the GaAs MQW experiments, we used pulses generat-
ed at a repetition rate of 80 MHz from a self-mode-locked
Ti:Sapphire laser. The pulse length was approx 150 fs
corresponding to a spectral width of about 11 meV. The
laser spot on the sample is focused to approx. 40 pm and
the self-difFracted TFWM signal from the sample is

dispersed in a spectrometer with a resolution of less than
0.1 meV and detected time integrated.

IV. EXPERIMENTAL RESULTS AND DISCUSSION
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FIG. 6. Spectrally resolved TFWM (full curves) at the
impurity-bound exciton II in CdSe at T=2 K with resonant
laser excitation. The detuning is 5=%'(ct) ct)II)/(0. 06 meV).
Each curve is normalized at zero delay (~=0) suppressing the
peak. The dashed curves are calculations from Eq. (6}with the
parameters T~(I, ) =200 ps and I =50@ (see text).

In CdSe we have measured the spectrally resolved de-
cay from an impurity-bound exciton, the I, line as shown
in Fig. 6. The peak observed in Fig. 6 at zero delay,
~=0, is due to pulse overlap in the sample. In the calcu-
lations we have not included terms due to pulse overlap
and, therefore, we do not consider this part of the experi-
ment. The observed spectral dependence (full curves) in
Fig. 6 is seen to be in agreement with Fig. 3, as the more
detuned spectral components decay faster than the center
component. This is the signature of the emission of a
photon echo, when the signal is spectrally resolved rather
than real-time resolved. The information in the measure-
ments is the same, although it is easier to see the presence
of a photon echo in real time. A fit (dashed curves in Fig.
6) to the 5=0 component gave the parameters
Tz(I&)=200 ps and I'(I&)=50 y(I&)=0. 16 meV in
reasonable agreement with the observed linewidth in a
linear luminescence experiment. These values are also in
agreement with recent real-time resolved photon-echo
measurements in CdSe by Schwab, Lyssenko, and
Hvam. ' The two detuned spectral components in Fig. 6
are not fitted separately, but calculated with the same pa-
rameters as for the 5=0 component. The calculated
curves agree excellently with the observations.

In a recent paper, ' we studied the nature of four-wave
mixing beats in semiconductors. We showed results from
a polarization interference experiment exciting simultane-
ously the I, and It bound-exciton lines in CdSe. The ex-
periments gave the expected phase shift of the beats in
the resonance (see Ref. 21 for more details).

Performing a similar experiment in the 80-A GaAs
MQW with the intensity peak of the laser tuned well
below the hhx resonance, we could avoid the beats with
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QB

Nhx hhx

l'h~„= 0.25THz

is dificult to compare observations from linear and non-
linear experiments directly. With the present analysis, it
is possible to extract the actual homogeneous and inho-
mogeneous linewidth in a nonlinear experiment.

V. CONCLUSIONS

CL

0
Z.'

U

U

t,„=3.2K„

h, =l

4Q

2 3 4

Time Delay (ps)
FIG. 9. A calculation of the absolute square of Eq. (15) for

parameters in agreement with the observation of Fig. 8. Again,
the detunings 5 vary in steps of 5=0.21 meV.

cay faster for increasing detuning. This dependence is
stronger for the hhx resonance than for the lhx reso-
nance. From the decay of the lhx signal, where the
modulation persists as long as the signal does, we con-
clude, that the hhx and the lhx quantum beat are highly
correlated. In Fig. 9, we show a calculation based on Eq.
(15) with parameters relevant for the observations in Fig.
8: Tz(hhx)=4 ps and T2(lhx)=1. 5 ps, I'„„„=7yh„„and
I &h„=3.2y&». The corresponding intensity FWHM
linewidth are I;„,(hhx)=0. 8 meV and I;„,(lhx)=1.0
meV, which are smaller than the linewidth observed in a
linear experiment. However, in the linear experiment a
much larger area of the sample was investigated giving
the larger inhomogeneous broadening. This shows that it

We demonstrate in this paper that extra information is
obtained with spectral resolution of the nonlinear signal
in a time-integrated transient four-wave mixing experi-
ment, thus representing a useful alternative to real-time
resolution of the nonlinear signal. With spectral resolu-
tion, it is easy to determine whether a transition is homo-
geneously or inhomogeneously broadened, and we
presented a line-shape analysis to extract both the de-
phasing time T2 and the ratio of inhomogeneous to
homogeneous broadening P. We presented also a
rigorous line-shape analysis for the case of inhomogene-
ously broadened multilevel systems, i.e., independent
two-level systems and a three-level system. In the former
case, the observed polarization interference will show a
phase shift of the beats with respect to the detuning. The
phase shift is dependent on P. The beats will persist only
for time delays smaller than the inverse inhomogeneous
broadening. A similar result is obtained in a three-level
system, if the two inhomogeneous broadenings are un-
correlated. For full correlation, the beats persist as long
as the nonlinear signal does. This latter case of quantum
beats does not show any phase shift of the beats as a func-
tion of the detuning. In CdSe, we determined the (inten-
sity) inhomogeneous and homogeneous broadenings of
the I& line. In GaAs multiple quantum wells, we ob-
served (1) the change of hotnogeneous linewidth with in-
tensity of the heavy-hole exciton line and (2) quantum
beats between the heavy-hole and light-hole excitons. In
the latter case, we could conclude that the inhomogene-
ous broadenings were highly correlated.
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