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Current scaling in the integer quantum Hall effect
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We report a current (I)-dependent transport measurement in between two adjacent integer quantum

Hall plateaus at different bath temperatures ( Tb ) for 10 nA &I & 10pA. We find the maximum slope in

p„„scales with I when I is larger than a characteristic value. Combined with previous T scaling resu ts,
we find the current-dependent effective temperature of the two-dimensional electron gas in the integer
quantum Hall effect regime, T, -Io', independent of Landau levels and the spin degeneracy Th.is result

allows us to deduce that p =2 for the T exponent of the inelastic scattering length (I;„—T, ). There-
fore, the values of the localization exponent v and of the dynamical exponent z can be obtained directly
and independently.

Scaling studies' in the transition regions between pla-
teaus of the integer quantum Hall effect (IQHE) have
drawn a great deal of interest in recent years both experi-
mentally and theoretically. ' In a two-dimensional elec-
tron gas (2DEG) at low temperature (T} and high tnag-
netic fields (B), the appearance of the quantum Hall pla-
teaus in the Hall resistance p„=h/iez (where h is the
Planck constant, e the electron charge, and i an integer) is
now understood in terms of a continuous metal-insulator
transition with critical singularities in the resistances p„„
and p„~ as T approaches zero. More specifically, it has
been demonstrated' that both the maximum in dp„s /dB,
(dp„„/dB) '", and the inverse of the half width in p„„
(hB) ', between two adjacent quantum Hall plateaus at
low T follow the power law T " (tc=0.42), for spin-
polarized Landau levels and independent of the Landau-
level index. This critical behavior is a direct consequence
of the existence of a diverging localization length (g) de-
scribed by g-(EF E, ) ", wh—ere EF is the Fermi ener-

gy, E, the center of a Landau level, and v a universal crit-
ical exponent. Since the localization is due to quantum
interference of the electron, the microscopic effective
sample size is determined by a T-dependent inelastic-
scattering length ( I;„). One can conceptually cast the T
into a length scale. If we assume that l;„—T in high
B, similar to that in weak localization, the experimental-
ly measured exponent is a. =p/2v. The power-law depen-
dence is then a manifestation of scaling for the electronic
transport of 2DEG in high B. For spin degenerate levels,
K was found to be 0.21, ' ' half that for spin-polarized lev-
els. However, the T-dependent measurement alone can-
not determine p and v independently.

It is known that an electron heating experiment ad-
dresses the issue of I;„within a model proposed by An-
derson, Abrahams, and Ramakrishnan. In the absence
of B, electric-field- (E-) dependent transport measure-
ments in thin metal films " and in Si-metal-oxide-
semiconductor devices ' ' at low temperatures showed
that the conductance cr -ln(E} when E was large enough,

and o -ln(T) when E was small. The latter T-dependent
behavior was a characteristic of scaling in the weak-
localization regime. Anderson, Abrahams, and Rama-
krishnan also discussed the effect of electric field using
an electron heating model. When an electric field (E) is
applied, energy is being put into the sample. The
effective temperature (T, } of the electron gas is then
different from the bath temperature (Tb). The conduc-
tance measured at finite E hence reflects the conductance
at T, instead of Tb. Since the conductance scales with
the length, or the temperature, it should also scale with
E. Roukes et al. ' obtained the T, as a function of E us-

ing noise measurement in thin metal films and extracted
the value ofp following a more detailed calculation. "Re-
cently, the effect of E, or equivalently the applied current
I, was discussed in a model of scaling in the IQHE regime
by Polyakov and Shklovskii. " In particular, this model
discussed the electron heating from the insulator side and
predicted power laws for the E-dependent width of p„„
and T, .

In this paper, we report current (I) scaling in the
IQHE regime that addresses the issue of i;„at high B in
the context of electron heating on the metal side. Most
strikingly, we obtain T, -I independen't of Landau lev
els and the spin degeneracy. From the electron heating
model, '" we deduce p =2 for the 2DEG in the IQHE re-
gime. This value of p enables us to obtain, independently
of any theoretical models, the localization exponent
v=2. 4 and 4.8 for spin-polarized and spin-degenerate
Landau levels, respectively, and the dynamical exponent
z =1.

The sample used in this work is an Ino 53Gao 47As/InP
heterostructure described in Ref. 1. The Hall bar pattern
on the sample has a channel width of 600 pm. It has sn
electron density n =3.3 X 10" cm and a mobility
@=35000 cm2/V s at 4.2 K. In a recently built cryostat,
the sample is glued onto a copper rod which is attached
to a He chamber in a cancellation coil, and the Tb is re-
gulated via a heater. Transport coeScients are measured
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by standard ac lock-in technique. The circuit for the ac
current source consists of the voltage source of the lock-
in amplifier, an operational amplifier, and a decade resis-
tor box. We have also checked that the result described
in this paper does not change when a dc current source is
used. The I range in our experiment is 10 nA&I &10
pA. At higher I ( & 20/uA at T& =0.3 K), the bath starts
to warm up, indicative of insuScient cooling power of the
refrigerator. We also checked the relation

( Pp /PB )max T—0.42

in the T range 0.3 & Tb & 4.2 K. For T lower than 0.3 K,
the sample is immersed in the He and He mixture in a
dilution refrigerator. We use the voltage source of the
lock-in amplifier connected in series with a 10 MQ resis-
tor as the current source. Since the results from the two
different cryostats are consistent with each other, the
thermal coupling of the sample to the bath does not play
any role in our results.

The top panel of Fig. 1 shows p„and p„as a function
of B at I=10 nA for Th=3. 3, 1.2, and 0.3 K. The bot-
tom panel shows the I dependence of p and p „at
Th=0. 3 K. We emphasize that the T and I dependent
evolutions of p „and p„are qualitatively the same. In
particular, identical p oscillations in low B taken at
I =10 nA at any fixed bath temperature Tb &0.3 K can

I = lpnA

be obtained at Tb =0.3 K by increasing I (for example,
the Tb =1.2 K trace in the upper panel and the I=3.5

pA trace in the lower panel). This fact, indicative that at
sufFiciently high I the electron system has an effective
temperature above that of the crystal lattice, has been
widely used to study the electron temperature T, of the
2DEG. ' The data indicates that, at I =13pA, T„, is less
than 3.3 K, and thus, in our range of 10 nA & I & 10 pA,
the electron temperature does not exceed 4.2 K. This
sample shows T scaling for T &4.2 K when I ~10 nA.
So, the I dependent (dp„ /dB) '" is expected to show
power-law behavior since T, is determined by I.

In Fig. 2, we plot the I dependent (dp„~/dB) '" mea-
sured at TI, =25 mK (solid circles), 0.3 K (open circles),
0.85 K (squares), and 1.5 K (triangles) for Landau levels
with indexes X =0 1 (upper part), 11 (middle part), and
11, (lower part). To avoid cluttering of data points, we
have shifted downward all the data for the X =11 Lan-
dau level, and upward the solid circles for the X=01
Landau level by multiplying each data point by 0.5 and
1.6, respectively. For the %=01 Landau level, there is
slight mismatch in the data from two different runs. But
the linear dependence to be described below is the same
in both runs. It is clear that there exists a characteristic
current Io for each T&, below which (1p„» /dB) '"
remains constant, and above which (dp„» /1B) '" merges
into one linear curve on our fog-log plot. We obtain,
from the data, for I &Io,
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FIG. 1. Magnetotransport coefficients p„~ and p„„versus 8 at
Tb =3.3, 1.2, and 0.3 K in a low mobility In„Ga& „As/InP het-
erostructure for I =10 nA (upper panel). The lower panel is
with I = 13, 3.5, 0.15 pA at Tb =0.3 K.

FIG. 2. (dp„~/d8) "versus I at Tb =25 mK (solid circles),
0.3 K (open circles), 0.85 K (squares), and 1.5 K (triangles) for
three Landau levels N=OJ, , 1$, and 1$. The data for %=15
and the top solid circles of the X =0& are scaled by 0.5 and 1.6,
respectively, for clarity. All the lines drawn through the data
have a slope of 0.23.
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(dp„ /dB) '"-I (2)

over three decades in I and b =0.23+0.02, independent
of the Landau-level index. From our previous discussion,
we interpret this single power-law dependence as a conse-
quence of the T scaling in Eq. (1). Therefore, our data
implies that

T -I'
e (3)

and a =0.5 within the experimental uncertainty of about
10%. This 10% uncertainty applies to all the exponents
measured in this work.

In analogy to the electron heating model for thin metal
films, '" the smearing of the Fermi distribution function
is characterized by T, ( ) Tb ) and is given by the energy
acquired by the electron diffusing a distance l;„ in an elec-
tric field E. Therefore, k&7;-eEl,.„, and 7;-I
From our data, we obtain p =2, independent of Landau
levels. If we identify this l;„as the relevant length scale
for scaling, from p =2 and a=0.42=p/2v, we obtain
consequently v= 2.4, which agrees with existing
values. ' ' This value of p has another consequence. If
we combine the results from the T scaling experiment'
and the more recent frequency scaling experiment, "we
find pz =2, where z is the dynamical exponent. Our re-
sult ofp =2 gives z = 1, independently of the value of v.

The energy acquired by the electrons has to be dissipat-
ed to the bath through presumably the coupling between
the 2DEG and the substrate lattice in our sample. One
may therefore be tempted to identify the l;„described
above as due to electron-phonon scattering. However,
based on a semiclassical approximation for 2DEG in high
8 in a smooth random potential, Zhao and Feng "ob-
tained p =3 for the electron-phonon scattering rate. This
is different from p =2 in our experiment, suggesting that
the electron-phonon scattering is not relevant. In the
weak-localization regime, Lin et al. ' found that p =1, in
agreement with the theory for electron-electron scatter-
ing in the dirty limit. ' Similar theoretical studies in high
8 are currently lacking, and the understanding of our
p =2 result awaits further investigations.

Another possible approach to explain the current scal-
ing result in Eq. (2) is to consider a length scale caused by
suppression of quantum interference as E is applied,
which was first proposed by Fu. ' Using the E depen-
dent l;„deduced from his theory, we obtain
(dp„» ldB) '"-I ' for spin-polarized Landau levels,
which does not agree with our experiment. However,
this theory is for bulk metals in the absence of B, and
there is no extension to 2DEG in high 8.

The experimental exponents in Eqs. (2) and (3) are ap-
parently the same as those predicted in the recent model
of scaling based on variable range hopping with a
Coulomb gap. " The approach for understanding the
scaling in this model is fundamentally different from
ours. In particular, l;„plays no role in explaining the
scaling behavior within this model which considers the
transport from the insulator side, i.e., in the plateau re-
gion. It assumes k&T, -eEg. The predicted exponents
b =~/2 and a =

—,
' in this model are a result of equating

eEg to the Coulomb energy -e /eg. We would like to
point out that our T, is obtained from (dp„»/dB) '"
measured at the center of a Landau level, i.e., on the met-
al side. Therefore, i.t is legitimate to talk about the con-
cept of l;„.

The same measurement has also been done for spin-
degenerate levels N =2 and 3 in our sample. The T scal-
ing shows (dp„» ldB) '" —T ' ' ' The I dependence
(dp„ /dB) '" is plotted in Fig. 3 at Tb =25 mK (solid
circles), 0.3 K (open circles), 0.85 K (squares), and 1.5 K
(triangles) for the N=2 (upper part) and N=3 (lower
part) Landau levels. The data for the N=3 level have
been shifted downward by multiplying the data point by
0.5. When I is larger than a characteristic current, the
(dp„»/dB) '" data show the same linear dependence on
this log-log plot over three decades in I. The straight line
passing through the data points has a slope of 0.1+0.01.
Using the same heating model, we obtain T, -I and

p =2 independent of the Landau-level index. Since p =2
and a =0.21, thus v=4. 8 for the spin-degenerate levels.

From our result, it is tempting to say that this spin-
degenerate case belongs to a different universality class.
However, it was found that the odd integer plateau would
still appear in the limit of zero T in an In„Ga& „As/InP
sample with a small Zeeman energy 5=0.025 meV. ' ' It
implies that at extremely low T there are two consecutive
metal-insulator transitions each characterized by v=2. 4,
even though it appears to have only one transition at high
T. This is confirmed in a recent numerical study, ' in
which b is assumed to be small compared with the width
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FIG. 3. (dp„~/d8) '" versus I at Tb =25 mK (solid circles),
0.3 K (open circles), 0.85 K (squares), and 1.5 K (triangles) for
two spin-degenerate Landau levels N=2 and 3. The data for
N=3 are scaled by 0.5 for clarity. The lines passing through
the data points have slopes of 0.10+0.01.
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of the disorder broadened Landau level. These observa-
tions are consistent with the three-dimensional conduc-
tance Sow diagram proposed in Ref. 3(d). Namely, there
is a T-dependent effective g factor that drives the system
from the completely spin-degenerate case to the spin-
polarized case. The apparent power laws
(dp„«/d8) '"-T a'nd (dp„«/dB) '"-I 'a're
crossover effects. In this case, it is surprising that the ex-
ponent does not depend on the Landau-level index and
that the power law persists over three decades in I.
Moreover, if T is high enough, the effective g factor is
small. It is possible that the system is very close to the
completely spin-degenerate case and we are in effect
probing the critical behavior of a completely spin-
degenerate level. In any case, it is not known theoretical-
ly at present if the spin degree of freedom in a completely
spin-degenerate level can result in a different universality
class. A more definitive experimental test should be done
in a sample with zero Zeeman splitting.

Comments about applying this study to
GaAs/Al„Gai „As heterostructures are also in order. It
was found that there is no universal (i.e., independent of
Landau levels) scaling behavior unless T is low enough. '

In this case, the experimentally measured exponent ~ at
high T is not the critical exponent p/2v, even though
there may be an apparent power law in (dp„«/d8) '".
However, one can still use the T dependence of
(dp„«/d8) '" as a thermometer to extract T, from the I

dependent (dp «/d8) '" and to study I;„ in high 8.
Research along this line is currently in progress. %'e
would also like to mention that our result v=2. 4 for
spin-polarized levels is the same as that obtained from
sample-size scaling measurement by Koch et al. in

GaAs/Al„Ga, As heterostructures. ' ' On the other
hand, v=4. 8 for spin-degenerate levels is different from
their result. The reason for this disagreement is not clear
at present.

In summary, in a study on I-dependent transport in the
IQHE regime, we find a current scaling:
(dp„ /d8) '"-I, when I is larger than a characteris-
tic current. The exponent b =0.23+0.02 and 0.1+0.01
for spin-polarized and spin-degenerate Landau levels, re-
spectively. %e interpret this result as due to T scaling
and obtain 1,-I . Assuming that k&T, -eEl;„, we

deduce p =2 independent of Landau levels and the spin
degeneracy. This value of p yields v=2. 4 and 4.8 for
spin-polarized and spin-degenerate Landau levels, respec-
tively. In addition, z = 1 is a natural consequence.

%e thank Boris Shklovskii, Steve Girvin, Allan Mac-
Donald, Dan Arovas, and A. M. M. Pruisken for stimu-
lating discussions, and Danny Shahar for his help. This
work at Indiana University is supported by the IU Foun-
dation and NSF Grant No. DMR-9311091, and at
Princeton University by NSF Grant No. DMR-9016024.

H. P. Wei, D. C. Tsui, M. Paalanen, and A. M. M. Pruisken,
Phys. Rev. Lett. 61, 1294 (1988).

A. M. M. Pruisken, Phys. Rev. Lett. 61, 1297 (1988).
(a) P. L. McEuen, A. Szafer, C. A. Richter, B.W. Alphenaar, J.

K. Jain, A. D. Stone, R. G. Wheeler, and R. N. Sacks, Phys.
Rev. Lett. 64, 2062 {1990);(b) S. Koch, R. J. Haug, K. v.
Klitzing, and K. Ploog, ibid. 67, 883 (1991);(c) L. W. Engel,
D. Shahar, C. Kurdak, and D. C. Tsui, ibid. 71, 2638 (1993);
(d) S. W. Hwang, H. P. Wei, L. W. Engel, D. C. Tsui, and A.
M. M. Pruisken, Phys. Rev. B 48, 11416(1993).

4B. Huckestein and B. Kramer, Phys. Rev. Lett. 64, 1437 (1990);
Y. Huo, R. E. Hetzel, and R. N. Bhatt, ibid. 70, 481 (1993);
D. Liu, and S. Das Sarma, Mod. Phys. Lett. 7, 449 (1993).

5(a) D. G. Polyakov and B. I. Shklovskii, Phys. Rev. Lett. 70,
3796 (1993); (b) D. H. Lee, Z. Wang, and S. Kivelson, ibid.
70, 4130 (1993); (c) H. L. Zhao and Shechao Feng, ibid. 70,
4134 (1993).

60. J. Thouless, Phys. Rev. Lett. 39, 1167 (1977).
78. L. Altshuler and A. G. Aronov, in Electron-Electron In-

teractions in Disordered Conductors, edited by A. L. Efros and
M. Pollak {North-Holland, Amsterdam, 1985); P. A. Lee, and

T. V. Ramakrishnan, Rev. Mod. Phys. 57, 287 (1985).
P. W. Anderson, E. Abrahams, and T. V. Ramakrishnan, Phys.

Rev. Lett. 43, 718 (1979).
(a) G. J. Dolan and D. D. Osheroff, Phys. Rev. Lett. 43, 721

(1979); (b) D. J. Bishop, D. C. Tsui, and R. C. Dynes, ibid.
44, 1153 (1980).

' M. L. Roukes, M. R. Freeman, R. S. Germain, and R. C.
Richardson, Phys. Rev. Lett. 55, 422 (1985).

~M. R. Arai, Appl. Phys. Lett. 42, 906 (1983).
' See, for example, K. Hirakawa and H. Sakaki, Appl. Phys,

Lett. 49, 889 (1986), and references therein.
B. J. F. Lin, M. A. Paalanen, A. C. Gossard, and D. C. Tsui,
Phys. Rev. B 29, 927 (1984).
E. Abrahams, P. W. Anderson, P. A. Lee, and T. V. Rama-
krishnan, Phys. Rev. B 24, 6783 (1981).
Yaotian Fu, Phys. Rev. Lett. 60, 345 (1980).

~6D. K. K. Lee, and J. T. Chalker, Phys. Rev. Lett. 72„1510
(1994).

7H. P. Wei, S. Y. Lin, D. C. Tsui, and A. M. M. Pruisken,
Phys. Rev. B 45, 3926 (1992).


