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We propose a collective-variable ansatz for a system of N extended, but finite, nonlinear exci-
tations in magnetic systems. In contrast to earlier approaches, where the interactions between the
different excitations have been treated only through an external force term, we explicitly consider
a dependence of the microscopic spin field on all the coordinates and velocities of the localized ob-
jects. This leads to N coupled equations of motion with parameters (mass and gyro tensors) which
explicitly depend on the mutual distances of the excitations. We apply this ansatz to vortices in
two-dimensional Heisenberg ferromagnets with weak easy-plane anisotropy. For vortex pairs we find
either rotational or translational motion, with an additional cyclotronlike oscillation on top of the
main trajectories. Due to the interactions between the two vortices we obtain two different eigenval-
ues of the mass and gyro tensors with values depending on the distance between the vortices, their
vorticities, and the sign of their out-of-plane structures. In contrast to the single-vortex mass, which
depends logarithmically on the system size L, we find two-vortex masses, which are independent of
L, but depend on their mutual distance. These predictions are in good qualitative agreement with
numerical simulations of the complete spin systems. However, since these simulations are performed
at zero temperature, where the vortex pairs extend throughout the whole system, we observe a
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strong influence of the boundaries on the absolute values of the masses.

I. INTRODUCTION

Nonlinear excitations play an important role in many
different areas of physics, which has led to an increasing
interest in these objects in the last 30 years.!»? Unfortu-
nately, only a few nonlinear systems—most of them one
dimensional (1D)—can be treated exactly. In general one
has to develop approximate methods to understand the
dynamics of these systems. For the case of well-localized
nonlinear excitations collective-variable approaches have
been proven quite successful for many applications.® In
these approaches, the nonlinear excitations are treated
as particlelike structures (on a mesoscopic length scale)
with well-defined positions and velocities. Even their in-
teraction with the surrounding fluctuations can be incor-
porated to some degree.®5

Magnetic systems are particularly useful for studying
nonlinear phenomena, because (i) they allow for many
different nonlinear excitations, e.g., domain walls, vor-
tices, bubbles, etc., depending on the form of the mutual
interaction of the magnetic moments and with applied
external fields; (ii) they can be mapped, at least in the
1D case, for some limiting cases onto completely inte-
grable systems; (iii) they are relatively easy to simulate
on computers, even for physically relevant system sizes,
i.e., larger than the characteristic length scales of the
quantities under investigation.

We will focus here on 2D magnetic systems which can
show, due to their intermediate dimensionality, a quite
genuine dynamical behavior.® For example, Heisenberg
magnets with XY- or easy-plane symmetry (i.e., the in-
teraction of the z components of the spins is smaller than
the one between the other components) exhibit a “topo-
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logical” phase transition, related to the unbinding of
vortex-antivortex pairs above a critical temperature Tk,
which can be observed only in 2D systems.” ® Vortices
are topological, nonlinear excitations characterized by a
charge q. The impact of vortex-antivortex pairs below
Tkt on the spin dynamics, as measured, e.g., by dynam-
ical correlation functions, leads only to a renormalization
of the spin wave peak.!? Above the transition tempera-
ture, however, the unbound moving vortices contribute to
an additional central peak which has been observed both
in computer simulations!! and neutron scattering exper-
iments on quasi-2D materials.’? Analytic calculations by
Mertens et al.!® predicted a quadratic Lorentzian shape
of this central peak. In this approach the free vortices
were considered to move ballistically with a Boltzmann
velocity distribution characterized by an average thermal
speed ¥;ms. The thermal speed was estimated by Huber!4
from a velocity autocorrelation function based on a vor-
tex equation of motion which was derived by Thiele!® us-
ing a collective-variable approach for localized structures
in magnets. This calculation of v.ns, however, did not
take into account the presence of different vortex struc-
tures for different strengths of the easy-plane anisotropy.
Moreover, Thiele’s approach is for a single, well-localized
excitation only, while its interactions with other excita-
tions are treated through an external force term.
Vortices, however, have an infinitely extended static
in-plane structure which also results in an extended per-
turbation of the static out-of-plane structure in the case
of finite velocity. Though the superposition of the static
in-plane structure of two vortices can be represented as
a central force between their centers,” this is no longer
true for the superposition of their velocity-induced out-
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of-plane structures. These corrections to the static vortex
structure show up in the calculation of the mass and the
gyro tensor of the Thiele equation and suggest that the
single-vortex approach is no longer sufficient for an un-
derstanding of many-vortex dynamics. For finite temper-
atures the vortex size becomes finite due to screening'®
(i-e., its structure is now localized), and a collective-
variable approach seems to be appropriate to construct
equations of motions for the vortex dynamics. However,
as long as vortex radii are not much smaller than their
average separations we still have to include the effects of
the overlapping fields in understanding the many-vortex
dynamics.

We introduce here a collective variable approach for N
nonlinear excitations in magnetic systems. We derive N
coupled equations of motion, each one of them similar
to the original Thiele equation, but with additional iner-
tial terms, resulting from an explicit dependence of the
microscopic spin field on the vortex velocities. We then
consider explicitly vortices in 2D easy-plane ferromag-
nets, which, for small anisotropies, already have statically
a well-pronounced out-of-plane struture. Hence, each
of them is characterized by two independent “charges,”
namely its vorticity ¢ and the sign of its static out-of-
plane component p. We use approximate solutions!”
to calculate the mass and gyro tensors of this system,
which now become functions of the mutual vortex dis-
tance. The discussion of the dynamics becomes sim-
plest for two vortices: they either rotate around each
other (¢'p! = ¢?p?), or they move parallel to each other
(¢*p* = —¢%p?), with an additional small cyclotronlike
oscillation on top of these trajectories. Due to the two-
vortex corrections of the mass and gyro tensors this dy-
namic is now determined by two different masses which
influence the amplitudes and frequencies differently for
the various cases. This is in contrast to the one-vortex
calculations, where one expects only one vortex mass.
Comparison with numerical two-vortex simulations show
good qualitative agreement with most of our analytic pre-
dictions. However, because we necessarily performed the
simulations on a finite lattice at zero temperature, we
also find an influence of the boundaries on the vortex
parameters, which in some cases, is quite strong.

The paper is organized as follows: In Sec. II, we will
briefly review the original approach of Thiele which led
to an equation of motion for a single vortex. We also in-
clude a short dicussion of a generalization of this ansatz
including inertial effects which finally lead to a vortex
mass. In Sec. III, we generalize the Thiele ansatz to a
set of IV localized magnetic structures. An application of
these results to vortices in easy-plane Heisenberg ferro-
magnets is demonstrated in Sec. IV. In Sec. V, we discuss
the special case of just two vortices, and briefly compare
our analytic results with numerical simulations. Section
VI contains a short summary.

II. SINGLE-VORTEX EQUATION OF MOTION

We will consider here magnetic systems which are de-
scribed by the Landau-Lifshitz equation (LLE) with an
additional Gilbert damping term
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S is a classical magnetization vector in units of A, H
is the energy of the system, and & is a measure of the
strength of the damping term. Equation (1) preserves
the length of the spins, hence we can parametrize the
vector S(r) with two canonically conjugated fields, the
in-plane angle ¢(r), and the z component of the spin
field m(r) = S,(r) = Ssind(r) with the out-of-plane
angle 6(r):

S = (V5% —m2cos¢, v/ S%2—m?sing,m). (2)

Starting from Eq. (1) Thiele'® has derived an equation
of motion for a single, well-localized excitation with cen-
ter position X(¢) under the assumption of steady-state
motion [i.e., S(r,t) = S[r — X(t)] and X = const]; we
refer to this as the Thiele-equation (TE)

F+gxX—-DX=0, (3)

where, for a 2D system,

F:-/dzrvﬁ, (4a)

gz/dzrVd)me, (4b)

D= &/dz'r' {% + (S? —mz)Vd)V(p}. (4c)
F is the net force on an excitation due to other exci-
tations or external fields, #H is the energy density of the
system, the gyrovector g is a topological invariant for the
system as a whole, D is the damping matrix, and V is
the gradient with respect to r.

This approach was applied to single vortices in 2D
easy-plane Heisenberg ferromagnets!®'® (HFM) with
Hamiltonian

J

H:E

/aﬂr{(VS)2 + 4682~ §(VS)?Y  (5)

(which is the continuum limit of the discrete model
H = 3 ;;[SiS; — 8(S:)i(S:);]). The material param-
eter 0 < 6 < 1 measures the anisotropy of the system
with the two limiting cases § = 0 and § = 1 corre-
sponding to the isotropic and planar Heisenberg mod-
els, respectively. Depending on & there exist two types
of stable vortex structures with distinct dynamics.'”1®
For 6 > 6. (= 0.29 on a square lattice) static vortices
are purely in plane; for § < §. they also have a well-
localized out-of-plane structure around their core. The
size of this $* component increases with decreasing 4, al-
lowing for a continuous crossover to the isotropic Heisen-
berg limit, where the topological excitations are instan-
tons and merons rather than vortices. A single static
vortex at position X(t) = (X1, X2) (lower indices denote
the vector components) has the form!”
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y—Xa

ds(r— X) = qarctanw X,

(6)
mg(r — X) = pmo(Jr — X)),

where mo(r) has a well-localized peak at r = 0, while its
large-r limit is given by
Ty

mo(r) = - e T/ (7

with the vortex core radius r, = %,/1;—6 [Fig. 1(a)].
For 6 < 4. the so-called polarization p = +1 denotes the
sign of the static out-of-plane structure, while p = 0 for
6 > J.. This static structure becomes distorted when
the vortex is moving and in lowest order in velocity this
change in its shape is'”

- X;X) = pé(|r — (1'_—_)£)__)_(_
bu(r — X;X) = pé(|r — X]) X
(8a)
é(r) = Kmo(r),
ma(r — X;%) = gCrn(e - X)Ll e e
m(r)
0.6

0.4

0.2

0.0

FIG. 1. Out-of-plane fields of single vortices: (a) static
structure for § = 0.2; (b) velocity-induced structure for a
vortex moving in the z direction with velocity v = 0.1(aJS)
and § = 1.
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with K = 3% and C = (46J5%)~!. The velocity-induced
change in the in-plane field is as equally localized as
the static out-of-plane structure. The dynamic out-of-
plane structure, on the other hand, decays only as %
[i.e., m(r > 1) = 1]. The deviation of this asymptotic
shape of m, (r) for small distances from the vortex core
is described by m(r). Since the main part of the angu-
lar anisotropy is evidently covered by the cross product
(r — X) x X, as can be seen from Fig. 1(b), we will sim-
plify our following calculations by assuming m to be a
function of the radial coordinate r alone. This angular
dependence of m,(r) is not only observed for a single
moving vortex. Simulations of vortex pairs exhibit an
angular dependence of the spin field which, in first and
dominant order, can be well described by a linear su-
perposition of single-vortex contributions. Hence, we are
confident that a use of this symmetry in the two-vortex
integrals in Sec. IV is appropriate.

Inserting (6) and (8a) into (4) yields an equation of
motion which can quite successfully describe the vor-
tex dynamics with (sufficiently strong) damping, as was
shown explicitly through numerical simulations of the
LLE for two vortices.!® However, if we set the damp-
ing parameter @ = 0, the TE no longer makes sense for
in-plane vortices (§ > 4.), because here the gyro vec-
tor vanishes and F need not be zero. It is interesting
to consider why the TE is invalid for in-plane vortices.
The difficulty stems from the fact that the z component
is zero for the static vortex, and then changes apprecia-
bly (in a relative sense) with velocity. Thus, the basic
assumption of a fixed vortex shape that simply makes
a rigid translation is strongly violated. This problem is
smaller for the out-of-plane vortices because the velocity-
dependent changes in m are small compared to the static
out-of-plane structure. Nevertheless, the TE cannot ex-
plain why out-of-plane vortices perform small oscillations
around their mean trajectories as observed in computer
simulations with small or zero damping (see below).

Wysin et al.?2° therefore proposed a more general
ansatz for the spin field where the time dependence en-
ters explicitly not only through the vortex position, but
also through its velocity:

S = Sfr - X(t), X(8)]. ©)

Inserting (9) into (1) and following the procedure of
Thiele leads to the generalized Thiele equation (GTE)

F+gxX-DX=MX, (10)
where F, g, and D are defined in (4), while M is an

effective mass tensor with components

¢ Om ¢ Om
P - 2 -
M /d i (am.- oX; 90X, 3%‘) ’ an

Because of the dependence of the fields on r — X we can
rewrite the gradients in M, D, and g into gradients with
respect to X ( 2 — — 5% ). This form of the mass and
damping tensors and the gyro vector (i.e., a pure depen-
dence on gradients of the fields with respect to the collec-

tive variable X) can also be obtained by using the more
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generalized ansatz S = S(r; X,X), if one immediately
uses the gradient with respect to X in the Thiele ansatz.
This fact will allow us to generalize Thiele’s ansatz to
more than one excitation (see Sec. III).

For a single-vortex system the mass tensor is diagonal:
M;; = Myd;; with My given in Eq. (19a). Since we do
not know the exact form of the field m(r), we can try
to determine the mass through numerical simulations of
the complete spin system (the gyro vector can be eas-
ily evaluated analytically, giving g = 2wgpe,). Without
an external field the force F is zero and the vortex is
expected to perform a circular motion with angular fre-
However, this is difficult to test by
direct numerical simulations: Because the LLE (1) is of
first order in time we need the exact shape of a moving
vortex as an initial condition. But this shape is known
only in the continuum limit and only far away from the
vortex center. The situation is more favorable for a two-
vortex system, where the two vortices drive each other,
leading to a steady-state motion after a short transient
time of adaption to the lattice. Because of the extended
structure of the vortices their mutual interaction is not
only described by a central force,” but also by a renor-
malized mass tensor and gyro vector. A generalization
of the single-structure collective variable ansatz to many
excitations will be performed in the following section.

quency w, = Jﬂ%.

III. GENERALIZATION TO N LOCALIZED
EXCITATIONS

The equation of motion derived in the previous sec-
tion describes only the dynamics of a single localized
structure, though the influence of other similar excita-
tions can be included in the external force term. With
this strategy, however, one will neglect important infor-
mation about the parameters given as integrals over the
spin field (i.e., the gyro and mass tensor). Especially,
one would expect the appearance of two-center integrals
representing the mutual influence of different excitations
on each other. To include all these effects for a system
with N well-localized excitations we will in this section
generalize the modified Thiele ansatz (9) further, sup-
posing an explicit dependence of the spin field on all the
positions X*(t) and velocities X*(t), a = 1,...,N:

S(r,t) = S(r; X1, ..., XV; X! ..., XN) (12)
(the upper indices always denote the different excita-
tions). To derive equations of motion for the collective
variables X we will make use of the canonical equations
of motion for the total time derivatives of the fields ¢ and
m:

: , (13a)

ZX’B ax?; Z

dm ﬁ 8m 5B Om 3m 57{
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Multiplying (13a) by 88)’('2, and (13b) by ——5%,
the two resulting equations, and integrating over r leads
to N coupled equations of motion for the N collective

variables X*(¢):

adding

Z{M“ﬂxﬁ G“ﬁxﬂ} ~V°E, a=1,..,N, (14)

B=1

which are all of GTE-type. The mass (M*?) and gyro
tensors (G*#) are defined as

8¢ Om
af _ 2 —
Mif = [ ’{axmzf

9¢ Om
o _ 2 —
o forf i

e., there exist, as expected, single- and two-excitation
contributions. V< is the gradient with respect to X<
and FE is the energy of the system.

The above derivation of the equation of motion is
purely Hamiltonian. Damping can be included following
a similar scheme as Thiele,!® which leads to an additional
term Df’jﬁ Xf on the left-hand side of Eq. (14) with

a oS 6s
d?r e 16
s2 { oX¢ 8X§" } (16)

99 Om
aXfaX?}’ (152)

G am}

s (15b)
B o

X% 0X;

DY =

IV. APPLICATION TO AN N-VORTEX SYSTEM

In the following we will consider explicitly a clas-
sical Heisenberg FM with weak easy-plane anisotropy
(6<0.29), where the localized excitations are out-of-
plane vortices as described in Eq. (6). This case is partic-
ularly interesting, not only because here the gyro tensors
are nonzero, but also because discreteness effects are very
small,'® so that we can directly compare our analytical
calculations to numerical simulations without the need
of adding a (phenomenological) pinning potential to the
equations of motion (cf. Sec. V). Moreover, we will focus
our study here on systems with no damping term (i.e.,
& = 0). This will allow us to obtain a clearer picture
of the effects of the inertial term on the vortex dynam-
ics and will emphasize the differences with overdamped
dynamics which has been studied earlier.®

We will study systems of unbound vortices, with-
out taking into account interactions with spin waves or
tightly bound vortex-antivortex pairs which can be cre-
ated sponaneously for finite temperatures. To allow for
an analytic calculation of the mass and gyro tensors we
will restrict ourselves to systems where the vortices are
well separated, i.e., where their mutual distances are
larger than twice the radius r, of the static out-of-plane
structures. In this case it is justified to construct the
spin field as a linear superposition of single-vortex solu-
tions (6), since the static in-plane field is a solution of
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the Laplace equation, while the other fields are either
well localized with vanishing contributions at the centers
of neighboring vortices, or they are very small beyond a
radius r,.

The energy of such an N-vortex system is given by”

- kg’ In|X* - XP| + E,, k=2rJS?, (17)
a>fp

from which we derive

X°‘ XB
B#a

(18)
E. contains the contributions from the static out-of-plane
vortex structures, which are independent of the vortex
position due to their localized shape, and the velocity-
dependent corrections of the vortex shapes to the total
energy are quadratic in the velocity. Because we restrict
ourselves to well-separated vortices their velocities are
small and we will neglect these terms of second order in
the vortex velocities.

For the calculation of the leading contribution to the
gyro tensors it is sufficient to consider only the static
parts of the ¢ and S, fields, while for the mass tensors
we only need the static part of the ¢ and the velocity-
induced part of the S, field (the velocity-induced part of
the ¢ field is already exponentially small). If we assume
that m(r) depends on the radial coordinate r only [which
seems to be justified by comparing with the numerically
obtained m field for § = 0 in Fig. 1(b)], then we can
perform all of the angle integrations exactly. These tell
J

ap _ o p [ Mo— x(d*?) + $(d*F)
Mij =9 qﬁ(

0

with the abbreviations d*# = | X

«C L -
W / dr rm(r),

— XA,

$(d*F) = (21)

and

x(d°) = nC /

ao

dr ——= ( + K/ dr rmg(r )mo()

(22)

With the help of the operator PlJ ,
the component parallel to X* — X? when applied to an
arbitrary vector, we can rewrite (20) in the coordinate
independent form

which projects out

Mg = ¢°¢” { (Mo — $(d?) + x(d*) (2B - 5} .
(23)
All the mass tensors depend on My which increases log-

arithmically with L, if we insert the asymptotic single
vortex solution for a slowly moving vortex [Egs. (6) and

(82)].

M, — X(daﬁ) _ ,‘p(daﬂ) ) y 7é ﬂa
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us which of the matrix elements are zero and which are
not.

For the one-vortex mass and gyro tensor we obtain
the same result as Huber'? and Pokrovsky,'® however,
with an additional contribution from the dynamically dis-
torted in-plane field, namely

M2 = Mo,

7TC/ dr

G = 2mq®peij,

(19a)

+ K/ dr'rmo(r)mo(r),
(19b)

d;; and €;; are the 2D unit and completely antisymmetric
tensors, respectively, ag is a lower cutoff of the order of a
lattice constant, and L is the system size. (In the analytic
calculations L is the radius of a circular symmetric plane,
hence, in our numerical simulations on a square lattice
we choose L to be half of the linear dimension of the
system.)

The two-vortex contributions, however, depend on the
choice of the coordinate system and are only diagonal
for a system with axes parallel and perpendicular to the
line connecting the two vortices under consideration. (In
general these coordinate systems clearly do not coincide
for different pairs of the same system.) In the coordinate
system with the first axis parallel to X* — X7, the second
perpendicular to it (which we will refer to as the main
frame system of the two vortices under consideration),
we find for the mass tensors

0 (20)

|
For the two-vortex gyro tensors it is convenient to dis-
cuss the cases ¢°p? = ¢°p* (i.e., GZ* = G?jﬁ) and
°p? = —¢Pp° (ie, G = Gﬁﬂ) separately. In the
first case the gyro tensors are mdependent on the under-
lying coordinate system and we obtain the completely
antisymmetric matrix

Gf‘]p = 21rq°‘p3[mo(daﬁ) —mo(L)]eij, a#p.

Since we consider only mutual vortex distances d*? > r,,
these contributions are exponentially small [cf. Eq. (7)].
For ¢°p® = —¢Pp™ we obtain for the gyro tensors in the
main frame system (cf. the discussion of the mass tensor)

63 = 2rerc@®) ( ° p).

(24)

(25)

L
) = ~ s | drrtmo(r),
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or in general
G:.’jﬁ = 27rq°‘p‘3((d"5)e,~k(2§;"f —0kj), a#pB, (26)

where the operator §:Jﬁ projects out the component per-

pendicular to X* — X? when applied to an arbitrary

vector. In this case the components of G*# decay as
(d°F)~2.

V. COMPARISON WITH NUMERICAL
SIMULATIONS OF TWO-VORTEX SYSTEMS

We will now apply our ansatz to two-vortex systems
and compare the analytical results to numerical simula-
tions of the complete spin system. Because we have two
“quantum numbers” per vortex, namely its vorticity g
and the sign of its out-of-plane structure p, we have to
distinguish between four physically different cases, when
considering two pairs. This is different from the vortex-
pair dynamics in other systems, like, e.g., incompress-
ible fluids, where each vortex is characterized by a single
“quantum number,” leading to only two different scenar-
ios in a two-vortex system.

A. The equations of motion

For a two-vortex system it is more convenient to
rewrite the equations of motion (14) in center-of-mass
(cms) C = (X! + X?) and relative coordinate Y =
X! - Xx?

_ . ~ e - ~ s kqlqz
MCE+ MY +G'C+G'Y = 50, (27a)
. -~ . — . ~ 0 1 2
ME - MY 4+ G%C &2V = M Ty an
YZ

(For a derivation of the above equations and the defi-
nition of the consequent mass and gyro tensors see the
Appendix.) In a system with the first axis parallel, the
second perpendicular, to Y, the mass tensors become di-
agonal

o (M; 0 o _L(M 0
M"(o Mz)’M_2(0 Mz)’ (28)

with

M= (1+¢'¢* )Mo —¢'¢*(x — ¥) , (29a)
M; = (1+4¢'¢ )Mo —q'¢*(x +¥) , (29b)
My = (1-¢'¢*)Mo+4a'd*(x — %) , (29¢)
M; = (1-q'¢*)Mo +¢'¢*(x + ). (29d)
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These are now no longer single-vortex masses, but M can
be considered as total mass of the two-vortex system, M;
as the reduced mass.

The dependence of the gyro tensors on the products
g®pP suggests that we distinguish the cases ¢'p? = ¢*p!
and ¢lp® = —¢%pl.

(a) ¢'p? = ¢?p': (vortex rotation). For this case we
find for the gyro tensors

G'=G?=G and G'=G?*=G. (30)

Equation (27) can only be satisfied if C is a constant
(which, without loss of generality, can be set zero). Using
Egs. (A2) and (24) we obtain a completely antisymmetric
gyro tensor é}J = wgl(p* — p’p)e; = %qlplGe,-]-, u =
mg(d) — mo(L), which allows us to rewrite the product
gY as a cross product Y x g with the gyro vector g =
Ge,. This leads finally to the single equation of motion

1,2

MY —gx Y =2"TLy. (31)
Though (31) looks similar to Eq. (10) for a single vortex,
there are two important differences: (i) the mass is now
represented by a tensor leading to two different masses
for the two main frame directions, and (ii) the masses
depend on the mutual vortex distance (the dependence of
G on the mutual distance is exponentially small and will
be neglected in the following discussion). A particular
solution of (31) is a rotation of the two vortices around
each other at a distance d with angular velocity

16
2 M,

4q'q2 M
| 4l My

1_.
T d?

wo (32)

and an additional cyclotronlike oscillation around this
trajectory. Using the abbreviations y = mR}/M; and
Ry = d/2, we can rewrite Eq. (32) as

2 1,1 q'¢®
woRg=qpyql— 1—7 ) (33)

which has for vanishing mass M, (i.e., y = o0) the ex-
pansion

1,1 2.1 1
woR2 =12 1P +o(—), (34)

with the result of the original Thiele equation (without
inertial force) as leading term. In the case of vortex-
vortex rotation, where M, depends only on the difference
of the distance-dependent functions x and 7, we expect
only small deviations of |woR3| from 3.

If we assume that the amplitudes of the cyclotronlike
oscillation are small compared to the radius Ry of the
main circular motion, then we can linearize the equation
of motion (31) and obtain the solution

Y = 2Re, = 2R(cos pe,,sin pe,) (35)

with
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R(t) = Ry + rocoswt, ¢(t) = wot + posinwt, (36)
and

i =upf1- (Ml p Oluwo [V ) o

MM, OR, M, | we
dlnwy wo 2

— 37

+(4+2R0 R, ) (w) } (37)

where w? = G2/M; M,. The amplitude ratio of this cy-

clotronlike oscillation in the R and ¢ directions, respec-
tively, is

Ropo _ G/M; — 2wy

To w

(38)

which becomes proportional to the mass ratio ’/Ml / M,
for large mutual vortex distances d.

(b) ¢'p? = —g¢%p': (vortex translation). For this case
we derive from Egs. (26) and (A2) the gyro tensors
. 52 — & 0 Pt +p%C
G'=-G?=G =2n¢' :
A0 -p%) 0
(39a)
~ A2 _ & 0 p'—p%C
1 _@2—@ = gl
& =G =bont (i
(39b)

The two resulting equations of motion (27) only have
solutions for vectors r and Y which are perpendicular
to each other. For example if we set X! = (z,y) and
X? = (—z,y), we obtain the two equations of motion

1.2

M+ g6 = =5 (402)
with
g=2ng'p*(1 + é) and f = p'p?(. (41)

A solution of (40) is a parallel motion of the two vortices
perpendicular to their connecting line with a constant
speed v which is related to their mutual distance d by
k g'q®
’Uod g q1p1(1 + PIPZC) ’ (42)
i.e., we expect |vod| to be larger than 1 for the vortex-
vortex case (¢'¢? = 1, p'p? = —1) and smaller than 1
for the vortex-antivortex case (¢g'¢? = —1, p'p? = 1),
respectively. Since ¢ is small and only weakly d depen-
dent, these corrections to 1 should be small and almost
constant.

There are again cyclotronlike oscillations possible. If
we assume their amplitudes to be small compared to the
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mutual vortex distance d, then we can linearize Eq. (40)
and obtain the complete solution

z(t) = vot + o coswt, y(t) = g + 70 sin wt, (43)

with

= 0

192 My 1—¢
R e

The ratio of the amplitudes of the small oscillations is
given here by
' M, 1-¢

() -leens)

In contrast to the previous case we have now masses of
different origin present (M; corresponds to the cms mo-
tion, M to the relative motion of the two vortices) which
have different dependences on the system size [cf. (29)].

B. Comparison with numerical simulations

We will now compare these results to numerical sim-
ulations of the complete spin systems on finite lattices
(50 x 50 and 84 x 84) which have been performed in
the following way: we initialized the system by putting
the linear superposition of two approximate static single-
vortex solutions (6) onto the lattice, then we integrate the
LL equation (1) using a fourth-order Runge-Kutta algo-
rithm with time step At = 0.04(JS)~! and free bound-
ary conditions. The vortices will adapt rather quickly
to their final shape due to the finite discrete lattice by
radiating spin waves. To eliminate these initially ex-
cited spin waves we start the integration with a finite
Gilbert damping parameter & = 0.1 for a time period of
t = 40...80(JS)~!, during which the vortices follow an
additional inward (¢'¢?> = —1) or outward (q'¢? = 1)
trajectory. After switching off the damping parameter
we are able to observe vortex dynamics as predicted in
Sec. V A. Because the vortices have at this time already
acquired quite a large velocity component in the forward
direction, the additional cyclotronlike oscillations are not
expected to be very well pronounced. All our simulations
were performed at zero temperatures, where the vortices
fill out the complete system, independent of its size. We
therefore will discuss the results only in a qualitative way,
since we expect rather strong boundary effects on the
absolute values of the parameters, especially, when they
depend on the total size of the vortices. However, as will
be shown now, these simulations are already sufficient
to demonstrate the impact of the two-vortex contribu-
tions on the mass and gyro tensors, as predicted by our
calculations.

Figures 2 and 3 show typical simulation results for the
4 different vortex pair configurations.

(a) Vortex-vortex rotation: Data for these cases is
listed in Table I. Here, we obtain one of the two masses
(Ml) by measuring the rotational frequency. M; and the
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used values for the vorticity (¢) and the sign of the out-
of-plane strucuture (p) determine the deviation of the
product |woR3| from 1 [Eq. (34)]. In the vortex-vortex
case (¢' = p! = ¢ = p? = 1) this correction is small,
positive, and almost constant, corresponding to a small
mass M; o d?: this observation agrees qualitatively
with our analytic result M; = x — ¢ [Eq. (29)], which
should depend only on the mutual vortex distance d, but
not on the dominant one-vortex contribution Mgy o< In L
[Eq. (19a)]. On the other hand, for the vortex-antivortex
case (—¢q! = p! = ¢? — p? = 1), the observed mass is
larger, and both strongly d and system size dependent,
corresponding to our expectation that this mass is dom-
inated by the My term. For the rotational vortex mo-
tion we can determine the second mass M, directly by
measuring the frequency of the cyclotronlike oscillation.
In the case of vortex-antivortex pairs we clearly observe
this additional frequency. Table I lists values of M, from
these simulations. As expected from Eq. (29), these val-
ues are different from those of M;, though they should
also depend on the total vortex size. The strong, but dif-
ferent dependence of the two masses on d and the system

o1l
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»

.

1D 20 25 30 3D

FIG. 2. Two-vortex simulation results on a 50 x 50 lattice
with § = 0.1, showing rotation of the vortex pair around each
other; (a) vortex-vortex pair (¢ = ¢ = p! = p?> = +1);
(b) vortex-antivortex pair (¢' = —¢® = —p' = p? = +1); o,
initial positions; +, vortex 1; %, vortex two.
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size, especially the negative value of ¥ = %(M 1— Mg) for
small radii and the sharp decrease of M, with increasing
d, seem to show the strong influence of the boundaries
on the two-vortex parameters. In the case of vortex-
vortex rotation we do not observe a clearly pronounced
cyclotron oscillation. This is probably caused by small
amplitudes and by a high frequency w > wy, if My = M;.

(b) Vortex-vortex translation: Data for these cases is
listed in Table II. Here, we also find an impact of the
two-vortex contributions on the value of the gyro vector.
These show up as corrections of the product |ved| from
1 [Eq. (42)], independent on whether we consider vortex-
vortex (¢' = p! = ¢ = —p? = 1) or vortex-antivortex
(—q* = p! = ¢% = p? = 1) pairs. In the latter case the
simulations show corrections to |vod|, which are basically
constant for a wide variety of different d’s for a given
system size. For the vortex-vortex case these corrections
show a dependence on the orientation of the cms direc-
tion of motion to the boundaries, emphasizing again the
impact of the system size on the dynamic parameters. As
in the rotational case we find clearly visible cyclotronlike
oscillations only in one of the two possible cases, but

T
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T T M T T
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20+ . !
b)
1 1 1
20 40 60 80
FIG. 3. Two-vortex simulation results on an 84 x 84

showing translation of the vor-
(a) vortex-antivortex pair

lattice with § = 0.1,
tex pair parallel each other;

(¢ = —¢* = p* = p* = +1); (b) vortex-vortex pair
(¢* = ¢*> = —p' = p®* = +1). Symbols denote the same
as in Fig. 2.
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TABLE I. Data for vortex pair rotation obtained from nu-
merical simulations. Top: vortex-vortex pair (¢'¢® = +1);

(b) vortex-antivortex pair (¢'¢® = —1); y = EA%Q.

L Ro |(A)0Rg| Yy Ml
25 5.79 0.5266 5.21 20
25 8.69 0.5272 5.11 46
42 8.25 0.5140 9.44 23
42 12.51 0.5197 6.86 72
L Ro lwoR§| Y M1 Mz ’(l)
25 6.12 0.37 0.51 228 1764 -168
25 7.37 0.33 0.33 517 141 188
25 7.56 0.33 0.31 582 120 231
25 8.06 0.31 0.25 830 83 373
42 9.02 0.41 0.87 292 2507 -1108
42 10.60 0.38 0.61 579 327 126
42 11.83 0.36 0.44 922 161 416
42 12.15 0.34 0.37 1262 124 569

this time for vortex-vortex pairs. The reason for this ob-
servation is the fact that the dynamics depends here on
two masses of different origin and size, leading to dif-
ferent amplitudes parallel and perpendicular to the cms
motion [Eq. (45)]. For the vortex-vortex case the per-
pendicular amplitude (i.e., M) is large and the resulting
oscillations are clearly visible [Fig. 3(b)], while for the
vortex-antivortex case the parallel amplitude (i.e., M)
is large. The latter is hard to observe by looking at the
trajectories and can be seen in Fig. 3(a) only in the part
of the trajectory parallel to the upper boundary. From
this picture we can also learn that a single vortex moves
along the boundary, as if there exists an image vortex
just symmetrically outside the boundary with the proper
g and p values, to force this motion. This picture is bet-
ter, the closer a vortex is to its image vortex rather than
to its partner within the system. This suggests that the

TABLE II. Data for vortex pair translation obtained
from numerical simulations. Top: vortex-antivortex pair
(¢'¢® = +1); bottom: vortex-vortex pair (¢*¢®> = —1); (p),
vortices move parallel to boundary; (d), vortices move paral-
lel to the diagonal of the square lattice.

L Ro [vod| ¢
25 5..10 0.96 0.042
42 5..15 0.92 0.087
L Ro |'Uod| C
25 9.38 (p) 1.048 0.046
25 9.85 (p) 1.048 0.046
25 8.21 (d) 1.296 0.228
42 7.16 (p) 1.114 0.102
42 9.79 (p) 1.108 0.097
42 19.56 (p) 1.210 0.174
42 9.23 (d) 1.042 0.040
42 10.66 (d) 1.032 0.031
42 11.63 (d) 1.064 0.060
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boundary effects can be understood in terms of one or
more image vortices. In the translational case we need to
measure both, the frequency and the amplitudes of the
cyclotron oscillations, to obtain values for the masses.
This will be done in a forthcoming paper, where we will
also develop some methods to treat the boundary effects.

VI. CONCLUSIONS

We have presented a collective variable approach to
a system of N well-localized excitations in a magnetic
system. Generalizing earlier approaches which were re-
stricted to single excitations only we obtained N coupled
equations of motion of generalized Thiele form (i.e., with
inertial, gyro, and external force terms). The tensors
which describe the strength of the couplings between the
excitations can be classified as (two-vortex) mass and
gyro tensor, which now depend also on the mutual dis-
tances of the excitations.

As an example we applied this ansatz to an easy-plane
Heisenberg ferromagnet where the localized excitations
are vortices. Under the assumption that the vortices are
all well separated from each other, we can calculate the
mass and gyro tensors in the low velocity limit using the
vortex shapes calculated by Gouvéa et al.!” By explicitly
considering a two-vortex system, we discuss the possible
vortex dynamics in detail and compare these results with
numerical simulations of the complete spin system. From
our theory we expect for these systems either a rotation of
the vortices around each other, or a translation of them
parallel to each other, and an additional cyclotronlike
oscillation around these main trajectories. Two vortices
are best described in cms and relative coordinates and
the values of the corresponding masses can vary on a
large scale depending on the vorticity and the sign of
the out-of-plane structures of the participating vortices,
and also the gyro tensor shows a distinct d dependence
in the translational case. Our calculations predict cor-
rectly the deviations due to the two-vortex interactions
from dynamical quantities, e.g., |woRZ| or |vod|, as can
be seen from the numerical simulations. However, since
these simulations were performed on finite lattices at zero
temperature, where the boundary effects have a strong
influence on the absolute values of the masses, we cannot
compare these values quantitatively with our analytic re-
sults for an infinte system. The effects of the boundary,
which can in some cases be understood in terms of image
vortices, will be discussed in a forthcoming paper.
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APPENDIX: EQUATION OF MOTION
FOR TWO VORTICES

For a two-vortex system Egs. (14) become

M11X1 +M12X2 +g11x1 +g12X2

= kq1q2___;_)_(2__ (Ala)
| X1 —bXz|2’
MZIXI + MZZXZ +g21xl +g22X2
xz _ xl
=kq'¢® —— .
T X T hxap (A1b)

Introducing the cms and relative coordinates C = 1(X'+

X?%) and Y = X! — X2, respectively, allows us to rewrite
(A1) as

.. 1 .. .
(Mll + MIZ)C + i(Mu _ MlZ)Y + (gll + g12)C

1 . Y
+§(gll _ gIZ)Y — kq1q2 (A2a)

?2' ’
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(MZI + M22)("3 + %(le _ M22)Y + (g21 + gzZ)CCd

1 )
+5(g21 - g°?)Y = —kq (A2b)

2
q Yz
Since the masses depend only on the vortex vorticities g*
and ¢2, we can define the two new mass tensors

M =M!" + M2 = M?2 + M?! | (A3a)

M= (M - M) = [(M* - M?').  (A3b)
Similarily, we can define new gyro tensors, but here all
the four different quantum numbers play a role. Thus, in
general, we have to define four new gyrotensors:

G'=G" + GY | (Ada)

G'=L(G"-GY), i,j=1,2, i#j, (A4b)
which, however, will be related to each other in the two
special cases discussed in Sec. V. Inserting (A3) and (A4)
into (A2) leads finally to Eq. (27).
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