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The magnetic properties of spin-& Heisenberg ferromagnetic alloys are calculated. We
calculate the spin-wave Green's function in the random-phase approximation and treat the dis-
ordered composition-dependent exchange interaction in a coherent-potential approximation
(CPA). In the weak-scattering limit, the CPA reproduces the result of the mean-field theory
as expected, and in the strong-scattering limit, the CPA predicts such properties as critical
concentration, which is beyond the scope of the mean-field theory.

The properties of alloys are presently the focus
of attention in solid-state physics. The spin-wave
spectrum in a ferromagnetic alloy is the most con-
venient for experimental study and is worth special
attention. However, theoretical studies of ferro-
magnetic alloys are still limited to either the dilute
case or the weak-perturbation limit. This paper
considers the case of arbitrary concentration and
of strong coupling.

The theory of alloys in one type of physical sys-
tem has a close formal relationship with theories
for other types of systems. In recent years, the
theory of the electronic density of states has been
advanced a great deal by the coherent-potential ap-
proximation (CPA). ~'4 The CPA serves as an inter-
polating scheme over a whole range of concentra-
tions and coupling strengths. It has been modified
and extended from the original single-site approxi-
mation by including the effects of clustering' and of
random off-diagonal potentials. In this paper we

apply the modified CPA to calculate the magnetic
properties of a ferromagnetic alloy in which the
composition-dependent exchange interactions are
randomly distributed.

We consider a spin-~ Heisenberg ferromagnet in
zero magnetic field. In the random-phase approxi-
mation, the equation of motion for the Green's func-
tion G(~/o) becomes

where the magnetization 0 is determined self-con-
sistently from

2(1 —o) = J du&N ~TrlmG(ar/a) (8 "—1) . (2)

For an A, „B„alloy, in which x represents the con-
centration of B atoms, the composition-dependent
J(i, j) is equal to J„„,J», or J„swhen the pair
sites i and j are occupied by two'. atoms, two B

atoms, or one A atom and one I3 atom, respective-
ly.

In the spirit of the CPA, we consider a single ex-
change interaction J'(i, j) immersed in an effective
medium of which the Hamiltonian, with a coherent
exchange interaction J„ is assumed to retain the
same functional form as that of a pure crystal.
Then J, is determined by requiring the net scatter-
ing from a single scatterer J(i, j) to vanish on the
average. Then the criterion for determining J,
becomes

(T(i, j))=—(1 —x) Tgg+ 2x(1 —x) Tgs+x Tss, (3)

where T», T», and T» denote the t matrices
when J'(i, j) is equal to J~~, J», and J~» respec-
tively. The matrix elements of T(i, j) are

~«(i, j)=-~&g(i, j)=~[J(i,j)-J.]
x {1—[J(i,j) —J', ] (G, —G,)) ', (4)

where Go and G, are the ii and ij components of the
coherent Green's function G, . For a simple cubic
lattice, they are

Go=Z~[E —3J,'+ J, (cosk„a+ cosk„a+cosk~)] '

and

Gq-- (1/3J, ) [1+(3J, —E)Go],

where E= (&u/o) and Go can be computed numerically
by the method derived by Wolfram and Callaway.
The spin-wave density of states can then be obtained
from

p(E) = (- I/v)lm G,.
The lowest-order correction to Go is of fourth order
in the t matrix, provided that the correlation be-
tween J(i, j) and J'('j, k) can be neglected. However,
the validity of CPA can be examined by evaluating
some correlated terms in the perturbation series.
The class of terms that appears to yield the largest
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correction to Go is that involving multiple scattering
between a nearest-neighbor pair of J's. Because
of the exponential damping of G»., the overwhelm-
ing contribution usually comes from the smallest
lattice vector. Hence it is reasonable to keep only
those terms involving the first two lattice vectors
in our calculation. The analytical expression cor-
responding to the correlated terms can be expressed
as

bG=-n 0-2 1 Go 2Gl 2 2

3
)2 T

z (Gz 2Gz, ) —Tz(G —2G )z ) (8)
0 1

where g denotes the number of nearest-neighbor
pairs of J's associated with site j.

The Curie temperature T~, which is defined as
the temperature at which the magnetization van-
ishes, can be determined from Eq. (2). It is well
known that T& is proportional to J. Here T~ is
proportional to J,(0), which is the value of J, eval-
uated at E =0. One can obtain J,'(0) very easily by
solving Eq. (3) at E=O, such as

n'J, '+ [n(J„„+JBB+J„B)—n(1+ n)(J)]J,'

+ [(1+n) J„„JBBJ„B(1/J)

n(JAA JBB+JAB JAA+ JAB JBB)]J):

—JAA JBBJAB=0, (9)

where a = —,'g —1, z is the number of nearest neigh-
bors, and () denotes a composition average similar
to that in Eq. (3).

In Fig. 1, we plot the p(E) for an alloy with J„„
=1, J»=2, and J»=1.5, and ~varying from 0 to
1. The general features of p(E) can be summed up
as follows: (i) The bandwidth is wider than that of
mean-field theory (J'=(J)); (ii) there is an increase

of p(E) in the lower-energy side and a decrease in
the higher-energy side. This result is in general
agreement with the result of Montgomery et al. for
amorphous ferromagnets. ~ The correction term ~G
is calculated for the case of x = 0. 5. The density of
states p(E), including the correction, is described
by the dashed curve in Fig. 1. Here p(E) is further
enhanced in the lower-energy side and depressed
in the higher-energy side by &G. Near 8=0, how-
ever, p(E) is slightly depressed. The maximum
deviation (dG) is about V% which occurs near the
Yon Hove singularities. The shift in T~ is positive
and less than 3/~.

In Fig. 2, we plot T~ as a function of x. Vfe

choose J&~=1, J»=2, and allow J» to vary from
0. 05 to 2. 5. Tc in CPA (solid curves) is compared
with Tc in mean-field theory (dashed curves) W.e
find that T~ in the CPA is always lower than that of
mean-field theory.

Next we consider an alloy of which the J3 atom
(with spin z) has zero or very small exchange inter-
action, such that J»= 1 and J»= J» = 0. From
Eq. (9) we obtain

J,(0) = [z(1 —x)'- 2]/(z —2) for 1 —x& v'2/z

=0 for 1-x& v 2/z, (10)

which is shown in Fig. 2. The critical concentra-
tion c is defined as the minimum concentration of
magnetic atom A, 1 —x, above which ferromagnet-
ism will occur. In other words, c is the magnetic
concentration at which T~ = 0, or is no longer well
defined. From Eq. (10) we conclude c= ))'2/z. The
physical meaning of our result can be interpreted
as follows: The concentration of J» which pro-
duces ferromagnetism is equal to (1 —x)z. In order
to allow each magnetic atom to contribute effective-
ly to the formation of spin waves, we need at least

= 1.0

FIG. 1. Spin-wave density
of states for a ferromagnetic
alloy A. &~8„with J~= I,
Jgg = 2, and J~= 1.5.
Curves: (a) x=0, (b)x=0. 2,
(c) x=0.5, (d) x=0.8, and (e)
x=1. The dashed curve rep-
resents the density of states
with contributions for corre.-
lated terms for the case of
x=0.5.
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FIG. 2. Curie temperature 2'c for alloy A&~„ae func-

tion of x. {a) Curves A for J~~ =1, J~~ = 2, and J~
vary from D. 5 to 2.5. Solid curves indicate T~ in CPA,
and dashed curves represent T& in mean-field theory.
{b) Curve 8 for J~ —-1 and J&~=J&&=0. Here the units
of Tz are normalized for pure-A lattice.

two J„~ (out of z nearest neighbors) to bridge this
magnetic atom to its neighbors. From this simple
argument, the critical concentration is determined
by c'= 2/z, which agrees with the CPA result For.
a simple cubic crystal, c = 0. 58. In Ref. 9 the
authors considered a different type of ferromagnet-
ic alloy in which the nonmagnetic atom has no spin
and found that T& is linear in x and c = 0. 3.

Our model calculation can be applied to the class
of ferromagnets with face-center-cubic lattices, of
which only one exchange integral (J, or Jz) is dom-
inant. The exchange integral J depends not only
on metallic elements through direct exchanges, but
also on nonmetallic elements through superex-
changes. Thus there are two types of alloys, of
which the first type is to alloy the metallic element
such as Ni, „Co„O (antiferromagnetic), and the sec-
ond type is to alloy the nonmetallic element such as
GdN, „0„. For the case J&»J2, the correlation be-
tween neighboring J's is stronger in the first type
than in the second type. For example, the neigh-
boring J's which are 180' opposite each other are
correlated in the first type, but not in the second
type. For the case of Jz»J„such as NiO, "one
can treat it as if it consists of two noninteracting
simple cubic lattices. The nonmetallic element
0 is located between the two metallic elements ¹i.

In this kind of arrangement, each J3 depends solely
on a single nonmetallic element. There is no cor-
relation between J's in the second type of alloy in
which Jz is dominant, such as NiO, „S„. Unfortun-
ately, there is no such experimental result avail-
able at present. Thus we compare our model cal-
culation to a less ideal case of Gd N, „0„, in which
J& is dominant.

Gambino et al. ' measured the magnetic moment
of GdN, „0„. GdN is shown to be ferromagnetic,
but small amounts of oxygen (with x = 0. 05) cause
paramagnetism and short-range antiferromagnetic
order to set in. They found that the J for GdN is
0. 55'K and for Gd0 is estimated to be —0. 80 K.
In order to compare our theory with their experi-
mental results, ' we set JNN=1, Jpp= -1.45, and
vary J», such that the ferromagnetic state no
longer exists beyond x = 0.05. J„p is determined
to be 0. 22. This effect can be attributed to unusual-
ly strong scattering caused by the impurity ex-
change interaction with opposite sign, which pro-
duces a singularity in the t matrix and prevents
propagation of spin waves. The T~, including con-
tributions from correlated terms, is described by
the dashed curves in Fig. 3. The correction is

CsN, „O„
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FIG. 3. Curie temperature Tz for G„N&~O„. Here JNN
—1 Jpp = 1 45 and JNo = D. 22 is described by the
solid curve. The crosses represent experimental data of
McGuire and Gambino. The dashed curve represents Tz
including contributions from correlated terms.
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about 3%. We therefore can conclude that the CPA
is a reasonably good approximation even if scatter-
ing potentials are correlated.

In this paper, we have presented a simple form-
alism for a modified CPA which takes into account
effects of off-diagonal randomness self-consistent-
ly. Our formalism is perhaps most suitable for
treating disorder in Heisenberg ferromagnetic
alloys. In the weak-scattering limit, the CPA re-
produces the result of the mean-field theory as ex-

pected. In the strong-coupling limit, the CPA goes
beyond the mean-field theory in that it predicts
such properties as critical concentration, which has
so far been beyond the scope of the mean-field
theory. The contribution from correlated terms is
estimated to be only a few percent corrections.
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A. theory of spin fluctuations is presented for transition-metal alloys of arbitrary concen-
tration using an analog of the coherent-potential approximation of Soven. The model is
used to analyze experimental data for the spin susceptibility of paramagnetic Pd-Ni alloys,
and it is also possible to calculate the Curie temperatures of ferromagnetic Pd-¹i alloys.

I. INTRODUCTION

There have recently been a number of experi-
ments which have measured the bulk susceptibility,
the electronic specific heat, the electrical resis-
tivity, and other properties of nearly magnetic
transition-metal alloys. ' All these quantities show
dramatic behavior as the concentration of the alloys
is varied. For example, the bulk susceptibility
of Pd-Ni ~ 4 exhibits a sharp increase as the con-
centration of ¹ is increased, and the alloy becomes
ferromagnetic when this concentration reaches
about 2. 2 at. %.

The theory of localized spin fluctuations has been
extreme1y successful in describing such alloys:
It has been treated in detail by Lederer and Mills, '
and by Englesberg, Brinkman, and Doniach. e How-
ever, the validity of this theory is restricted to

dilute alloys —so that it concerns itself only with
the initial behavior of experimental quantities, for
example, in Pd-Ni, the initial slope of the suscep-
tibility as a function of Ni concentration.

There is here a strong analogy with the now well-
understood theory of dilute nonmagnetic alloys,
which is also limited to the description of initial
behavior. In this case, however, a successful
technique has been developed to extend the theory
to higher concentrations of impurities and, in
principle, to substitutional alloys of arbitrary com-
position. This technique is the coherent-potential
approximation (CPA) of Soven, ~ which hae been dis-
cussed by a number of authors, and which recently
has been used to describe disordered Cu-Ni al-
loys.

In the present paper, an analog of the CPA is
used to develop a new approach to spin fluctuations


