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Thermodynamics of the Proximity Effect: Specific-Heat Jumps in Lamellar Lead-Tin
Eutectic Alloys
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The specific-heat jump at the critical temperature has been determined as a function of Ds,
the thickness of the superconducting layers. For thick layers, the jump decreases rapidly
as Ds decreases, approaching a limit of about one-half the bulk value. A second jump in the

specific heat (associated with the transition in the "normal" layers) decreases rapidly as the
normal-layer thickness decreases, and extrapolates to zero for DN = 4 p,.

Fulde and Moormann have emphasized that the

jump in the specific heat of a superconductor at
the critical temperature should be a very sensitive
measure of the proximity effect, even in cases
where the associated shift of T, itself is small.
This paper presents calorimetric data for lamel-
lar Pb-Sn eutectic alloys which support that con-
clusion. The measurements also yield interesting
results concerning an additional specific-heat jump
which occurs in these alloys below T„associated
with the tin-rich lamellas (the "normal" regions
in the layered structure). A full description of the
temperature dependence of the specific heat and a
discussion of analytic procedures involved in the
present work will be given in a subsequent paper.

Cylindrical specimens were prepared by direc-
tional solidification of melts with the eutectic pro-
portions~ of 99.9999% pure lead and tin. Photo-
micrographs of cross sections exhibited the typical
grain structure for lamellar alloys. In particular,
the lamellas within each grain always lay parallel
to the specimen axis, but otherwise the orientation
of grains was apparently random. The average
lamellar period ~ was determined directly from
the photographs, but surface conditions did not
permit accurate measurements of individual lamel-

lar widths. The widths of the lead-rich [super-
conducting (S)] and tin-rich [normal (Ã)] layers
(Dz and D„, respectively4) were calculated from
the concentration of tin in the lead-rich domains
(see below) together with the observed value of A.,
using the equilibrium phase diagram to establish
Dz/DN as a function of concentration. Nine sam-
ples were prepared, spanning the range 0. 64 + X

& 5. 5 p, . Specif ic heats were measured using the
continuous-warming technique and apparatus de-
scribed earlier. '

Apart from D& and D» the most important param-
eters required for comparisons with theory are the
electron mean free paths, ls and lN, in the S and
N layers. In general, lamellar specimens are not
equilibrium structures, so ls and l~ cannot be in-
ferred from concentrations given by the alloy phase
diagram. We derive the concentrations from mea-
surements of the normal-state specific heat, using
the assumption that the low-temperature lattice
contribution to the molar specific heat of lead is
not changed by addition of moderate amounts of the
lower-mass tin solute. Values for the mean free
paths (and also for slight shifts in the bulk transi-
tion temperature due to the dissolved tin) are cal-
culated using known dependences on concentration.
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We have checked this procedure by measuring the
Ginzburg-Landau parameter, ' x, near 7 K for
specimens with large X (i. e. , in the regime of
small proximity effect).
We find excellent agreement with values of z cal-
culated from the concentrations derived for the
lead-rich lamellas.

The "thickness" and "dirtiness" criteria for the
samples can be summarized by the inequalities

0.98&$0 ~/l~&2. 02, 0, 39&)o „/l~&0. 82,

FIG. 1. Normalized jump in the specific heat at Tc,
as a function of inverse thickness of the S layers. This
corresponds to the superconductive transition in the
lead-rich phase of the alloys. The dashed line represents
the behavior of Eq. (1) of the text, while the solid line
is an ad Roc curve chosen to represent the behavior of the
data. The two curves merge below D& = 2 p

sitive to variations in D~, and the observed
breadths probably cannot be explained in these
terms. We have found that sirgle-phase Pb-Sno 0,
alloys have transition half-widths of roughly
0. 05 'K, so it is perhaps not surprising that the
lamellar alloys, whose lead-rich layers contain
from 8 to 18 at. /o tin, should exhibit half-widths
of the order of 0. 10 K. This "residual" width,
in specimens with large X, may well be caused by
inhomogeneous impurity concentration and to a
lesser extent by strains. '

We define the jump at T„ labeled &C, by extrap-
olation to the midpoint of the transition region. The
calculations based on variations of D& within a
sample show that &C defined in this way is not very
sensitive to the width or form of the distribution.
For example, if D~ is allowed to vary by 10% about
a mean value of 0. 2 p, , ~C will differ from the
value for a sharp distribution by only 2%.

Figure 1 shows 4C/ECO as a function of Dz'
Here, 4C, is the jump at T, expected in the absence
of any proximity effect. '0 We note that for D~=2 p, ,
4C is reduced to about 80% of &C„while the de-
pression of T, due to the proximity effect is found
to be only —,"%. This supports the general conclu-
sion of Fulde and Moormann, although a quantitative
comparison with their theory cannot be made until
numerical solutions of their equations are avail-
able. An approximate calculation can be performed
in the following way. The expression for the free-
energy difference appropriate to the proximity ef-
fect, "

~Z
—&(0)f~(p) «'(x)&

16(v r)'

2. 2 & D g/2$ 8 & 22, 1.0&D„/2)~&9. 2,
can be differentiated twice, yielding'

where $0 is the BCS coherence distance, and $~

= —,
'
gal. 7

The specific-heat curve for each alloy exhibits
two distinct "jumps, "one at a temperature (T,)
near 7 'K, corresponding to the superconducting
transition in the lead-rich phase, and the other
near 4 'K, corresponding to the transition in the
tin-rich phase. Instead of the sharp discontinuity
characteristic of pure unstrained materials, we
find a broadened jump in the specific heat in each
case. For the transition at T„ the half-width
varies from 0. 15 'K (for X= 5. 5 p) to 0.40'K (for
X=0.64 p). For specimens with small X, much
of the transition width can be attributed to varia-
tions of layer thicknesses within a sample. Cal-
culations based on a Gaussian distribution of in-
dividual thicknesses, taking into account the de-
pendence of T, and the specific heat on D&, give
reasonable agreement with the observed broaden-
ing. For specimens with large X, on the other
hand, T, and the specific heat are much less sen-

if the temperature dependence of p and P are ne-
glected. In this expression, p is essentially
[Dz/2(z(T)] ~, p, = p(T,), ( ~ ~ ~ ) indicates spatial
averaging, p=(& (x))/(b (x))~, f and g are functions
related to the digamma function, and T,& is the bulk
transition temperature of the lead-rich phase. This
expression will not be valid when the "pair-break-
ing parameter, "

p, is large; one indication of this
is that the formula for b C/&Co clearly breaks down
when p, g(p, ) approaches unity (i.e. , when D z/2$ ~
=1.5). Errors due to the neglect of the tempera-
ture dependence of p and P will probably be serious
for still larger D~/2)~. We have evaluated P us-
ing the spatial dependence of the gap function ap-
propriate to T,: &z(x) icos[@~(x- —,'D~}].' The
value of k&was derived from Moormann's theory"
(using, however, the observed values of T,). The
normalized specific-heat jump calculated in this
manner is shown in Fig. 1 as a dashed curve,
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which merges, for D&'& 2 p, ', with the solid curve
representing the experimental results. Consider-
ing the experimental uncertainties and the approx-
imations in the theory, the agreement with the data
is remarkably good.

We should remark that choosing the simple co-
sine form for &gx) ignores a central feature of
Fulde and Moormann's work. They point out that
for T & T„ the Ginzburg-Landau equation requires
that &z(x) be a Jacobi function rather than a cosine.
%hen the shift in T, is small, as in a very thick
S layer, the Jacobi function takes its limiting form
as a hyperbolic tangent for all temperatures except
those extremely close to T,. b, z(x) is then large
throughout most of the S layer, and ~C ~Cp.
Conversely, at T, the Jacobi function takes the
limiting form of a cosine, and if the change from
cosine to hyperbolic tangent proceeds slowly as T
is reduced, &C/&Co will be small. The agree-
ment between our data and the calculation just out-
lined can therefore be interpreted, in the frame-
work of the theory, as an example of this second
type of behavior. Fulde and Moormann give ex-
plicit expressions for &C/&Co only for cases in-
volving paramagnetic normal layers, for which
&q(x=0) =0 (i. e. , kzdz= —,n). It is interesting to
note that they find that C~(T) exceeds C~o(T) for
T substantially less than T„ if the change from
cosine to hyperbolic tangent is slow. We find just
this behavior for all of our specimens, although

4z (x= 0) is of the order of 0. 4&z (x= 2Dz).
Figure 2 shows &C, the specific-heat jump as-

sociated with the tin-rich lamellas, "normalized
by the jump expected for an appropriate amount of
bulk tin. These transitions are also broad, and

their midpoints lie between 3.8 and 4. 5 'K. &C
appears to extrapolate to zero at a value of D&'

in the range 3-4 JL(, '. This corresponds to values
of & only slightly less than the smallest we were
able to achieve while maintaining regular lamellar
structure. Indeed, for the specimen with D„'
=2. 2 p.

' the jump is already so small that the
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FIG. 2. Normalized jump in the specific heat 5eloso

T~, as a function of inverse thickness of the N layers.
This corresponds to the superconductive transition in
the tin-rich phase of the alloys. The solid line is an

ad hoc curve chosen to represent the behavior of the data.

entroPy-temperature curve shows essentially no
evidence of a separate transition associated with
the tin-rich lamellas. A comparison of Figs. 1
and 2 suggests that in these alloys the jurnp at T,
becomes independent of A. roughly when 4C' goes to
zero, and that no dramatic changes will occur at
smaller X. Since in these alloys D~/D„ is roughly
constant, the over-all behavior at small ~ is rem-
iniscent of the Cooper limit, "in which the effective
interaction strength depends on Ds and D„only
through their ratio. However, k&Ds=1 for these
specimens, so they certainly fail to satisfy the
criteria for the Cooper limit in the ordinary sense.
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We report the results of measurements of the resistive transitions of clean one-dimensional
superconductors (pure tin whiskers) at currents of 10 7 A. Comparison with the McCumber-
Halperin theory, including consideration of the current-dependent terms necessary at these
current levels, yields good agreement with no adjustment of the attempt frequency. We con-
jecture, however, that precise conclusions concerning the magnitude of the attempt frequency
cannot yet be drawn. Rather, we present arguments which suggest that a meaningful fit to the
data in the top portion of the transition must await an improved theory, and that adjustments
of the attempt frequency such as those used by Lukens, Warburton, and Webb (in fitting lower-
current data) may not be meaningful.

In the last few years fluctuations in one-dimen-
sional superconductors have been studied with a
variety of techniques. ' Recently very sensitive
measurements of the resistive transition in tin
whisker crystals were obtained by Lukens, War-
burton, and Webb (LWW) using superconducting
instrumentation. The shape of the observed transi-
tion lent strong support to the McCumber-Halper-
in modif ication of the Langer- Ambegaokar theory
of such fluctuation effects (LA-MH). The LA-MH
theory predicts resistance-producing thermally
activated phase-slippage events in such samples,
with an energy barrier approximately equal to
&$ (T)H, (T)/Sv, where A is the cross-sectional
area of the sample, $ (T) is the Ginzburg-Landau
coherence length, and H, (T) is the thermodynamic
critical field. The predicted attempt frequency
is approximately [L/$(T)]r ', where L is the
length of the sample and r is the relaxation time
of the time-dependent Ginzburg- Landau equation.
One may visualize fluctuations occurring inL/$(T)
independent systems, each $ (T) in length.

A conclusion presented by LWW is that their
data from tin samples can be fit best with an ad-
justment of the attempt frequency by a factor rang-

ing from 1 to 100, with the cleaner samples requir-
ing the greater adjustments. Their data were
taken at currents I I& =- 2. 5 &&10 '

A, where I& is
a characteristic current of the theory, defined be-
low.

We report here the results of a similar study
taken at somewhat higher currents (- 10 ' A). Our
data, like those of LWW, support the LA-MH theory.
Since the higher currents at which the present data
were taken exceed the characteristic current I, ,
the resistance is nonlinear. This made it neces-
sary to take account of the full current dependence
of the LA-MH theory and also to treat carefully
the addition of the parallel conductance of the nor-
mal and superconducting electrons. We found that
no adjustmentof the attempt frequency was required
to fit the 10 -A data. We conjecture, however,
that precise conclusions concerning the magnitude
of the attempt frequency cannot yet be drawn.
Rather, we present argumentswhich suggest that a
meaningful fit to data in the top portion of the
transition must await an improved theory, perhaps
one based on departures from the normal state,
as is that of Tucker and Halperin.

Our data were taken with a specially constructed


