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V. CONCLUSION

For solids with filled and low-lying valence
bands, the HF band structure can be calculated in
a simple and a nearly exact way, using the APW
scheme. The assumption of a negligible contribu-
tion of the region outside the APW spheres to ex-
change has been justified. The method, applied to
neon and argon, gives results which are in good
agreement with previous calculations of Lipari
and Fowler on argon.

The HF gap is larger than the experimental op-

tical gap by several eV, suggesting a very strong
influence of the correlations. A satisfactory treat-
ment of these correlations is obtained in a semi-
empirical manner: The Mott-Littleton approxima-
tion gives an evaluation of the interaction of one
charge in one cell with all the other cells; the cor-
relation energy for the valence hole is calculated
using atomic results. It is shown that a polariza-
tion potential is adequate to take into account the
correlation energy of the free electron in the same
cell.
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Quantum field-theoretical methods are applied to the problem of determining how the exciton-
lattice interaction affects the dispersion of an electromagnetic field associated with the exciton-
radiation interaction. An exact solution for the retarded Green's function of the radiation field
is calculated for a quantum model consisting of three interacting boson fields —photon, exciton,
and phonon. The classical Green's function of a damped-harmonic-oscillator model of a dielec-
tric is shown to be a special case of this quantum Green's function. Two sets of dispersion
relations are derived; one set has well-defined energy, the other has well-defined momentum.
Results of the theory clearly suggest that the exciton-lattice interaction is capable of literally
damping out the "polariton" effects associated with the exciton-radiation interaction in the field
solutions with well-defined energy. A Poynting theorem based on the classical model is also
derived which includes effects of both spatial dispersion and damping.

I. INTRODUCTION

The quantum theory of light-matter interactions
in semiconductors and dielectrics has been ap-
proached from two different directions. One group'
has studied the electron-lattice interaction and has
shown how it produces damping of excited electron-
ic states (excitons). Another group has studied
the electron-radiation interaction and has shown
how it produces dispersion of the radiation field.
Neither of these groups has dealt rigorously with
both the electron-lattice (H.„) and electron-radia-
tion (H,„) interactions simultaneously.

These interactions will be given equal attention
in the present paper. Quantum-mechanical results
are derived which have a form closely resembling
results based on a classical damped-harmonic-
oscillator model of a dielectric.

A brief discussion of this classical model is given
in Sec. II. A generalization of Poynting's theorem
is derived which includes effects of both spatial
dispersion and damping. From this an energy ve-
locity is defined which determines the speed at
which energy (electromagneticlike and/or matter-
like) propagates through a classical dielectric.

A quantum field-theoretical model consisting of
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Much of the theory of electromagnetic energy
propagation in semiconductors and dielectrics is
based on a classical damped-harmonic-oscillator
model. This classical model is based on the in-
corporation of the following equation into Maxwell's
equations:

~ ~

P+ I'P+ &uoP = (Q~/4m)E . (2. 1)

Here P represents the polarization field associated
with the oscillators; (do is the oscillator resonance
frequency; and 0„, which has the dimension of a
frequency, gives a measure of the strength of cou-
pling between the oscillators and the electric field
E. The damping is assumed to be proportional to
P and I' gives a measure of the strength of this
damping.

This model is general enough to describe a num-
ber of interesting optical properties of solids.
However, it possesses several potentially impor-
tant omissions. Included among these omissions
are (a) frequency-dependent damping' 7 and (b) theo-
retical justification from first principles. In re-
gard to point (a), one can assume I' depends on
frequency, but it is not obvious how this dependence
arises. In regard to point (b), a theoretical basis
for the classical model will be established in
Sec. III.

Another important omission will now be dis-
cussed. The above model assumes that the oscilla-
tors are uncoupled. Direct interaction between the
oscillators permits energy propagation that is not
electromagnetic in origin. This produces a nonlo-
cal spatial connection between P and E which has
often been called spatial dispersion. a Spatial dis-
persion can be particularly important in semicon-
ductors which possess highly mobile excitons.

Interaction between the oscillators can also be
incorporated into the classical theory by introducing
the term —v V~P into Eq. (2. 1)~:

~ ~

P+ rP+ ~',P - v'v'P = (n'/4~)E . (2. 2)

three boson fields-photon, exciton, and phonon-
is studied in detail in. Sec. III. Formal solutions
for the causal Green's functions of the photon and
exciton fields are calculated following closely the
method of quantum field theory described, for ex-
ample, in Abrikosov et a/. The retarded Green's
function of the electromagnetic field is then ob-
tained in terms of functions which have poles in the
lower-half frequency plane. Connection with the
classical model is then made.

Dispersion relations are derived in Sec. IV for
two physically interesting solutions which have
well-defined momentum and energy, respectively.
Results of the theory are described in Sec. V.

II. CLASSICAL MODEL

Here v is a disposable parameter which has the
dimension of a velocity. A classical theory can
be based on Maxwell's equation plus Eq. (2. 2)
which includes Eq. (2. 1) as a special case: v'=0.

At this point one usually looks for plane-wave
solutions of the form e""' ~ "". However, to make
connection with the derivation in Sec. III, it is
more convenient here to calculate the classical re-
tarded Green's function of the electromagnetic field,
D~. 'o Making use of Maxwell's equations and Eq.
(2. 2), one obtains

Ds (k, (d) = 4wc/[(d f (k, (d) —c k ] . (2. 3)

The dielectric constant e(k, &u) is given by

e(k, (u) =1+n~/((f0+vV —(u —i&or) . (2. 4)

(E x H) ~ do
4m

+— (E ~ E+H H+4mE P) dr=0 . (2. 5)
4m

Taking the scalar product of P with respect to both
sides of Eq. (2. 2) and making use of some standard
vector calculus identities, one finds that

~ ~ ~

E ~ P=~ [P ~ V+I'P +~ P P —v (v'P) P]
Qz

8W, -- 4~r.
+ V' ~ S~+et n~

where

S, =- (4~v'/n,') [Px(Vx P)+P(V P)]

(2. 6)

(2. 'I)

W&= (2m/Qf ) [P ++OP +v (Vx P) +v (V' P) ] ~

(2. 6)
Substituting Eq. (2. 6) for E P into Eq. (2. 5), one
obtains Poynting's theorem in its usual form:

~ 4mr
S de+ drW+ 2 17P =0.

4m n~
(2. 9)

Here, the Poynting vector S has been redefined to
include the S, term:

S = (c/4'�)E x H y S~ . (2. 10)

The energy density 8' is the sum of the electromag-
netic energy density (I/Sm)(E'+ H') and the mechan-
ical energy density 8', associated with the oscilla-

A. Poynting's Theorem

It is possible to derive a Poynting's theorem
based on Eq. (2. 2) in a manner similar to that
employed by Loudon" who recently derived a Poyn-
ting's theorem based on Eq. (2. 1). Making use of
Maxwell's equations, one has
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tors:

W = (1/8m)(E + If') + W, .
The third term in Eq. (2. 9) represents the rate at
which the oscillators dissipate energy due to the
damping mechanism.

Two types of waves are of physical interest in
isotropic solids: transverse waves V' ~ P = 0, and

longitudinal waves V && P = 0. The standard Poynting
vector (c/4~)E&&H, and —(4vn /0~2)Px(V&&P), will
be nonzero when the solutions are transverse, k
IE. The vector —(4mv2/Op)P(V P) defines the
energy flux for a longitudinal wave, k II E. As is
evident, longitudinal solutions are very mechani-
callike in character. The transverse solutions
contribute both electromagnetic and mechanical
components to the energy flux. This mixed charac-
ter of the transverse solutions is more obvious in
the present treatment because of the introduction of
spatial dispersion: v 4 0. These solutions have
been called polaritons in the open literature be-
cause of their unusual dispersive character. ' The
term polariton has also been applied to optical pho-
nons in which spatial dispersion is usually negligi-
ble: v =0.' The energy flux when v =0 is carried
by only the standard Poynting vector, but this is
merely a formality. The energy density 8' even
when v =0, has both electromagnetic and mechani-
cal components.

Following Brillouin, ' one may define an energy
propagation velocity as follows:

v@= S

where S and 8'denote values of S and 8'averaged
over a period. Two different average values are
defined in Sec. IV. The functional form obtained
for v~ will be more complicated when spatial dis-
persion is included, but as Loudon has recently
stressed it should be a useful concept even when

effects of damping are important. When damping
is neglected, it can be shown that re=der/dk, the
group velocity.

III. QUANTUM FIELD THEORY

Many theoretical papers have attacked the prob-
lem of light-matter interactions in semiconduc-
ors is, ie The problem is concisely stated by Osaka,

et al. in Ref. 6 who elaborate on the method of
quantum field theory described in Ref. 3. However,
the treatment in Ref. 6 applies only in the extreme-
ly weak-damping limit and is difficult to generalize.
The "polariton" field operators which were intro-
duced to deal with the exciton-radiation problem
turn out to be more of a hindrar. ce than a help in
solving the problem when damping is included. '6'

The present treatment will be more straightfor-
ward; the problem will be worked out in terms of

Green's functions of the fields without making any
canonical transformation s.

A quantum field-theoretical model is treated con-
sisting of three boson fields —photon, exciton, and
phonon —representing the electromagnetic, polar-
ization, and damping fields, respectively. Units
will be assumed in which h= 1 so that energy and
frequency can be used interchangeably. A quantum
of energy of a bare photon, exciton, and phonon is
given by ck, u&e(k), and &u~(k), respectively. An-
nihilation operators for the photons, excitons, and
phonons are denoted by a(k), b(k), and c(k), respec-
tively.

The exciton-radiation interaction is assumed to
be given by~

y(k) = a(k) + at( —k),
y(k) = i[f (k) —b'(-k)] .

(3. 2)

(3. 3)

The exciton-lattice interaction is assumed to be
given by'

H, = V'~' 5 I;(q)b~(k+q)b(k)g(q),
$, k

where

P(q) = i[c(q) —c'(- q)] .

(3.4)

(3. 6)

Here V equals the volume of the medium over which
periodic boundary conditions are applied. Eventual-
ly V will be allowed to go to infinity. The coupling
parameter I'0(q) in any realistic model will have a
complicated functional dependence on q. (For ex-
ample, see Appendix B where the deformation-po-
tential interaction is considered. )

In the present treatment the interaction H» be-
tween the photons and phonons is neglected. It will
have a form similar to H, R and make an analogous
contribution to photon dispersion as does P,~."
However, H» is not included because it will not
introduce any new physics unless the energies
&uz(k) and &up(k) are approximately equal. It will be
assumed throughout this paper that ~e(k)» &u„(k).

The properties of the electromagnetic field are
determined by the quantum analog of the classical
retarded Green's function mentioned in Sec. II. It
is defined by

Dz(k, v) = —i2vk ' J e'"'df Sp

x (e " 8"[y(k, i), p~(k)]], (3. 6)

where P= I/keT and

(k i) $Ht (k)
- &Ht (3. 7)

P.„=~~ Qp . e y(k)p'(k)+ ~ y'(k)y(k)
4ck

(3.1)
where
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H= 5 [cuba (k)a(k)+ ea(k)bt(k)b(k)

+ &up (k)c (k)c(k)] + H, &
+ H,a . (3.8)

Q, ,(k, v) = —(T„a,(k, z)a, (k, 0)),

&(q, ~)=- (T, g(q, ~)g(q, o)&,

where for a "Schrodinger" operator 6:(k),

(s. io)

(s. is)

It is very difficult to calculate D„(k, +) directly
from Eq. (3. 6). Therefore, causal "Matsubara"
Green's functions will be introduced because these
are simpler to calculate. Calculation of Da(k, &u)

will be carried out later following the procedure
outlined in Ref. 3.

The approach will be as follows: The exciton-
phonon interaction H, L will be treated as a perturba-
tion in the Dyson sense on

H = K[ckg (k)a(k)+(u (k)bt(k)b(k)

+ + (k)ct(k)c(k)] + H,„. (S. 9)

The following simplifying notation is adopted:
a&(k) —= a(k), az(k) —= b(k), as(k) = gt(- k), g4(k) = b ( k). -
The causal Green's functions are defined as follows:

6'(k, 7') = e"' 6'(k) e "',
f(k, ~) = e"'6"(k)e "',

(s. i2)

(s. is)

(T, 5 (k, w) f (k, 0) ) = S~ (e~" "T,f(k, ~)%(k, 0)] .
(s. i4)

Here as in Eqs. (3.10) and (3. 11), T, is the "imag-
inary" time-ordering operator which for Bosons
has the following meaning:

(T,f(k, )6'(k, O))= (f (k, 0)f (k, ~) ), 7 & 0 .
(3. 15)

Applying the operation 8/S~ to B,„(k, z), one ob-
tains after a straightforward calculation (summa-
tion over repeated indices is implied)

+ V' 6„2Z I'&o, (q) (T,az(k —q, w)P(q, r)a„(k, o))

—V-'"6.,5 r„,(q) (T,g, (k —q, ~)q(q, ~)a„(k, O) ), (S. i6)

where

c„„(k)=
iB

Ra(k)
—iB

0

—iB
—ck —A

—iB
iB

—QJ a(k

A = Q~/2ck, 8= Qp((ue(k)/4ck)'~a,

5'(7) =6(r)+5(r+ p)+6(7+2p)+ ~ ~,

(3. 17a)
(3. 1Vb)

(3. 18a)

[f~.6,.—C,.(u„)]B.„(b.) = 6„,
where

C, „(u.) = C„,(k)+z.„(r.),

9,„(k„)=J 1~9„(k,q-)e'"~',

m(q„)= J d~&(q, 7)e'" '.

(3. 19)

(S. 2Oa)

(3. 20b)

(3. 2Oc)

Jl 0 0 0
0 0

—1 0
0 -I/

(3. 18b)

One may recognize the first part of Eq. (3.16) as
the equation of motion of an undamped polariton.
The rest of Eq. (3. 16) is responsible for the
damping.

It is convenient to work in the four-dimensional
momentum space:

z„,(n.),
z,„(n.) =

0

where

rand s=2, 4

otherwise, (S.2ia)

x g„„,(k„—q„) I'„,,(- q„, k ) . (3.2lb)

In Eq. (3. 20a) Z „(k ) is the "self-energy" tensor
and is given by

(k„)=(k, &u ), e =2mmk a(Tm is an integer) .

Multiplying both sides of Eq. (3. 16) by e'"~' and
integrating z from 0 to P, one obtains Dyson's
equation (see Appendix A for details):

The minus sign applies for ~=- 2; the plus sign for
~=4. The "vertex" tensor l„, is given by the in-
finite heirarchy of Feynman diagrams shown in
Appendix A.

Equations (3. 19)—(3.21) are completely general.



W. C. TAIT

g,4(k, ~ ) = —g4, (k, —z )=y2(k, i& ) . (3. 22)

These relations can be proven by inspection of
Eqs. (3. 10) and (3.21b) and the diagrams defining
the vertex tensor in Appendix A. Analytic continu-
ation away from real values of ~ is being antici-
pated by writing these as functions of k and iso .
Letting

A~„(k, i&~) —= i&~5~„—C~„(k, R~), (3. 23)

one obtains

However, explicit calculation of the self-energy
tensor is possible only in some very special cases.
(One of these cases is discussed in Appendix B. )

Nevertheless, a great deal can be learned from the
above equations.

Only four of the 16 tensor components of Z„„are
nonzero. The remaining four are related in the
following way:

Z22%, ~ ) = —Z«(k, —~ )
-=y, (k, iru ),

and using the analytic properties of the Green's
functions (see, for example, Ref. 3, p. 145), one
can show that

G's'(k, i(u ) =A, ', (k, i(u )5,„, +~~o ~ (s. as)

a,', '(k, ~) =-A,'.(k, ~)5., (3. 27)

Referring to Eqs. (3.6), (3.25), and (3.27), one
obtains after a tedious but straightforward calcula-
tion:

D„(k, v) = awk ' [A, ,'(k, ~) —A, ~~(k, ~)

If A,' (k, ur) is an analytic function of &u in the upper-
half frequency plane (one has to examine this as-
sumption for each exciton-lattice interaction
studied), it then follows from uniqueness theorems
about analytic functions that

8„(k„&u, ) =A„' (k, i~„)5 „. (3.24)
+As', (k, (u) -A~q(k, (u)]

One can now formally calculate D„(k, &u) defined
by Eq. (3.6). Letting

G„'„'(k, (u) = —iJ dte'"'S~(e'" '" [a„(k, t), a'„(k)]]-

(s. 25) where

= 4~c/[(u'i (k, (u) —c'k'],

n~2(k, (u)

~s(k) —~' —i(ul'(k ~) '

(3. as)

(3.29)

~'np'(k, ~) = nf {~'-~[r(%, & ) r(%, ——~)]

——', &uz(k)[y, (k, &)+ r&(k, —~) —r&%, ~) —r, %, —~)]

—r, (k, ~)y, (k, —~) + y, (k, ~)r, (k, —&u)), (3. 30)

—i(u I"%, m) = &[y,(k, &u) —y, (k, —~)]+&u (k)[r, (k, ~) + r&(k, —~)]+r,%, ~)r, (k, —&) —ym(k, &u)y2(k, —&u) .

(3. 31)

~~(k, (u) = (u2~(k) + u) Im I (k, (u) . (s. 32)

One can see that a close connection exists between
the quantum and classical theories.

This connection between the classical and quan-
tum theories should be very useful. Although

&~%, ~), Az(k, ~), and Ref'(k, u&) can be calculated
from first principles in only special cases, even

The retarded Green's function has been written
in this form in order to compare it with the classi-
cal Green's function given in Eq. (2. 3). Here &(k,

&u), is the quantum analog of the classical dielectric
constant q(k, &u), n~(k, ~) is the quantum analog of

n~, and the ReI'(k, &u) is the quantum analog of the
damping parameter I'. In addition one may incor-
porate the rest of the term, —i&of'(k, &u), into oP~(k)

by letting

(d @(k, Qp ) = (00 + v k

Ref'(k, &u) = I', n~(k, (u) = QJ

(3. 33)

This special case is nontrivial and will be discussed
further in Sec. V.

less can be said, for that matter, about their class-
ical counterparts. Valuable information about all
three of these functions can possibly be learned by
substituting trial functions for them into Eq. (3. 29)
and then calculating optical parameters such as in-
dices of refraction, extinction coefficients, etc.
One can then compare these theoretical results with
actual experimental data.

The classical theory is a special case of the quan-
tum theory. It is given by
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IV. BASIC SOLUTIONS OF PROBLEM

Several papers have talked about dispersion rela-
tions which include spatial dispersion and damping,
but it is not clear what physical situation was being
depicted in each case. '~'9 An attempt is now made
to clear up this problem by deriving dispersion re-
lations for two clearly defined physical situations.

In an isotropic medium the vector components of
the Fourier transforms of the vector potential, re-
tarded Green's function, and "externally" im-
pressed current density are related by

A,. (k, a&)=B (k, w)(a, , —
(d Kk, (d

oo+ $6 -f cot

Al, (x~ t)c( e d(d g p
(d f(k~ (0)

(4. V)

where 5-O'. This contour can be closed in the
same manner so that one obtains

A~ (x, t) = e'"' ' 5A,(k )e
' &"",

where

(4. 8)

completely arbitrary. This establishes the follow-
ing dispersion relation:

(d', (k)i[k, (d, (k)] = c'k' . (4. 6)

In the longitudinal case (k(~ j, ,), one obtains from
Eqs. (4. 1) and (4. 2)

x j(m~ (k ) (4. 1) A~(k) ~ R„
Q (k p CO) ~ ~~(f()

(4. 0)

Here a gauge is employed where the scalar poten-
tial vanishes. ~ This equation is very useful, for it
determines the vector potential in terms of im-
pressed current sources which are completely arbi-
trary. Two different current distributions will be
considered. One has a well-defined momentum;
the other has a well-defined energy.

j, ,(x, t) ~ 6 (t)e"~,

j, ,(k', (d) ~ 6(k'-k) .
(4. 2)

Here k is an arbitrary wave vector which defines
the momentum of the quasiparticle. Two cases will
be treated: k J.j, , (transverse case) and k II j, ,
(longitudinal case). Substituting Eq. (4. 2) into
(4. 1), one obtains in the transverse case

A. Quasiparticle Solutions

A quasiparticle is a quantum of excitation which
is introduced into the system at some time t =0 with
momentum k and is allowed to exist without further
influence from any impressed currents. This phys-
ical situation is created by the following current
distribution:

Here (d„(k)= (d, (k) —i(d„'(k) is the value of (d at a pole
in [(d 'i '(k, (d)]. This establishes the dispersion
relation

i[k, (di(k)] = 0 .
B. Forced-Harmonic Solutions

(4. 10)

Another useful impressed current distribution is
that given by

j, ,(z, t)~C(x, )e '"',
(4. 11)

j, ,(k, (d') ~ 5 ((d —(d') 5 (k2)o ( u3) .
This corresponds to the case in which the medium
is forced to oscillate at an arbitrary frequency, ~.

From Eq. (4. 1), a transverse solution satisfies
(k( 1j(,)

Az(x, t)~e '"' f dk, e' &"&D„(k» (d),

k1 e1~1

(4. 12)

If x, & 0, one can close this contour by adding the
semicircle in the upper half k, (see Fig. 2), obtain-

A, (x, t)~e'"''f d(de'"'D~(k, (d) . (4. 3)

For times t & 0, one may close the counter by add-
ing the half-circle in the lower-half ~ plane without
affecting the value of the above integral (see Fig.
1). One thus obtains

A (x t)=e'"'"&~ A (k)e '"~""
where

(4. 4)

AAk ) [ResDB(k~ +)1td= ru, (lh) (4. 5)

Here R„D„(k,(d) denotes the residue of D„(k, (d) at
one of its poles in the lower half of the frequency
plane, (d, (k) = (d,'(k) —i(d,"(k). The wave vector k is

FIG. 1. Contour integral applicable to quasiparticle
solutions.



n„((d) = ak„"((d), r = y, )( . (4. ao)

Here k„"((d) is the imaginary part of the wave num-
ber in Eq. (4. 15) or (4. 18). A monochromatic
light wave entering a solid with frequency ~ will
propagate through the solid as a superposition of
one or more forced-harmonic solutions with com-
plex wave vectors and the same real frequency (d.

D. Field Vectors

= k'

FIG. 2. Contour integral applicable to forced-harmonic
solutions.

ing

Ar(x, t)=e '"'& A, ((d)e'"""'") (4. 1s)

where

Av(e) [BekD„(kl& (d)]k)= kz(u) ~ (4. 14)

Here k„((d) = 0,'((d)+ ik, '((d) is a solution of the dis-
persion relation

(d &[k~((d), (d] = C $~((d) . (4. 15)

A corresponding longitudinal solution satisfies

A (X t) = e '"' + Ak((d) e' ) '"'"), (4. 16)

A, ((d) ~ (1/(d') [R„q '(k, (d)], -„„(„). (4. 1V)

Here kk()() = kk((d) + ik,"((d) satisfies the dispersion
relation

i[a,((d), (d]=o . (4. 18)

C. Physical Meaning of Different Solutions

T„'(k) = a(d„"(k), (4. 19)

where (d„"(k) is the imaginary part of the energy.
An optical-phonon polariton created in a Raman
scattering experiment is a quasiparticle (see
Sec. V).

The forced-harmonic solutions have a well-de-
fined energy. As is evident from Eqs. (4. 1S) and
(4. 16), these solutions damp out exponentially in
space; the square of the vector-potential amplitude
has an effective absorption coefficient given by

A quasiparticle solution has a well-defined mo-
mentum k. The real part of the frequencies in Eqs.
(4. 4) and (4. 8) ((d„'(k), r =a, X) equals the quasi-
particle energy. These solutions damp out expo-
nonentially in time; the square of the vector-poten-
tial amplitude has a reciprocal lifetime given by

The Fourier transforms of the electromagnetic
and polarization field vectors in the quantum theory
are related to the Fourier transform of the vector
potential in the same manner as in the classical
theory2~:

E(k, (d) =i(dc A(k, (d), (4. al)

H (k, (d ) = (k x A(k, (d ), (4. aa)

4)(P(k, (d) = [e(k, (d) —1]E(k, (d),

where A(k, (d) is given by Eq. (4. 1). The electro-
magnetic and polarization field vectors E(x, t) and

P(x, t) can be obtained by taking inverse Fourier
transforms, closing the contours in the k and ~
planes in the same way as was done earlier in com-
puting A(x, t).

For the field vectors of transverse quasiparticle
solution, one obtains

E,(x, t) = i(d, (k)c 'X„(x, t), (4. a4)

(4. as)

H, (x, t) =(kxA, (x, t),
47r P, (x, t) = (g[k, (d, (k)] —1]E,(x, t),

where

A, (x, t) = A, (k) e'"' " """'"

(4. as)

(4. a6)

(4. av)

The field vectors of a corresponding longitudinal
solution are given by replacing by X and & by 0
in the above expressions.

The field vectors of the forced-harmonic solu-
tions can be obtained from the above solutions by
replacing (d„(k) by (d and k by k„((d), z= z, X.

E. Energy Velocity

One can determine how the electromagnetic and
polarization fields propagate through a solid by
constructing wave packets from linear combinations
of the above solutions. '6 However, one would have
to employ numerical methods before anything mean-
ingful could be obtained when damping and spatial
dispersion were included. Analytical expressions
can be obtained by employing the energy-velocity
concept derived in Sec. II.

Many light-matter experiments involve only a
small range of energies and k vectors near the cen-
ter of the fundamental Brillouin zone. Here the
classical model should be approximately satisfied:

(d (/p& (d) = (do+5 k, Qp(kq ~&)
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Re I'(k, id) = 1'

Probably the poorest of these approximations is that
of neglecting frequency and/or wave-vector depen-
dence in the ReI'(k, ~).' '

The energy velocity defined in Eq. (2. 12) depends
only implicitly on I' through a dispersion relation.
Poynting's theorem does not appear to be affected
by including frequency or wave-vector dependence
in I'. With I' assumed to be an arbitrary function
of k and co, some potentially useful expressions will
now be derived that relate v~ to coo, v, QJ„and F.

The energy velocity equals the ratio S/W where
the bars denote average values. Inthe quasiparticle
case it is natural to define this average in space by
integrating the instantaneous functions S(x, t) and

W(x, t) given by Eqs. (2. 10) and (2. 11) over a
period ) =2II/O in x:

x'g+ X,

s(t) = — s(x, t) ax, ,
1

(4. 28)

where

n, = ck,'/&u, II, = ck,"/u&, p= v/c . (4. 34)

The above expressions for the transverse energy
velocities cannot be simplified any further. The
frequencies ~,' and ~," and wave numbers k,

' and

k,"have to be determined numerically from Eqs.
(4. 8) and (4. 15), respectively. When P is set
equal to zero, Eq. (4. 32) reduces to the result re-
cently derived by I oudon. " Numerical results
based on Eqs. (4. 30) and (4. 32) will be given in
Sec. V.

V. RESULTS

A. Dispersion Relations

The dispersion relations plotted in Figs. 3 and 4
are for the optical model in which the following
assumptions have been made: Qp(k, ~) =Bi„
~s(k, ~) = ~0+ v k, and ReI'(k, ~) = I'. The values
of ~0, v, and Q~ are listed in the figure caption.
These results demonstrate the significant differ-
ence between the quasiparticle and forced-harmonic
solutions when damping is included.

Here x& is along the direction which the wave vector
is directed. In the forced-harmonic case it is
natural to define this average with respect to
time t:

t+T

s(x) =— s(x, t) at,
t

w(x) = — w(x, t) at,1

t

(4. 29)

where T= 27I/&u. The energy velocity of each of the
above solutions will be independent of x and t; it
will be a function only of k in the quasiparticle
case and cu in the forced-harmonic case.

The calculation of the energy velocity is now

straightforward to carry out so that only the final
results will be presented here. The results below
are for the quasiparticle and forced-harmonic solu-
tions derived earlier. The quasiparticle energy
velocities are denoted by v„(k); the forced-harmonic
energy velocities are denoted by v„(&u),

v, (k) = k I' ' [I'v,' —2&d,'&d,
"

+ 2v k (0~(d~ ((d~ + (0~ ) ], (4. 30)
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FIG. 3. Transverse forced-harmonic solutions of the
classical model with Q&=0. 1eV, no=1.0 eV, P =v/c=10
(0) and (0'), I'=OeV; (1) and (1'), I'=10 'eV; (2) and

(2'), I'=10 eV; (3) and (3'), I =10 eV; (4) and (4'),
I' = 10 eV.
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FIG. 5. Energy velocities for forced-harmonic solutions
shown in Fig. 3.
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FIG. 4. Transverse quasiparticle solutions of the
classical model with same values assigned to the parame-
ters as in Fig. 3.

The forced-harmonic solutions shown in Fig. 3
change character dramatically as I' passes through
the following value:

r= 2(v/c)n~ .
When F is smaller than 2(v/c)Qp, the dispersion
relations are similar in character to the form taken
when damping is neglected. "Polariton" effects will
have their usual meaning here. However, when I'
exceeds 2(v/c)QJ„ the dispersion curves continue
to "repel" each other, but take on a more "classi-
cal" character. With increasing l", one solution
becomes more and more photonlike while the other
becomes more and more excitonlike. As I' contin-
ues to grow, the absorption coefficient 2k"(~) of the
excitonlike solution continues to increase but the
absorption coefficient of the photonlike solution
starts decreasing.

These results are not unreasonable. If the ex-
citon field is strongly damped out by phonons, the
effect of the exciton-photon coupling could conceiv-
ably become less important so that the normal
polariton effects are not apparent. Hopfield sug-
gested this possibility in qualitative terms several
years ago. Equation (5. 1) puts this in quantitative
terms. The energy velocities plotted against ~ in

Fig. 5 give a vivid indication of this.
Damping has appreciably less effect on the quasi-

particle solutions as can be seen in Fig. 4. Here
the dispersion relations retain their undamped
character for all values of I'. The energy velocities
plotted against k in Fig. 6 illustrate the photonlike
and matterlike character of the quasiparticle solu-
tions.

Figure 7 illustrates another model which could be
of some importance in semiconductors especially
near liquid-helium temperature. e' For the same
set of parameters ~0, v, and Q~, some frequency
dependence in I" has been added. Only the forced-

k(cm ')
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FIG. 6. Energy velocities for quasiparticle solutions
shown in Fig. 4.
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grammatically in Fig. 8. A light beam indicated
by the dashed line is scattered with the simultane-
ous creation of a, TO phonon indicated by the solid
line. (The TO phonon is the "polariton" in this ex-
periment, i. e. , it is analogous to the exciton. The
anharmonic phonon-phonon coupling is responsible
for the damping in a manner analogous to H,„."'~s)
The crystal is transparent at the energies of the
incident and scattered photon, but the TO phonon is
strongly damped out by phonon-phonon interactions.

Puthoff et al. 4 applied a dispersion relation
equivalent to Eq. (4. 15) which is satisfied by an en-
ergy conser ving phonon-polariton solution. They
assumed energy of the created phonon polariton
was real and that its momentum was complex. How-
ever, damping in this experiment gives rise to a
nonvanishing linewidth in the observed energy of
the scattered photon caused by the finite lifetime
of the created phonon due to phonon-phonon cou-
pling. Thus energy is not conserved f However,
it is reasonable to expect this light scattering ex-
periment describes a momentum-conserving event
within the crystal at the moment the photon is
scattered and the phonon is created. If momentum
is conserved,

FIG. 7. Transverse forced-harmonic solutions of the
model described in text with Q& = 0.1 eV, ~0 = 1.0 eV, P
=v/c=10: (0) and (0'), e =0eV; (1) and (1'), v=10 ~eV;
(2) and (2'), & = 1 eV; (3) and (3'), o. = 300 eV.

harmonic case is considered, it being assumed that

( )
y((o/(u, —1), (u & (u,

0, (5. 2)

The right-hand side of Eq. (5. 2) has a form similar
to that derived using the deformation-potential in-
teraction at T=O'K (see Appendix B). The solu-
tions in this model are similar in character to the
earlier model. However, dispersion curves 3 and
3' are observed to cross, which is unusual. "Po-
lariton" effects are clearly evident in solutions 0,
1, and 2 where effects of damping are "small. "
The solutions take on a more classical character
when y exceeds the value

y = 2(c/e)0~, (5. 2)

as can be seen from an inspection of solutions 3
and 3' in Fig. 7.

B. Phonon Polaritons

Benson and Mills23 have recently raised a ques-
tion as to why Raman scattering data from optical
phonons" fits a theoretical dispersion relation which
neglects damping, but does not fit one which in-
cludes damping. This experiment is shown dia-

where kr and k~ are the momenta of the incident
and scattered photons, respectively, inside the
crystal and k is the momentum of the created pho-
non. In this case the phonon is expected to be a
quasiparticle solution of Eq. (4.6) where k is real
and given by Eq. (5.4) and ~ is complex and equal
to &u, (k) —i~, (k). This solution decays exponential-
ly in time with an effective lifetime T, satisfying
Eq. (4. 19). If T, is small compared to &u,'(k), then
the linewidth of the scattered photon will be small
compared to &u,'(k ) and the energies, &u, and ~~, of
the incoming and outgoing photons should be re-
lated to cu,'(k) by

(5. 5)

Here &u„'(k) is also related to k, theoretically,
through the dispersion relation [Eq. (4. 6)].

The experimental parameters measured in the

///
///
ke i cele

////

FIG. 8. Phonon-polariton scattering geometry: (kr, r)
and (kq, , ) denote momentum four vectors of the inci-
dent and scattered photon and (k, w) denotes momentum
four vector of the created phonon.
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the exciton is a boson instead of a fermion. To
evaluate the above expression, one, therefore, in-
troduces the interaction representation defined by

F(r) = e "o' Fe "o'

and the theorem (see Ref. 3, p. 104)

( T,a„(k q, 7-)( (q, r)a, (k, 0) )

(A2)

FIG. 9. Feynman diagrams associated with (a) Kq. (A6)
and (b) Eq. (A7). =(TW„(k —q, ~)q(q, r)a„(k, 0)S(I3)),(S(P) ),' .

expe m nt ar ki ~1 k's and ~~ Thus, from
Eqs. (5. 4) and (5. 5) one can determine k and
(e,'(k) from experiment and compare them with theo-
ry. The experimental results have been found in
all cases to date to be in close agreement with
theoretical results which neglect damping. ' The
quasiparticle dispersion relations are in close
agreement with these as long as 0„&2I'. This lat-
ter condition is well satisfied in LiNb03. From
Ref. 24, QJ, =10 cm ' and I'=34 cm ' for the 628-
cm ' line in LiNb03.

VI. CONCLUSION

The quantum theory of a basic light-matter inter-
action has been treated quantum field theoretically.
The classical theory has been shown to be a special
case of the quantum theory. Where this special
case applies, an energy velocity has been defined
and calculated without recourse to wave packets.

Two basic field solutions are defined, called
quasiparticle and forced-harmonic solutions, which
have a well-defined momentum and energy, respec-
tively. They coincide in dispersive character when
damping is neglected, but possess significantly
different dispersive characteristics when damping
is included.
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Here

S(P) = T, epx[- f H, „(~')d r']
0

( )()
=- Spfexpl P(&o —H())] } . (A5)

Expanding the numerator and denominator on the
right-hand side of Eq. (A3) in a power series in

H, L(r ), one can associate with the corresponding
expansions in Eq. (Al) the same set.of Feynman
diagrams as is done in the electron-phonon prob-
lem. The simplest of these occurs in first order
and is shown in Fig. 9(a). It corresponds to the
term

P„,(k, q; ~„)=roq'(q)keT Z + go)(k —q„)
f)))fats 2y 4

x g,"„)(u„)n")(q„), (As)

where g~'„'(k ) and S' '(q„) are Green's functions
satisfying, respectively, Eqs. (3. 20b) and (3. 20c)
with H, L=0. To all orders in H, L( )zone can show
that Fig. 9(b) is associated with

P„„(k,q; w ) =keTKX 9„,(k —q„)
sy t=2, 4

x r„(q„;u )g,„(a )~(q„), (AS)

where the g's and S are the exact Green's functions
and I'„(q„;k„) is called the vertex tensor. This
vertex tensor is associated with the infinite sum of
connected Feynman diagrams that can be constructed
having two external-exciton lines and one external-
phonon line (see Fig. 10). The two lowest-order
terms of the vertex tensor are given:

APPENDIX A: DERIVATION OF EQ. (3.19)

The type of term difficult to treat in deriving
Eq. (3. 19) is that given by

P„„(k,q; (() ) = J dr(T, a„(k—q, r)

r„(q„;q.)=r;(q)(q„q, re% f "q', )r,(t)))'-
(q~)(=2, 4 y 2+

x q,"„'(q —q„—q, ) Il.",'(q —q, )s&"'(q,)),
(AS)

x qt(q, ~)a„(k, O))e'"~' ~ (Al) where q, =(q„~,).
This term is essentially equivalent to that encoun-
tered in the electron-phonon problem (see, for ex-
ample, Ref. 3, p. 136. The only difference is that

APPENDIX B: DEFORMATION-POTENTIAI. INTERACTION

Migdal has shown that the diagrammatic expan-
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ly at very low temperature and is given by

~~(q) =F.*(q)8~ [I+o((~./m)"')1 . (Bl)

Here ~0 equals electron mass, m equals the nu-
clear mass, and o. and P are the electron-spin
quantum numbers. It will be shown that a similar
result is obtained for the exciton-acoustical-phonon
interaction.

The coupling strength in this case is given by'

I', (q) = (q/2pu)'~'DP(q), (B2)

+ ~ ~ ~

FIG. 10. Feynman diagram defining the vertex tensor.

where D equals the deformation potential, p equals
the density of the material, u equals the velocity
of sound, and F(q) is a dimensionless function of

q which has a magnitude less than or equal to unity
with F(0) =1. Making use of Eq. (A8), one obtains
consistent to terms of third order in I 0

r„,(q„;u. ) = rg(q) [s„,+ r„',"(q„;u„)],sion for the vertex tensor in the case of the elec-
tron-acoustical-phonon interaction converges quick- where

(as)

I'l'« ~-) = - (2&) '~z» ~ dq i l

I o(qi) I' ~"'(~.- q. - qi) 8!".(&.- q, )&"'(q)) .
(dyQ=2y4

(B4)

Here

q, -=(q„&u,), 0 -=(k, &u ), q„-=(q, (u„) .

The Green's function & '(q, ) is given by

S (q, y (d, ) = —2uq, ((d', +u'q', )
' .

The Green's function 9'„,'(k„) is a solution of Eq.
(S. 19) with Z„,= 0. When k is large in magnitude
compared to &u /c, it can be shown that g„','(k, ~ )

is diagonal and equal to the "bare"-exciton Green's
function given by

e,".'(~.) = 8,.e,"'(~.),
go (k ) =[its —u&z(k)] i,
g4 '(k ) = —[i(u +&uz(k)j ' .

(B8)

As will be now shown, this latter property makes
the calculation of I „'," similar to that carried out by
Migdal. %e, too, restrict the proof to low tempera-
tures where

kzT~~=(2z) ' f d~, .
GD g

In the proof it will be assumed that i&a =+ ~z(k);
these are the dispersion relations satisfied by a
bare undamped exciton. It will be further assumed
that

~z(k) =~o+0 /2M, (av)

( 2
I-

( ) 2@(o&( )
1 (B8)

where g =D p u and ~& equals the Debye energy.
Thus, to a good approximation

where M represents the effective mass of the exci-
ton.

In estimating the magnitude of I „'," it is convenient
to integrate with respect to q& first and then carry
out the integration with respect to ~& last. The fol-
lowing term in Eq. (B4) has the following form:

r,',"(&„;a ) =(s~y'&' K afar, g,."(a —,~.- q, ) g.."(a —~, ) .
Q=2g 4

(B9)

In this expression one expects that the region near
the poles in g„'„' and 8~' will give the most signifi-
cant contribution to the integration with respect to

q, . One also expects that this contribution will be
largest when these poles nearly coincide at as large
a value of q, as possible where the density of states
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where

I „",'(q„; u) = 6„,r „"'(q,R; ~„), (B10)

I,'"(q, k; (d„) = I,")(q, k; —(v„)

is correspondingly large. As can be seen from an
inspection of Eqs. (B6), (B7), and (B9), the above
conditions will be met when q» 4 —q„and 0 —q, —q
are all large compared to (vo/c and are nearly equal
in magnitude. In estimating the magnitude of I „',",
one is thus justified in approximating the Green's
functions in Eq. (B9) by the bare-exciton Green's
functions given by Eq. (B7). From this point on,
the calculation essentially duplicates that of Migdal.
One obtains

w can be included in X)0(q„) by renormalizing the
velocity of sound u. The imaginary part of m due
to II,L is zero because none of the diagrams associ-
ated with the right-hand side of Eq. (B14) conserve
energy as long as (vs(k)»(d~(q).

As was the case in evaluating I'„,", the most sig-
nificant contribution to the integration with respect
to q in Eq. (B13) comes when q —k is large in mag-
nitude compared to (do/c. One is therefore justified
in approximating 9„',' by the bare-exciton Green's
functions given in Eqs. (B6). Integrating with re-
spect to ~„ first, one obtains after making use of
Eqs. (85) and (B6)

Z„,(u„) = 6„,Z„(n.),
(B15)

= (2)T) 'g'Ma i~„-v ~ q

(Bll)

Z ,(k, (u„) = —Z, (k, —(d ) =(2m) '
2pQ

dp I k —pl 6:(f—p)
i(d —u I k —p I

—(u~(p)

Here v =k/M and 8 has been introduced so that
practical units can be employed. Substituting the
values D =1 eV, p=2 g/cm', a=10' cm/sec, and
M=mo, into Eq. (Bll), one obtains I z" ~ 10 'A.

This is small compared to unity near the center of
the Brillouin zone, 4 ~ 10' cm '. At larger values
of (I,', vq =kq/M will be large compared to uq so
that here too I 2" will be small in the physically
interesting case: i&„=uq. Therefore, to a good
approximation

(B12)

This result greatly simplifies the problem of cal-
culating the self-energy tensor.

Substituting Eq. (B12) into Eq. (3.21), one gets
in the low-temperature limit (T= 0 'K):

y, (k, (v) = b, ,(k, (v) —i5, (k, (u), (B16)

~ (g )
D'

(2 ) g~ dpi%-pl 6(k-p)
2pQ (v~(P) + u I k —p I

—(u

(B17)

x 6:(k —p, )v '(p,), (B18)

The right-hand side of this finalexpression can be
analytically continued into complex values of (v .
Since the damping is assumed to be a small perturba-
tion, one is primarily interested in the case when
iw =cu+i6, where cu is a real number and 6-0'.
One therefore obtains after making use of the fact
that (x —i6) '=1/x+im5(x) [refer also to Eq. (3.22)]:

&-(&-)=+(2~) ' f d~.dq ll o(~) l'

x x)(0)(q„)g„(o)(u —q„), (B13)
y, (k, (v) =0,

where v(P) =d(vt. (p)/dp and p, is given by

(B19)

where the —sign applies when ~ = 2; the + sign when
x =4. The Green's functions g„, have been approxi-
mated by the undamped functions because the imagi-
nary parts of Z„„which will now be calculated, are
shown to be small compared to ~, and can be treated
as infinitesimals in Eq. (B13). The real parts of
Z„, are also small compared to ~0 and can be in-
corporated into (vz(k) by renormalizing the exciton
mass. The self-energy of the phonon Green's func-
tion is given by

(v~(p, ) +u
l
R —p, l

= &() . (B2o)

One cannot obtain analytical expressions for &,
and 6, except in very special cases. When 6'(k —p, )
is approximated by 6'(0) = 1 and u I k —p, I is neglected,
one can obtain an analytic expression for 5, in two
interesting cases: 4 «P, and 4 =P&. In these two

cases, one obtains when co&(do

a((d —~), k «i),
ga((d —(()p) q

k =Py (B21)

x g,'o)(q„-& ) . (B14)

The real part of m is not negligible compared to uq.
However, without loss of generality the real part of

where a =M D /mph . For the previous values used
in calculating I „',", a = 0. 5 x 10 . The ref ore, the
damPing contribution 5,(k, &u) from the deformation-
potential interaction is very small compared to p.
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Fro~ Eqs. (3.31), (B16), and (B19) one has that

r=ker(k, te)=e, (k, te)((+ *
)

e,(('e., ) (( "') . O)kk)

When ~=+&us(k), this reduces to

I'=+ 26, (k, +(d) .
Since 6,(k, ~) is positive definite, Eq. (B23) assures
that the poles in Dz(k, &u) are in the lower half of
the ~ plane.

'Y. Toyozawa, J. Phys. Chem. Solids 25, 59 (1964);
A. Sunis, Phys. Rev. 135, Alll (1964); B. Segall and
G. D. Mahan, ibid. 171, 935 (1968).

U. Fano, Phys. Rev. 103, 1202 (1956); J. J. Hopfield,
ibid. 112, 1555 (1958); V. M. Agranovich, Zh. Eksperim.
i Teor. Fiz. 37, 430 (1959) [Sov. Phys. JETP 10, 307
(1960)].

A. A. Abrikosov, L. P. Gor'kov, and I. Ye Dzyaloshin-
skii, Quantum Field Theoretical Methods in Statistical
Physics (Pergamon, New York, 1965).

4R. Ditchburn, Light (Wiley-Interscience, New York,
1963), p. 562.

5A. S. Barker, Jr. , Phys. Rev. 165, 917 (1968).
6T. Osaka, Y. Imai, and Y. Takeuti, J. Phys. Soc.

Japan 24, 236 (1968).
'W. C. Tait and R. L. Weiher, Phys. Rev. 166, 769

(1968).
S. I. Pekar, Zh. Eksperim. i Teor. Fiz. 33, 1022

(1957) [Sov. Phys. JETP 6, 785 (1958)]; S. I. Pekar,
Fiz. Tverd. Tela 4, 1301 (1962) [Sov. Phys. Solid State
4, 953 (1962)].

J. J. Hopfield and D. G. Thomas, Phys. Rev. 132,
563 (1963).

See, for example, Ref. 3, p. 255; and Ref. 6.
R. Loudon, J. Phys. A 3, 233 (1970).
R. S. Knox, in Solid State Physics, edited by F. Seitz

and D. Turnbull (Academic, New York, 1963), Suppl. 5,
p. 133.

'3C. H. Henry and J. J. Hopfield, Phys. Rev. Letters
15, 964 (1965).

~4L. Brillouin, W'ave Propagation and Group Velocity
(Academic, New York, 1960).

References 1, 2, 6-8, and 12.
~6A. M. Agranovich and V. L. Ginzburg, Spatial Dis-

persion in Crystal Optics and the Theory of Excitons
(Wiley-Interscience, New York, 1966), p. 65.

~'K. Ohtaka and T. Fujiwara, J. Phys. Soc. Japan 27,
901 (1969).

' References 6, 7, and 16.
'~A. A. Demidenko and S. I. Pekar, Fiz. Tverd. Tela

6, 2771 (1964) [Sov. Phys. Solid State 6, 2204 (1965)];
R. R. Alfano, J. Opt. Soc. Am. 60, 66 (1970).

" Reference 3, p. 255.
See Ref. 6; and L. P. Kadanoff and P. C. Martin,

Phys. Rev. 124, 670 (1964).
J. Hopfield, in International Conference on II-VI Semi-

conducting Compounds, edited by D. G. Thomas (Benjamin,
New York, 1967), p. 800.

H. J. Benson and D. L. Mills, Phys. Rev. B 1, 4835
(1970).

24H. E. Puthoff, R. H. Pantell, B. G. Huth, and M.
A. Chacon, J. Appl. Phys. 39, 2144 (1968).

5A. B. Migdal, Zh. Eksperim. i Teor. Fiz. 34, 1438
[Sov. Phys. JETP 7 996 (1958)]; G. M. Eliashberg, (1957)
ibid. 41, 1241 (1961) [14, 886 (1962)].


