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A theoretical study of ortho-para hydrogen conversion on paramagnetic surfaces is given.
In the adsorbed layer, hydrogen molecules are assumed to behave like plane rotators, and

their translation at the surface is described by means of a two-dimensional diffusion equation.
The spatial dependence of the dipolar matrix elements is found to be important only in the close
vicinity of surface impurities. Ortho-para time-correlation functions are computed, and their
behavior is compared to the nuclear relaxation case. The total conversion probability is cal-
culated, and two extreme cases are distinguished: (i) The ortho-para conversion energy goes
to the thermal bath and the conversion rate is proportional to the diffusion constant and (ii)
the ortho-para conversion energy goes to the spin impurity system. In contrast to Leffler's
results, the best catalysts are found to be those which have the shortest impuribg relaxation
times.

I. INTRODUCTION

Theoretical studies on ortho-para hydrogen con-
version, at low temperature, have notbeen carried
out during the last few years. The original theo-
retical approach was given by Wigner, who stated
that the strongly inhomogeneous magnetic field of
paramagnetic impurities decouples the proton spins
of the hydrogen molecule. As the speed of the
conversion is directly related to the magnetic ef-
fective moment of the impurities, all experimental
results were interpreted on the basis of this static
theory. Wigner's study in liquids and gases is
called homogeneous, in contrast to the heteroge-
neous study in which the magnetic impurities are
located on a solid surface. Harrisson and Mac-
Dowell extended Wigner's calculation to the hetero-
geneous case, which shall be referred to in the
following, as the "classical theory. "

It is necessary to provide a large amount of en-
ergy in order to convert a hydrogen molecule from
a para to an ortho state. Nuclear and rotation
states are coupled, and therefore, if h~~ is the
so-called ortho-para energy, (d,~ is an "infrared"
frequency (&v~4 5. 10'~ sec '). According to the
classical theory, the conversion energy is of kinetic
origin. However, Leffler suggested that this en-
ergy may be supplied by the spin relaxation of the
surface magnetic impurities. The method used by
Leffler is based on the calculation of the relaxation
time of each proton of a hydrogen molecule located
in the vicinity of a paramagnetic ion. The conver-
sion rate is then obtained by the difference of the
relaxation rates of the two protons. The conclusion

reached is that those paramagnetic ions having long
relaxation times make the best catalysts. In fact,
according to Pauli's principle, nuclear and rotation
states are coupled, and therefore Leffler's treat-
ment is inaccurate.

In this work, a theoretical study is provided of
the conversion in the adsorbed layer and of the
influence of the spin relaxation time of the impurities
located on the surface of the catalyst. A short
account of this theory has already been given for
both paramagnetic and ferromagnetic catalysts. 4

A simple theoretical model, built from experi-
mental results, is described in Sec. II. In Sec.
III, basic equations are derived for the various
ortho-para transitions and for the total conversion
rate. In Sec. IV, time and spatial dependences are
discussed and numerical applications are given. In
Sec. V, numerous theoretical rates are calculated
and the influence of the spin relaxation is discussed.

II. MODEL

The ortho-para transition probabilities and the
total conversion rate are calculated by choosing a
simple model satisfying the following five assump-
tions (the first two indicate the rotational motion of
the molecule at the surface; the third and fourth
ones, its translational motion; the last one, the
surface impurity locations and their spin relaxa-
tion times).

(i) At low temperatures, T& 100'K, only the two
lowest ortho and para ground states are populated
(at T = 100 'K about 99% of the molecules are in the
J= 0 and J= 1 states, J being the rotational quantum
number). Only these two ground states will be taken
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into consideration.
(ii) When a hydrogen molecule is adsorbed, its

rotational motion is seriously altered by the sur-
face, which introduces a potential barrier restrict-
ing the turning over of the molecule. In the case
of a high barrier or of a low temperature, the two
rotational degrees of freedom will become effective-
ly one degree of planar rotation [around an axis
(Oz) perpendicular to the surface].

White' developed a theory in which the interaction
potential between the adsorbed molecule and the
surface is described by a Morse-type function.
Parameters were calculated and compared to the
experimental results of Cunningham et al. A con-
clusion is reached that adsorbed hydrogen molecules
behave approximately as plane rotators. Conse-
quently, in the following, we assume that hydrogen
molecules are free to rotate in a plane parallel to
the surface, the rotational ortho wave functions
being equal to ((',"= [1/(2(()'~i]e '~, where v=+1
and ft) is the rotational angle about the z axis per-
pendicular to the surface (g,"are eigenfunctions of
z').

(iii) During their stay on the catalyst surface, the
molecules will travel over no more than 100 A. It
is therefore assumed that the surface of the catalyst
is planar. At low temperatures, the adsorbed mono
layer is almost completely filled and behaves as a
two-dimensional ideal gas, which is the hypothesis
of supermobile adsorption. In such a case the
translational motion is described by a two-dimen-
sional diffusion equation. We use the theory of
random walk in a way similar to that of Torrey' for
nuclear relaxation.

(iv) When the molecule receives enough energy
from the solid (phonons) or from the gas (collision
with another molecule), it leaves the surface. Ac-
cording to Cunningham and Johnston's experimental
results, the exchange of molecules between the
bulk and the adsorbed phase is assumed to be slow
compared to the conversion speed. The internal
vibrational degree is not perturbed, as the forces
introduced by the surface are rather small com-
pared to the restoring forces involved in the internal
vibration. '

(v) The assumption is made that some magnetic
impurities are located very close to the surface and
randomly dispersed and that their relaxation is iso-
tropic. Following Bloembergen and Morgan, ' we
assume an exponential decrease for the correlation
function:

(S.(t)S.(t+~)) = ,'S(S+1)e-"i 5.,-.. .

where S(t) is the time dependence of the spin orien-
tation of a surface impurity (S being treated as a
semiclassical variable; & = x, y, z) and vp is the is
tropic relaxation time.

III. THEORETICAL RATES

1
W&,f =

Z
h „0 (A, e, lH, (t)le, A.'")

If we define

&& &A.'"e,
I
H, (t ')

I
A, e~) dt '+ c.c. (2)

&„,=(Aa "IHgl At), A, „(t)=e' 'A, „e ' '

Eq. (2) is found to be

wt f gi (et'I 4 "(t) le,. & &8(IA "(t—&) le, &

0

&& e '"ot"dt+c c. , (3).
where h p=E Ep is the ortho-para energy. The
transition probability from the para ground state
to an almost degenerate ortho ground state equals

W."," = Z P(8, ) W,.'," (4)

waif

P(8, ) being the probability of finding the system in
the state (8,) . Owing to energy conservation, the
eigenvalues E, and Et, corresponding to the (8, )
and (et& states, must satisfy

Ef —E] =h ~Op (5)

and thus summations on t and f of Eq. (4) are re-
stricted by Eq. (5). Let the quantum correlation
function relative to the catalyst and to the motion
of the molecule on the surface g, „(v) be defined by

g„„(~)= 2 P(e, ) &e~ IA "(t)Ie,& &e I A "(t—&)I e~ &.
&if

We start with an unperturbed Hamiltonian Hp=M
+R, where M is the part of the Hamiltonian 00
which describes the internal states and energies
of an adsorbed hydrogen molecule. Let I(tt" & be
its nuclear eigenfunctions and I g "& its rotational
eigenfunctions (see the Appendix). o and p are the
indices of an ortho and para state and I

A'")
= I4 "g"&.

R is the part of the Hamiltonian 00 which de-
scribes the impurity spin system and the motion of
the molecule on the catalyst surface. Let (8) be
its eigenstates.

We introduce a perturbing Hamiltonian H~ which
describes the dipole-dipole interaction connecting
the spin magnetic impurity S with the two protons
of the adsorbed hydrogen molecule. Thus sym-
metry is broken, and ortho and para states are
slightly mixed. In the interaction representation,
the time dependence is introduced as follows:

H (t) et (ttl+R&t If -t (tt+R)t
1 1

The transition probability from an initial ortho
state I A,"")

I 8, ) to a final para state I Ai& I et & may
be written
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as classical variables, time dependent, and, con-
sequently, A„„dependent too. Thus, we are able
to compute the new classical correlation functions

g„„(f)= (A „„(0)A~„(t)) by taking into account the
assumptions made in Sec. II.

(iii) The ortho-para transition probabilities and

the total conversion rate, which are given by Eqs.
(7) and (8), are then deduced.

IV. SPATIAL AND TIME DEPENDENCES

A. Spatial Dependence of Nuclear and Rotational
Matrix Elements

FIG. 1. Hydrogen molecule in the close vicinity of a
magnetic impurity. The distance R between the mole-
cule and the impurity is defined in cylindrical polar
coordinates R (~, G. , z); the rotational angle is designated
by 0

Then Eqs. (3) and (4) may be written
p a

W» = ~ g, „(7)e '"»' dt+c. c.
~ 0

which is the spectral density at the frequency ~,~.
The total conversion rate is given by

(7)

(8)W„=Q W.;"
gP

In the following, the quantum correlation function
will be replaced by the classical one.

(i) The rotational and nuclear matrix elements
A„„=(A,""IH, 1 A~) are calculated as functions of the
position of the molecule and the spin components.

(ii) The position R and the spin 8 are now treated

The matrix elements A. „„are calculated in the
Appendix. They may be written

where D,„are constants, S the components of S,
and 0~ functions of the distance R between the cen-
ter of the molecule and the magnetic spin, which
is expressed in cylindrical polar coordinates
(r, z) as shown in Fig. 1. The surface plane is
given by z = 0 and the plane in which the molecule
moves by z. The functions oz(r, z), calculated in
the Appendix, were numerically computed for &

= 0, z= 2 A (Fig. 2) and z= 2. 5 A (Fig. 3). This
calls for the following comments.

(i) Every oz function has a specific spatial de-
pendence. For instance, only the function 02
differs from zero at x=0. In the case of strongly
localized adsorption in the close vicinity of r = 0,
the spatial dependence of A„„will be dominated
by the o~ one. In the case of mobile adsorption,
the average has to be taken over the o~ functions

1 2 3
(A)

2
FIG. 2. The spatial dependence 0~(R) of the nuclear

and rotational matrix elements is represented for
z = 2 A and & = 0. The ordinate 0& is expressed in 10
cgs units. (Detailed expressions are given in the Appen-
dix. )

FIG. 3. The spatial dependence 0~(R) of the nuclear
and rotational matrix elements are represented for

27z =2.5 A and n =0. The ordinate 0& is expressed xn 10
cgs units. (Detailed expressions are given in the Appen-
dix. )
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to nuclear magnetic relaxation in adsorbed layers.
Describing the adsorbed-molecules displacement
by a two-dimensional translational diffusion equa-
tion, the correlation functions Gzz. may be written

1
Geo'=

(2 )z drodrrro(ro)oe'(r)
v

exp~ —2koDt+i k(r —ro)
~

d k, (11)

irnpuri l y

FIG. 4. The surface plane contains, all around each
impurity, what could be called a conversion disk of ra-
dius approximately equal to 4 ~. During its stay on the

surface, the hydrogen molecules "walk" through these
disks, where they are converted.

as in Sec. IVB.
(ii) pro becomes negligible when z & 2. 5 A. There-

fore, only the first adsorbed layer can be con-
verted and only the impurities located on the sur-
face of the catalyst can convert. Inversely, ex-
periments where ortho-para hydrogen conversion
is measured prove the existence of impurities on
the catalyst surface.

(iii) oo become negligible when r&4A. There
fore the hydrogen molecule must be close to the
impurity to be converted. Moreover, a molecule
has some probability to be converted only by a
single impurity at a time (Fig. 4). Conversion is
a microscopic phenomenon, in contrast to nuclear
relaxation, where the molecules are relaxed by a
great number of the catalyst surface (and near-
surface) impurities. Consequently, conversion
gives direct information on the average behavior
of a single impurity and on the surface impurity
concentration.

B. Time-Correlation Functions

We turn now to the calculation of the time-cor-
relation functions g „(t)= (A„„(0)A„„(t)),where
A„„is given by Eq. (9), and where S and R are
treated as time-dependent classical variables.
Furthermore, we make the approximation that there
is no correlation between the motion of the adsorbed
hydrogen molecules and the spin relaxation of the
surf ace impurities. Thus,

where D is the diffusion constant. If we set

rro(r) = po(r) e' ', oo (r) = po. (r) e'"

it is found that

Goo ~ =2rrZr fk dke ' ' J f Jr(kr) Jr(kro)

&: po(r) po. (ro)r drrodro6r 5r (12)

where J, is the Bessel function of / order. New
selection rules are introduced by the factors 6f
and 6, „. The correlation functions which figure
in Eq. (10) and differ from zero are G «, Gzz, Goo,
G4&, and G», given by Eq. (12). They have been
computed and are represented in Fig. 5. One may
note the following:

(a) G,r»Goo»Goo&Goz, G44

G55» G44

In the case of isotropic relaxation, we may ne-
glect all GB, in front of Ggf.

(b) If our results are compared to those, con-
cerning nuclear relaxation, of Kokin and Izmestiev"
and Beckert, ' it may be observed that our func-
tions Gz~ decrease comparatively more slowly.
Thus it is deduced that, for ortho-para conversion
in adsorbed phases, molecules are more strongly
correlated than for relaxation. This can be ex-
plained by the fact that the functions pro(R) have a
shorter spatial range than the ones encountered in
nuclear relaxation.

(c) In the following, G» will be approximated by
an exponential time decrease G«=e ' ", where
the translational correlation time z, is defined by
T = ro/16D, with ro being the radius of the conver-
sion disk (ro=4A) In fact, .G„decreases more
slowly than an exponential, but the results are not
qualitatively changed by this approximation. Fol-

g„„(t)= Z D„o D„'„'(S (0) S .(t)) ((ro(0)(r;(t))
coopt

(10)
According to assumption (5), Eq. (10) is reduced
to the calculation of the new time-correlation func-
tions

Goo, (t) = (oo(0) cro, (t) )

which are calculated by means of the random-walk
theory applied by Torreyv and Kokin and Izmestiev~~

10

10

10

8 16 24
Dt

FIG. 5. Time-correlation
function Gg~ of Og(R) when the dis-
placement of the hydrogen mol-
ecules, adsorbed in a monomo-
lecular layer, is described by a
diffusion equation. (D is ex-
pressed in cm /sec and the time
t in sec. )
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classical theory and corresponds to a fast motion
of the molecules on the catalyst surface or to a
slow relaxation of the surface impurities.

Equation (15a) becomes

W,~- 2r, /(1 + &u,~ v, ) . (16)

FIG. 6. Ortho-para transitions when a low magnetic
field is applied. &, and &„are the electronic and nuclear
Zeeman energies. The total nuclear spin I of an ortho
state equals 1 and the electronic impurity spin S is
chosen equal to ~.

The conversion rate is maximum for ~,~v, =1,
which gives r, =10 '~ sec (as ~,~=10 ' sec '). In

fact, usually v, » 10 sec, and thus the conver-
sion rates are less than 10 of their theoretical
maximum. In such a case the main result is that
the transition probability W~ is inversely propor-
tional to ~, and directly proportional to the diffusion
constant D of the adsorbed hydrogen molecules.
The ortho-para energy ~,~ is transferred to the
thermal bath via the kinetic energy of the adsorbed
phase.

The twelve ortho-para transitions, which are
outlined in Fig. 6, may be divided into four cases,
according to the conservation, or lack of conser-
vation, of the electronic and nuclear longitudinal
spin components S, and I,. The numerical transi-
tion probabilities may be calculated by using Eqs.
(7) and (13). It is easily seen, from Eqs. (13) and
remark (a), that the most important transition
probability is the one which conserves both S, and

~a~ i ~ e' y

h f 4G„(S,(0)S,(t))e ' o&' dt (14)

The next, being the one which changes both S, and

I„ is 16 times less. Thus it may be neglected,
as well as the others. Therefore, by taking into
account assumption (5), Eqs. (6) and (7), and
remark (c), the total conversion rate, which is ap-
proximatively given by the transition probability
(14), is proportional to

&.,—2~/(I + ~.', ~'),
where

(15a)

(15b)

It is of interest to distinguish between three dif-
ferent cases, as follows.

A. r » v,

This case is the one encountered in the usual

lowing (a), Eq. (10) maybe written

S~„g,g„(t) =
8 G33(S,(0)S,(f))+ -', G~, (S'(0)S (f)),

(13a)
Z „go„(t)= 4 G „(Sg(0) Sg(f) ) + 2 G„(S'(0)S (t) ) .

(13b)

U. ORTHO-PARA TRANSITIONS AND TOTAL
CONVERSION RATE

This case, considered by Leffler, corresponds
to a fast relaxation of the surface impurities. Equa-
tion (15a) becomes

@,~- 2~~/(1+ ~,~ rp) (17)

The conversion rate is maximum for v~=10 sec,
which is rarely verified. Nevertheless, para-
magnetic relaxation times, which check with v~

«7, , do exist in the range 10 &7~& 10 ~ sec, and
therefore W~- v~'. In such a case, the electronic
spin relaxation of the surface impurities converts
ortho hydrogen into para hydrogen, the ortho-para
conversion energy going to the solid lattice via the
spin system. The shorter z~ is, the faster the con-
version.

C. r„—v',

&,~ is given by Eq. (15). The ortho-para en-
ergy is divided in two parts. The first goes to the
thermal bath, the second one to the spin system,
approximately in the same proportions as v~ com-
pared to v, .

The three cases A-C may be successively en-
countered during the same experiment by varying,
for instance, the temperature.

It may be concluded that, besides its theoretical
interest, ortho-para hydrogen conversion could be
used in the study of the magnetic catalyst surfaces
and could give more precise information than, for
example, nuclear relaxation on these surfaces.
Moreover, it has been indicated that in some cases
the electronic spin relaxation of the surface im-
purities converts ortho hydrogen into para hydrogen.
In these cases, in contrast to Leffler's results, the
best catalysts are those which have the shortest
impurity relaxation times.
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A~3= ' (S,ot —3S a2 ——,S oa)2'
with the following notations:

APPENDIX: MATRIX ELEMENT A„„

We have

A"= &4'3''21&5I@g C& .
'fhe wave functions are composed of (i) the rota-
tional wave functions I g&:

3zff3= „5
1

fa &1f,= ze

+2
2fa &1

J4 e 5

H2 -3Z2
5

y2

+2
2s- =fs

y'2

para state I= 0,
I q. &

= (i/~2) ( I
+ —

&
—

I

- + & )
H, is the perturbing Hamiltonian describing the
dipolar interaction between the spin impurity S and

the two protons of the hydrogen molecule. The
six matrix elements are thus found equal to~

A35-— 'P ( —,'S'at+ 2Sgof+4S af)

A5 3= ( —,S at+ 2S,oa+4S o4)
~e ~~ x . 3 3

2r

A»- '~ (-4S o3 —aSgof- —,'S'o$)

A 33 ——2' e ( —4S &3 —2Sgoa 4S a5)
21TV 2

&e &~

2m
(S,o, ——,'S aag- -', S'of)

ortho state J=1, lg,"&=(22) '/ e"
para state J =0,

I
isa&= (22)

and (ii) the nuclear wave functions IC ):

II
I++&

ortho state I=1 I+.'& = (i/~2)(l +-&+
I
-+&)

Oa= ffae ' d4 .
p,, is the electronic magnetic moment of the spin
impurity 5 and p, g the nuclear magnetic moment of
the spin I of an hydrogen molecule proton.

The expressions for 0& are the following:

4 12z
(p )3/2 ( 3/2 3/2)

(p )5/2 ( 3/2 hf5/2)

4' 4az -je
2 = 5/2 I3/2 —5I5/ +,„,5/2 Is/22at' j ~2ar j

4' 4az
G3 5/2 I3/ 2 5Is/2 +

2a s/2 X -Is/22ar'j ~2ar j

4 I -Sr
2 2

+4
2 ~ 5/2 3/2 5/2 +

2 3/2 +
2 5/2

xa„,—eee, )) e "',
4r 4(2. -I5/2) 4a

+5
2 5/2 3/2 5/ +

2 3/2 2 5/2

x(x — )) e"',
where I„„I,/„ I,/„~, p, , and v are known func-
tions of elliptic integrals of the first and second
kind, F(av, q) and E(av, q), respectively, where
q= (4aa'/[(a+3)2+ za]j /'. (See Fig. 1.)
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