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The polarization properties of the various diffracted orders from a grating are determined
ellipsometrically. The ratio p of the far-field complex reflection coefficients for the p and
s polarizations for any order m is measured. This information is complementary to the data
available from the partition of the scattered energy over the radiating orders. By examining
the polarization of the specularly reflected zeroth-order beam at large angles of incidence
the optical effect of surface roughness is established. The roughened surface layer is shown
to be equivalent to a film whose index of refraction is the average of the indices of the mate-
rial of the surface and the immersion medium, in accordance with the Maxwell Garnett theory.
The film thickness is a measure of the surface roughness. To explain the ellipsometric re-
sults on the various orders we derived an expression for p starting from the Stratton-Silver-
Chu integral using the physical-optics approximation. There is agreement between the gross
features of the theory and experiment, but the exact magnitudes could not be compared. This
points to the need for an exact solution of the grating-diffraction problem for both polarizations,
including the effect of a finite conductivity at optical frequencies.

I. INTROOUC'TION

Diffraction gratings have been the subject of
continued interest both theoretical and experi-
mental. ' These devices find their most useful
application in spectrometers and have distinct ad-
vantages as coupling mirrors in the resonators
of lasers and masers. ~& '

In surface studies, the diffraction of a laser
beam by a specially prepared gratinglike corru-
gated surface profile is used to study surface
self-diffusion. Annealing the surface smooths
out the corrugations, and from the kinetics of this
process atomic mobilities on the surface are
readily obtained. Grating diffraction also serves
as a means of studying surface plasmons and their
dispersion. '

In this paper we direct attention to the impor-
tance of using ellipsometry to measure the polar-
ization characteristics of the various diffracted
orders from a grating. This technique is capable
of measuring the ratio p of the complex reflec-
tion coefficients of the p and s polarizations, re-
spectively, for any diffracted order m. These co-
efficients involve the far fields along the incident
beam and any diffracted order. The coefficients
are different from local or near-field reflection
coefficients of the Fresnel type. For a given
grating at a particular wavelength and angle of in-
cidence, the set of complex numbers p (m = 0,
s 1, s 2, .. .) determines the polarization of the
various reflected orders for any incident polariza-
tion form. Previously, the emphasis in the anal-
ysis of diffraction gratings has been on the dis-

tribution of the scattered energy over the various
orders of diffraction. Ellipsometry, being a
polarization-sensitive technique, offers the means
of obtaining complementary information on polar-
ization alone. It is expected that p, besides its
dependence on the detailed groove shape, would
be a very sensitive function of the complex optical
dielectric constants of the materials forming the
grating surface. For example, ellipsometer mea-
surements on an Al+MgF2 grating surface cannot
be explained if the presence of the magnesium-
fluoride layer on top of the aluminum is neglected.
Although a number of exact boundary-value-prob-
lem techniques have been developed recently for
the grating problem, "they either have been
limited to one polarization or assume infinite con-
ductivity. For ellipsometric measurements, the
incident light must necessarily have components
of both p and s polarizations and the assumption
of perfect conductivity cannot be made. In this
paper we compare our experimental results with
those predicted by the physical-optics approxima-
tion. The kind of agreement obtained is discussed.

Important conclusions can be reached on the op-
tical effect of the ruled surface by examining the
polarization of the zeroth-order diffracted beam
at large angles of incidence. The grating surface
is found to be equivalent to a filmed substrate and
the interpretation of the parameters of this op-
tical model is discussed. Since the grating is an
example of a deterministically rough surface, this
result provides a useful interpretation of the ef-
fect of surface roughness, a problem of great in-
terest in optics.
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FIG. 1. Ellipsometer arrangement for measuring the
ratio p~ of the far-field complex reflection coefficients
for the p and s polarizations for any diffracted order m,
Eqs. (1)-(3). With the compensator C set at a fixed
azimuth, the polarizer P and the analyzer A are adjusted
to minimize the light flux from the mth-order diffracted
beam falling on the photodetector. @& and ft)2~ are the
angle of incidence and the angle of diffraction of the mth
order, respectively.

p =R~/R,

where

(2)

flux from the mth order falling on the photodetec-
tor is minimized by adjustment of the polarizer
and analyzer. These nulling angles determine the
change in the state of polarization between the in-
cident and mth-order beams. Using the notation
of conventional ellipsometry, the quantity

p =tang e"
can be determined. Let E,~ and E„denote the
complex amplitudes of the components of the elec-
tric vector of the incident light beam parallel and
perpendicular to the plane of incidence, respec-
tively, and E„~and E„,denote the same quantities
for the mth-order reflected beam. These fields
are taken at points on the respective beams which
are very far (in terms of wavelengths) removed
from the grating surface. Then

Section II gives basic definitions and description
of the measurement technique. In Sec. IH the ex-
perimental results on a 1200-lines/mm grating
are presented. The interpretation of the polariza-
tion of the zeroth-order diffracted beam on the
basis of a filmed-substrate model is found in Sec.
IV. The agreement between the experimental re-
sults and the predictions of the physical-optics ap-
proximation is discussed in Sec. V. Section VI
summarizes the important conclusions of this
paper.

II. DEFINITIONS AND DESCRIPTION OF MEASUREMENT
PROCEDURE

The diffraction grating is mounted on the speci-
men table of the ellipsometer and is aligned so
that the reflected zeroth-order (specular) beam
passes through the analyzer telescope at the de-
sired angle of incidence. The direction of the
grooves is adjusted perpendicular to the plane of
incidence which is formed by the incident and the
specularly reflected zeroth-order beams. This
is effected by rotating the grating surface around
its normal until all the diffracted orders lie in that
plane. Under this condition, a simple rotation of
the analyzer arm allows any of the orders to pass
through the analyzer telescope, which has two pin-
holes at its ends.

Figure 1 shows a schematic of the arrangement
of the optical components of the ellipsometer.
P, C, G, and A represent the polarizer, compen-
sator, grating surface, and analyzer, respective-
ly. The analyzer arm is rotated to sample the
various orders of the scattered radiation. With
the compensator set at azimuth C = 45', the light

1 tan8+ i tant
p 1 -i tan& tant (4)

In the general case of incident light in polarization
state X„ the mth diffracted order has a polariza-
tion state It, /p . Details regarding the represen-
tation of polarization states by complex numbers
and its consequences can be found elsewhere. '

The relation between the instrument readings
(i.e. , the polarizer-analyzer azimuth-angle pair
at null) and g and & taking into account the real
behavior of the optical components of the ellip-
someter has been studied extensively by the au-
thors. '

III. EXPERIMENTAL RESULTS

The measurements reported here were made at

B~ and R, are complex reflection coefficients that
relate the components of the far-field electric vec-
tor of the incident and mth-order diffracted beams.
In this respect they are different from the usual
Fresnel reflection coefficients of a perfectly
smooth surface which apply to the fields in the
immediate vicinity of the surface. Obviously, the
ellipsometer senses the far fields only and not the
near fields right on the grating surface.

The physical meaning of the complex quantities
p (m =0, +1, a2, . . . ) becomes clear if we con-
sider the diffraction of linearly polarized incident
light whose azimuth is 45 from the plane of in-
cidence. In this case 1/p gives the complex-num-
ber representation of the elliptic polarization
state of the mth diffracted order. The azimuth 8
(measured from the plane of incidence) and ellip-
ticity tant of the corresponding vibration ellipse
are determined by
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FIG. 2. Variation with angle of incidence (ft)f) of the
ellipsometric parameters pp(&) and bp() of the zeroth-
order beam diffracted by a 1200-lines/mm A1-coated
echelette grating at A=6328 A. The insert shows the
geometry of the echelette grating where d = 8333.3 ~, &
= 10.3, and P = 60 . The open circles (0) and triangles
(V) correspond to values computed on the basis of a
filmed-substrate model for the grating surface.
and gp are in degrees.

6328 A on an aluminum-coated 1200-lines/mm
echelette diffraction grating with groove sides in-
clined at 10.3' and 60' from the mean surface
level (MSL). ' The ellipsometer nulling ".ngles in
two zones were obtained for the zeroth-, first-;
and second-order beams over a range of angle of
incidence from 17.5' to 80'. The first-order
beam was accessible over the range 40'-80',
and for the second order the accessibility was
limited to the?0'-80' range. The limitation was
simply due to the fact that the angle between the
two arms of the ellipsometer could not be made
less than 35'.

The directions of the Nffracted orders as mea-
sured were found to be in good agreement with
those predicted by the grating equation

sin/a~=sing~-m&/d, m =0, 1, 2, . . . (5)

where Q, and P~ represent the angle of incidence
and the angle of diffraction of the mth order, re-
spectively, as shown in Fig. 1. A. =6328 A is the
wavelength of the incident laser beam and
d = 8333.3 A is the interline spacing of the grating.
For the range of f, indicated above, only positive
values of m are allowed by Eq. (5) and all diffracted
orders were on one side of the specular zeroth-

order beam towards the normal to the MSL.
The variation with angle of incidence of the el-

lipsometric parameters $0 and n, of the zeroth-
order beam is shown in Fig. 2. Note the expanded
scale of $0 as compared to that of 40. The values
of go and &0 vary within the ranges 39.06' & go
& 43. 17' and 77. 39' & +0& 175.64, respectively,
when f3')& is changed from 17.5' to 80'. Therefore,
when the incident light is linearly polarized at
azimuth 45' from the plane of incidence, the p
and s components of the electric vector of the
zeroth-order beam maintain nearly equal ampli-
tudes (within - 20%, with the s component always
larger), whereas their relative phase 40 changes
by as much as - 100' owing to the change in angle
of incklence. Clearly, a distinguished feature in
Fig. 2 is the anomalous dip and peak in the curves
of tII, and &0, respectively, at P, = 30 .

Figure 3 gives the data for (t)'„&&) and($2, n q).
Although && and &, exhibit a dependence on ft)1

similar to that of &0, g& and tt)z increase with the
increase of Q&, whereas go decreases for large
values of fIt) &. Thus the higher diffracted orders
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FIG. 3. Variation of the ellipsometric parameters
($f +f) and (g2, Q) on the first- and second-order beams,
respectively, with the angle of incidence pf for the same
grating as inZig. 2. The results of both Figs. 2 and 3
refer to off-blaze measurements. The on-blaze mea-
surements (obtained after a 180' rotation of the grating)
show similar behavior with angle of incidence. The mag-
nitudes of Pp and &p are practically the same for angles
of incidence above - 40'. However, significant differ-
ences in magnitude (e.g. , -10' in d) are observed for
the higher orders between on- and off-blaze measure-
ments. ft)f, ~f, 2, and pf 2 are in degrees.
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FIG. 4. Pseudo-refractive-index n and extinction co-
efficient k of an equivalent (perfectly smooth) substrate
that would result in the same polarization behavior of the
specular beam as does the grating surface. This is
computed from Eq. (7) at each angle of incidence ft)

&
with

po determined by $0 and &0 of Fig. 2. Q& is in degrees.

become increasingly more p polarized as f& ap-
proaches grazing incidence. Note that the degree
of p polarization also increases with the order of
the diffracted beam.

IV. EXPLANATION OF POLARIZATION OF SPECULARLY
REFLECTED ORDER AND ASSESSMENT OF OPTICAL

EFFECT OF SURFACE ROUGHNESS

Analysis of the information contained in the
polarization behavior of the radiation specularly
reflected from a grating surface will be related to
the more general problem of surface roughness.
The grating simply offers an example of a periodic
rough surface.

If h denotes the depth of the triangular groove of
the echelette grating, the maximum deviation from
the MSL, a, and the rms roughness, a, (ob-
tained from the periodic saw-tooth profile using the
definition of the rms value), will be

o =-,'h, o, = h/M3 . (6)

For interline spacing of 8333.3 A and groove angles
of 10.3' and 60', one finds that h = 1362 A, o
=681 A, and 0 =393 A. The above surface is
moderately rough because o,/X=0. 16. Using a
simple argument, it can be shown that the surface

appears less and less rough as p, (the angle of
incidence) is increased. An effective rms rough-
ness, defined as a, , cosQ&, goes to zero at large
angles of incidence.

It is interesting to calculate the complex pseudo-
refractive-index N of an equivalent perfectly
smooth substrate which would result in the same
polarization characteristic for the specular beam
as does the grating surface. Using the experi-
mental value of A)=-tan/De' o, N is given by"

2

N =Nz sin@& 1+ tan f,1 Po 2

1+Po (7)

A. Homogeneous-Film Model

The va, lues of g, and 4& which determine the
change in the state of polarization of light of wave-
length A. upon reflection at an angle Q, from a
filmed substrate are given by

where Ns is the refractive index of the surrounding
medium, in this case air, and can be taken as
unity at the wavelength of measurement. From
Eq. (7) and (go, &o) of Fig. 2, we obtained n and
5 of Fig. 4, where n-i(7= F. The markedvariation
of the pseudoconstants in the vicinity of Q& = 30'
is not unexpected and reflects the corresponding
variation of (go, &,) in Fig. 2. Of greater im-
portance is the variation of n and jwith p, at large
angles of incidence, namely, from Q&=45' to
p&=80 . Qver this range the pseudo-refractive-
index n decreases monotonically from 1.157 to
0. 961, a drop of about 20'/o. Meanwhile, the pseu-
do-extinction-coefficient k increases monotonically
from 3.958 to 4. 290, a rise of about 8%. Such
variations in the pseudoconstants suggest that the
grating surface be represented by a filmed sub-
strate which is known to behave in a similar way.
The film thickness obtained from using this model
is expected to be in a range intermediate between
very thin and relatively thick films. This follows
because the pseudoconstants of filmed substrates
obtained using very small film thickness (- ~X)
show hardly any change with angle of incidence,
whereas large thicknesses (--,A) lead to large os-
cillatory variations characteristic of interference
resonances within the film. In the following we
will search for the optical parameters of a re-
flecting structure composed of a perfectly smooth
substrate with a uniform overlay film that would
reproduce the variation of (go, &,) with P, actually
obtained for the grating. The optical parameters
include the complex refractive indices of the sub-
strate and the film as well as the film thickness:
At first the film will be assumed homogeneous
throughout its thickness. Subsequently we will
discuss the inhomogeneous-film model.
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FIG. 5. Optical model used to explain the polarization
characteristic of the specularly reflected zeroth-order
beam. First the effect of the natural oxide layer is ab-
sorbed by using an effective index of refraction to char-
acterize the oxidized aluminum surface, (1)—(2). Next
the roughened portion of the surface is represented by a
uniform film on top of a smooth substrate whose optical
properties are those of oxidized aluminum, (2) —{3).

$& =)(Ns, Nr, tr, A, Q&),

ng= 4(Ns, Nr~ tr~ X, Pr),
(8)

where N& and N„are the complex refractive in-
dices of the substrate and the film and t~ is the
film thickness. The explicit functional form of
Eq. (8) is given by the exact Drude equations. "
A computer program developed in this labora-
tory ' 7 was used to obtain a solution for the pa-
rameters N&, N~, and t& by minimizing the sum
of squares

Ng= 0. 493 —i 4. 061,

NF = 4. 29 —i 0.085,

t, =745. 9 A.
(10)

The values of g and 4 computed using the param-
eters of Eq. (10) are indicated on Fig. 2 by the
open triangles and circles, respectively.

The optical parameters in Eq. (10) can be ex-
plained on the basis of the model in Fig. 5. First
the effect of the natural oxide(Al~O, ) is taken care

where (l(IO, Ao), denote the measured ellipsometric
angles for the zeroth-order beam at the jth angle
of incidence Q, and (g, a), refer to values computed
for a filmed substrate using Eq. (8). From data
at seven angles of incidence (50' & P & 80' in steps
of 5' each) and with Ns, Nr, and trail allowed to
vary, the values that provide a least-squares fit
were found to be

of by using a modified index of ref raction to char-
acterize the oxidized aluminum surface. Next the
effect of the roughened portion of the surface is
represented by a uniform film on top of a smooth
substrate whose index of refraction is that of ox-
idized aluminum. Indeed, the value of N& in Eq.
(10) corresponds reasonably to the optical con-
stants of an Al+ A120, surface. However, if the
optical constants of Al are taken to be those mea-
sured by Shulz, '

~
"namely, N(A1) = 1.15 t 6—. 25,

an oxide layer of thickness -135 A and refractive
index -1.65 has to be assumed to give the pseudo-
index Ns of Eq. (10). This value of oxide thickness
is larger than that generally reported y for the
natural oxide (- 50 A). However, there is a
spread in the values of the optical constants of
freshly evaporated aluminum reported in the lit-
erature, depending on evaporation conditions. '
For example, the oxide thickness could be reduced
to one-half the above value if an index of refrac-
tion of 0.75-i 5. 15 is assigned to the aluminum.
This value is not unrealistic and can be due to poor
vacuum conditions.

The film thickness of Eq. (10) is comparable
with one-half the depth of the triangular grooves.
To explain the film index of Eq. (10) we averaged
the indices of air and oxidized Al according to the
Maxwell Garnett theory. At large angles of in-
cidence, the light senses the roughened surface as
though it were smoothed out and has an apparent
refractive index between that of air and oxidized
Al. If the volume fraction of the substrate ma-
terial with index N& in the roughened layer is de-
noted by q, the effective index of refraction N, is
given by

N, = (1+ 2rq)/(1 rq), -
r= (N —1)/(N + 2) .

Assuming q = —,
' (since the groove! s triangular) and

using Ns of Eq. (10), an effective index of 2. 33
—j 0. 108 is obtained. Although the extinction co-
efficient agrees quite well with that of the film in
Eq. (10), the refractive index is lower. In spite
of this discrepancy, these results, which were ob-
tained from analyzing the polarization character-
istics of the zeroth-order specularly reflected
beam of a grating surface, represent an important
step in understanding the effect of surface rough-
ness. Although the idea of representing a rough
surface by a filmed substrate was proposed earlier
by Fenstermaker and McCrackin, ~4 heretofore
there has been no experimental confirmation of its
validity.

B. Inhomogeneous-Film Model

This is obtained by assuming a local filling fac-
tor q that varies linearly from 1 to 0 over a dis-
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tance of k (the groove depth). In this model the
film thickness is equal to h and the law of variation
of film index with depth into the film is determined
by Eq. (11). The only variable parameter is Ns
By trying various values of N&, a good fit between
values of g and & calculated from the inhomoge-
neous-film model and those actually measured for
the zeroth-order beam was obtained at N&
=0.542 —i4.355. This value of the refractive index
is somewhat higher than the value obtained for the
substrate in the homogeneous-film case and cor-
responds to an oxidized aluminum surface where
N(Al) = 0. V5 —i 5. 15, N(AlsO, ) = 1.65, and there is
oxide thickness of 52. 5 A.

Two points need to be made regarding the cal-
culations of the inhomogeneous-film case. One is
that the inhomogeneous film was replaced by strata
of subfilms each with an index corresponding to
the local filling factor q. With groove depth h
= 1362 A it was found that the number of films has
to be increased to as high as 4000 to reach satura-
tion of the computed P and &. This number cor-
responds to subfilm thickness of a small fraction
of an angstrom. The computed values of g and 4
are extremely sensitive to N& but insensitive to
uncertainties in h as large as 5/p. The second
point pertains to the equivalence between an in-
homogeneous film and a homogeneous one with
properly defined thickness and index of refraction.
The above results indicate that such equivalence
is possible and lead to the conclusion that ellip-
sometry alone cannot resolve the film-index pro-
file. However, the exact relations between the
parameters of the equivalent homogeneous film and
the law of variation and thickness of the inhomo-
geneous film do not exist. The expression given by
McCrackin and Colson~5 for the thickness of the
equivalent film does not apply when the film is ab-
sorbing, because it can lead to a complex thickness,
and the one for the equivalent index has been found
to yield completely erroneous results in this case.

In conclusion, from ellipsometric measurements
on the zeroth-order diffracted beam from a grating
we have shown that the optical effect of surface
roughness can be accounted for by replacing the
roughened layer by a film whose index is obtained
by the Maxwell Garnett theory as the average of
the indices of the material of the surface and that
of the immersion medium and whose thickness gives
a measure of the degree of surface roughness.
These results are particularly applicable when the
surface is not excessively rough and at large angles
of incidence.

V. COMPARISON WITH PREDICTIONS OF PHYSICAL-
OPTICS APPROXIMATION

An exact expression for the electric vector of
the radiation field at a point P far removed from

the surface 8 of a grating illuminated by an incident
plane wave is given by the Stratton-Silver-Chu in-
tegral~

E(P) =At sx f J [n x E —gk ax (n x H) ]
S

x ~ "2'~'~dg (12)

where 5, and k2 are unit vectors in the direction oi
propagation of the incident and scattered waves,
respectively; E and H are the electric and mag-
netic field vectors at the point r on the surface
where the local normal is n. Finally,

k = 2v/x, rl = (p, /e)" ',

A = tke' 0/4wRO,
(13)

for the case of p polarization and

nxE = E„(R,+ 1)t,
q n x H = —E„(R,—1)cos8 s

(15)

for s polarization, where E,~ and E;, are the com-
plex-field amplitudes of the incident wave of the

where p, and & are the permeability and permit-
tivity of the immersion medium and Ro is the dis-
tance from the origin to the field point P.

The physical- optics approximation~y assumes
that the E and H fields at any point on the surface
S are the same as they would be if that point were
part of an infinite tangent plane. Therefore the
Fresnel reflection formulas are assumed to hold
locally at each point with the angle of incidence
taken to be that between the incident wave vector
and the local normal. Besides, the local dielectric
constant can be used if the surface is inhomoge-
neous.

When the wave vector of the incident light is per-
pendicular to the grooves of the grating, the georn-
etry of the problem simplifies considerably. Be-
cause of symmetry, the scattered radiation is con-
fined to the plane of incidence, i. e. , the yz plane
in Fig. 6. Let (s, F, n) be a right-handed mutually
orthogonal set of unit vectors defined at each point
on the surface of the grating, where s and t rep-
resent the local unit tangents parallel to the rulings
(i.e. , along the x direction) and tangent to the
groove profile, respectively, and n = s xt is the
local unit normal as before. Now we consider
separately the two cases of p and s polarization
in which the electric vector of the incident wave is
either polarized parallel (p) or perpendicular (s)
to the plane of incidence. After simple vector-
algebraic manipulations the quantities in the inte-
grand of Eq. (12) involving the field vectors become

n x E = E,~ (R~ —1)cos& s,
(14)

qnxH =E,~(R~+ 1) t
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FIG. 6. Definition of the various
directions and angles mentioned in
Sec. V. (x, y, z) is a right-handed
Cartesian coordinate system with &

running parallel to the grooves and
z normal to the mean surface level
(MSL). (s, t, n) is a right-handed
mutually orthogonal set of unit vec-
tors defined at each point with po-
sition vector r on the surface of the
grating where s and t are parallel to
the rulings and tangent to the groove
profile, respectively, and n=sxt is
the local unit normal. 5& and k2~
are unit vectors in the direction of
propagation of the incident and neth
diffracted waves, respectively.
and $2~ are the angle of incidence
and the angle of diffraction of the
mth order, respectively, and e is
the local angle of incidence. The
directions of polarization s, P, and

P&~ follow the usual conventions.

respective polarizations and R~ and R, are the local
Fresnel reflection coefficients, which are functions
of local angle of incidence 8.

Because the radiation scattered by the grating
surface is known to be beamed along the directions
predicted by the grating equation (5}, we will be
interested only in the far fields along these diffract-
ed orders. Let k2 be the unit vector in the di-

rection of propagation of the mth radiating space
harmonic {i.e. , the mth diffracted order). The
radiation field at a point far removed from the
grating surface along this direction is obtained by
substituting from Eqs. (14) and (15) into Eq. (12).
Carrying out the various vector multiplications
involved, we get the radiation fields of the mth
order for both polarizations:

E„~=-pa AE,~ f f [(R~ —1)cos{g,—&)+(R~+1)cos(gz + a)]exp[ik(k2 k&) ~ r—]dS,S

E„, = —sAE„ff [(R,—1)cos(P, —&)+(R,+1)cos(gz + u)]exp[ik(kz —k, ) ~ r]dS,S

(18)

where & is the local angle of inclination of the groove side measured from the MSL (i.e. , the angle between
f and the y direction), Pz = —kz x s, and P, and $2 are the angles of incidence and diffraction of the mth
order as before. Dividing Eq. (18) by Eq. (1V) and making use of the definition of p in Eq. (3), we find

f [{R~+1)cos($2 + a)+ (R~ —1)cos(P, —n)] exp[ik(k2 -k, ) r]de
J[(R,+ 1)cos(Qz„+ &)+ (R, —1)cos(Q, —o)]exp[ik($2 k, ) ~ r] d—S (18)

which is the ellipsometrically measured quantity.
Equation {18)represents the main result obtained
using the physical-optics approximation. The de-
pendence on the detailed groove shape is contained
both explicitly in ~ and r and implicitly in R~ and
R,. The latter are functions of the local angle of
incidence 8 = Q, —a and the complex dielectric con-
stants of the materials forming the grating surface.
Since there is no variation in the x direction, dS
in Eq. (18) signifies the element of arc of the cross
section (profile) of the grating, and a single inte-
gral therefore replaces the double integral. Be-
cause of the periodicity in the y direction an ar-

ray factor could be dropped from both the numera-
tor and denominator of Eq. (18) and the integrals
can be taken over one period only.

For an echelette grating with groove sides of
lengths a and b inclined at angles + and P, respec-
tively, from the MSL, the integration in Eq. (18)
can be carried out to give the closed-form solution

p =(A, +a}/(A, +a),

where
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FIG. 7. Values of go and 40 of the zeroth-order beam
computed from Eqs. (19)-(22) using the physical-optics
approximation. This figure should be compared with the
experimental results of Fig. 2, P&, , and $0 are in
degrees.

for reflection at angle of incidence 0 from a surface
with an effective dielectric constant e . The re-
sults in Eqs. (19)-(22) complete the solution of the
problem within the limits of the physical-optics
approximation.

Now we return to Fig. 2, which gives the change
of the ellipsometric angles $0 and 60 of the zeroth-
order beam with angle of incidence. The pro-
nounced variation around Q, = 30' coincides with

80
50

60 45
0 10 20 30 40 50 60 70 80 90

4'i

FIG. 8. Same as in Fig. 7 for the first and second
diffracted orders. The results in this case are to be
compared with those of Fig. 3. Q&, 4& 2, and g& 2 are in
degrees.

the onset of the shadowing of one side of the tri-
angular groove as the angle of incidence exceeds
Q& = 2m - P, where P = 60'. Using the index of re-
fraction of Eq. (10) to characterize the oxidized
Al surface of the grating, the results of the phys-
ical-optics approximation were obtained using
Eqs. (19)-(22). Shadowing was accounted for by
assuming zero fields on one side of the groove
when Q, &-,'71 - p. The results are shown in Fig. 7.
Note that, whereas the variation in bo around P,
= 30' can be reasonably reproduced, only a change
of slope in the $0 curve is obtained at this angle.
At large angles of incidence the general behavior
is the same, though the theoretical values are far
below those obtained from experiment. Better
agreement can be expected if nonzero values for
the fields are assumed at points on the groove sur-
face in the geometrical shadow. For example,
the theoretical results of the diffraction by the edge
of an infinite half-plane can be used. The above
results indicate the need for a complete solution of
the boundary-value problem for both of the p and
s polarizations taking due account of the effect of
finite conductivity at optical frequencies.

The results for the first and second orders are
shown in Fig. 8. The dependence of (I)I„AI) and

($2, a2) on QI is predicted qualitatively by the phys-
ical-optics approximation. However, there is an
appreciable difference in magnitudes. Again the
need for a complete theoretical treatment cannot
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be overemphasized.

VI. CONCLUSIONS

Ellipsometry provides a useful technique in the
study of the polarization characteristics of the
radiation scattered from the surface of a diffrac-
tion grating. The ratio p of the far-field com-
plex reflection coefficients for the p and s polar-
izations can be measured for any diffracted order
m. The set of complex numbers p (m=0, +1,
a 2, .. . ) specifies the elliptic polarization forms
of the various diffracted orders for any given state
of polarization of the incident beam. This in-
formation is complementary to that which pertains
to the division of the scattered energy over the
various orders of diffraction.

Results are reported for measurements made on
an aluminum-coated 1200-lines/mm echelette dif-
fraction grating. The polarization properties of
the zeroth-, first-, and second-order beams are
studied at A. = 6328 A over a range of angle of in-

cidence 17.5'-80'. We have shown that the optical
effect of surface roughness can be accounted for by
replacing the roughened layer by a film whose in-
dex of refraction is obtained from the theory of
Maxwell Garnett as the average of the indices of the
material of the surface and that of the immersion
medium and whose thickness is a measure of the
degree of surface roughness.

An exact solution of the problem of the scattering
of light of p and s polarizations by a diffraction
grating which accounts for the effect of finite con-
ductivity has not yet been developed. For this rea-
son we have compared our results with those pre-
dicted by the physical-optics approximation. A
closed-form solution for p has been derived start-
ing from the Stratton-Silver -Chu integral. There
is agreement between the gross features of both the
theory and the experiment. However, exact mag-
nitudes could not be compared. This points to the
need for more effort to completely solve the grating
boundary-value problem.
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