5 TEMPERATURE DEPENDENCE OF PHONON RAMAN...

where the exchange constant J,, depends on the
ion position R,

T (R) =T (Ro) + (W nn) g OR, (3)

and so produces a coupling between spin system
and phonons. * A quantitative comparison between
theory and experiment will, however, only be
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possible following detailed calculations for the
various modes.
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The effects of higher-order contributions to the linearized renormalization group equations

in critical phenomena are discussed.

analytic functions of the physical fields.
from this scaling law.
energy.

This analysis leads to three quite different results: (i)
An exact scaling law for redefined fields is obtained.

These redefined fields are normally

Corrections to the standard power laws are derived
(ii) The theory explains why logarithmic terms can exist in the free
(iii) The case in which the energy scales like the dimensionality is analyzed to show

that quite anomalous results may be obtained in this special situation.

I. INTRODUCTION

It has been shown by several authors'=S that a
linearized form of the renormalization group equa-
tions leads to scaling laws for critical phenomena.
In this paper we use the renormalization group
equations to obtain corrections to the well-known*
power laws for the singular part of the free energy
and for the expectation values of different opera-
tors and susceptibilities.

The free energy of a magnetic system and of super-
fluid helium as a function of the symmetrybreaking

field # and 7« T - T, is obtained as an expansion

- Bh
F=go+|g2|z af(r‘—l_l )
8E

+Zg¢|gs|“"“f? (lﬁh A>+ (1.1)
i 8el

in which the redefined fields g;, gz, and g, are

analytic functions of 7« T — T unless certain rela-

tions are fulfilled (see below). The function gg

vanishes for 7=0, gz=7+0(7%. The first term g,
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is the regular part of the free energy, the term
lgg|f* is the leading singular term. The func-
tions f*, f i depend on the sign of 7. The last term
of Eq. (1.1) comes from the contributions of the
“irrelevant” operators to the energy density. We
note that the exponents A; are negative (the gap ex-
ponent A =g+ for the symmetry breaking field is
positive, of course). The exponent A; of the lead-
ing correction is approximately —0.5. For other
second-order phase transitions one has to replace
Bh by a function g,. Both g, and gz are analytic
functions of gk and 7 vanishing at criticality. The
expansion (1. 1) differs considerably from correc-
tions to scaling laws obtained by other authors®
since we take the “irrelevant” operators into ac-
count.

If certain relations between the critical exponents
are fulfilled then logarithmic singularities arise.
In particular if the critical exponent of the free en-
ergy 2 - « is an integer, then this theory predicts
a contribution to the free energy proportional to
I71%*Inl7|. This behavior has been found for the
eight-vertex model.® (For odd a the eight-vertex
model does not show this singularity. It follows
from symmetry arguments that this term vanishes
for odd « in the eight-vertex model.)

The case in which the energy scales like the di-
mensionality leads to anomalous results., For this
case we obtain an asymptotic series in 7 for the
free energy. The free energy of the F model can
also be described by an asymptotic series” in 7.
We attribute the different asymptotic behavior in
the F model to the presence in this case of two
operators which scale like ™.

In Sec. II we outline briefly some basic ideas of
renormalization group theory and state our basic
equations and assumptions. In Sec. III we review
the derivation of the scaling laws from the linear-
ized renormalization group equations. Since the
energy is not an exact eigenoperator of the linear-
ized equation one obtains already in this order
corrections to the power laws. In Secs. IV and V
we consider the nonlinear equations which lead to
a scaling law in terms of the redefined fields.
From this scaling law we deduce the corrections
described by Eq. (1.1). In Sec. VI we discuss
some logarithmic contributions. In Sec. VII we
discuss some properties arising from operators
which scale like ™. These operators may lead
to fixed lines which may produce a breakdown of
universality (eight-vertex model®®). We also dis-
cuss the case of an energy density scaling like »™¢
which leads to a singularity of the free energy in
infinite order and compare with the free energy of
the F model.

II. RENORMALIZATION GROUP THEORY

We briefly outline the basic ideas of renormaliza-
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tion group theory leading to Egs. (2.8) and (2. 12).
We consider a d dimensional system with N degrees
of freedom z,-- -z in a box of length L. The sys-
tem is described by the operator

Hy(N) = Hy(zy. «- 2y) = = B3C,

in which 3C is the Hamilton operator and 8= (kg T)'1
with Boltzmann constant k5 and temperature 7. We
assume that Hy(N)is translational invariant (apart
from the boundary conditions). Now we extend the
system in all linear dimensions by a scale factor
¢'. Then we obtain a system with Ne?! degrees of

freedom in a box of length Le' described by

(2.1)

Ho(Ne'“) = Ho(zl‘ 2y exp(dl)) . (2. 2)

We transform to a new set of variables®

2]+« Z oxpa1y aNd average over all variables z,
with &> N by taking the trace of exp[H,(Ne®')] over
all these variables. We denote the result by

exp[H;(N)]= exp[H (21 « - zy)]

=Tr' exp(Hy(21. . . 2y expany)] - (2.3)

If we have chosen the variables z; in an appropriate

way then H,(N) is translational invariant also. We

denote the total operation of extending the system

and eliminating degrees of freedom by R},
H,(N) = R'Hy(N)) . (2.4)

According to our definition the partition function

Z = Tr exp(H) obeys

Z(H\(N)) = Z(Hy(Ne®")) (2.5)

and we obtain (in the thermodynamic limit N - «)
InZ(H,(N)) = e* InZ(Hy(N)) . (2.6)

Denoting the free energy by § and introducing the
dimensionless free energy

F=-3%=InZ, 2.7)
one obtains
F(RYH)=e* F(H) . (2.8)

We may denote R*(R'(H)) by R%*(H) since the system
is extended by a scale factor ¢%' and then reduced
to a system with N degrees of freedom. In general
R! generates a semigroup consisting of the ele-
ments R" (with » a non-negative integer). In the
following we assume that we may define an opera-
tor R® for infinitesimal 6.'° Then R' is defined for
any /, and we avoid unconveniently complicated
equations. For our further calculations we make
three basic assumptions: Firstly, we assume that
there exists an eigensolution

H* = R®(H*) , (2.9)

which is called a fixed point. Secondly, we assume
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|on

RMH* +20, 1, 0,) = H* + 25, &,{i1} O, (2.10)

for a complete set of operators O, Moreover we
assume that ¢, {ii} has a power expansion in 4 around
the origin

ey 1 - - -
C!{“}="Z.£;—!—Z:‘l . ..i"a“r--‘" [J.“... [J.‘n .
(2.11)

The functions ¢ and the coefficients @ depend on I.
For infinitesimal & we write

RO(H*+20,1,0,)=H*+2; 1;0,+625,¢,{i} O, ,

(2.12)
with ¢}=8&,/8l | ,. Thirdly, we will assume
certain properties'! for the matrix aj,=8d /8l
which we will state in Secs. III and V. Starting
from these assumptions we will discuss some
singularities of critical systems.

III. FIRST-ORDER THEORY: SCALING LAWS

In this section we derive the scaling laws from
the linearized form of Eq. (2.12)for infintesimal 6:

RO(H*+23; 1,00 =H*+20,{i;0,+06 20y, &), 1,0, .
(3.1)
We assume that the matrix &), can be diagonalized'

RO(H*+20, 11, 0,)=H*+22 1;(1+69,)0;, (3.2)

where the coefficients y, are the eigenvalues of a’
and the O, are the eigenoperators of the Eq. (3.1).
We mention that the density O,(7) scales like »™*
where x;+9;=d.'? From Eq. (3.2), we obtain

RYH*+20, u; 0,)=H*+23 u;e%'0;; (3.3)
and from Egs. (3.3) and (2. 8), one obtains the scal-
ing law

Flu}=e " F{pe*'}.

The operators O; with y; >0 are called relevant,
since an application of R’ leads to an increase of u;
leading away from H* whereas the operators with
y; <0 are called irrelevant since the application of
R' leads to a decrease of u; (the limiting case y;=0
will be discussed in Sec. VII). If the repeated ap-
plication of R on a Hamiltonian H, converges to the
fixed point H*,
lim R'H,)=

l=o

(3.4)

*, 3.5)

then we say we are at criticality. Within the linear-
ized approximation the Hamiltonian

Ho=H*+23 1;.0; (3.6)

with u;.=0 for all relevant operators, defines criti-
cality. Normally there is only a small number of
relevant operators. Several of these (magnetiza-
tion, anisotropy, etc.) break the symmetry of the
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Hamiltonian. For the symmetry-conserving Hamil-
tonian the fields u; of the symmetry-breaking oper-
ators vanish. For second-order phase transitions!®
there are only two relevant operators which con-
serve the symmetry, the operator Oy=1 and an
operator we call Og.

The operator 1 and its field uy are extremely easy
to treat since

)=“0+F(09 uh"')

and yo=d. Although 1 is a relevant operator, it is
not necessary to fulfill pq.= 0 at criticality because

F(‘J‘O’ Heyyoee (3'7)

of Eq. (3.7). We call uy the regular part of F and
F(0, 4, - .- ) the singular part of F. Let us expand
H* and 3 in the operators O;:

H*=2ut0,, (3.8)

~3=2u! 0; . (3.9)
Then we obtain

Hy=H*+2 11,0, , (3.10)
with

Bi=Bui-pk. (3.11)

Since criticality is defined by the condition that the
fields of all relevant operators but the operator 1
vanish, the field pz has to vanish at criticality.
This defines the critical temperature

kg Te=1%/u% . (3.12)
We now define 7, @, I, and 4A; by

T=pg=p3B- B0, (3.13)

2—a=d/yE, (3.14)

e = |r|%e, (3.15)

8= 9i/YE . (3. 16)
Then we obtain, from Egs. (3.4) and (3. 7),

F=po+ [7)2f Snefbte 7] 20} (3.17)

The function f §; . depends only on the reduced fields
g;=1;!71™% (i#+ 0,E) and on the sign of 7, since qg
=sgnT,

fomeldi}=F(1o=0,up=21,q,). (3.18)
From Eq. (3.17) one obtains

(0= |7|# Ptne (3. 19)

9g,

and

a<oi> a( -rij ;in

o, 3#; = |7| —‘_aq,aq, , (3. 20)
with

Bi=2-a-a;, 3.21)

'yijz Ai+ Aj_2+(1 (322)
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which leads to the scaling law
(3.23)

Since the reduced fields q; depend on the temper-
ature one obtains corrections to the power laws
{0y I71® and 8(0)/ap |71 for fixed 3. If we
assume that fg,, can be expanded in powers of the
g, for irrelevant operators O;, then one obtains

a+ B+ By+v;=2.

©=|7|® afiau;(ol W3, 7B, 9%/ 310s(0) .
q; 99;9q,
(3. 24)
For irrelevant operators one has A, <0, hence the
leading term is proportional to |7 I®, However if
4, is close to zero, then the correction might be
important although the operator O, is “irrelevant.”
From expansions of the critical exponents in €=4
—d one obtains the estimation A;= - 0.5 for the
leading correction term [A,s= — 3€+ O(€%) from Ref.
15] in three dimensions. This agrees exactly with
the result of Wortis!® who predicted from empiri-
cal analysis of susceptibility series a behavior
x= |T17(kg+ k|7 1?) for Ising models with spin S
with constant ¥ and p=0. 5 for all S.
We obtain the energy of the system from

dF

~ )= 5= E@ = 7| 7] e
IR AL Il TP YT 3‘%—:“— . (3.25)
From this one obtains the energy at criticality
~(H).=ul. (3.26)

Deviations from — (H ) - pJc 717/* come explicitly
from the sum in Eq. (3.25) and from the dependence
of f3iag ON the temperature-dependent fields g,.

IV. HIGHER-ORDER CONTRIBUTIONS

In Sec. III we derived the scaling laws from the
linearized renormalization group equations. In

this section we take into account higher-order terms

in u. In the basis of the operators O;, Eq. (2.12)
reads

ROH*+20; 1;0)=H*+ 20, 1, 0,+625,¢{uto,
= 1 '
=H*+23, 1+6y,)1;0,+062 = 27 a0,
n=2 i1

4.1)

with the notation I for ¢, Z,,...,i, and

Bp= Mgy by, (4. 2)

In Sec. III we obtained the Hamiltonian H*+ Ju;O;
with the transformation property (3. 3) which led
to the scaling law (3.4). This does no longer hold
if we take into account the higher-order terms in
p [Eq. (4.1)]. To overcome this we try to define
an operator H{g,;} parametrized by scaling fields
£; so that
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R'H{gh=H{g;e*"'}

still holds.
expect

H{g,}:H*+Z, “‘j{gi} oF

in which the real fields p; are nonlinear functions
of the “scaling fields” g; with an expansion

(4.3)

H does not depend linearly on g, but we

(4. 4)

= 1

uiled=20 5 D busr, (4.5)
na ¢

8r=8y+-8i, - (4. 6)

To first order we expect from Eq. (3.3) u;=g;
+0(g?), that is b;;=0,,. We postpone the calcula-
tion of the coefficients b from the coefficients a’ to
Sec. V and discuss the consequence of Eqs. (4.3)
and (4.4). From Eq. (4.3) we again obtain the
scaling law

F{g}=e™ Flg,e*'},

which is exact for the Hamiltonian (4. 4).

Since the fields u; are nonlinear functions of
the scaling fields g; one obtains power laws for
the field-dependent operators 9H/dg:

2 9
l=<_H_{gL = <0{+Z) bliilgi1of+"'>'

9g; 9g, By

4.7)

(4.8)

Therefore, we obtain deviations from the power
law (0,)x |7 P which comes from the correc-
tion terms bg(0) and higher-order terms. We may
convert expression (4. 5) into an expansion for the
scaling fields

8i=By= 5L b gy By, +oe e 4.9)
These scaling fields are (normally) analytic func-
tions of the fields p. Suppose we may vary two
physical parameters, the temperature and the sym-
metry breaking field %:

H=-pic— phM | (4.10)
With the expansion for the order parameter
-M=2uto,, (4.11)
we obtain [compare Eq. (3.11)]
Mi=Bul+phuf —pf . (4.12)

Therefore, the fields u; are linear functions of 7
and ph. Then all redefined fields g; are analytic
functions of 7 and gh. I the operators O and O,
are the only relevant operators and if we assume
that we may expand in powers of all the other (ir-
relevant) fields g;, then we obtain the free energy

F=g¢+ ]gEfa"’f*(E%—E> +Ei & ]gslz-a-A'ff (IginlA )

+ %Z gigj|gE|2-a-A‘-A"ffj (_gh_A) +eee, (4.13)
v lgel
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in which f* is the function f},,,, f the first deriva-
tive of f 5, With respect to ¢; and f§; the second
derivative. The function and derivatives are eval-
uated at all g, =0 except ¢,=g4lgg|™. The fields
g, and g5 vanish at criticality. From Wilson’s ap-
proximation® and from the exact recursion rela-
tions obtained by changing the momentum cut off
one finds that the magnetic field % for a ferromag-
net and the symmetry breaking field for superfluid
helium transform into themselves. In these cases
one obtains

&n=Bh
and all the other fields (g, gk, g,) depend onlyon .

(4.14)

V. HAMILTONIAN Hig}

In this section we will calculate the operator
H{g}. We will find that in some cases H{g} cannot
be represented by a power series in the fields g.
But it can be written in the form (4. 4) and (4. 5) if
we allow the coefficients b to be polynomials of fi-
nite order in /. These polynomials can equally well
be replaced by polynomials in Inlg|. Writing down
the equations for b we take intoaccount the explicitde-
pendence of b on ! by carrying also terms 3b/31.
From Eqgs. (4.3) and (4. 4), we obtain

SR E{gh=grHlgie'}

=1 3b,
:Z)l —— 2 grer’ ( all + ylbu) 0,
n=:

n! 7
=3%R°(H{g,e”"})=27-}!— %}a'j,u,{g‘e”"}oj ,
(5.1)
with
V1=Vt +¥i, . (5. 2)
We used the group property R'**=R°R!. Sub-

stituting u, {g;e*"'} into Eq. (5.1) and compar-

ing the coefficients of g;, we obtain the equation for

bj] :
9

b,
L +:L? (ylau“a,jj')b]'l=fjl-

ol (5.3)

The inhomogeneity f depends on the coefficients a’

and the functions b,.y,...;, with m <n. One obtains
f1=0, (5.4)
fn,tf Juzblmbfziza;flfa ’ (5.5)

— '
fjiligig —lefzfabllil blziz blalaaillizja

+Elez(bfxil bigigtg+ 051150 izt

+ b’1‘3b’2“‘2)a'ﬂua , etc. (5.6)
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We first consider the case where a’; is diagonal,

aj =90, (5.7
Then Eq. (5.3) becomes

b

3;&+(y,—yj)b”=f” (5.8)
and we may choose b, =06, as before. Then Egs.
(5.5) and (5. 6) become

fjilizzaljlllz , (5.9)

’ 4 ’
riyigiy= a“x‘z‘f% O syig13@siysy *bipigigityn

+by1434,@ %55, ). (5.10)
If y#y;, then Eq. (5.8) has the solution
of /8l 8% /012
byr= fu_ Yl 7+ Tt/ 7 —+-+. (5.11)
Yi=vs  (yr=9)° (yr=y))
Hence b ;; is a constant if f;; is a constant. How-

ever, in the exceptional case y;=y; one obtains !
dependent coefficients b, (unless f;; vanishes)
which lead to logarithmic terms:

by@)= f) F1(’) dl' + const. (5.12)

From Egs. (5.11) and (5. 12) we find that the co-
efficients b are polynomials of finite order in [,
Amatrix aj.,; of finite order'! can always be
transformed by a similarity transformation into

the form

a’y;=0 fori<j,
ay=y, (5.13)
ay;=0 ifi>jandy;#y,.

Therefore, the only nondiagonal terms are those
with ¢ >j and y;= y;. Then for n=1 the solution

(5. 14)

leads to polynomials b,;(l) of finite order in I. For
n >l one obtains for y;=y;

bu)=20 [} bu@")fi(')dl’ + const

and for y; #y;

bze(a’-y)l

(5.15)

bu(l)=2(«yr -a );}fu(l) - (yl_a')ﬁ ag% +e ) .
(5. 16)

Again the coefficients b,; are finite polynomials in
l. We observe that we may replace ! in the poly-

nomials by I+, where ! is a constant. Defining
l0=l0{gi}=zsl ln'gi’ (5.17)
with constants S; which obey
2Sy:=1, (5.18)
we obtain
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lo{gie?'}=1o{g.}+1 . (5.19)

Therefore, H has an expansion in the scaling fields
g and L{g,}:

H{ig}=H*+ Z;ﬁ%bu(lo{g})g,op (5. 20)

n= M

From Eq. (3.7) which is exact in any order in p it
follows that aj; vanishes for n >1 if one of the in-
dices 7 is equal to 0. From Wilson’s approxima-
tion? as well as from the exact recursion relations
obtained by changing the momentum cut off one
finds that the homogeneous magnetization trans-
forms into itself. Therefore a’; vanishes for n >1

if one of the indices 7 corresponds to the homoge-
neous magnetization S,.o. Therefore,

ajyy=b;;=0ifn>1 and O;=1or S,oforonei €1 .
(5. 21)
VL. LOGARITHMIC SINGULARITIES

In this section we discuss logarithmic singular-
ities in the specific heat using the results of Sec.
V and compare with the Ising model and the eight-
vertex model. We restrict ourselves to the opera-
tors Og and Op. We find from Eq. (5.21) that the
only nonvanishing coefficients for n=2 are a'y, 55
and a, gp. For the two-dimensional Ising model’
one has yo=2 and yz=1 and, since the operator O
is odd under the Kramers-Wannier transforma-
tion, one obtains solutions

bo,p5=aoss’ and beee=0. (6.1)
We choose ly=Inlg | and obtain
F(0,85)=8%F(0,£1)~ 28%a5,z5 Inlgz| , (6.2)

which leads to the logarithmic singularity in the
specific heat. Now we take into account all coef-
ficients a; with ,j=0,E. The only nonvanishing
coefficients are ag o= yo, @y, g...p for n =2, and

a%, 5...c. Denoting n indices E by n, we obtain,
from Eqgs. (4.1) and (4.5),
Colko, BE)= Yo lo+ E aO,n“’E , (6.3)
1, n
Cep(kg)= 17 2E,nlE, (6.4)
n=1 N:
=1 )
No(gOygE)=go+2 71 bo,n8E , (6.5)
n=2
= 1 .
He(88)= 20 —rbe,gh . (6.6)
n=1 .

Neglecting the I dependence of b Eq. (5.1) can be
written

2% Myig«=09{u}.

9g; 6.7)
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For j=E we obtain
au

which can be easily integrated

d
Ingg= yE]_::TE)—— Inpg - 2

I

a2 a
E2 _ _"E3 2 _ 6.9
(5 12y)“ : ©.9)
and converted into a series expansion for ug:
Oy o (T AR\ . .
= . . 10
KE gE+2y 2g%+ (12yE +4y% ge+ . )
Forj=0 Eq. (6.7) reads
yogo+ g 2y p&E=Yo Mo+ Co(0, LE) . (6.11)
We may expand
, 1
Co(Ko=0, “E)=E ,l‘rfo.ng'x's = 24085
aﬁaa'Eg 1.7\ ,3
+ +§Q3)8x+--- . (6.12)
2yg
Then we obtain
(nYE=Y0)bon=fon for mygz#y,, (6.13)
whereas for nyp=y, we obtain
YEbon=fon In Igal . (6. 14)
With yo/y =2~ @, we obtain
F(ug)=|gs|**F. - 1o(0,85) (6.15)

where F(u ) is the free energy of H=H*+ ;O and
F.=F[pgp(gp=+1)]- pno(0,85=+1). (6.16)

If 2 - a is not an integer then one obtains a singular-
ity proportional to Ipuz1%%., Kn=2-a is an in-
teger then b, leads to the singularity

Fane=~fon¥5 8% In|ggl . 6.17)

These logarithmic singularities were observed in
the eight-vertex model® for even 2 - @. Because
of the symmetry under the Kramers-Wannier
transformation'® f,, vanishes for odd ». The am-
plitude fo,/y ¢ of the singularity is the same above
and below the critical point as already observed by
Widom, ** Griffiths, 2° and Kadanoff. !

VII. LIMIT CASEy =0

It is beyond the scope of this paper to discuss all
the properties of operators with vanishing expo-
nent y., (These operators scale like ¥™.) We men-
tion the following four types of operators with y = 0:
(a) The stress tensor scales like »™ (Kawasaki?!),
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(b) If the Hamiltonian H* is a function of continuous
variables z and the trace, Eq. (2.3) is the multi-
ple integral IIfdz,, then a scale transformation

z -~ az does not change the partition function Z (be-
sides a trivial factor). An infinitesimal scale
transformation a@=1+ € changes H* by €6H* with

5H*=ZkzkaH*/azn- (7.1)

Therefore, the index y of the operator 6H* van-
ishes. (c) An operator O,(r) which scales like »™¢
might break universality (Kadanoff??). An example
is the eight-vertex model. ®® If the equation

RG(H {gi‘: Giugu})=H{gi= Giugu}

holds for any g,, then there is a whole line of fixed
points H*(g,). To fulfill Eq. (7.2) it is necessary
to have y,=0. This condition is not sufficient,
since Eq. (7.2) has to hold for a whole line. (d)

If there is an operator O, with vanishing exponent
¥ which is not of one of the above mentioned types
then it might lead to a bifurcation point of fixed
points as a function of dimensionality. This has
been demonstrated by Wilson and Fisher for the
break away of the fixed point for a whole class of
second order phase transitions at dimensionality 4
from the Gaussian fixed point.? Such an operator
is a limit case of relevant and irrelevant opera-
tors. The limit

lim RYH*+p,0,)
1=

(7.2)

(7.3)

may or may not converge to H*,

fu.uu=a'

Uy Uy *0, then we obtain

If, for example,

ROH*+ 1,0,)=H*+ (,+ $6a,,,,u3)0, .  (1.4)

For sgn(u,)= - sgn(ay, ,,) the limit (7. 3) converges
to H*, whereas for sgn(u,)= sgn(ay,,,) the limit
(7. 3) does not converge to H*,

Now we discuss the behavior of the free energy if
the most singular operator with the symmetry of
the Hamiltonian (besides O;) Oy has a vanishing
exponent y ;. Considering only the operator O, and
Og, we obtain, from Eq. (2.12),

R°H*+ ugOg)=H*+ HEOp+06(co(Mp)+Cr(kg)OF) .

(7.5)
Substituting into Eq. (2. 8) yields the differential
equation

dF =5 ok (ka)+Ch () . (7.6)
The homogeneous equation

AFo= 32 C'15) (1.7)
has the solution

Fo=exp(=p1/Mg) LFOP (1) , (7.8)
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in which P is a polynomial

P(ug)= 1+d[?ﬂ /(9a's; 2) — a’z~34/(6a'szz)]#s+ s
(7.9)
and
P1=2d/d's, , bo=2da's;/(3a%
The solution of Eq. (7.13) is

F(ug)==Fo(us) [ duF(n)c ()/clsn) .
(7.11)
This integral leads to an asymptotic expansion in
4 g. In particular, for

(7.10)

FE %alszﬂzz , Colkg)= %aﬁz ui , (7.12)

one obtains

o

F(ug)=dah,a’sf E ~1)! (ug/py)"+c, exp(-p1/ 1)

(7.13)

If ak, vanishes but af; #0, then one obtains Eq.
(7.18) with

Fo(kg)=exp(-papz+p b7 BEOP(hg) , (7.14)

in which P is a polynomial different from that in
Eq. (7.9) and

p2: Sd/a’E3 ’ pl': 3da'E4/(2alE‘23) ’

(7.15)
bo=d[3aks/(10a'%) - 3a’s,/ (8a'sy) ] .
In particular, for
Cebe)=FakshE, colke)=zapu}, (7.16)

one obtains

F(uE>=3”?; D =1l (/e e, exp(-po 7).

(7.17)

The exponent y ; for the operator Oy in the F model
vanishes. Lieb’ has obtained an asymptotic series
for the free energy of the F model around the criti-
cal temperature. Approximating the coefficients

B and E in Eq. (16) of Ref. 7 by their asymptotic
values
v 2(2n 4" (2n
B (1M EEL gy o 2L

(Z‘H)Z" ’

(7.18)
and neglecting 1 against E,,, the expansion for the
free energy of the F model reads

Fe2i(@2n-1)!(cpg)", (7.19)

in which ¢ is a constant. Therefore, this expansion
is neither of the type (7.13) nor (7.17). We attrib-

ute this discrepancy to the occurrence of a second
operator O, with vanishing exponent y.
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A new method is developed to treat the problem of the antiferromagnetic ground state.

Start-

ing with an approximate perturbation theory, a functional form for the ground-state wave func-

tion is found. This functional form is used as the basis for a variational calculation.

The pres-

ent calculation is specialized to the case of spin 3 but can be generalized to higher spin. From

this calculation the ground-state energy and spin deviation are found for several lattices.

An

advantage of this method is that it yields an explicit wave function for the ground-state quanti-

ties.

INTRODUCTION

Several methods have been developed to treat the
problem of the ground state of an antiferromagnet.

A comparison between this method and previous techniques is also presented.

Spin-wave theory! was one of the earliest of these.
A calculation by Marshall? in which he enumerates
all states of a local cluster and performs a varia-
tional calculation has given good results. A similar



